
Rational Numbers
to Linear Equations

Hung-Hsi Wu



Rational Numbers
to Linear Equations

10.1090/mbk/131





Rational Numbers
to Linear Equations

Hung-Hsi Wu



2010 Mathematics Subject Classification. Primary 97-01, 97-00, 97D99, 97-02,
00-01, 00-02.

For additional information and updates on this book, visit
www.ams.org/bookpages/mbk-131

Library of Congress Cataloging-in-Publication Data

Names: Wu, Hongxi, 1940- author.
Title: Rational numbers to linear equations / Hung-Hsi Wu.
Description: Providence, Rhode Island : American Mathematical Society, [2020] | Includes bibli-

ographical references and index.
Identifiers: LCCN 2020008680 | ISBN 9781470456757 (softcover) | ISBN 9781470460044 (ebook)
Subjects: LCSH: Mathematics–Study and teaching (Secondary)–United States. | AMS: Mathe-

matics education – Instructional exposition (textbooks, tutorial papers, etc.). | Mathematics
education – General reference works (handbooks, dictionaries, bibliographies, etc.). | Math-
ematics education – Education and instruction in mathematics – None of the above, but in
this section. | Mathematics education – Research exposition (monographs, survey articles).
| General – Instructional exposition (textbooks, tutorial papers, etc.). | General – Research
exposition (monographs, survey articles).

Classification: LCC QA11.2 .W82 2020 | DDC 510.71/2–dc23
LC record available at https://lccn.loc.gov/2020008680

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

c© 2020 by the author. All rights reserved.
Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at https://www.ams.org/

10 9 8 7 6 5 4 3 2 1 25 24 23 22 21 20

www.ams.org/bookpages/mbk-131
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/


Dedicated to the memory of

David M. Collins





Contents

Contents of the Companion Volumes and Structure of the Chapters ix

Preface xi

To the Instructor xxvii

To the Pre-Service Teacher xli

Prerequisites xlv

Some Conventions xlvii

Chapter 1. Fractions 1
Overview of Chapters 1 and 2 1
1.1. Definition of a fraction 4
1.2. Equivalent fractions 19
1.3. Adding and subtracting fractions 32
1.4. Multiplying fractions 43
1.5. Dividing fractions 54
1.6. Complex fractions 68
1.7. Percent, ratio, and rate problems 72
1.8. Appendix: The basic laws 86

Chapter 2. Rational Numbers 89
2.1. The rational numbers 90
2.2. Adding rational numbers 91
2.3. The vectorial representation of addition 99
2.4. Multiplying rational numbers 105
2.5. Dividing rational numbers 112
2.6. Comparing rational numbers 121
2.7. FASM 133

Chapter 3. The Euclidean Algorithm 137
3.1. The reduced form of a fraction 137
3.2. The fundamental theorem of arithmetic 147

Chapter 4. Basic Isometries and Congruence 157
Overview of Chapters 4 and 5 157
4.1. The basic vocabulary, Part 1 164
4.2. The basic vocabulary, Part 2 180
4.3. Transformations of the plane 199
4.4. The basic isometries: Rotations 216

vii



viii CONTENTS

4.5. The basic isometries: Reflections and translations 229
4.6. Congruence, SAS, and ASA 239
4.7. A brief pedagogical discussion of proofs 252

Chapter 5. Dilation and Similarity 255
5.1. The fundamental theorem of similarity 255
5.2. Dilation 268
5.3. Similarity 283

Chapter 6. Symbolic Notation and Linear Equations 297
6.1. Symbolic expressions 298
6.2. Solving linear equations in one variable 322
6.3. Setting up coordinate systems 331
6.4. Lines in the plane and their slopes 337
6.5. The graphs of linear equations in two variables 351
6.6. Parallelism and perpendicularity 363
6.7. Simultaneous linear equations 373

Glossary of Symbols 385

Bibliography 387

Index 391



Contents of the Companion Volumes
and Structure of the Chapters

Algebra and Geometry [Wu2020b]
Chapter 1: Linear Functions
Chapter 2: Quadratic Functions and Equations
Chapter 3: Polynomial and Rational Functions
Chapter 4: Exponential and Logarithmic Functions
Chapter 5: Polynomial Forms and Complex Numbers
Chapter 6: Basic Theorems of Plane Geometry
Chapter 7: Ruler and Compass Constructions
Chapter 8: Axiomatic Systems

Pre-Calculus, Calculus, and Beyond [Wu2020c]
Chapter 1: Trigonometry
Chapter 2: The Concept of Limit
Chapter 3: The Decimal Expansion of a Number
Chapter 4: Length and Area
Chapter 5: 3-Dimensional Geometry and Volume
Chapter 6: Derivatives and Integrals
Chapter 7: Exponents and Logarithms, Revisited

ix



x CONTENTS OF THE COMPANION VOLUMES AND STRUCTURE OF THE CHAPTERS

Structure of the chapters in this volume and its two companion volumes
(RLE= Rational Numbers to Linear Equations,

A&G = Algebra and Geometry,
PCC = Pre-Calculus, Calculus, and Beyond)



Preface

The really vital importance of definition is not, I venture to
think, sufficiently emphasized even in good textbooks.. . .

they form the premises from which the rest of the algebraic
theorems are to be derived by a process of logical deduction.

George A. Gibson ([Gibson, page 3])

A nation’s mathematics education is only as good as its mathematics teach-
ers. The ongoing crisis in school mathematics education (cf. [RAGS]) therefore
raises the question: what have we done wrong in the preparation of mathematics
teachers? The answer is plenty: our longstanding neglect of the mathematical edu-
cation of teachers has come home to roost. This neglect manifests itself in K–12,
where we fail to ensure that correct mathematics is taught to students—especially
future teachers—and we compound this neglect by failing to provide the needed
corrective measures in universities for pre-service teachers to repair their mathe-
matical mis-education in K–12 (cf. [Wu2011b]). Thus, through no fault of their
own, the mathematics teachers of our nation are put in the untenable position of
teaching from a position of weakness: they do not possess the needed knowledge of
mathematics to carry out their basic duties.

The present volume is the fourth of six volumes whose collective goal is to
provide the needed mathematical backing for a full-scale attack on the crisis in
the mathematical education of mathematics teachers in K–12. This volume is the
first of three—the other two volumes being [Wu2020b] and [Wu2020c]—that give a
systematic and grade-level-appropriate exposition of the mathematics of grades 9–
12 (excluding probability1 and statistics), together with some essential background
information about rational numbers. This is the mathematical content knowledge
that we believe, as of 2020, all high school mathematics teachers need for their
teaching and all mathematics educators2 interested in high school mathematics
need for their research. The previous three volumes—the volume on the math-
ematics of grades K–6 ([Wu2011a]) and the two volumes on the mathematics of
grades 6–8 ([Wu2016a] and [Wu2016b])—have already been published. We hope
that these six volumes will serve the dual purpose of revamping the mathematical
education in the universities of pre-service mathematics teachers and future math-
ematics educators on the one hand, and on the other, offering textbook publishers
a detailed blueprint on how to introduce mathematics into school textbooks that is

1There is, however, an exposition of finite probability in Section 1.10 of [Wu2016a].
2We use the term "mathematics educators" to refer to university faculty in schools of

education.
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both correct and learnable. These six volumes will also shore up the critical math-
ematical backgrounds of supervisors of mathematics and mathematics professional
developers.

There has been no lack of books on all or parts of school mathematics—the
mathematics of K–12—in the education literature. We have chosen to add another
2,500 pages (the approximate total length of these six volumes) to the already
voluminous literature because we believe these volumes provide a first attempt
at solving two of the central problems in mathematics education: whether school
mathematics can be made to respect the integrity of mathematics and how much
mathematics a mathematics teacher or a mathematics educator needs to know.

School mathematics that respects mathematical integrity

We will address the former problem first. These six volumes give a detailed
confirmation of the fact that school mathematics—while maintaining its fidelity to
the progression of the standard school mathematics curriculum from kindergarten to
grade 12—can be made to respect the integrity of mathematics. Such a confirmation
has been a long time coming.

In the following pages, we will explain what mathematical integrity is and
why it is important to have an exposition of school mathematics that respects
mathematical integrity.3

At first glance, it seems absurd that there would be any need to discuss whether
school mathematics respects mathematical integrity. Is not school mathematics, by
its very name, part of mathematics and, as such, does it not follow that school math-
ematics carries the integrity inherent in the subject? This is a misconception about
school mathematics that we must confront without delay. School mathematics is
in fact not part of mathematics if mathematics is understood to be what working
mathematicians do or what is taught to math majors in college mathematics depart-
ments. Rather, school mathematics is an engineered version of mathematics—in the
sense of mathematical engineering introduced in [Wu2006]—in the same way
that civil engineering is an engineered version of Newtonian mechanics. Mathe-
matical engineering customizes the abstractions of mathematics for consumption
by K–12 students. For example, a fraction in mathematics is a straightforward
concept: it is an element of the quotient field of the integral domain of integers.
Fortunately, no one suggests that we tell this to ten-year-olds. Mathematical engi-
neering intervenes at this point to recast the concept of fractions so that fractions
can be understood by elementary students (see [Wu1998]). There are many such
examples all through the K–12 curriculum, e.g., negative numbers, slope of a line,
geometric measurements (length, area, and volume), congruence, similarity, expo-
nential functions, logarithms, axioms of plane geometry, etc. The engineering that
is needed to make these abstract concepts learnable by school students is therefore
substantial at times. Now there is good engineering, but there is also bad engineer-
ing, and the question is whether good mathematical engineering has been put in the
service of school mathematics. Unhappily, the answer is not always. In fact, school

3It would be legitimate to also inquire why it has taken so long for someone to try to meet
this obvious need.
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mathematics and mathematical integrity parted ways at least five decades ago, and
our schools have been plagued by products of very bad mathematical engineering
ever since.

Before proceeding further, we first explain what mathematical integrity is be-
cause this concept is coming into focus,. We say a mathematical exposition has
mathematical integrity if it embodies the following five qualities:

(a) Definitions: Every concept is clearly and precisely defined
so that there is no ambiguity about what is being discussed. (See
the quote from Gibson at the beginning of this preface.)
(b) Precision: All statements are precise, especially the hy-
potheses that guarantee the validity of a mathematical assertion,
the reasoning in a proof, and the conclusions that follow from a
set of hypotheses.
(c) Reasoning: All statements4 other than the unavoidable ba-
sic assumptions are supported by reasoning.5
(d) Coherence: The basic concepts and skills are logically in-
terwoven to form a single fabric, and the interconnections among
them are consistently revealed.
(e) Purposefulness: The mathematical purpose behind every
concept and skill is clearly brought out so as to leave no doubt
about why it is where it is.

These we call the Fundamental Principles of Mathematics. A fuller discus-
sion of these principles will be found on pp. xxviii–xxxiii in the To the Instructor
section on pp. xxvii ff. below, but two things need to be said right away. First, the
role of definitions in school mathematics has been misunderstood, and misrepre-
sented, in the education literature thus far, so that—to educators—the emphasis on
definitions may seem to be misplaced. One will find a more balanced presentation
about definitions on pp. xxix–xxx. Next, there is no difference between reasoning
and proof in a mathematical context, and what is generally called problem solving
in the education literature is part of what is known as theorem proving in math-
ematics.6 Overall, it should not be difficult to see—and these three volumes will
bear witness to this fact—that these five fundamental principles are what make
mathematics transparent, in the sense that everything is on the table and no guess-
work or privileged knowledge is needed for its decoding. They are also the qualities
that make mathematics accessible to all students and learnable by all students. If
we want mathematics learning to take place in schools, it is incumbent on us to
teach school mathematics that is consistent with these fundamental principles.

But to return to the discussion of school mathematics of the past five decades,
we have to begin by asking what is school mathematics? This is in fact the question
that these six volumes ([Wu2011a], [Wu2016a], . . . , [Wu2020c]) attempt to answer,
but short of that, we will have to say school mathematics is the common content
of most of the mathematics textbooks in K–12 and most of the college textbooks
aimed at the professional development of mathematics teachers and mathematics
educators (compare the review of school textbooks in Appendix B of Chapter 3

4With the exception of a few standard ones such as the fundamental theorem of algebra.
5Intuitively, reasoning supports even those assumptions because there are reasons why we

want to assume them.
6Compare the discussion on pp. xxxvi-xxxvii.
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in [NMAP2]). If this strikes readers as too vague, they will be relieved to know
that there is in fact an amazing consistency among these textbooks.7 For example,
a fraction is thought of as a piece of pizza or a part-of-a-whole, although neither
conveys the message to students that a fraction is a number that they have to use
for extensive computations. Consequently, with such a "definition" of a fraction,
the arithmetic operations on fractions cannot be defined and their computational
algorithms cannot be proved.8 For another example, the concept of the slope of a
line in the coordinate plane is defined in most of these textbooks by taking two pre-
assigned points on the line to form the rise-over-run. But why is this rise-over-run
equal to the rise-over-run with respect to another pair of points on the same line?
Almost all textbooks insinuate that this equality is obviously true and not worth
fussing about. And so on. In general, school mathematics, as defined collectively
by these textbooks, is antithetical to mathematical integrity in that it lacks clarity
(due to a general absence of definitions and a pervasive lack of precision in its artic-
ulation), mostly asks for rote memorization as its default mode of learning (due to
the pervasive absence of reasoning), is incoherent (due to its neglect of the inherent
logical structure of mathematics), and traverses the curriculum in a listless and
pro forma manner (due to its failure to recognize the mathematical purpose behind
each topic). We call the content of these standard school mathematics textbooks
TSM (Textbook School Mathematics).9 TSM is recognized, consciously or
subconsciously, by teachers and educators to be unlearnable, and it is this unlearn-
ability that emboldens countless sensible adults to proclaim, often with pride, "I
am not good in math!"

There is a far more pernicious fallout from TSM, however, and it is the effect
TSM has on mathematics teachers and educators. These teachers and educators
have learned only TSM in K–12, but as of 2020, institutions of higher learning do
not provide courses to help future teachers and educators to replace their knowledge
of TSM with school mathematics with mathematical integrity. Consequently, all
that most teachers can do when they go back to teach in K–12 is trot out the TSM
they are familiar with, and all that most educators can do when they begin their
research is to fall back on the TSM they were taught. So the next generation also
learns TSM, and this is the vicious cycle that has rendered school mathematics
synonymous with TSM for at least the past five decades. Most educators may have
suspected that there must be more to school mathematics than TSM, but without
access to an exposition of school mathematics with mathematical integrity, their
suspicion remains just that, a suspicion.

Back in 1985, Lee Shulman lamented in his well-known address to the AERA
about "the absence of focus on subject matter among the various research paradigms
for the study of teaching" ([Shulman, page 6]). Shulman was talking about all dis-
ciplines, but from the standpoint of these six volumes ([Wu2011a], [Wu2016a], . . . ,
[Wu2020c]), we gain a clear perspective on how this neglect of the subject matter
may have come about in mathematics. We speculate that mathematics educators

7When I first had the opportunity to sample a wide range of the available K–12 textbooks
for the first time around the year 2000, I was convinced that the publishers were in collusion and
simply agreed to copy each other.

8Remember: "Ours is not to reason why. Just invert and multiply."
9For a more extended discussion of TSM, see To the Instructor on pp. xxvii ff. as well as

[Wu2014] and [Wu2018a]. Note that TSM provides a new window into the phenomenon known as
math phobia.
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may have chosen not to pay any attention to mathematical content because, since
school mathematics was apparently nothing more than TSM, they saw nothing in
the subject matter of school mathematics worthy of their serious attention. To
change mathematics educators’ perception of the subject matter in mathematics,
we have to give them access to a fully detailed exposition of school mathematics
with mathematical integrity.

The omnipresence of TSM in the last half-century created the unmistakable im-
pression that perhaps at least some of the travesties in TSM are necessarily endemic
to school mathematics. Under the circumstances, it was not easy to imagine that
school mathematics might have anything to do with mathematical integrity. But
two things happened around 1990. In 1989, NCTM (National Council of Teachers
of Mathematics) launched its school mathematics education reform by proclaiming
that school mathematics could be made to respect mathematical integrity. Without
a detailed exposition of school mathematics that respects mathematical integrity
to back up its claim, NCTM was of course going out on a limb. Then in 1994,
Alan Schoenfeld made a scholarly statement with the clear implication that, while
a school mathematics curriculum with mathematical integrity was certainly possi-
ble, we did not have it yet. What he wrote was, "Proof is not a thing separable
from mathematics, as it appears to be in our curricula . . . . And I believe it can be
imbedded in our curricula, at all levels" ([Schoenfeld1994, page 76]). Schoenfeld’s
statement was prompted in part by the debates surrounding the NCTM reform.
Note that beyond affirming his belief in the fundamental article of faith underly-
ing the NCTM reform, he stated openly that, indeed, this article of faith had not
yet been confirmed. We will return to Schoenfeld’s statement below, but before
proceeding further, we will make a few comments about the NCTM reform.

The foundational documents of the NCTM reform are the two sets of standards:
the 1989 [NCTM1989] and the 2000 [PSSM]. Although NCTM did not have an ex-
plicit recognition of the concept of TSM, the 1989 reform was undoubtedly a revolt
against the stranglehold of TSM on school mathematics education. NCTM declared
in essence that mathematical integrity must be part of school mathematics. For ex-
ample, [NCTM1989] states that one of the reform’s goals is that students "become
mathematically literate" (page 6). [PSSM] states that "a mathematics curriculum
should be coherent" (page 15), "should focus on important mathematics" (page
15), and "reasoning and proof should be a consistent part of students’ mathemati-
cal experience in prekindergarten through grade 12" (page 56). With the hindsight
of thirty years, we can see all too clearly the obstacles that confronted the NCTM
reform. With students, teachers, and educators completely immersed in TSM, the
clarion call for coherence, reasoning, and proof might as well have been stated in a
foreign language. Most of them had no conception of what those words meant.

We have to remember that, for example, what little "proof" TSM has to offer
resides only in the course in high school geometry, and even there, proofs are mainly
taught by rote (see [Schoenfeld1988]). Back in 1989, there was no detailed point-by-
point exposition of school mathematics that could provide a roadmap to show how
mathematical integrity can be introduced into school mathematics. There were no
school mathematics textbooks to replace the TSM-infested ones.10 Most fatally,
NCTM made no commitment to a massive and long-term professional development

10In the year 2020, most of us can calmly look back and see that the reform curricula that
were published post-1989 were essentially different incarnations of TSM.
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program to explain to teachers what mathematical integrity in their daily teaching
could look like.11 With these three strikes against the NCTM reform before it
stepped up to the plate, the reform faced an insurmountable credibility crisis. Its
visionary declaration about what school mathematics education could be and ought
to be almost instantly became nothing more than appealing rhetoric. The need for
a detailed exposition of school mathematics with mathematical integrity could not
have been more urgent.

There is another way that having a detailed exposition of school mathematics
with mathematical integrity would have helped with the reform. Both [NCTM1989]
and [PSSM] did try to provide some mathematical details about the curriculum
they envisioned and, in so doing, made some missteps. For example, page 96 of
[NCTM1989] suggests that the addition of fractions—inscrutable as it is in TSM—
has to be approached gingerly, and neither [NCTM1989] nor [PSSM] points out the
profound error of using the least common denominator for the addition of fractions
(see page 41 below for an explanation of this error). Students’ difficulty with the
multiplication and division of fractions is duly noted in [NCTM1989] and [PSSM],
but again there is no substantive suggestion on how to get them out of the predica-
ment. Either document could have pointed to the need for a proof of the area
formula for a rectangle with fractional sides; such a proof would add immeasurably
to students’ knowledge and confidence in reasoning and proof about fraction multi-
plication and about the concept of area (see pp. 49ff. below for such a proof). But
the fact remains that neither did. One suggestion on the division of fractions is made
on page 219 of [PSSM], but it confuses the division of fractions with the concept of
division-with-remainder (see Section 7.2 of [Wu2011a] for a careful discussion of the
latter). The difficulties of the concept of slope for teachers (and students) are noto-
rious (see, e.g., page 126 of [Stump] or [Newton-Poon2]), but neither [NCTM1989]
nor [PSSM] seems to recognize that the concept of slope as it is known in TSM is
not properly defined and therefore a new approach is called for (see pp. 338–354 in
this volume), and so on. These and many other missteps could have been avoided
had a detailed exposition of school mathematics with mathematical integrity been
available.

Some twenty years later, 2010 saw the release of CCSSM, the Common Core
State Standards for Mathematics ([CCSSM]). CCSSM calls for a focused and co-
herent curriculum that stresses both conceptual understanding and procedural flu-
ency (pp. 3–4 and 6 of [CCSSM]). In addition, it also asks for precision and clear
definitions (page 7, loc. cit.). The most pronounced difference between CCSSM
and the NCTM reform lies in the specificity of the standards in CCSSM: they are
much more explicit in specifying the progression of mathematical topics through the
grades and, even more importantly, in steering the curriculum away (most of the
time) from the defective practices abounding in TSM. Because of the latter, most
of the standards in CCSSM look different from the traditional standards (includ-
ing those briefly sketched out in the NCTM documents [NCTM1989] and [PSSM]).
This is especially true for the standards on fractions, finite decimals, rational num-
bers (along the lines of Chapters 1 and 2 in [Wu2016a], similar to Chapters 1 and
2 in this volume), part of beginning algebra (along the lines of Chapters 1 and 4

11The absence of this commitment was no accident. To carry out this kind of professional
development on a large scale, the need for something like these six volumes ([Wu2011a], . . . ,
[Wu2020c]) to serve as a guide would be absolute.
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in [Wu2016b], similar to Chapter 6 of this volume), and middle and high school
geometry (along the lines of Chapters 4 and 5 of [Wu2016a], similar to Chapters 4
and 5 in this volume).

However, in the apparent absence of a detailed account of what a CCSSM cur-
riculum would look like,12 the specificity of the curricular deviations in CCSSM
turns out to be more of a political liability than an asset. Many people immedi-
ately put CCSSM and the NCTM reform on the same footing. Their perception was
that these two movements represented what happens when a bunch of wannabes
pontificate about school mathematics education without knowing what they are
talking about. A conspicuous example they cited is CCSSM’s approach to the ge-
ometry curriculum in middle school and high school using reflections, rotations,
and translations as the basic building blocks. Such a change is necessitated by the
inherently flawed TSM geometry curriculum based on an uninformed interpreta-
tion of the work of Euclid some twenty-three centuries ago (see pp. 157–164 below
for a more detailed explanation, and see Chapter 8 of [Wu2020b] for a compre-
hensive one). Instead, CCSSM calls for a nuanced two-step process to introduce
reflections, rotations, and translations as the foundational building blocks of the
school geometry curriculum. Standards 8.G on page 55 of [CCSSM] describe how,
in grade 8, these transformations can be used informally (but correctly) in heuris-
tic arguments to develop students’ intuition about transformations (as detailed in
Chapters 4 and 5 of [Wu2016a]). Then in high school, these transformations are
precisely defined to be used for formal proofs (as in Chapters 4 and 5 of this vol-
ume and Chapters 6 and 7 of [Wu2020b]). But not having such details available
back in 2010, many critics, educators, and teachers immediately predicted the im-
pending doom of this effort by CCSSM by citing the failures of putative similar
experiments in other nations. Moreover, they also predicted (not entirely incor-
rectly) the almost certain confusion among teachers who would try to implement
this new curriculum, and they regarded as inevitable the disappearance of proofs
from CCSSM high school geometry. In the absence of a detailed exposition that
shows how to navigate and implement the Common Core geometry standards with
mathematical integrity,13 such misunderstanding led inevitably to harsh criticism
(see, e.g., [Milgram-Wurman, pp. 4–5] and [Phelps-Milgram, page 10 and footnote
15 on page 41]). So CCSSM ends up facing the same wide credibility gap that
plagued the NCTM reform twenty years ago.

It did not help that the CCSSM agenda also left out the critical component of
professional development for teachers, thereby creating the same sense of bewilder-
ment in classrooms across the land (see [Education Week], [Loewus1], [Loewus2],
and [Sawchuk]). It would seem that CCSSM is repeating the same mistake as
the NCTM reform by not taking seriously the need to offer sustained, large-scale
professional development for teachers to help with its implementation. With the

12The situation surrounding the release of [CCSSM] is complicated. A detailed exposition of
the part of the CCSSM curriculum mentioned above—fractions, finite decimals, rational numbers,
parts of algebra, and middle school geometry—in the form of [Wu2010a] and [Wu2010b] in fact
predated CCSSM (they were drafts for [Wu2016a] and [Wu2016b], respectively). However, the
existence of these documents was not made widely known.

13Note, however, that many curricular details on geometry were soon provided in [Wu2012],
[Wu2013], [Wu2016a], and [Wu2016b], but they were not made widely known. A detailed CCSSM-
aligned high school geometry curriculum, in existence since 2007, will appear in the second volume
of this three-volume set, [Wu2020b].
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publication of these three volumes, at least one complete exposition of school math-
ematics with mathematical integrity—an exposition that is also consistent in the
main with CCSSM—will be available to provide the needed guidance for this kind
of professional development, but will these volumes be too little too late? Only
time will tell.

The recent drive towards mathematical integrity

It should be abundantly clear from the foregoing discussion that any real im-
provement in school mathematics education requires us to rethink the mathematical
education of teachers and educators. In particular, the destructive presence of TSM
can no longer be ignored. These six volumes have been written with the express
intent of encouraging and supporting such rethinking.

In the last few years, several books have made a concerted effort to promote
the introduction of mathematical integrity into school mathematics, e.g., [MET2],
[NCTM2009], [MUST], and the sixteen volumes in the NCTM series Developing
Essential Understanding (e.g., [Ellis-Bieda-Knuth]). In a book entitled We Reason
& We Prove for All Mathematics, Arbaugh et al. respond directly to Schoenfeld’s
belief in the possibility of imbedding proofs in all levels of K–12 (quoted on page
xv) by flatly stating that, in their volume, they "will provide guidance about how
to make reasoning-and-proving a reality in your classroom" ([Arbaugh et al., page
x]). These developments are welcome because their willingness to directly address
the content of K–12 mathematics represents a giant step forward in school mathe-
matics education at a time when many are still clinging to the idea that integrating
fun, engaging activities into the classroom—while leaving TSM intact—is the way
to improve school mathematics education. Nevertheless, we must also add a word
of caution at this juncture of school mathematics education concerning the effec-
tiveness of "providing guidance" in small doses, quite apart from the quality of the
guidance itself.

As of 2020, we have to face the unpleasant truth that, because of the longstand-
ing malfeasance of the education establishment, most people in school mathematics
education have been immersed in TSM, and only TSM, for their entire lives. Conse-
quently, most end up being deficient in a detailed knowledge of the inner workings
of mathematics on the one hand and in a coherent view of mathematics as a whole
on the other. An example of the former is the chronic failure to recognize that,
without precise definitions, correct reasoning (= proof) is unattainable. Another
example of the same is the fact that a proof must not be confused with a heuristic
argument, no matter how attractive that heuristic argument may be.

Examples of the lack of a global, coherent view of mathematics abound in
TSM, but we will limit our discussion to only three of them. The first is the lack
of awareness of the overall hierarchical structure of mathematics; e.g., in order to
move forward mathematically in a mathematical development, one may only use
results already proved earlier. There is no better illustration of this lack than the
"proof" in TSM of equivalent fractions using fraction multiplication14—one that
is universally taught in TSM. Such a "proof" should be recognized for what it is:
totally anti-mathematical. Here, the details are, step by step, impeccable, but the
flagrant mathematical error lies in using a fact—about fraction multiplication that

14This is the reasoning that 2
3

= 2×4
3×4

because 2
3

= 2
3
× 1 = 2

3
× 4

4
= 2×4

3×4
.
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can only be proved later in the development of fractions—to justify a foundational
result about fractions that is needed almost as soon as a fraction is defined. (See
pp. 270–271 in [Wu2011a] for further discussions of this error.)

A second example is the role of congruence in school mathematics. In TSM,
the concept of the congruence of two arbitrary figures is not well-defined, and only
the congruence of triangles is used for proofs in high school geometry (ASA, SAS,
SSS, etc.). Moreover, congruence seems to have little relevance to daily life. TSM
does not mention that, without the fundamental assumption that lengths, areas,
and volumes remain the same for congruent geometric figures, it is impossible to
derive any area or volume formulas (in particular, not even the area formulas for
parallelograms and triangles). This realization makes it imperative that, in teaching
the area formula for a triangle in grade 6 or 7 (for example), teachers make an
effort to bring out the important role that the concept of congruence plays in
geometric measurements (see Section 5.3 in [Wu2016b]). The same realization also
impacts the geometry curriculum in high school: the TSM treatment of congruence
as the "congruence of triangles" à la Euclid will have to be upgraded so that it can
make sense of the "congruence of any two geometric figures" (see the Overview of
Chapters 4 and 5 on pp. 157ff.). Such an upgrade is needed, for example, for the
study of quadratic functions (see Section 2.1 of [Wu2020b]). This glaring defect in
the TSM treatment of a foundational concept like congruence is in fact one of the
main reasons necessitating the overhaul of the TSM geometry curriculum in middle
and high school (see Chapters 4 and 5 of [Wu2016a], Chapters 4 and 5 in this
volume, and Chapters 6 and 7 of [Wu2020b]). This kind of longitudinal coherence
of the school mathematics curriculum, so vital for students’ mathematics learning
and on such a detailed level, is unlikely to be brought up in the context of providing
general guidance piecemeal.

A final example of the lack of a global, coherent view of mathematics in TSM
is the transition in the middle school curriculum from rational numbers to real
numbers due to the emergence of numbers such as

√
2, π, etc. TSM makes believe

that the introduction of irrational numbers and their arithmetic operations into the
school curriculum can be done surreptitiously and informally, without any explicit
mathematical discussion. The resulting mathematical errors and their consequences
for teachers and educators are profound. See the example on page xxxi below,
among many such examples. Also see the discussion of the incorrectness of the
equality

√
2 +

√
3 =

√
5 on pp. 207ff. of [MUST] which makes no mention of the

fact that the arithmetic operations on irrational numbers are never given a serious
and explicit discussion with ninth graders. What is needed for the purpose of
helping students make this transition is something like the FASM (Fundamental
Assumption of School Mathematics) stated on page 133, but unhappily, nothing
like FASM has ever appeared in TSM.

To address such deficiencies at both ends of the school mathematics spectrum,
it would be reasonable to argue that a systematic exposure of teachers and math-
ematics educators to a complete exposition of the mathematics—one that honors
mathematical integrity—over several grades at the very least15 will be the only
effective cure (see [NMAP1, Recommendation 19 on page xxi]).

15Teachers need to know where their students come from and where they are headed,
curriculumwise.



xx PREFACE

We have just given a partial explanation of why these six volumes (this vol-
ume, together with [Wu2011a], [Wu2016a], [Wu2016b], [Wu2020b], and [Wu2020c])
require 2,500 pages of detailed mathematical discussions to confirm the fact that
school mathematics can be made to respect mathematical integrity. Because of the
corrosive effects of TSM that have pervaded and degraded school mathematics for
so long, we are obliged to rebuild school mathematics from the ground up. In these
six volumes, we take nothing for granted. For example, we pay special attention
to the need for correct definitions as the basis for reasoning and proofs; we want
to drive home the point that once a definition of a concept (such as a fraction) is
given, then every subsequent assertion about this concept has to be based on the
definition, and on the definition alone. Every statement in these volumes, from
whole numbers to calculus, is carefully proved.16 The intended goal of this effort
is to clarify, cumulatively, the mathematical meaning of the declarative statement,
"A implies B", as a purely deductive process that begins with the hypothesis A and
arrives at the conclusion B. This is in contrast with the common practice in TSM
of "explaining" something by telling a story, by drawing an analogy, or by offering
an attractive pattern or heuristic argument. These six volumes take an entirely
different tack: they show, consistently, how to verify "A implies B" in mathematics
by moving from A to B on the basis of definitions, explicit assumptions, or theo-
rems with the help of logic. These volumes do so—we emphasize—from the first
page to the last because we believe that the way to teach is not to pontificate but
to lead by example. This process of acculturating teachers (and ultimately their
students) to reasoning and proof does not have to be rigid or formal, especially in
the early grades (see, e.g., Sections 4.2 or Section 6.2 of [Wu2011a]), but the essen-
tial elements of logical deduction must be put in place and maintained ab initio to
preserve the integrity of mathematics. We also go into extensive detail about such
seemingly pedestrian topics as the proper use of symbols (Sections 6.1 and 6.2 on
pp. 298ff.), the meaning of an equation, and what it means to solve an equation
(see pp. 322–324), with the hope that the long years of obfuscation in TSM with
such jargon as "variables" and "symbolic manipulations for solving an equation"
will be brought to a merciful end.

We hope that the foregoing discussion has made the case for the critical need
for a thorough-going exposition of school mathematics with mathematical integrity.
Incidentally, the only reason we have made repeated references in this whole discus-
sion to the same six volumes by the present author is that there is no comparable
exposition at the moment. It is in fact our hope that the publication of these six
volumes will encourage others to come up with their own ways of replacing TSM
across K–12 with a development of school mathematics that respects mathematical
integrity.

How much mathematics teachers need to know

Knowing what school mathematics with mathematical integrity looks like en-
ables us to face up to the second problem in mathematics education that was
mentioned on page xii: how much mathematics a mathematics teacher or a mathe-
matics educator needs to know. For teachers, this problem has a long history; see,

16With the usual disclaimer that there are a very few theorems that we must intentionally
assume without proof.
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e.g., [Ball], [Ball-McDiarmid], [Begle1972], [Goldhaber-Brewer], and [Monk]. We
can speculate that, because the school curriculum has been dominated by TSM
for so long and the flaws in TSM are so pronounced and extensive,17 mathemat-
ics educators were reluctant to prescribe the content knowledge teachers need in
terms of TSM on the one hand, and they were uncertain about what to prescribe
on the other. After all, there was simply no available exposition of school math-
ematics with mathematical integrity. Now that these six volumes are available,
it is possible to make a first attempt at describing the minimum knowledge that
teachers and educators in elementary, middle, and high school, respectively, need
to be effective in their work (again, see Recommendation 19 on p. xxi of [NMAP1]).

Those in elementary school mathematics education18 should know
the equivalent of [Wu2011a] minus Chapters 23, 31, 37, 41, and
42; they should also have some acquaintance with the equivalent of
Chapters 4 and 5 of [Wu2016a] and Chapters 1 and 2 of [Wu2016b].

Those in middle school mathematics education should know the
equivalent of [Wu2016a] and [Wu2016b] and have some acquain-
tance with the equivalent of Part 1 of [Wu2011a] and Chapters 4
and 5 of this volume.

Those in high school mathematics education should know the
equivalent of this volume, [Wu2020b], and [Wu2020c]. In addition,
because pre-service teachers and educators interested in high school
mathematics are typically math majors in college, they are ex-
pected to know something about linear algebra, i.e., vector spaces
and matrices. Those who intend to teach calculus or do research on
the teaching of calculus should also know something about Taylor’s
theorem and the Taylor series expansions of standard elementary
functions such as sine, cosine, exponential function, and logarithm;
they should also know some multi-variable calculus.

Now consider the teaching and learning of fractions and (finite) decimals. While
education researchers of the past five decades were no doubt aware of the simple
treatment of fractions in abstract algebra, their uncritical acceptance of TSM misled
them into believing that, for elementary school students, one can do no better than
teaching fractions as pieces of pizzas or some variation thereof. Consequently, they
focussed their research on the teaching and learning of fractions, for the most part,
on tweaking the TSM model of fractions-as-pizzas—with no thought given to help-
ing students learn about fractions as numbers or learn to reason their way through
the arithmetic of fractions.19 As a result, education research on fractions has fo-
cussed on increasing children’s experiential and informal familiarity with fractions

17Regardless of the fact that the term TSM was coined only in 2011.
18We strongly believe that the mathematics of elementary school should be taught by math-

ematics teachers. See [Wu2009].
19Unhappily, TSM also claims some professional mathematicians among its victims: these

mathematicians have come to believe that teaching fractions in schools can lead to nothing more
than "confusion and memorization". See, for example, [DeTurck].
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based on the pizza model rather than on increasing children’s mathematical knowl-
edge of fractions based on a correct definition of a fraction. If it had tried to do
the latter, it would have rejected the absurd pizza model from the outset (see, e.g.,
pp. 33–35 of [Wu2008] for a brief discussion of the relevant literature). The same
body of education research has also tried to make sense—unsuccessfully of course—
of other anti-mathematical practices, such as treating decimals as a different kind
of number, adding and subtracting fractions using the least common denominator,
or teaching the multiplication and division of fractions without precise definitions.
Only recently have researchers become aware of a more reasonable foundation for
fractions (initiated in [Wu1998] and expanded in [Wu2011a]; abbreviated versions
are given in Chapter 1 of [Wu2016a] and Chapter 1 of this volume)20 that puts
the study of fractions on the number line, emphasizes the concept of a fraction as
a number for arithmetic computations, and makes sense of (finite) decimals as a
special collection of fractions. There is still some distance to go in this direction,
such as honoring the definition of a fraction by using it in every situation, e.g., for
multiplication, for division, for understanding ratios, etc. We eagerly look forward
to a change along these lines in the education research on fractions and decimals in
the years to come (cf. [Siegler et al.]).

School textbooks

Better school mathematics education requires not only more effective teach-
ers but also textbooks that contain only school mathematics with mathematical
integrity. Our discussion thus far has been all about getting more effective teach-
ers but nothing about getting better textbooks. This is not because we believe
textbooks are less important, but since most school textbooks are published by
the major publishers, there is little that people in academia can do to convince
publishers to abandon their bottom-line mentality and write better textbooks (cf.
[Keeghan]). However, there are now several online curricula written more or less in
accordance with CCSSM and, according to some reports, a few seem to be showing
promise.21

As we said at the beginning, we hope these six volumes under discussion can
serve as a blueprint for better school textbooks. But let us add a few caveats in
this regard. First of all, these six volumes are certainly not student textbooks: they
are written specifically for adults (teachers and educators, maybe some curious par-
ents). Nevertheless, their mathematical content has been carefully customized (i.e.,
engineered) for use in the appropriate grades, at least as far as the mathematical
level of sophistication is concerned, so that after some straightforward pedagogical
modifications and embellishments, they can be expanded into student textbooks.
An example of how such an expansion may be realized will appear before long,
we hope, in the form of a student textbook for grade 8 that will be posted on the
author’s homepage, https://math.berkeley.edu/~wu/. At the very least, we be-
lieve these six volumes taken together can serve as a detailed guide for textbook

20This approach to fractions and decimals—as presented in [Wu2016a]—served as a blueprint
for the fractions and decimals standards of [CCSSM]. Because this volume is for consumption by
high school teachers and mathematics educators, what is in Chapter 1 is more brief and slightly
more sophisticated than its counterparts in [Wu2011a] and [Wu2016a].

21It is uncertain whether any of the textbook evaluation agencies is aware of the importance
of having mathematical integrity in mathematics textbooks.

https://math.berkeley.edu/~wu/
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publishers on how to write school mathematics textbooks across K–12 that respect
both the standard curricular sequence and mathematical integrity. For this pur-
pose, textbook writers should take note that there are several major departures
from the standard school curriculum in this volume and [Wu2020b] and [Wu2020c].
Briefly, they are the following:

(1) The conversion of fractions to infinite decimals and geometric
measurements (length, area, and volume) are two topics typically
taught in middle school, but in these volumes they appear in
the third volume, [Wu2020c], after the introduction of limits
(see Chapters 3–5 of [Wu2020c]). Fortunately, the procedural
aspect of the conversion of fractions to decimals is addressed
(and partially explained) in Section 1.5 (pp. 54ff.) of this volume,
and there is an intuitive discussion of geometric measurements
in Chapter 5 of [Wu2016a] which is actually adequate for (a
somewhat superficial) use in a high school classroom.

The main reason for these two departures is that it is impos-
sible to make sense of infinite decimals and geometric measure-
ments without the use of limits. Our teachers’ and educators’
critical need for some real understanding of the subtleties of both
topics accounts for this departure from the norm. In any case,
any adaptation of Chapters 3-5 of [Wu2020c] for student text-
books will require selective omissions.

(2) The presentation of high school geometry in these volumes
deviates from the traditional one. The concept of congruence
is defined in terms of the tangible, accessible concepts of reflec-
tions, rotations, and translations in the plane, and similarity is
defined in terms of congruence and the equally tangible and ac-
cessible concept of dilation. A detailed explanation is given in
the Overview of Chapters 4 and 5 on pp. 157ff. as well as in
Section 4.7 on pp. 252ff. and Chapter 8 of the second volume,
[Wu2020b]. Because CCSSM has since adopted this approach to
middle and high school geometry, no defense of this deviation
will be necessary here.

(3) These three volumes propose a different progression of geom-
etry from middle school to high school, as follows. In grade 8,
teach enough informal geometry to get to the concept of similar
triangles, the angle-angle similarity criterion, and the proof of
the Pythagorean theorem before embarking on introductory al-
gebra in high school. Then in the high school geometry course,
revisit the topic of similar triangles, but this time from a more
formal standpoint. Again, see the Overview of Chapters 4 and
5 on pp. 157ff. for an explanation. (This departure from the
standard sequencing has also been adopted by CCSSM.)

The presentation of the curricular shift described in (3) will be given in Chap-
ters 4 and 5 of this volume, but with a mild twist. Because the informal geometry
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(proposed for grade 8) has already been treated in detail in [Wu2016a], the ge-
ometry in Chapters 4 and 5 of the present volume will be the formal high school
counterpart of the informal geometry in [Wu2016a]. The exposition of the main
body of plane geometry (geometry of the triangle and the circle along with con-
structions with ruler and compass) then resumes in Chapters 6 and 7 of the second
volume, [Wu2020b], after we have finished discussing the standard topics of second-
year algebra.

Final thoughts

We call special attention to the fact that the third and last of these three
volumes, [Wu2020c], is essentially an introduction to mathematical analysis, cus-
tomized specifically for consumption by prospective mathematics teachers and ed-
ucators.22 It is likely that this material will also benefit beginning math majors in
college.

We should also address an obvious question that probably has been on readers’
minds all along; namely, why does this volume on high school mathematics begin
with the middle school topics of fractions and rational numbers? Nothing need be
said about the obvious relevance of these topics to mathematics educators, but we
owe high school teachers an explanation of why we consider these topics to be an
integral part of their content knowledge. It is a fact—though hidden in TSM—that
rational numbers, rather than real numbers, are the backbone of the mathematics
in grades 5–12. Unfortunately, because of TSM, students in all grades seem to
have trouble with fractions and, consequently, with rational numbers. Given the
hierarchical structure of mathematics, it is not surprising that students’ inability
to learn algebra can often be traced back to their weakness in the foundational
subjects of fractions and rational numbers. This was pointed out in the National
Mathematics Advisory Panel Report (see page 18 of [NMAP1]). Indeed, the story
has been told many times that even students in honors sections of Algebra 2 plead
with their teachers to give them instructions on fractions. So, to be effective in
teaching the standard topics of high school mathematics, high school teachers must
have a TSM-free working knowledge of fractions and rational numbers as well.

A final reflection: Earlier, we quoted Lee Shulman’s lament about "the absence
of focus on subject matter among the various research paradigms for the study of
teaching" (see page xiv). These six volumes have now redefined the meaning of
this subject matter for school mathematics. We hope mathematics educators will
discover through these volumes that the mathematics underlying school mathemat-
ics, when presented correctly, is no longer meaningless like TSM and is worthy of
their best efforts to learn it. Moreover, the subject matter, thus redefined, will have
repercussions on "the study of teaching". As school mathematics becomes more
learnable by all students, and therefore more teachable by all teachers, pedagogy
will have to focus—not on how to render the incomprehensible23 palatable—but on
how to facilitate the normal process of learning so that all students can learn how
to reason critically and correctly.

22Here as well as elsewhere in these three volumes, we are engaging in serious mathematical
engineering in the sense of [Wu2006].

23That is, TSM.
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But for all that, it will be necessary to first make school mathematics that re-
spects mathematical integrity an integral part of mathematics education research.
This then harks back to Lee Shulman’s lament. It is our belief and our hope that
school mathematics education will improve when mathematics education research
begins to address, not TSM, but school mathematics with mathematical integrity.
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To the Instructor

These three volumes (the other two being [Wu2020b] and [Wu2020c]) have
been written expressly for high school mathematics teachers and mathematics ed-
ucators.1 Their goal is to revisit the high school mathematics curriculum, together
with relevant topics from middle school, to help teachers better understand the
mathematics they are or will be teaching and to help educators establish a sound
mathematical platform on which to base their research. In terms of mathematical
sophistication, these three volumes are designed for use in upper division courses
for math majors in college. Since their content consists of topics in the upper
end of school mathematics (including one-variable calculus), these volumes are in
the unenviable position of straddling two disciplines: mathematics and education.
Such being the case, these volumes will inevitably inspire misconceptions on both
sides. We must therefore address their possible misuse in the hands of both math-
ematicians and educators. To this end, let us briefly review the state of school
mathematics education as of 2020.

The phenomenon of TSM

For roughly the last five decades, the nation has had a de facto national school
mathematics curriculum, one that has been defined by the standard school math-
ematics textbooks. The mathematics encoded in these textbooks is extremely
flawed.2 We call the body of knowledge encoded in these textbooks TSM
(Textbook School Mathematics; see page xiv). We will presently give a su-
perficial survey of some of these flaws,3 but what matters to us here is the fact that
institutions of higher learning appear to be oblivious to the rampant mathematical
mis-education of students in K–12 and have done very little to address the insid-
ious presence of TSM in the mathematics taught to K–12 students over the last
50 years. As a result, mathematics teachers are forced to carry out their teaching
duties with all the misconceptions they acquired from TSM intact, and educators
likewise continue to base their research on what they learned from TSM. So TSM
lives on unchallenged.

These three volumes are the conclusion of a six-volume series4 whose goal is
to correct the universities’ curricular oversight in the mathematical education of

1We use the term "mathematics educators" to refer to university faculty in schools of education.
2These statements about curriculum and textbooks do not take into account how much the quality

of school textbooks and teachers’ content knowledge may have evolved recently with the advent of
CCSSM (Common Core State Standards for Mathematics) ([CCSSM]) in 2010.

3Detailed criticisms and explicit corrections of these flaws are scattered throughout these
volumes.

4The earlier volumes in the series are [Wu2011a], [Wu2016a], and [Wu2016b].
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teachers and educators by providing the needed mathematical knowledge to break
the vicious cycle of TSM. For this reason, these volumes pay special attention to
mathematical integrity (as defined on page xiii) and transparency, so that every
concept is precisely defined and every assertion is completely explained5 and so
that the exposition here is as close as possible to what is taught in a high school
classroom.

TSM has appeared in different guises; after all, the NCTM reform (see page
xv ff.) was largely ushered in around 1989. But beneath the surface its essential
substance has stayed remarkably constant (compare [Wu2014]). TSM is charac-
terized by a lack of clear definitions, faulty or nonexistent reasoning, pervasive
imprecision, general incoherence, and a consistent failure to make the case about
why each standard topic in the school curriculum is worthy of study. Let us go
through each of these issues in some detail.

(1) Definitions. In TSM, correct definitions of even the most basic concepts
are usually not available. Here is a partial list:

fraction, multiplication of fractions, division of fractions, one
fraction being bigger or smaller than another, finite decimal,
infinite decimal, mixed number, ratio, percent, rate, constant
rate, negative number, the four arithmetic operations on rational
numbers, congruence, similarity, length of a curve, area of a
planar region, volume of a solid, expression, equation, graph of
a function, graph of an inequality, half-plane, polygon, interior
angle of a polygon, regular polygon, slope of a line, parabola,
inverse function, etc.

Consequently, students are forced to work with concepts whose mathematical mean-
ing is at best only partially revealed to them. Consider, for example, the concept of
division. TSM offers no precise definition of division for whole numbers, fractions,
rational numbers, real numbers, or complex numbers. If it did, the division concept
would become much more learnable because it is in fact the same for all these num-
ber systems (thus we also witness the incoherence of TSM). The lack of a definition
for division leads inevitably to the impossibility of reasoning about the division of
fractions, which then leads to "ours is not to reason why, just invert-and-multiply".
We have here a prime example of the convergence of the lack of definitions, the lack
of reasoning, and the lack of coherence.

The reason we need precise definitions is that they create a level playing field for
all learners, in the sense that each person—including the teacher—has all the needed
information about a given concept from the very beginning and this information is
the same for everyone. This eliminates any need to spend time looking for "tricks",
"insider knowledge", or hidden agendas. The level playing field makes every concept
accessible to all learners, and this fact is what the discussion of equity in school
mathematics education seems to have overlooked thus far. To put this statement in
context, think of TSM’s definition of a fraction as a piece of pizza: even elementary
students can immediately see that there is more to a fraction than just being a piece
of pizza. For example, "5

8 miles of dirt road" has nothing to do with pieces of a
pizza. The credibility gap between what students are made to learn and what they
subconsciously recognize to be false disrupts the learning process, often fatally.

5In other words, every theorem is completely proved. Of course there are a few theorems
that cannot be proved in context, such as the fundamental theorem of algebra.
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In mathematics, there can be no valid reasoning without precise definitions.
Consider, for example, TSM’s proof of (−2)(−3) = 2 × 3. Such a proof requires
that we know what −2 is, what −3 is, what properties these negative integers are
assumed to possess, and what it means to multiply (−2) by (−3) so that we can
use them to justify this claim. Since TSM does not offer any information of this
kind, it argues instead as follows: 3 · (−3), being 3 copies of −3, is equal to −9, and
likewise, 2 · (−3) = −6, 1 · (−3) = −3, and of course 0 · (−3) = 0. Now look at the
pattern formed by these consecutive products:

3 · (−3) = −9, 2 · (−3) = −6, 1 · (−3) = −3, 0 · (−3) = 0.

Clearly when the first factor decreases by 1, the product increases by 3. Now, when
the 0 in the product 0 · (−3) decreases by 1 (so that 0 becomes −1), the product
(−1)(−3) ceases to make sense. Nevertheless, TSM urges students to believe that
the pattern must persist no matter what so that this product will once more increase
by 3 and therefore (−1)(−3) = 3. By the same token, when the −1 in (−1)(−3)
decreases by 1 again (so that −1 becomes −2), the product must again increase by
3 for the same reason and (−2)(−3) = 6 = 2 × 3, as desired. This is what TSM
considers to be "reasoning".

TSM goes further. Using a similar argument for (−2)(−3) = 2 × 3, one can
show that (−a)(−b) = ab for all whole numbers a and b. Now, TSM asks students
to take another big leap of faith: if (−a)(−b) = ab is true for whole numbers a and
b, then it must also be true when a and b are arbitrary numbers. This is how TSM
"proves" that negative times negative is positive.

Slighting definitions in TSM can also take a different form: the graph of a linear
inequality ax + by ≤ c is claimed to be a half-plane of the line ax + by = c, and
the "proof" usually consists of checking a few examples. Thus the points (0, 0),
(−2, 0), and (1,−1) are found to lie below the line defined by x+3y = 2 and, since
they all satisfy x + 3y ≤ 2, it is believable that the "lower half-plane" of the line
x+ 3y = 2 is the graph of x+ 3y ≤ 2. Further experimentation with other points
below the line defined by x+3y = 2 adds to this conviction. Again, no reasoning is
involved and, more importantly, neither "graph of an inequality" nor "half-plane"
is defined in such a discussion because these terms sound so familiar that TSM
apparently believes no definition is necessary. At other times, reasoning is simply
suppressed, such as when the coordinates of the vertex of the graph of ax2 + bx+ c
are peremptorily declared to be (

−b

2a
,
4ac− b2

4a

)
.

End of discussion.
Our emphasis on the importance of definitions in school mathematics compels

us to address a misconception about the role of definitions in school mathematics
education. To many teachers and educators, the word "definition" connotes some-
thing tedious and nonessential that students must memorize for standardized tests.
It may also conjure an image of cut-and-dried, top-down instruction that begins
with a rigid and unmotivated definition and continues with the definition’s formal
and equally unmotivated appearance in a chain of logical arguments. Understand-
ably, most educators find this scenario unappetizing. Their response is that, at least
in school mathematics, the definition of a concept should emerge at the end—but
not at the beginning—of an extended intuitive discussion of the hows and whys of
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the concept.6 In addition, the so-called conceptual understanding of the concept is
believed to lie in the intuitive discussion but not in the formal definition itself, the
latter being nothing more than an afterthought.

These two opposite conceptions of definition ignore the possibility of a middle
ground: one can state the precise definition of a concept at the beginning of a
lesson to set the tone of the subsequent mathematical discussion and exploration,
which is to show students that this is all they will ever need to know about the con-
cept as far as doing mathematics is concerned. Such transparency—demanded by
the mathematical culture of the past century (cf. [Quinn])—is what is most sorely
missing in TSM, which consistently leaves students in doubt about what a fraction
is or might be, what a negative number is, what congruence means, etc. In this
middle ground, a definition can be explored and explained in intuitive terms in the
ensuing discussion on the one hand and, on the other, put to use in proofs—in its
precise formulation—to show how and why the definition is absolutely indispensable
to any kind of reasoning concerning the concept. With the consistent use of precise
definitions, the line between what is correct and what is intuitive but maybe incor-
rect (such as the TSM-proof of negative times negative is positive) becomes clearly
drawn. It is the frequent blurring of this line in TSM that contributes massively to
the general misapprehension in mathematics education about what a proof is (part
of this misapprehension is described in, e.g., [NCTM2009], [Ellis-Bieda-Knuth], and
[Arbaugh et al.]).

These three volumes (this volume, [Wu2020b], and [Wu2020c]) will always take
a position in the aforementioned middle ground. Consider the definition of a frac-
tion, for example: it is one of a special collection of points on the number line
(page 10). This is the only meaning of a fraction that is needed to drive the fairly
intricate mathematical development of fractions, and, for this reason, the definition
of a fraction as a certain point on the number line is the one that will be unapolo-
getically used all through these three volumes. To help teachers and students feel
comfortable with this definition, we give an extensive intuitive discussion of why
such a definition for a fraction is necessary on pp. 4–10. This intuitive discussion,
naturally, opens the door to whatever pedagogical strategy a teacher wants to in-
vest in it. Unlike in TSM, however, this definition is not given to be forgotten.
On the contrary, all subsequent discussions about fractions will refer to this pre-
cise definition (but not to the intuitive discussion that preceded it) and, of course,
all the proofs about fractions will also depend on this formal definition because
mathematics demands no less. Students need to learn what a proof is and how it
works; the exposition here tries to meet this need by (gently) laying bare the fact
that reasoning in proofs requires precise definitions. As a second example, we give
the definition of the slope of a line only after an extensive intuitive discussion on
pp. 338–346 about what slope is supposed to measure and how we may hope to
measure it. Again, the emphasis is on the fact that this definition of slope is not
the conclusion, but the beginning of a long logical development that goes from page
346 to the end of Chapter 6 on page 383, and into trigonometry (relation with the
tangent function), calculus (definition of the derivative), and beyond.

6Proponents of this approach to definitions often seem to forget that, after the emergence
of a precise definition, students are still owed a systematic exposition of mathematics using the
definition so that they can learn about how the definition fits into the overall logical structure of
mathematics.
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(2) Reasoning. Reasoning is the lifeblood of mathematics, and the main rea-
son for learning mathematics is to learn how to reason. In the context of school
mathematics, reasoning is important to students because it is the tool that empow-
ers them to explore on their own and verify for themselves what is true and what
is false without having to take other people’s words on faith. Reasoning gives them
confidence and independence. But when students have to accustom themselves to
performing one unexplained rote skill after another, year after year, their ability
to reason will naturally atrophy. Many students find it more expedient to stop
asking why and simply take any order that comes their way sight unseen just to
get by.7 One can only speculate on the cumulative effect this kind of mathematics
"learning" has on those students who go on to become teachers and mathematics
educators.

(3) Precision. The purpose of precision is to eliminate errors and minimize
misconceptions, but in TSM students learn at every turn that they should not
believe exactly what they are told but must learn to be creative in interpreting it.
For example, TSM preaches the virtue of using the theorem on equivalent fractions
to simplify fractions and does not hesitate to simplify a rational expression in x as
follows:

(x− 1)(x2 + 3)

x(x− 1)
=

x2 + 3

x
.

This looks familiar because "canceling the same number from top and bottom" is
exactly what the theorem on equivalent fractions is supposed to do. Unfortunately,
this theorem only guarantees

ca

bc
=

a

b

when a, b, and c are whole numbers (b and c understood to be nonzero). In the
previous rational expression, however, none of (x−1), (x2+3), and x is necessarily a
whole number because x could be, for example,

√
5. Therefore, according to TSM,

students in algebra should look back at equivalent fractions and realize that the
theorem on equivalent fractions—in spite of what it says—can actually be applied
to "fractions" whose "numerators" and "denominators" are not whole numbers.
Thus TSM encourages students to believe that "nothing needs to be taken precisely
and one must be flexible in interpreting what one learns". This extrapolation-happy
mindset is the opposite of what it takes to learn a precise subject like mathematics
or any of the exact sciences. For example, we cannot allow students to believe that
the domain of definition of log x is [0,∞) since [0,∞) is more or less the same as
(0,∞). Indeed, the presence or absence of the single point "0" is the difference
between true and false.

Another example of how a lack of precision leads to misconceptions is the
statement that "β0 = 1", where β is a nonzero number. Because TSM does not
use precise language, it does not—or cannot—draw a sharp distinction between a
heuristic argument, a definition, and a proof. Consequently, it has misled numerous
students and teachers into believing that the heuristic argument for defining β0 to
be 1 is in fact a "proof" that β0 = 1. The same misconception persists for negative
exponents (e.g., β−n = 1/βn). The lack of precision is so pervasive in TSM that
there is no end to such examples.

7There is consistent anecdotal evidence from teachers in the trenches that such is the case.
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(4) Coherence. Another reason why TSM is less than learnable is its inco-
herence. Skills in TSM are framed as part of a long laundry list, and the lack of
definitions for concepts ensures that skills and their underlying concepts remain
forever disconnected. Mathematics, on the other hand, unfolds from a few cen-
tral ideas, and concepts and skills are developed along the way to meet the needs
that emerge in the process of unfolding. An acceptable exposition of mathematics
therefore tells a coherent story that makes mathematics memorable. For example,
consider the fact that TSM makes the four standard algorithms for whole numbers
four separate rote-learning skills. Thus TSM hides from students the overriding
theme that the Hindu-Arabic numeral system is universally adopted because it
makes possible a simple, algorithmic procedure for computations; namely, if we
can carry out an operation (+, −, ×, or ÷) for single-digit numbers, then we can
carry out this operation for all whole numbers no matter how many digits they
have (see Chapter 3 of [Wu2011a]). The standard algorithms are the vehicles that
bridge operations with single-digit numbers and operations on all whole numbers.
Moreover, the standard algorithms can be simply explained by a straightforward
application of the associative, commutative, and distributive laws. From this per-
spective, a teacher can explain to students, convincingly, why the multiplication
table is very much worth learning; this would ease one of the main pedagogical
bottlenecks in elementary school. Moreover, a teacher can also make sense of the
associative, commutative, and distributive laws to elementary students and help
them see that these are vital tools for doing mathematics rather than dinosaurs in
an outdated school curriculum. If these facts had been widely known during the
1990s, the senseless debate on whether the standard algorithms should be taught
might not have arisen and the Math Wars might not have taken place at all.

TSM also treats whole numbers, fractions, (finite) decimals, and rational num-
bers as four different kinds of numbers. The reality is that, first of all, decimals are
a special class of fractions (see pp. 14ff.), whole numbers are part of fractions, and
fractions are part of rational numbers. Moreover, the four arithmetic operations
(+, −, ×, and ÷) in each of these number systems do not essentially change from
system to system. There is a smooth conceptual transition at each step of the
passage from whole numbers to fractions and from fractions to rational numbers;
see Parts 2 and 3 of [Wu2011a] or Sections 2.2, 2.4, and 2.5 in this volume. This
coherence facilitates learning: instead of having to learn about four different kinds
of numbers, students basically only need to learn about one number system (the
rational numbers). Yet another example is the conceptual unity between linear
functions and quadratic functions: in each case, the leading term—ax for linear
functions and ax2 for quadratic functions—determines the shape of the graph of
the function completely, and the studies of the two kinds of functions become sim-
ilar as each revolves around the shape of the graph (see Section 2.1 of [Wu2020b]).
Mathematical coherence gives us many such storylines, and a few more will be
detailed below.

(5) Purposefulness. In addition to the preceding four shortcomings—a lack
of clear definitions, faulty or nonexistent reasoning, pervasive imprecision, and gen-
eral incoherence—TSM has a fifth fatal flaw: it lacks purposefulness. Purposefulness
is what gives mathematics its vitality and focus: the fact is that a mathematical
investigation, at any level, is always carried out with a specific goal in mind. When
a mathematics textbook reflects this goal-oriented character of mathematics, it
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propels the mathematical narrative forward and facilitates its learning by making
students aware of where the discussion is headed, and why. Too often, TSM lurches
from topic to topic with no apparent purpose, leading students to wonder why they
should bother to tag along. One example is the introduction of the absolute value
of a number. Many teachers and students are mystified by being saddled with such
a "frivolous" skill: "just kill the negative sign", as one teacher put it. Yet TSM
never tries to demystify his concept. (For an explanation of the need to introduce
absolute value, see, e.g., the discussion on pp. 130ff.). Another is the seemingly
inexplicable replacement of the square root and cube root symbols of a positive
number b, i.e.,

√
b and 3

√
b, by rational exponents, b1/2 and b1/3, respectively (see,

e.g., Section 4.2 of [Wu2020b]). Because TSM teaches the laws of exponents as
merely "number facts", it is inevitable that it would fail to point out the purpose of
this change of notation, which is to shift focus from the operation of taking roots to
the properties of the exponential function bx for a fixed positive b. A final example
is the way TSM teaches estimation completely by rote, without ever telling students
why and when estimation is important and therefore worth learning. Indeed, we
often have to make estimates, either because precision is unattainable or unneces-
sary, or because we purposely use estimation as a tool to help achieve precision (see
[Wu2011a, Section 10.3]).

To summarize, if we want students to be taught mathematics that is learn-
able, then we must discard TSM and replace it with the kind of mathematics that
possesses these five qualities:

Every concept has a clear definition.
Every statement is precise.
Every assertion is supported by reasoning.
Its development is coherent.
Its development is purposeful.

We have come across them before on page xiii: these are the Fundamental Principles
of Mathematics (also see Section 2.1 in [Wu2018a]).

TSM consistently violates all five fundamental principles. Because of the dom-
inance of TSM for at least the past half-century, most students come out of K–12
knowing only TSM but not mathematics that respects these fundamental principles.
To them, learning mathematics is not about learning how to reason or distinguish
true from false but about memorizing facts and tricks to get correct answers. Faced
with this crisis, what should be the responsibility of institutions of higher learn-
ing? Should it be to create courses for future teachers and educators to help them
systematically replace their knowledge of TSM with mathematics that is consistent
with the five fundamental principles? Or should it be, rather, to leave TSM alone
but make it more palatable by helping teachers infuse their classrooms with activ-
ities that suggest visions of reasoning, problem solving, and sense making? As of
this writing, an overwhelming majority of the institutions of higher learning are
choosing the latter alternative.

At this point, we return to the earlier question about some of the ways both
university mathematicians and educators might misunderstand and misuse these
three volumes.
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Potential misuse by mathematicians

First, consider the case of mathematicians. They are likely to scoff at what
they perceive to be the triviality of the content in these volumes: no groups, no
homomorphisms, no compact sets, no holomorphic functions, and no Gaussian cur-
vature. They may therefore be tempted to elevate the level of the presentation, for
example, by introducing the concept of a field and show that, when two fractions
symbols m/n and k/� (with whole numbers m, n, k, �, and n �= 0, � �= 0) satisfying
m� = nk are identified, and when + and × are defined by the usual formulas, the
fraction symbols form a field. In this elegant manner, they can efficiently cover all
the standard facts in the arithmetic of fractions in the school curriculum.8 This
is certainly a better way than defining fractions as points on the number line to
teach teachers and educators about fractions, is it not? Likewise, mathematicians
may find finite geometry to be a more exciting introduction to axiomatic systems
than any proposed improvements on the high school geometry course in TSM. The
list goes on. Consequently, pre-service teachers and educators may end up learn-
ing from mathematicians some interesting mathematics, but not mathematics that
would help them overcome the handicap of knowing only TSM.

Mathematicians may also engage in another popular approach to the profes-
sional development of teachers and educators: teaching the solution of hard prob-
lems. Because mathematicians tend to take their own mastery of fundamental skills
and concepts for granted, many do not realize that it is nearly impossible for teach-
ers who have been immersed in thirteen years or more of TSM to acquire, on their
own, a mastery of a mathematically correct version of the basic skills and concepts.
Mathematicians are therefore likely to consider their major goal in the professional
development of teachers and educators to be teaching them how to solve hard prob-
lems. Surely, so the belief goes, if teachers can handle the "hard stuff", they will
be able to handle the "easy stuff" in K–12. Since this belief is entirely in line
with one of the current slogans in school mathematics education about the critical
importance of problem solving, many teachers may be all too eager to teach their
students the extracurricular skills of solving challenging problems in addition to
teaching them TSM day in and day out. In any case, the relatively unglamorous
content of these three volumes (this volume, [Wu2020b], and [Wu2020c])—designed
to replace TSM—will get shunted aside into supplementary reading assignments.

At the risk of belaboring the point, the focus of these three volumes is on
showing how to replace teachers’ and educators’ knowledge of TSM in grades 9–12
with mathematics that respects the fundamental principles of mathematics. There-
fore, reformulating the mathematics of grades 9–12 from an advanced mathemati-
cal standpoint to obtain a more elegant presentation is not the point. Introducing
novel elementary topics (such as Pick’s theorem or the 4-point affine plane) into
the mathematics education of teachers and educators is also not the point. Rather,
the point in year 2020 is to do the essential spadework of revisiting the standard
9–12 curriculum—topic by topic, along the lines laid out in these three volumes—
showing teachers and educators how the TSM in each case can be supplanted by
mathematics that makes sense to them and to their students. For example, since
most pre-service teachers and educators have not been exposed to the use of precise

8This is my paraphrase of a mathematician’s account of his professional development institute
around year 2000.
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definitions in mathematics, they are unlikely to know that definitions are supposed
to be used, exactly as written, no more and no less, in logical arguments. One of
the most formidable tasks confronting mathematicians is, in fact, how to change
educators’ and teachers’ perception of the role of definitions in reasoning.

As illustration, consider how TSM handles slope. There are two ways, but we
will mention only one of them.9 TSM pretends that, by defining the slope of a
line L using the difference quotient with respect to two pre-chosen points P and
Q on L,10 such a difference quotient is a property of the line itself (rather than
a property of the two points P and Q). In addition, TSM pretends that it can
use "reasoning" based on this defective definition to derive the equation of a line
when (for example) its slope and a given point on it are prescribed. Here is the
inherent danger of thirteen years of continuous exposure to this kind of pseudo-
reasoning: teachers cease to recognize that (a) such a definition of slope is defective
and (b) such a defective definition of slope cannot possibly support the purported
derivation (= proof) of the equation of a line. It therefore comes to pass that—
as a result of the flaws in our education system—many teachers and educators
end up being confused about even the meaning of the simplest kind of reasoning:
"A implies B". They need—and deserve—all the help we can give so that they
can finally experience genuine mathematics, i.e., mathematics that is based on the
fundamental principles of mathematics.

Of course, the ultimate goal is for teachers to use this new knowledge to teach
their own students so that those students can achieve a true understanding of what
"A implies B" means and what real reasoning is all about. With this in mind, we
introduce in Section 6.4 (pp. 337ff.) the concept of slope by discussing what slope is
supposed to measure (an example of purposefulness) and how to measure it, which
then leads to the formulation of a precise definition. With the availability of the
AA-criterion for triangle similarity (Theorem G22 on page 288), we then show how
this definition leads to the formula for the slope of a line as the difference quotient
of the coordinates of any two points on the line (the "rise-over-run"). Having
this critical flexibility to compute the slope—plus an earlier elucidation of what an
equation is (pp. 322–324)—we easily obtain the equation of a line passing through
a given point with a given slope, with correct reasoning this time around (see pp.
357ff.). Of course the same kind of reasoning can be applied to similar problems
when other reasonable geometric data are prescribed for the line.

By guiding teachers and educators systematically through the correction of
TSM errors on a case-by-case basis, we believe they will gain a new and deeper
understanding of school mathematics. Ultimately, we hope that if institutions of
higher learning and the education establishment can persevere in committing them-
selves to this painstaking work, the students of these teachers and educators will
be spared the ravages of TSM. If there is an easier way to undo thirteen years and
more of mis-education in mathematics, we are not aware of it.

A main emphasis in using these three volumes should therefore be on providing
patient guidance to teachers and educators to help them overcome the many hand-
icaps inflicted on them by TSM. In this light, we can say with confidence that, for

9A second way is to define a line to be the graph of a linear equation y = mx+ b and then
define the slope of this line to be m. This is the definition of a line in advanced mathematics, but
it is so profoundly inappropriate for use in K–12 that we will just ignore it.

10This is the "rise-over-run".
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now, the best way for mathematicians to help educate teachers and educators is to
firm up their mathematical foundations. Let us repair the damage TSM has done
to their mathematics content knowledge by helping them to acquire a knowledge
of school mathematics that is consistent with the fundamental principles of math-
ematics.

Potential misuse by educators

Next, we address the issue of how educators may misuse these three volumes.
Educators may very well frown on the volumes’ insistence on precise definitions
and precise reasoning and their unremitting emphasis on proofs while, apparently,
neglecting problem solving, conceptual understanding, and sense making. To them,
good professional development concentrates on all of these issues plus contextual
learning, student thinking, and communication with students. Because these three
volumes never explicitly mention problem solving, conceptual understanding, or
sense making per se (or, for that matter, contextual learning or student thinking),
their content may be dismissed by educators as merely skills-oriented or technical
knowledge for its own sake and, as such, get relegated to reading assignments outside
of class. They may believe that precious class time can be put to better use by
calling on students to share their solutions to difficult problems or by holding small
group discussions about problem-solving strategies.

We believe this attitude is also misguided because the critical missing piece in
the contemporary mathematical education of teachers and educators is an exposure
to a systematic exposition of the standard topics of the school curriculum that
respects the fundamental principles of mathematics. Teachers’ lack of access to
such a mathematical exposition is what lies at the heart of much of the current
education crisis. Let us explain.

Consider problem solving. At the moment, the goal of getting all students
to be proficient in solving problems is being pursued with missionary zeal, but
what seems to be missing in this single-minded pursuit is the recognition that the
body of knowledge we call mathematics consists of nothing more than a sequence
of problems posed, and then solved, by making logical deductions on the basis of
precise definitions, clearly stated hypotheses, and known results.11 This is after
all the whole point of the classic two-volume work [Pólya-Szegö], which introduces
students to mathematical research through the solutions to a long list of problems.
For example, the Pythagorean theorem and its many proofs are nothing more than
solutions to the problem posed by people from diverse cultures long ago: "Is there
any relationship among the three sides of a right triangle?" There is no essential
difference between problem solving and theorem proving in mathematics. Each time
we solve a problem, we in effect prove a theorem (trivial as that theorem may
sometimes be).

The main point of this observation is that if we want students to be profi-
cient in problem solving, then we must give them plenty of examples of grade-
appropriate proofs all through (at least) grades 4–12 and engage them regularly

11It is in this light that the previous remark about the purposefulness of mathematics can
be better understood: before solving a problem, one should know why the problem was posed in
the first place. Note that, for beginners (i.e., school students), the overwhelming emphasis has to
be on solving problems rather than the more elusive issue of posing problems.
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in grade-appropriate theorem-proving activities. If we can get students to see, day
in and day out, that problem solving is a way of life in mathematics and if we
also routinely get them involved in problem solving (i.e., theorem proving), students
will learn problem solving naturally through such a long-term immersion. In the
process, they will get to experience that, to solve problems, they need to have
precise definitions and precise hypotheses as a starting point, know the direction
they are headed towards before they make a move (sense making), and be able
to make deductions from precise definitions and known facts. Definitions, sense
making, and reasoning will therefore come together naturally for students if they
learn mathematics that is consistent with the five fundamental principles.

We make the effort to put problem solving in the context of the fundamental
principles of mathematics because there is a danger in pursuing problem solving
per se in the midst of the TSM-induced corruption of school mathematics. In a
generic situation, teachers teach TSM and only pay lip service to "problem solving",
while in the best case scenario, teachers keep TSM intact while teaching students
how to solve problems on a separate, parallel track outside of TSM. Lest we forget,
TSM considers "out of a hundred" to be a correct definition of percent, expands the
product of two linear polynomials by "FOILing", and assumes that in any problem
about rate, one can automatically assume that the rate is constant ("Lynnette can
wash 95 cars in 5 days. How many cars can Lynnette wash in 11 days?"), etc. In this
environment, it is futile to talk about (correct) problem solving. Until we can rid
school classrooms of TSM, the most we can hope for is having teachers teach, on the
one hand, definition-free concepts with a bag of tricks-sans-reasoning to get correct
answers and, on the other hand, reasoning skills for solving a separate collection of
problems for special occasions. In other words, two parallel universes will co-exist
in school mathematics classrooms. So long as TSM continues to reign in school
classrooms, most students will only be comfortable doing one-step problems and
any problem-solving ability they possess will only be something that is artificially
grafted onto the TSM they know.

If we want to avert this kind of bipolar mathematics education in schools,
we must begin by providing teachers with a better mathematical education. Then
we can hope that teachers will teach mathematics consistent with the fundamental
principles of mathematics12 so that students’ problem-solving abilities can evolve
naturally from the mathematics they learn. It is partly for this reason that the
six volumes under discussion13 choose to present the mathematics of K–12 with
explanations (= proofs) for all the skills. In particular, these three volumes on the
mathematics of grades 9–12 provide proofs for every theorem. (At the same time,
they also caution against certain proofs that are simply too long or too tedious
to be presented in a high school classroom.) The hope is that when teachers and
educators get to experience firsthand that every part of school mathematics is suf-
fused with reasoning, they will not fail to teach reasoning to their own students as
a matter of routine. Only then will it make sense to consider problem solving to be
an integral part of school mathematics.

12And, of course, to also get school textbooks that are unsullied by TSM. However, it seems
likely as of 2020 that major publishers will hold onto TSM until there are sufficiently large numbers
of knowledgeable teachers who demand better textbooks. See the end of [Wu2015].

13These three volumes, together with [Wu2011a], [Wu2016a], and [Wu2016b].
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The importance of correct content knowledge

In general, the idea is that if we give teachers and educators an exposition
of mathematics that makes sense and has built-in conceptual understanding and
reasoning, then we can hope to create classrooms with an intellectual climate that
enables students to absorb these qualities as if by osmosis. Perhaps an analogy can
further clarify this issue: if we want to teach writing, it would be more effective to
let students read good writing and learn from it directly rather than to let them
read bad writing and simultaneously attend special sessions on the fine points of
effective written communication.

If we want school mathematics to be suffused with reasoning, conceptual un-
derstanding, and sense making, then we must recognize that these are not qualities
that can stand apart from mathematical details. Rather, they are firmly anchored
to hard-and-fast mathematical facts. Take proofs (= reasoning), for example. If we
only talk about proofs in the context of TSM, then our conception of what a proof is
will be extremely flawed because there are essentially no correct proofs in TSM. For
starters, since TSM has no precise definitions, there can be no hope of finding a com-
pletely correct proof in TSM. Therefore, when teaching from these three volumes,14
it is imperative to first concentrate on getting across to teachers and educators the
details of the mathematical reformulation of the school curriculum. Specifically,
we stress the importance of offering educators a valid alternative to TSM for their
future research. Only then can we hope to witness a reconceptualization—in math-
ematics education—of reasoning, conceptual understanding, problem solving, etc.,
on the basis of a solid mathematical foundation.

Reasoning, conceptual understanding, and sense making are qualities intrinsic
to school mathematics that respects the fundamental principles of mathematics.
We see in these three volumes a continuous narrative from topic to topic and from
chapter to chapter to guide the reader through this long journey. The sense making
will be self-evident to the reader. Moreover, when every assertion is backed up by
an explanation (= proof), reasoning will rise to the surface for all to see. In their
presentation of the natural unfolding of mathematical ideas, these volumes also
routinely point out connections between definitions, concepts, theorems, and proofs.
Some connections may not be immediately apparent. For example, in Section 6.1
of this volume (page 310), we explicitly point out the connection between Mersenne
primes and the summation of finite geometric series. Other connections span several
grades: there is a striking similarity between the proofs of the area formula for
rectangles whose sides are fractions (Theorem 1.7 on pp. 48ff.), the ASA congruence
criterion (Theorem G9 on pp. 245ff.), the SSS congruence criterion (Theorem G28 in
Section 6.2 of [Wu2020b]), the fundamental theorem of similarity (Theorem G10 in
Section 6.4 of [Wu2020b]), and the theorem about the equality of angles on a circle
subtending the same arc (Theorem G52 in Section 6.8 of [Wu2020b]). All these
proofs are achieved by breaking up a complicated argument into two or more clear-
cut steps, each involving simpler arguments. In other words, they demonstrate
how to reduce the complex to the simple, so prospective teachers and educators
can learn from such instructive examples about the fine art of problem solving
(= reasoning).

14As well as from the other three volumes, [Wu2011a], [Wu2016a], and [Wu2016b]).
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The foregoing unrelenting emphasis on mathematical content should not lead
readers to believe that these three volumes deal with mathematics at the expense of
pedagogy. To the extent that these volumes are designed to promote better teach-
ing in the schools, they do not sidestep pedagogical issues. Extensive pedagogical
comments are offered whenever they are called for, and they are clearly displayed
as such; see, for example, pp. 16, 23, 37, 40, 53, 119, 261, 263, etc. Nevertheless,
our most urgent task—the fundamental task—in the mathematical education of
teachers and educators as of 2020 has to be the reconstruction of their mathemat-
ical knowledge base. This is not about judiciously tinkering with what teachers
and educators already know or tweaking their existing knowledge here and there.
Rather, it is about the hard work of replacing their knowledge of TSM with math-
ematics that is consistent with the fundamental principles of mathematics from the
ground up. The primary goal of these three volumes is to give a detailed exposition
of school mathematics in grades 9–12 to help educators and teachers achieve this
reconstruction.





To the Pre-Service Teacher

In one sense, these three volumes are just textbooks, and you may feel you have
gone through too many textbooks in your life to need any fresh advice. Nevertheless,
we are going to suggest that you approach these volumes with a different mindset
than what you may have used with other textbooks, because you will soon be using
the knowledge you gain from these volumes to teach your students. Reading other
textbooks, you would likely congratulate yourself if you could achieve mastery over
90% of the material. That would normally guarantee an A. More is at stake with
these volumes, however, because they directly address what you will need to know
in order to write your lessons. Ask yourself whether a mathematics teacher whose
lessons are correct only 90% of the time should be considered a good teacher. To
be blunt, such a teacher would be a near disaster. So your mission in reading these
volumes should be to achieve nothing short of total mastery. You are expected to
know this material 100%. To the extent that the content of these three volumes
is just K–12 mathematics, this is an achievable goal. This is the standard you have
to set for yourself. Having said that, we also note explicitly that many Mathematical
Asides are sprinkled all through the text, sometimes in the form of footnotes. These
are comments—usually from an advanced mathematical perspective—that try to
shed light on the mathematics under discussion. The above reference to "total
mastery" does not include these comments.

You should approach these volumes differently in yet another respect. Students’
typical attitude towards a math course is that if they can do all the homework
problems, then most of their work is done. Think back on your calculus courses
or any of the math courses when you were in school, and you will understand how
true this is. But since these volumes are designed specifically for teachers, your
emphasis cannot be limited to merely doing the homework assignments because
your job will be more than just helping students to do homework problems. When
you stand in front of a class, what you will be talking about, most of the time, will
not be the exercises at the end of each section but the concepts and skills in the
exposition proper.1 For example, very likely you will soon have to convince a class
on geometry why the Pythagorean theorem is correct. There are two proofs of this
theorem in these volumes, one in Chapter 5 of this volume and the other in Chapter
4 of [Wu2020c]. Yet on neither occasion is it possible to assign a problem that asks
for a proof of this theorem. There are problems that can assess whether you know

1I will be realistic and acknowledge that there are teachers who use class time only to drill
students on how to get the right answers to exercises, often without reasoning. But one of the
missions of these three volumes is to steer you away from that kind of teaching. See To the
Instructor on pp. xxvii ff.

xli



xlii TO THE PRE-SERVICE TEACHER

enough about the Pythagorean theorem to apply it, but how do you assess whether
you know how to prove the theorem when the proofs have already been given in
the text? It is therefore entirely up to you to achieve mastery of everything in the
text itself. One way to check is to pick a theorem at random and ask yourself:
Can I prove it without looking at the book? Can I explain its significance? Can I
convince someone else why it is worth knowing? Can I give an intuitive summary
of the proof? These are questions that you will have to answer as a teacher. To
the extent possible, these volumes try to provide information that will help you
answer questions of this kind. I may add that the most taxing part of writing these
volumes was in fact to do it in a way that would allow you, as much as possible,
to adapt them for use in a school classroom with minimal changes. (Compare, for
example, To the Instructor on pp. xxvii ff.)

There is another special feature of these volumes that I would like to bring to
your attention: these volumes are essentially school textbooks written for teachers,
and as such, you should read them with the eyes of a school student. When you read
Chapter 1 of this volume on fractions, for instance, picture yourself in a sixth-grade
classroom and therefore, no matter how much abstract algebra you may know or
how well you can explain the construction of the quotient field of an integral domain,
you have to be able to give explanations in the language of sixth-grade mathematics
(i.e., to sixth graders). Similarly, when you come to Chapter 6, you are developing
algebra from the beginning, so even the use of symbols will be an issue (it is in
fact the key issue; see Section 6.1 on pp. 298ff.). Therefore, be very deliberate and
explicit when you introduce a symbol, at least for a while.

The major conclusions in these volumes, as in all mathematics books, are sum-
marized into theorems. Depending on the author’s (and other mathematicians’)
whims, theorems are sometimes called propositions, lemmas, or corollaries as a
way of indicating which theorems are deemed more important than others. Roughly
speaking, a proposition is not regarded to be as important as a theorem, a lemma is
conceptually less important than a proposition, and a corollary is supposed to follow
immediately from the theorem or proposition to which it is attached. (Incidentally,
a formula or an algorithm is just a theorem.) This idiosyncratic classification of the-
orems started with Euclid around 300 BC, and it is too late to do anything about it
now. The main concepts of mathematics are codified into definitions. Definitions
are set in boldface in these volumes when they appear for the first time; a few
truly basic ones are even individually displayed in a separate paragraph, but most
of the definitions are embedded in the text itself, so you should watch out for them.

The statements of the theorems, and especially their proofs, depend on the
definitions, and proofs are the guts of mathematics.

Please note that when I said above that I expect you to know everything in
these volumes, I was using the word "know" in the way mathematicians normally
use the word. They do not use it to mean simply "know the statement by heart".
Rather, to know a theorem, for instance, means know the statement by heart, know
its proof, know why it is worth knowing, know what its potential implications are,
and finally, know how to apply it in new situations. If you know anything short
of this, how can you expect to be able to answer your students’ questions? At the
very least, you should know by heart all the theorems and definitions as well as the
main ideas of each proof because, if you do not, it will be futile to talk about the
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other aspects of knowing. Therefore, a preliminary suggestion to help you master
the content of these volumes is for you to

copy out the statements of every definition, theorem, proposi-
tion, lemma, and corollary, along with page references so that
they can be examined in detail when necessary,

and also to
form the habit of summarizing the main idea(s) of each proof.

These are good study habits. When it is your turn to teach your students, be sure
to pass along these suggestions to them.

You should also be aware that reading a mathematics book is not the same as
reading a gossip magazine. You can probably flip through one of the latter in an
hour or less. But in these volumes, there will be many passages that require slow
reading and re-reading, perhaps many times. I cannot single out those passages for
you because they will be different for different people. We do not all learn the same
way. What you can take for granted, however, is that mathematics books make for
exceedingly slow reading. (Nothing good comes easy.) Therefore if you get stuck,
time and time again, on a sentence or two in these volumes, take heart, because
this is the norm in mathematics learning.





Prerequisites

In terms of the mathematical development of this volume, only a knowledge
of whole numbers, 0, 1, 2, 3, . . . , is assumed. Thus along with place value, you
are assumed to know the four arithmetic operations, their standard algorithms, and
the concept of division-with-remainder and how it is related to the long division
algorithm.1 Division-with-remainder assigns to each pair of whole numbers b (the
dividend) and d (the divisor), where d �= 0, another pair of whole numbers q (the
quotient) and r (the remainder), so that

b = qd+ r where 0 ≤ r < d.

Some subtle points about the concept of division among whole numbers will be
briefly recalled at the beginning of Section 1.5 on page 54. A detailed exposition of
the concept of "division" among whole numbers is given in Chapter 7 of [Wu2011a].

Note that 0 is included among the whole numbers.
A knowledge of negative numbers, particularly integers, is not assumed. Neg-

ative numbers will be developed ab initio in Chapter 2.

Because every assertion in these three volumes (this volume, together with
[Wu2020b] and [Wu2020c]) will be proved, students should be comfortable with
mathematical reasoning. It is hoped that as they progress through the volumes, all
students will become increasingly at ease with proofs. In terms of the undergraduate
curriculum, readers of this volume—as a rule of thumb—should have already taken
the usual two years of college calculus or their equivalents.

1Unfortunately, a correct exposition of this topic is difficult to come by. Try Chapter 7 of
[Wu2011a].
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Some Conventions

• Each chapter is divided into sections. Titles of the sections are given at
the beginning of each section as well as in the table of contents. Each
section (with few exceptions) is divided into subsections; a list of the
subsections in each section—together with a summary of the section in
italics—is given at the beginning of each section.

• When a new concept is first defined, it appears in boldface but is not
often accorded a separate paragraph of its own. For example:

A subset R in a plane is called convex if given any two points
A, B in R, . . . (p. 172).

You will have to look for many definitions in the text proper. (However,
not all boldfaced words or phrases signify new concepts to be defined,
because boldface fonts are sometimes used for emphasis.)

• When a new notation is first introduced, it also appears in boldface. For
example:

The congruence notation �ABC ∼= �A′B′C′ will be under-
stood to mean . . . (p. 245).

• Equations are labeled with numbers inside parentheses, and the first digit
of the label indicates the chapter in which the equation can be found.
For example, the "(1.17)" in the sentence "Thus (1.17) implies that . . . "
means the 17th labeled equation in Chapter 1.

• Exercises are located at the end of each section.
• Bibliographic citations are labeled with the name of the author(s) inside

square brackets, e.g., [Ginsburg]. The bibliography begins on page 387.
• In the index, if a term is defined on a certain page, that page will be in

italics. For example, the item
division-with-remainder, 15, 137, 139

means that the term "division-with-remainder" appears in a significant
way on all three pages, but the definition of the term is on page 139.
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Glossary of Symbols

N : the whole numbers, 6
Q : the rational numbers, 90
R : the real numbers, 6
Z : the integers, 91
⇐⇒ : is equivalent to, 22
=⇒ : implies, 76
an : the product aaa · · ·a︸ ︷︷ ︸

n

for a number a and a positive integer n, 14

n! : n factorial for a whole number n, 42(
n
k

)
: binomial coefficient defined by n!

k!(n−k)! , 42
n|m : n divides m for integers m and n (n �= 0), 138
n � |m : n does not divide m for integers m and n (n �= 0), 138
GCD(a, b) : the greatest common divisor of integers a and b, 138
B−1 : multiplicative inverse of a fraction B, 56
p∗ : mirror reflection of a number p, 90
−→x : the vector from the origin 0 of a number line to the fraction x on this

number line, 101
x · y : product of the numbers x and y, 37
|x| : absolute value of a number x, 125√
α : the positive square root of a positive number α, 148

[a, b] : the segment or the closed interval from a to b for numbers a < b, 5
(a, b) : the open interval from a to b for numbers a < b (it could also mean

the point (a, b) in the coordinate plane), 126
< : less than, 12
≤ : less than or equal to, 13
> : greater than, 13
≥ : greater than or equal to, 13
AB : the segment joining A to B, 169
dist(A,B) : the distance between two points A and B in the plane, 184
A ∗ C ∗B : the point C is between points A and B, 167
|PQ| : the length of segment PQ, 185
LPQ : the line joining P to Q, 166
H+, H− : half-planes of a line L, 176
ROP : the ray from O to P , 174−−→
AB : the vector from A to B in the plane, 219
‖ : is parallel to, 165
⊥ : is perpendicular to, 192
∠AOB : an angle with vertex O and sides ROA and ROB, 182
�ABC : triangle ABC, 245

385
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∠A : the angle of a triangle or a polygon at a vertex A, 182
x◦ : x degrees (of an angle), where x is a positive real number, 188
∼= : is congruent to, 240
∼ : is similar to, 284
∈ : belongs to (as in a ∈ A), 9
A ⊂ B : A is contained in B, 91
∪ : union (of sets), 195
∩ : intersection (of sets), 165
R2 : the coordinate plane, 332
(x, y) : the coordinates of a point in the plane (it could also mean the open

interval from the number x to the number y), 333
H+, H− : half-planes of a line L, 176
�

AB : one of two arcs joining the point A to the point B on a circle, 190
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AA criterion, 288
above (a horizontal line), 334
absolute error, 130
absolute value, 121, 125, 125–126

rationale for, 130–131
Ackerman, Nate, 216
acute angle, 191
acute triangle, 191
addition algorithm for (finite)

decimals, 34
addition of fractions, 32–36
addition of rational numbers, 92–96

using vectors, 102–104
addition of vectors (on number line),

101
additivity property of length, 98
adjacent

angles (with respect to an angle),
186, 186–188

sides, 171
vertices, 171

al-Khwarizmi, 301
algorithm, 139
alternate interior angles, 276, 277,

281
analytic geometry, 336
angle, 182

acute, 191
convention about, 182
full, 183
interior (of a polygon), 197
obtuse, 191
right, 191
straight, 183
zero, 183

angle bisector, 192
angle-angle criterion (= AA

criterion), 288

angles
alternate interior, 276
corresponding, 276
opposite, 276

Arbaugh, Fran, xviii
arc, 190

intercepted by an angle on a circle,
190

length of, 190, 197
major, 190
minor, 190

arctan function, 207
area, 17, 47

of rectangle, 48
arithmetic mean, 132
arithmetic mean-geometric mean

inequality, 127, 132
ASA, 51, 245
associative law, 2, 44

for addition, 87
failure for subtraction, 96, 98
for addition of fractions, 33
for addition of rational numbers,

91–94
for multiplication, 87
for multiplication of fractions, 46
for multiplication of rational

numbers, 105
for multiplication of real numbers,

133
for number expressions, 302, 304,

312, 323
makes no sense for variables, 325

assumptions
about basic isometries, 237
about reflections, 231
about rotations, 217
about translations, 236

391
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for geometry, 165–176, 184–188,
237, 250

on addition of rational numbers,
92

on multiplication of rational
numbers, 105

auxiliary lines, 264
average rate, 81–82

lawn-mowing, 82
average speed (over an interval), 79

pitfall of the terminology, 79
relation with constant speed, 79

axiomatic system, xxxiv, 159–161

Babylonians, 290, 384
basic etiquette in the use of symbols,

299
basic isometries, 161–163, 199, 200,

216, 217, 229, 231, 237
assumption about, 237

below (a horizontal line), 334
between (a point between two

points), 167
between (two points on a number

line), 13
betweenness, 166, 167
bigger than

among numbers, 13
bijection, 205, 333
bijective, 205
bilateral symmetry, 230
binomial coefficient, 42
bipolar mathematics education,

xxxvii
bisect, 192
bisect each other (two segments),

228, 260
bisector

angle, 192
perpendicular, 192

boundary, 194
of disk, 198

boundary point, 194, 194
bounded, 194

cancellation law, 20
generalized, 118

cancellation rule
for fractions, 47

for rational quotients, 118
Cataldi, Pietro, 308
CCSSM, xvi–xxvii, 5–362
center

of a rotation, 202
of a circle, 186
of a dilation, 268

circle, 186
center of, 186
exterior of, 186
inside, 186
of radius r, 186
unit, 186

clockwise rotation, 202
pedagogical issues with its

definition, 204
clockwise rotation around O, 215
clockwise rotation around any point,

215
closed bounded interval, 5, 169
closed disk, 186

confused with circle, 193
closed half-plane, 176
closed interval, 126
closed set, 195

inside a circle, 195
closed under composition, 240
coefficient, 303, 312
coherence, xiii, 318

importance of, xxxii
collecting like terms, 311
collinear (points), 169
Collins, David, 68
Common Core State Standards for

Mathematics (= CCSSM), xvi
common denominator, 23, 33
common divisor (of two integers),

138
commutative (in composition of

transformations), 209, 371
commutative law, 2

for addition, 87
for addition of fractions, 33
for addition of rational numbers,

91–94
for multiplication, 87
for multiplication of fractions, 46
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for multiplication of rational
numbers, 105

for multiplication of real numbers,
133

for number expressions, 302, 304,
312, 323

makes no sense for variables, 325
commutative ring, 133
comparing fractions, 38, 52
comparing rational numbers,

121–125
complement (of a geometric figure),

181
complete expanded form (of

decimal), 35
complex fraction, 68

denominator of, 68
numerator of, 68

complex fractions, 72–74
basic formulas, 70–71

composite, 148
composite transformation, 208
composition of transformations, 208
concatenation, 12
congruence, 17, 240

closed under composition, 240
equivalence relation, 241
reflexive relation, 241
students’ confusion in TSM,

158–159
symmetric relation, 240
transitive relation, 241

congruent to, 240
symbol for, 240, 245

connected (region), 195
constant, 301

term, 312
constant rate, 76, 81–82

house-painting, 82, 86
lawn-mowing, 81
water flow, 82, 84

constant speed, 77, 78
importance of definition, 81

constant transformation, 200
converse, 22
conversion of fractions to decimals

by long division, 62–65

convex (geometric figure), 172,
181–182

convex polygon, 197
coordinate axis, 331
coordinate system, 331

coordinate axes of, 331
four quadrants of, 335
origin of, 331
scaled, 361
setting up, 332

coordinates (of a point), 332
coordinates in the plane, 331

introduction of, 331
x-axis, 331
y-axis, 331

copies (of a fraction), 12
corresponding angles, 276, 277, 281
corresponding sides

proportional, 287
counterclockwise rotation, 201

pedagogical issues with its
definition, 204

properties of, 201
counterclockwise rotation around O,

212–215
counterclockwise rotation around

any point, 215
cross-multiplication algorithm, 22,

134
mistaken for rote skill, 23

cross-multiplication inequality, 32,
36, 118

crossbar axiom, 250, 251
cubic polynomial, 313

data points, 272, 274
decagon, 171
decimal digits, 14
decimal fraction, 14
decimal point, 14
decimals, 4, 14

addition algorithm for, 34
finite, 14
infinite, 14
multiplication algorithm for, 51
subtraction algorithm for, 40
terminating, 14

definitions, xiii
absence of, in TSM, xxviii
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importance of, xxviii–xxix, 75
the role of, xxix–xxx

degree (of a polynomial), 312, 316
degree (of a rotation), 202

negative, 203
degree (of an angle), 190, 191

preserve, 203, 231, 236, 237
denominator

of a complex fraction, 68
of a fraction, 10
of a rational quotient, 118

derivative, 310
Desargues, Girard, 308
Descartes, René, 301, 308, 336
determinant, 377

and solutions of a linear system,
377

nonvanishing, 377
vanishing, 377

diagonal, 171
difference (of two fractions), 41
difference quotient (of two points),

347
different sides

of a line in the plane, 176
of a point on a line, 174

dilation, 268
basic properties of, 269–271
center of, 268
effect on lengths and degrees, 275
scale factor of, 268

direction (of a vector on number
line), 100

disjoint (sets), 173
disjoint union

of sets in a line, 173
of sets in the plane, 175

disk, 186
closed, 186
open, 186
unit, 186

distance, 6–7, 125
between parallel lines, 228
between two points, 6, 184
function, 185
of a point to a line, 228
preserve, 200

relation with length of a segment,
184

unit, 7
distance formula, 336
distinct lines, 165
distinct rays, 175
distributive law, 2, 88

for fractions, 46, 59
for number expressions, 302, 304,

312, 323
for rational numbers, 105
for real numbers, 133
makes no sense for variables, 325

divide (one integer by another), 138
division as multiplication, 47, 57, 115
division interpretation of a fraction,

28, 30
division of decimals, 60
division of fractions, 57

by a whole number, 46
relation to division of whole

numbers, 55, 58
division of rational numbers, 112–115
division of whole numbers, 29, 58
division-with-remainder, 15, 137, 139

dividend of, 140
divisor of, 140
quotient of, 140
remainder of, 140

divisor (of an integer), 138
divisor of zero, 133
double inequality, 126

associated, 126

edge (of polygon), 170, 171
elimination, method of, 380
empty set, 352
endpoint, 6, 126, 169

left, 6
of vector, 100, 219
right, 6

equal angles, 244
equal expressions, 303
equal fractions, 12
equal ordered pairs of numbers, 332
equal parts (of a segment), 9
equal segments, 244
equal sets, 141
equal transformations, 208, 208
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equality of two sets, 141
equation, 322

in one variable, 322
in two variables, 323
linear, 323
quadratic, 322
solution of, 322
solve, 323

equation in two variables, 323
solve, 323

equation of a line, 354
slope-intercept form, 356
two-point form, 357

equidistant
from 0, 90
points, 6

equidistant parallel lines, 258
equilateral triangle, 193
equivalence of two theorems, 257
equivalence relation, 241
equivalent equations, 328
equivalent expressions, 303
equivalent fractions, 12, 20–21, 25,

35, 47, 61
equivalent to, 22
Euclid, xlii, 137, 155, 160, 161, 244

proof of infinity of primes, 155
Euclidean algorithm, 140, 143–144
Euler, Leonhard, 308
existence, 56, 112, 114, 139, 150,

155, 166, 197, 216, 218, 222,
224, 225, 236, 284, 322

expression, 302
coefficients in, 303
notational conventions for, 302
number, 302
order of operations in, 303

expressions
equal, 303
equivalent, 303

extension (of a concept), 29, 58, 92,
96

exterior of a circle, 186, 194

factor (of an integer), 138
factorial, 42
factorization, 314

potential harmful effects of
overemphasis, 315

factorization (of an integer), 138
FASM, xix, 3, 76, 86, 107, 121, 127,

133, 258, 304, 316, 347–348, 350
Fermat, Pierre, 308, 336
FFFP, 23, 23–24, 33–34, 36, 39
field, 133
finite decimals, 14

division of, 60
five fundamental principles of

mathematics, xiii, xxxiii
FOIL, 314
folding transformation, 207
fraction, 10

complex, 68
convert to a decimal by long

division, 62–65
convert to a finite decimal, 60
copies of, 12
denominator of, 10
division interpretation of, 28, 30
in lowest terms, 30, 138
numerator of, 10
proper, 36
reduced, 138
reduced form of, 138
TSM concept of, 4–5
unit, 10

fraction addition, 33
formula for, 33

fraction division, 57
formula for, 57

fraction multiplication, 45
formula for, 46

fraction subtraction, 38
formula for, 39

fractional multiple, 56
fractions, 10

addition of, 33
cancellation rule for, 47
common denominator of, 23, 33
division of, 57
equal, 12
equal to finite decimals, 152
equivalent, 12, 20–21
high school teachers’ need for, xxiv
multiplication of, 26, 45
order among, 12
reducing, 20
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research on the teaching of,
xxi–xxii

subtraction of, 38
sum of, 33

Francis, Larry, 246, 291
FTS, 51, 256, 263
FTS*, 257
full angle, 183
fundamental assumption of school

mathematics (= FASM), 3
fundamental assumption of school

mathematics (= FASM), 133
fundamental fact of fraction-pairs

(= FFFP), 23
fundamental principles of

mathematics, xiii, xxxix, 2, 75,
160, 178

fundamental theorem of arithmetic,
149

fundamental theorem of similarity
(= FTS), 256

Gardiner, Tony, 198
GCD, 138
generality and abstraction, 299,

305–310
geometric figure, 47

bounded, 194
data points on, 272, 274
paved by other geometric figures,

47
rectilinear, 269
unbounded, 194

geometric mean, 132
geometric series, 309

finite, 309
geometry curriculum

issues with, 157–164
Gödel’s incompleteness theorem, 169
Goldbach conjecture, 147
graph of a linear equation in two

variables, 353–354
graph of an equation in two

variables, 352
greater than

among numbers, 13, 91
greatest common divisor (= GCD),

40, 138
group, 211, 235, 240, 286

Hald, Ole, 67, 86, 156, 198, 276
half-line, 173, 253, 359
half-plane, 176, 253

closed, 176
left, 334
lower, 334
right, 334
upper, 334

half-planes
opposite, 176

harmonic mean, 72
heptagon, 171
Heron’s formula, 296
hexagon, 170, 171
HL (criterion for triangle

congruence), 293
horizontal line, 332

above, 334
below, 334
slope of, 347

house-painting, 82, 86
hypotenuse (of a right triangle), 290
hypotenuse-leg (= HL), 293

identity, 303–304
identity transformation, 200
if and only if, 22
image (of a transformation), 205
inequalities, 121

about absolute value, 127–130
about rational numbers, 121–125

inequality, 12
arithmetic and geometric means,

127, 132
double, 126
triangle, 129

infinite decimals, 14
infinity of primes, 155
injection, 205
injective, 205
inscribed (in a circle), 193
inside

of a circle, 195
of a polygon, 196

inside a circle, 186
integers, 91
integral domain, 133
integral linear combination, 140
interior angle of a polygon, 197



INDEX 397

intermediate value theorem, 195
intersection (of sets), 165
interval

closed, 126
closed bounded, 5, 169
length of, 126
open, 126

inverse, 56
multiplicative, 56, 113

inverse (of a transformation), 211,
211

inverse transformation, 211
of a congruence, 240
of a reflection, 231
of a rotation, 211
of a similarity, 284
of a translation, 234

invert and multiply rule, 1, 57, 59,
68, 71, 119

generalized form, 119
irrational number, 153
isolating the variable, 329
isometry, 200

relation with congruence, 237, 250
isosceles triangle, 193

controversy in TSM about its
definition, 193

Jordan curve theorem, 196

key lemma, 144
Koswatta, Sunil, 101

(L1) (geometric assumption), 165
(L2) (geometric assumption), 165
(L3) (geometric assumption), 167
(L4) (geometric assumption), 176
(L5) (geometric assumption), 184
(L6) (geometric assumption), 188
(L7) (geometric assumption), 237
(L8) (geometric assumption), 250
lawn-mowing, 81
LCM, 40, 41, 156
least common denominator, xxii, 1,

32, 34, 40, 41, 134
least common multiple (=LCM), 34,

156
left (of a vertical line), 334
left endpoint, 6

left half-plane (of a vertical line), 334
left-pointing (vector on number

line), 100
leg (of a right triangle), 290
length

additivity property of, 98
of a segment, 7, 185
of a vector, 100, 220
of an interval, 126
preserve, 201

less than
among numbers, 12

line
defined by a linear equation in two

variables, 354
joining two points, 166
segment (joining two points), 169,

358
slants / or \, 363

line separation, 173
line symmetry, 230
linear equation, 300

in one variable, 323
in two variables, 352

linear equations
simultaneous, 373
system of, 373

linear polynomial, 313
linear system, 373

determinant of, 377
in two variables, 373
of two equations in two unknowns,

373
relation with geometry, 374–375
solution by elimination, 380
solution by substitution, 380
solution set of, 373

relation with determinant, 377
lines

distinct, 165
intersecting, 165
parallel, 165
perpendicular, 191

locating a fraction on a number line,
15, 52

lower half-plane, 334
lowest terms (of a fraction), 138
lowest terms (of fraction), 30
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m-th multiple (of a unit fraction), 10
major arc, 190
map (transformation), 200, 205
mathematical engineering, xii
mathematical integrity, xiii, xv, xix,

xx, xxiii, xxviii, 159
mathematics educator, xi, xxvii
Mersenne prime, 309
Mersenne, Marin, 308
midpoint, 84, 192
minor arc, 190
minus sign, 97
mirror reflection, 90

relation with addition, 93–96
relation with multiplication,

105–106
mixed number, 36
mixed numbers, 15

subtraction of, 39–40
monomial, 312
move, 205
move (transformation), 200
mph, 77
multiple, 311

integral, 138
rational, 114
whole number, 10, 56

multiplication algorithm for
decimals, 51

multiplication of fractions, 26, 45
motivation for the definition,

43–45
multiplication of rational numbers,

105–110
multiplicative inverse

of a fraction, 56
of a rational number, 113, 114,

133, 134

n factorial, 42
n-gon, 171
n-sided polygon, 171
National Mathematics Advisory

Panel, xxiv, 1
negative degree (of a rotation), 203
negative numbers, 91
negative sign, 91
negative times negative is positive,

107–110, 135

nonagon, 171
nonconvex, 190
nonconvex angle, 182, 183, 186
nonempty (set), 173
nonvanishing, 377
notational conventions

for expressions, 302
for polynomials, 312

number, 6
irrational, 153
negative, 91
positive, 91
real, 6
whole, 6

number expression, 302
number line, 5, 6

mirror reflection on, 90
numerator

of a complex fraction, 68
of a fraction, 10
of a rational quotient, 118

obtuse angle, 191
obtuse triangle, 191
octagon, 171
of (as in fraction of a fraction), 20,

24, 24–28
one-to-one (= injective), 205
one-to-one correspondence, 205

(= bijective), 205
onto, 205
onto (= surjective), 205
open disk, 186
open interval, 126
opposite angles at a point, 276
opposite half-planes, 176
opposite rays, 174
opposite sides

of a line in the plane, 176
of a point on a line, 174
of a quadrilateral, 193

opposite signs, 125
opposite vertices (of a quadrilateral),

227
order

among fractions, 12
among numbers, 12, 91

order of operations, 313
ordered pair, 134, 332, 333
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origin of a coordinate system, 331

parallel lines, 165
distance between, 228
equidistant, 258

parallel postulate, 165
parallel segments

as abuse of notation, 256
parallelogram, 193

characterizations of, 260, 261
equality of angles at opposite

vertices, 227
equality of opposite sides, 226
opposite vertices of, 227

partitive interpretation of whole
number division, 28

parts of a whole, 4
Pascal, Blaise, 308
pave, 47
PEMDAS, 313, 314
pentagon, 171
percent, 73

of a quantity, 73
perfect square, 153
perimeter of rectangle, 53
perpendicular bisector, 192
perpendicular lines, 191
plane separation assumption, 176
pointing in the same direction, 231
polygon, 171

confused with polygonal region,
197

convex, 197
diagonal of, 171
edge of, 171
inside of, 196
region enclosed by, 196
regular, 193, 197
side of, 171

polygonal region, 196
confused with polygon, 195

polygonal segment, 195
polynomials, 312

coefficients in, 312
cubic, 313
expanded forms of whole numbers

as, 313
factorization of, 314
in several numbers, 317

linear, 313
notational conventions for, 312
order of operations, 313
quadratic, 313

positive numbers, 91
precision, xiii

importance of, xxxi
preserve degree (basic isometries),

203, 231, 236, 237
preserve distance (transformations),

200
preserve length (transformations),

201
prime, 148, 151
prime decomposition (of a whole

number), 150, 151, 154
prime number, 148
primes

infinity of, 155
problem solving, xxxiv,

xxxvi–xxxvii, xxxviii, xxxviii
product formula, 43, 46, 47–51, 53,

69, 71, 134
product of fractions, 45
progression from the simple to the

complex, 51, 249
proper fraction, 36
purposefulness, xiii

importance of, xiii, xxxii–xxxiii,
140

Pythagoras, 290
Pythagorean theorem, 290

converse of, 293
dependence on the parallel

postulate, 293
Pythagorean triple, 384

quadrants (of a coordinate system),
335

quadratic equation
in one variable, 322

quadratic polynomial, 313
quadrilateral, 171
quotient (of a division), 57, 115
quotient (of a

division-with-remainder), 140
quotient field (of an integral

domain), 133
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radian, 191
radius, 186

of closed disk, 186
of open disk, 186

rate, 76, 81
ratio, 75, 75

use in everyday context, 75
rational expressions, 316

in several numbers, 317
rational multiple, 114
rational number addition, 92, 102

formulas for, 96, 97
rational number division, 115

formula for, 119
rational number multiplication, 105

formulas for, 107
rational number subtraction, 96
rational numbers, 90

as quotients of integers, 116
field of, 133
rationale for, 89

rational quotient, 117
ray, 174

from one point to another, 174
issuing from a point, 174

rays
distinct, 175
opposite, 174

real number, 6, 76, 153
reasoning, xiii
reciprocal (of a fraction), 57
rectangle, 193, 251

area of, 48
existence of, 225
perimeter of, 53

rectilinear figure, 269
reduced form (of a fraction), 138
reduced fraction, 138
reducing fractions, 20
reflection, 229
reflexive property, 121
reflexive relation, 241
region, 197

connected, 195
enclosed by a polygon, 196
polygonal, 196
triangular, 197, 198

regular polygon, 193, 197

relation
equivalence, 241
reflexive, 241
symmetric, 240
transitive, 241

relatively prime (integers), 138, 152
removing parentheses, 97, 111
research on the teaching of fractions,

xxi–xxii
rhombus, 193
right (of a vertical line), 334
right angle, 191
right half-plane (of a vertical line),

334
right triangle, 191

hypotenuse, 290
leg, 290

right-pointing (vector on number
line), 100

rise-over-run, 298, 347
rotation, 202

center of, 202
counterclockwise, 201
of θ degrees around a point, 202

same direction, 231
same length, 6
same side

of a line in the plane, 176
of a point on a line, 174

same sign (for two numbers), 122
SAS, 245
SAS for similarity, 287
satisfies an equation, 322
scale factor

in FTS, 256
of a dilation, 268
of a similarity, 284

scaled coordinate system, 361
Schoenfeld, Alan, xv, xviii
school geometry curriculum

issues with, 157–164
school mathematics, xii
segment, 5, 169

divided into n equal parts, 9
endpoints of, 169
length of, 7, 185
midpoint of, 84
short, 8
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unit, 6
sequence of n-ths, 9, 10
sequence of fifths, 9
sequence of thirds, 8, 9
setting up a coordinate system, 332
short segment, 8, 26
Shulman, Lee, xiv, xxiv
side

of a polygon, 170, 171
of an angle, 182

sign (of a number), 339
opposite, 125
same, 122

similar to, 284
similarity, 284

equivalence relation, 285
reflexive relation, 285
scale factor of, 284
students’ confusion in TSM,

158–159
symmetric relation, 285
transitive relation, 285

slant, 363
slantangle, 225
slope, 297, 346

formula for, 347, 348
local slope at O, 339
local slope at a point, 342
what it is for, 338–342

slope-intercept form (of the equation
of a line), 356

slopes
of parallel lines, 363
of perpendicular lines, 366

smaller than
among numbers, 12, 37, 91

solution (of an equation), 322
solutions of an equation in two

variables, 351
solving an equation, 300, 323

meaning of, 324–329
pedagogical comments on, 327

speed, 76–77, 78
square, 193
square root, 148
SSS, 51
standard representation (of a

fraction), 8

starting point (of vector), 100, 219
straight angle, 183
straight line, 164
substitution, method of, 380
subtraction

of rational numbers, 91
subtraction algorithm for decimals,

40
subtraction as addition, 39, 96
subtraction of fractions, 36, 38–41
subtraction of rational numbers,

96–98, 99
sum of fractions, 33

formula for, 33
sum vector (of two vectors on

number line), 101
surjection, 205
surjective, 205
symbols

basic etiquette in the use of, 299
need for, 301
need to quantify, 299

symmetric relation, 240
symmetric with respect to a line,

219, 230

Taylor polynomial, 312
terminating decimals, 14
Textbook School Mathematics

(= TSM), xiv
theorem on equivalent fractions, 20,

21–23, 24, 26, 37, 139, 153
transformation, 200

bijective, 205
composite, 208
constant, 200
folding, 207
identity, 200
image of, 205
image under, 205
injective, 205
inverse, 211
issues with using coordinates, 207
maps a point to a point, 200
moves a point to a point, 200
rationale for, 199–200
surjective, 205

transformations
composition of, 208
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equal, 208
transitive property, 121
transitive relation, 241
translation, 6

coordinate description, 368
translation (along a vector), 234
transversal (of lines), 224
trapezoid, 193
triangle, 171

acute, 191
equilateral, 193
isosceles, 193
obtuse, 191
right, 191
sum of angles, 279

triangle congruence, 245
special conventions of, 245

triangle inequality, 129
triangle similarity, 287

special conventions of, 287
triangular region, 197, 198
trichotomy law, 121
trinomial, 313
TSM, xiv, xxvii–xxxv, xxxvii, 1–5, 7,

13, 14, 29, 30, 32, 35–37, 40, 43,
48, 53–56, 62, 64, 67–70, 72–76,
81–82, 114–115, 119–120, 130,
139, 147, 154–155, 157–163, 166,
200, 244, 255–283, 297–298, 302,
313–314, 318–320, 322, 324–325,
327, 329, 337–338, 347, 351–352,
361–363, 374, 380

unbounded, 194
union (of sets), 9
uniqueness, 55–57, 71, 112, 113, 115,

139, 144, 147–151, 165, 184,
188, 192, 216, 232, 234, 236,
326, 331, 377

unit, 6
circle, 186
disk, 186

unit distance, 7
unit fraction, 10, 42
unit length, 7
unit segment, 6
unit square, 47

unknown, 301, 322
upper half-plane, 334

vanishing, 377
variable, 297–298, 301, 323

defect of teaching in TSM, 302,
318–320

isolating the, 329
not a mathematical concept, 319

vector
in the plane, 219
length of, 220
on a number line, 100

vertex, 170, 171
of a polygon, 171
of a ray, 174
of an angle, 182

vertical line, 332
left of, 334
right of, 334

Viète, François, 301

weak inequality, 13
well-defined, 45, 57, 138, 168–169,

185, 202, 215, 218, 219, 229,
253, 333

whole (as in parts of a whole), 4, 7
whole number multiple, 56
whole number multiple (of a unit

fraction), 10
whole numbers, 6

division of, 29

x-axis, 331
negative, 332
positive, 332

x-coordinate of a point, 332
x-intercept, 357

y-axis, 331
negative, 332
positive, 332

y-coordinate of a point, 332
y-intercept, 356

zero angle, 183
zero product property, 114
zero product rule, 114
zero vector, 100
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