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INTRODUCTION 

The presen t monograp h i s devote d t o a  systemati c presentatio n o f th e 
intrinsic geometr y o f nonregula r surfaces . Th e wor k o f Gaus s o n intrinsi c 
geometry deal s onl y wit h regula r surfaces . Th e Riemannia n geometr y o f 
abstract metrize d manifold s i s also restricte d t o thos e admittin g a  regularl y 
defined metric . Th e constructio n o f th e geometr y o f nonregula r conve x 
surfaces wa s achieve d b y A . D . Aleksandro v i n [5] . I n th e concludin g 
section o f tha t monograp h a  progra m wa s indicate d fo r th e constructio n 
of th e intrinsi c geometr y o f genera l surfaces . Wha t wa s wante d wa s a 
system o f concept s an d method s whic h woul d b e applicabl e equall y t o 
the investigatio n o f th e intrinsi c geometr y o f regula r surface s an d o f two -
dimensional Riemannia n manifolds , polyhedr a an d polyhedra l evolutes , 
general conve x surfaces , an d als o t o th e investigatio n o f th e wides t 
possible clas s o f nonconve x nonregula r surface s an d metrize d two-dimen -
sional manifolds . 

In th e paper s [6] , [14] , [17] , [46] , thi s progra m wa s worke d ou t i n 
more detail . Th e principa l result s wer e communicate d withou t proofs . 
Under som e additiona l hypotheses , A . D . Aleksandro v succeede d i n in -
vestigating two-dimensiona l metri c space s b y geometri c methods , an d i n 
particular i n introducin g int o the m th e concept s o f shortes t an d geodesi c 
curves, angles , integra l curvature , area , directio n an d rotatio n o f curves , 
arid i n establishin g th e mos t importan t propertie s o f thes e concepts . 

These space s hav e bee n calle d "two-dimensiona l manifold s o f bounde d 
curvature." The y ar e th e natura l closur e o f th e clas s o f Riemannia n 
spaces. Thi s extende d clas s i s obtaine d b y addin g t o th e two-dimensiona l 
Riemannian space s al l two-dimensiona l metrize d manifold s whos e metri c 
in th e neighborhoo d o f eac h poin t ma y b e uniforml y approximate d b y 
Riemannian metric s suc h tha t th e integral s o f th e absolut e value s o f th e 
Gaussian curvature s ar e uniforml y bounded . 

The type s o f space s an d surface s enumerate d abov e belon g t o thi s 
class. A t th e sam e tim e th e abov e clas s o f surface s admit s commo n 
methods -o f investigation . Thes e exten d technique s develope d b y A . D . 
Aleksandrov fo r conve x surfaces . Amon g the m ar e th e following . 

1. A n axiomati c method , startin g fro m th e definitio n o f suc h space s b y 
means o f a  minima l choic e o f th e propertie s o f thei r metrics . 

2. A n approximativ e method , base d o n approximatio n b y polyhedra l 
or Riemannia n metrics . Thi s metho d make s us e o f theorem s o n th e 

v 
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possibility o f appropriat e approximation s o f th e space s themselve s an d o f 
figures i n the m b y simple r space s an d figures,  an d als o o f genera l theorem s 
on th e connectio n betwee n th e numerica l characteristic s o f th e convergin g 
figures an d o f th e limitin g figure. 

3. A  syntheti c metho d base d o n geometri c construction s i n suc h space s 
and a  stud y i n the m o f curves , triangle s an d othe r figures.  Thi s metho d 
makes us e i n particular , o f th e compariso n o f figures  i n suc h a  spac e 
with simila r figures  o n th e plan e an d o f method s suc h a s th e cuttin g an d 
pasting o f ne w space s fro m piece s o f existin g spaces . 

The result s obtained , fo r al l thei r generality , retai n thei r geometri c 
intuitiveness. Th e fac t tha t th e clas s o f space s i n questio n i s close d make s 
it possibl e t o stat e an d solv e extrema l problem s i n tha t clas s i n a  natura l 
way. Th e basi c restrictio n adopte d turn s ou t t o b e completel y natural . 
The integra l curvatur e characterize s th e deviatio n o f th e intrinsi c geometr y 
of th e surfac e fro m Euclidea n geometry , an d th e restrictio n o n th e integra l 
curvature make s i t i n fac t possibl e t o retai n th e basi c integra l concept s 
of classica l differentia l geometry . 

The actua l constructio n o f a  theor y o f two-dimensiona l manifold s o f 
bounded curvatur e i s th e objec t o f th e presen t work . 

An expositio n beginnin g wit h a  smal l numbe r o f initia l axiom s require s 
a gradua l accumulatio n o f facts . Analogously , i f w e mak e us e onl y o f 
the possibilit y o f approximatio n b y polyhedra l metrics , w e nee d infor -
mation abou t thos e polyhedra l metrics . Therefor e th e expositio n i s carrie d 
out cyclically . Certai n result s ar e establishe d a t first  i n les s tha n thei r 
full exten t o r i n specia l cases , an d late r the y ar e extende d t o mor e 
general, definit e results . 

A larg e numbe r o f late r paper s b y Sovie t geometer s dea l wit h th e 
material o f thi s monograph . Th e author s inten d t o prepar e fo r publicatio n 
a collectio n o f paper s i n th e direction s indicate d i n § 6 o f Chapte r I . 
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On Variou s Definition s o f th e Angl e 

We conside r a  serie s o f possibl e definition s o f angle . Al l o f the m charac -
terize th e rapidit y o f departur e fro m on e anothe r o f curve s issuin g fro m 
a commo n point , an d i n th e cas e o f regula r curve s i n Euclidea n (o r Rie -
mannian) spac e lead , a s a  rule , t o th e usua l value s o f th e angle . Th e 
situation i s differen t i n mor e complicate d spaces . I n Chapte r I I w e neede d 
only tw o concepts , th e uppe r angl e an d th e lowe r stron g angl e betwee n 
shortest arcs . Th e materia l presente d belo w wil l sho w wh y preferenc e 
was give n t o thes e tw o definitions . Further , thes e material s ma y b e use d 
for othe r kind s o f generalize d exposition s o f th e theory . 

1. Triangle  on  a  K-plane.  Suppos e i n a n arbitrar y metri c spac e tha t 
there issu e fro m th e poin t 0  tw o curve s L  — X{t) an d M—  Y(s).  W e selec t 
points X  an d Y  o n the m distinc t fro m 0.  Suppos e furthe r tha t 

(1) P (0, X)  =  x,  p(0,  Y)  =  y,  P {X, Y)  =  z. 

In subsectio n 4  o f Chapte r I , i n introducin g th e concep t o f th e angl e 
between L  an d M f w e mad e us e o f th e auxiliar y angl e y{X,  Y),  constructin g 
on th e plan e a  triangl e T 0 wit h side s x,y  an d z  an d considerin g i n i t th e 
angle y  opposit e th e sid e z . Bu t w e coul d hav e constructe d instea d o f T 0 a 
triangle T K wit h th e side s x,  y, z o n a  surfac e wit h a n arbitraril y fixed  con -
stant curvatur e K.  W e shal l cal l suc h a  surfac e a  K-  plane.1 Her e th e angl e 
TK(X, Y)  opposit e th e sid e z  wil l b e quit e differen t fro m y(X,  Y)  = y0(X, Y). 

As i s know n fro m differentia l geometry , fo r th e angle s a Ky $K,  ?K  an d 
#o, /3o, fo o f th e triangle s T K an d T 0 ther e i s th e equatio n 

(2) {a K - a 0) + (jSj c - ft) +  (r * - r<> ) = ^ 

where a  i s th e are a o f th e triangl e T K. W e nee d t o ad d t o thi s tha t al l 
three difference s i n parenthese s o n th e lef t sid e o f (2 ) ar e eithe r simul -
taneously equa l t o zer o (fo r K—0  o r #  = 0) , o r hav e th e sam e sig n a s th e 
quantity K.  Thi s las t elementar y assertio n ma y b e verifie d o n th e exampl e 
of th e angle s y K an d y 0, startin g fro m th e explici t expression s fo r th e 

1 If K<^0  th e triangl e TK  exists, sinc e x,y,  an d z  satisf y th e triangl e inequality . I f K  = 
k2 >  0  i t ma y b e constructe d unde r th e condition s kx 9ky,kz <^n,  kx  +  ky  + kz  <^ lit. Thes e 
conditions wil l b e suppose d satisfie d whe n w e spea k o f constructin g a  triangl e o n th e 
corresponding Zf-plane . 

310 
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cosines o f thes e angles . I f K  —  —  A2 <C 0 and x  an d y  ar e fixed  an d arbitrary , 
then fo r al l z  in th e interva l | x — y\ t£  z  ̂ x + y w e hav e 

cosh kx  cos h ky  —  cosh kz _  x 2 + y 2 —  z 2
 > Q 

sinh Ax sinh A y 2xy  ~ 

For i £ = A 2 > 0  an d arbitrar y fixed 0  <C Ax, A y < TT , fo r al l 2  in the 
interval \x  —  y\^z^x +  y w e hav e 

cos kz —  cos Ax co s ky _ _ x2 + y2 — z2 <- ^ 
sin Ax si n A y 2x y = = 

Equality her e i s attained onl y a t th e endpoint s o f th e interva l o f variatio n 
of 2 . Therefor e 

(3) Iric-r.l^'ltfl . 
Thus i t follows tha t i f w e ar e intereste d i n th e limitin g value s o f the 

angles Y K(X, Y)  fo r sequence s o f point s X,  Y  for whic h th e are a o(T K)—>0, 
then i t makes n o differenc e whethe r w e conside r th e angle s TK{X,  Y)  or 
To(X, Y). 

REMARK. Lemm a 1  of Chapter I  remain s vali d fo r th e angle s y K\ 

(4) co s TK — y  ~~  z +  £, 

where a— >0 as x/y— > 0, wit h th e additiona l requiremen t tha t tf(Ttf)—•(). 
For K^>  0  th e conditio n a  —> 0 follow s fro m x/ y — > 0, sinc e i n thi s cas e y 
is suppose d bounde d ( y VK<^7r).  Fo r i£<^0 , fo r <r—> 0 it suffices tha t no t 
only x/ y bu t als o x-»0 . 

2. Upper  and  lower  angles.  Th e lower , uppe r an d ordinar y angle s a_ , a 
and a  betwee n L  an d M  wer e define d i n Chapter I I respectively a s th e 
lower, uppe r an d ordinar y limit s o f th e angle s y(X,  Y)  a s X,  Y—>  0, I G L , 
Y£EM, X^O,  Y^O.  Evidentl y O^a.^a^Tt.  Th e angl e a  exist s 
when a-  = a. 

The propertie s o f the angl e a  were considere d i n §  1, Chapte r I. 
The essentia l differenc e betwee n th e lowe r angl e a-  an d th e uppe r angl e 

a i s connected wit h th e asymmetr y o f the basi c triangl e inequality . Fo r 
lower angle s assertion s o f the typ e o f th e theorem s o f Chapte r I I do no t 
hold. I n connectio n wit h this , i n Chapte r I I th e mor e complicate d concep t 
aC-)s wa s investigated . W e restric t ourselve s t o an example connecte d 
with Theorem s 5  and 6. 

EXAMPLE. Suppos e tha t i n the plan e curvilinea r triangl e depicte d in 
Figure 12 7 th e length s o f the conve x curve s AB,  AC  an d o f th e straigh t 
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side BC  ar e equa l t o / , an d angl e 0<C?r/3 . W e 
construct a n abstrac t space , consistin g o f th e 
three thread s AB  —  BC —CA —  I and a n infinit e 
number o f othe r thread s joinin g pairwis e th e 
points X^AB  an d Y^AC  an d havin g th e 
same length s a s th e correspondin g shortes t ^ 
arc XY  i n Figur e 127 . Alon g th e length s o f 
the curve s i n thi s abstrac t spac e w e introduc e 
an intrinsi c metric . W e ma y vertif y tha t i n th e 
resulting spac e ABC  i s a  triangle . I n i t a t th e 
vertex A 

a-=f, « „ = - | , a--a 0<0. Figure  m. 

At th e sam e tim e fo r an y triangl e AXY 

d-(AXY) =  ( 0 + ; r + 7r)-7 r =  ; r + 0 . 
Thus fo r th e quantit y 

VA = mid.  {AXY) 
XeAB 
Ye AC 

we d o no t hav e a  relatio n o f th e typ e o f Theore m 6. 2 

a- —  a 0 0 VA-

3. Angle  in  the  weak  sense.  Th e limi t o f th e angle s y{X f Y)  ma y b e 
considered unde r additiona l restriction s o f th e possibl e situation s o f th e 
points X,  Y.  Sometime s i t i s comparativel y eas y t o follow s th e valu e o f 
Y(X, Y)  unde r th e conditio n tha t th e rati o o f th e distance s x  an d y  o f th e 
points X  an d Y  fro m 0  remain s withi n limits : 

0 0 ^ — ^6<oo . 
y 

We shal l cal l th e uppe r wea k angl e an d th e lower wea k angl e th e follow -
ing limits , whic h alway s exis t an d d o no t depen d o n a  an d b: 
(5) a w —  Hm li m su p T(X f Y)> 

a—0 X,  Y-+0 

(6) ccc-yu  —  lim li m in f T(X,  Y). 
« - 0 X,  Y-*0 
ft—oo Q<a<x/y^b<oo 

As befor e w e conside r onl y point s X^L f Y^M,  X^O,  Y^O. 
2 This exampl e answer s th e questio n se t i n [13] , th e footnot e o n pag e 8 . Howeve r i t i s 

not clea r whethe r on e ca n fin d a n analogou s exampl e i n a  spac e whic h i s a  two-dimen -
sional manifold . 
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Suppose tha t «c-) w = «w , i.e.  fo r an y 0  <C a ^ b<^co  ther e exist s th e limi t 

(7) « w = li m y{X,Y), 
X,Y^O 

0<c^x/y^fr<oo 

which thu s wil l no t depen d o n th e choic e o f a  an d b.  The n it s valu e 
aw =  #c-) w — ccw i s calle d th e weak  angle,  o r th e angl e i n th e wea k sense . 

We ma y furthe r consider , s o to speak , th e "weakest " upper , lower , an d 
simple angle s a Ww, ct c_)Ww, #ww , imposin g th e mor e rigi d conditio n x—y. 
Evidently 

< (YM 

THEOREM 1 . If  each  of  two  curves  has  a  definite  direction,  then  the  weak 
upper angle  between  them  is  equal  to  the  upper  angle: 

aw =  a. 

PROOF. Sinc e alway s a w ̂ g a, i t suffice s t o sho w tha t unde r th e condition s 

of th e theore m a=ga w. 
We choos e o n th e curve s L  an d M  i n questio n point s X n, Y n with y  (X„, Y„) 

—>a an d convergin g t o 0.  I f i n additio n 0<^a^x„/y„^  &< C °°, the n 
a^ciw. Suppos e tha t X„/Y„—>0  (i f X„/Y„-*oo9 w e chang e th e name s o f 
x an d y).  O n M  w e mar k point s Yl  fo r whic h x n/yn —  a, wher e a^>0 

y i s an arbitraril y smal l number . W e construc t o n 
the plan e th e correspondin g triangl e OXY'  wit h 
sides x n,y

ln,z'„. T o it s side OY'  w e adjoi n anothe r 
triangle OY'Y  wit h th e side s yl,y n, Y„Y„,  a s i n 
Figure 128 . 

Now i t i s eas y t o explai n wh y a^a w. Th e 
angle a t th e verte x 0  i n th e plan e triangl e OXY' 
cannot fo r larg e n  essentiall y excee d a w. Th e 
angle Y'OY  i s small , sinc e th e curv e M  ha s a 
direction. Finally , z n = X nYn^XnYl+ YiY n. Bu t 
because o f th e smallnes s o f a  — x»/y„ eve n o n 
rectification o f th e side YY'X  i n the plane quadri -

n latera l OYY'X  the  angl e a t th e verte x 0  canno t 
Figure 128. essentiall y increase , i.e. , f(X„,  Y„),  and therefor e 

also a  canno t essentiall y excee d a w. 
Let u s mak e thi s mor e precise . B y th e choic e o f X„,  Yn an d Lemm a 

1 o f Chapte r II , 

V Vn  Zn 

cos a —  lim ~ . 
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Since M  ha s a  direction , th e angl e f(Y„,  F,!)-*0, i.e.,  {y„—  YlY„)/y' n-+l 
or YlY n = yH — yl+£nyL, wher e s„->0 . Finally , 

zn ^  X nYl +  YlY n =  zl  + y n-y!, +  e n (x n/a), 

so tha t 

yn —  zn ^  yl  —  z'„ __ e^ 
x„ ~  x»  a' 

Thus agai n usin g Lemm a 1  of Chapte r II , thi s tim e wit h th e sharpenin g 
(6) o f subsectio n 3  o f Chapte r II , w e have : 

cos a ^  li m sup y " ~" Zn ^  li m sup co s T(X„, Yl)  — ——n
T n—oo x n »-~oo  L Z  y„  J 

^ li m inf cos T {X, Y)  - £ • = co s flim sup 7 [X,  F) l -  - f • 
X^O Z  L  A:- 0 J  Z 

But «  > 0  may be taken arbitraril y smal l an d 6 arbitrarily large . There -
fore co s a  ^  co s a w an d a  ^ a w. Th e theore m i s proved . 

REMARKS. 1 ) Theorem 1  essentially complement s Theore m 4  of Chapte r 
II, establishin g th e stil l greate r stabilit y o f th e uppe r angle . 

2) Fo r th e lowe r angl e a n assertio n analogou s t o th e theore m jus t 
proved doe s no t hold . Example.  Compar e th e plan e secto r bounde d b y 
the arc s L  an d M  wit h th e 
acute angl e 0  i n a  conica l 
trough (Fig . 129) . We join indi-
vidual point s o f it s boundar y 
in spac e b y segment s AiB u 

A2B2, •  • •, an d suppos e tha t 
the angl e of inclinatio n of these Figure  129. 
segments t o the straigh t lin e L  tend s t o zer o a s they approac h th e verte x 
0. I n th e metri c spac e whic h th e con e alon g wit h th e adjoine d thread s 
A{Bi represents , th e arc s L  an d M  ar e shortes t arcs . Th e wea k angl e 
between the m exist s an d i s equa l t o th e complet e angl e <f>  o f th e sector , 
and th e lowe r angl e ma y be obtaine d startin g fro m th e sequenc e o f point s 
AtBt. I t i s equa l t o th e spac e angl e betwee n L  an d M,  whic h i s les s tha n 
<f). I n thi s exampl e a_<^a C-)w =  &w  — cc = <p. 

3) I f th e ordinar y angl e exists , the n th e weak angl e exist s an d coincide s 
with it . Bu t curve s ma y for m a  wea k angl e bu t no t a n ordinar y one . 
This i s show n b y th e las t example . Her e ar e othe r examples . Suppos e 
that th e plan e spira l L  (Figur e 130 ) forms infinitel y man y loop s a s i t 
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approaches th e cente r 0.  Eac h 

M ith  loo p i s a  piec e o f a  logar -
ithmic spira l o n whic h th e 
segment OX  form s wit h L  th e 
angle a,.  I f a,-—> 0 a s /  —» oo, 
then a s i s easil y verified , th e 
spiral L  form s a t 0  wit h itsel f 
the wea k angl e a w —  0. Bu t i n 
the ordinar y sens e L  doe s no t 
have a  directio n a t O . Th e 
curve give n o n th e plan e b y 
the equatio n y  = x  si n I n \\nx\ 
has th e sam e propert y a t th e 

Figure 130 . poin t (0,0) . 

4) Th e concep t o f wea k angl e i s use d fo r exampl e i n th e pape r [31] . 
5) Theore m 1  generally speakin g cease s t o b e tru e i f on e o f th e curve s 

does no t hav e a  definit e direction . Example.  W e erec t perpendicular s a t 
the point s o f th e plan e spira l L  o f Figur e 130 . I n th e metri c spac e con -
sisting o f th e plan e i n whic h th e spira l L  lie s an d th e resultin g cylindrica l 
surface, w e conside r th e angl e a t th e poin t 0  betwee n L  an d th e perpen -
dicular M.  I n thi s example , a s i s easil y verified , 

7c/2 ~  a-  —  ar-jw =  a w < C oc =  TT. 

4. Extended  angle.  On e ma y conside r th e limi t o f th e angle s y{X,  Y) 
under widene d possibilitie s fo r th e position s o f X  an d Y.  Suppos e tha t X 
and Y  d o no t necessaril y li e o n th e curve s L  an d M,  bu t rathe r tha t a s 
they approac h zer o th e distance s fro m X  an d Y  t o L  an d M  respectivel y 
go dow n faste r tha n th e distanc e fro m 0: 

P(X,L) _ 0 P (Y,M) , f i 

P(X,0) U ' P (Y,0) U ' 

The uppe r an d lowe r limit s o f th e angle s f(X,  Y)  fo r al l possibl e suc h 
sequences X,  Y—>0  will b e calle d th e uppe r an d lowe r extende d angle s 
aE, ac_)E. I f a c_)E — a' E, thei r commo n valu e i s calle d th e extende d angl e 
between L  an d M.  Obviously , i t i s alway s tru e tha t 

0 ^  tf(-)E ^  oc-  ^  a  ^  a E ^  it. 

REMARK. W e giv e example s w Then a c_)E <Ca_ o r a < a E. 
1) Suppos e tha t L  an d M  ar e ray s issuin g fro m 0  o n th e plane , formin g 
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an acut e angl e 0 , an d N  i s a  curv e lyin g i n th e sam e plan e tangen t t o 
M fro m withi n a t th e poin t 0 . Fro m th e poin t F i o n th e curv e N  w e 
drop a  perpendicula r Y1A1  ont o M.  W e 
choose X X<=L s o tha t XiYi+YiAi  = 
XiO + OAi.  The n w e choos e th e poin t 
Y2^N ver y muc h close r t o 0  tha n X\ 
and Yi.  W e repea t thi s constructio n a s 
in Figur e 131 . In the intrinsi c geometr y 
of th e figure  consistin g onl y o f th e 
threads L , M,  N,  A XYU A 2Y2,• •  -we wil l 
have aa-^^<p<^7:  —  a- fo r th e angl e 
between L  an d M 

2) Conside r th e plan e secto r LOM 
with acut e angl e <$>  an d a  conve x ar c Figure  131 . 

N lyin g i n th e sam e plan e an d tangen t t o M 
from outsid e a t th e poin t 0 , a s i n Figur e 132 . 
From th e poin t Y X^N w e dro p a  perpendicula r 
YiAi ont o M.  O n L  w e choos e a  poin t X i s o 
close t o 0  tha t Y XAX +AXXX> Y x0 + 0X x. Thi s 
is possibl e sinc e b y th e convexit y o f th e ar c 
Yx0 < C Y\Ai +  A x0. The n w e choos e a  poin t Y 2 

GiV ver y muc h close r t o 0 , an d repea t th e 
construction, an d s o forth . I n th e intrinsi c 
geometry o f th e figure  mad e u p o f th e plan e 
sector LOM  an d th e thread s AT , AxYly A 2Y2, fo r 
the angl e betwee n L  an d M  w e wil l hav e 
a =  <fi  <C n —  &E-

5. Nonlocal  characteristics  of  the  angle  between  shortest  arcs.  I n th e 
definition o f th e angl e i n th e stron g sens e ( § 2 o f Chapte r II) , w e con -
sidered, fo r th e shortes t arc s L  — OX^ M=0Y Q th e lowe r an d uppe r limit s 
a:c_)S, as o f th e angle s y{X,  Y),  take n fo r al l possibl e sequence s o f point s 
X„, Y n fo r whic h 

a) X n G L , Y n e Af , X „ =^0, Y H^ 0,  X n-+ 0  o r F M - 0 ; 
b) i f X n — > 0  ther e exis t shortes t arc s X M F„ converging t o a  piec e o f th e 

shortest ar c M,  an d i f F„-> 0 t o a  piec e o f L  (w e suppos e tha t a t leas t 
one suc h sequenc e X ny Y„  exists). 

The uppe r wea k angl e coincide s wit h a , an d th e lowe r a C-^s is a  nonloca l 
characteristic o f th e angle . 

Figure 132 . 
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This las t insufficienc y i s als o suffere d b y th e alway s existin g quantit y 
a=, define d a s the lowe r limi t o f th e angle s y(X,  Y),  take n ove r al l possibl e 
sequences X„,  Y„ satisfying conditio n a ) withou t conditio n b) . 

To a  certai n exten t th e abovementione d insufficienc y i s exclude d i f on e 
turns fro m a c_)S t o th e characteristi c a c=)S, define d a s th e greates t lowe r 
bound o f th e value s o f a (_)S fo r al l possibl e pair s o f shortes t arcs , whic h 
on arbitraril y smal l initia l segment s coincid e wit h L  an d M  Thi s char -
acteristic wa s use d i n [5] . 

Analogously on e ma y defin e a=  a s th e lowe r boun d o f a=  fo r variou s 
extensions o f th e initia l segment s o f L  an d M. 

The definition s o f th e quantitie s a,  a§,  a ar e obtaine d b y a  replacemen t 
of th e lowe r limi t b y th e uppe r limi t an d o f th e greates t lowe r boun d 
by th e leas t uppe r bound . Bu t b y Theore m 3  o f Chapte r I I al l thes e 
coincide wit h a. 

REMARKS. 1 ) Fo r th e angl e a=  a n assertio n hold s whic h i s simila r t o 
Lemma 3  o f Chapte r II . I n fact , 

(9) (£) t^«»«-
2) Assertion s o f th e typ e o f Lemma s 5, 6 an d 7  o f Chapte r I I an d 

Theorem 6  o f Chapte r I I ar e als o valid . Bu t thi s tim e 

(10) a = —  a 0 ^  i; c~M, 

where 

(11) VC^A  = in f \sup8^  (AXY)\ 
X<=AB L y j r J 
Y^AC 

3) Al l thes e assertion s ar e prove d analogously , an d eve n somewha t mor e 
simply tha n th e correspondin g theorem s o f Chapte r II . However , th e angl e 
ct= cannot replac e th e angl e a c_)s i n th e constructio n o f th e theor y o f 
two-dimensional manifold s o f bounde d curvature . I n thes e space s ther e 
exists a n angl e i n th e stron g sens e betwee n shortes t arcs , bu t th e charac -
teristic a = ma y fail  t o coincid e wit h thi s angle . 

4) W e giv e a  simpl e exampl e whe n a=  < a C-^ Conside r o n th e spher e 
two shortes t arc s L  an d M  issuin g fro m th e poin t 0.  Suppos e tha t the y 
form a t 0  a n acut e angl e <p,  wit h th e opposit e end s o f th e shortes t arc s 
coinciding an d lyin g a t a  poin t diametricall y opposit e t o O.  Fo r suc h 
shortest arc s oc=  =  0<C^=«c- > 

If i n thi s las t exampl e w e somewha t shorte n L  an d M,  w e wil l hav e 
an exampl e i n whic h a=  = 0<^<f>  =  a=. 
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5) I n th e cas e o f th e so-calle d manifold s o f nonpositiv e curvature , i n 
which al l th e exces s <5^ 0 o r o f "negativ e curvatur e no t greate r tha n 
K" (se e [13] , §  4) fo r shortes t arc s alway s a = =  a , s o tha t ther e exist s 
an angl e i n thi s mor e extende d sense . 

6. Relations  of  the  various  definitions  of  angle. 

LEMMA. For  the  shortest  arcs  L  and  M  in  a  locally  compact  space  with 
intrinsic metric,  always  ac-:> E = tfc-os-

PROOF. Conside r a  sequenc e X n, Y n fo r whic h j  (X„,  FM)->aC-)S, p(0,X n) 
= x„->0,  ICnYn-^OYdM.  I f moreove r p(0,  Y»)=  y„->0  then evidentl y a C-)E 

^«(-)s. Suppos e tha t y«2^tf>0 . The n o n th e shortes t arc s X„Y„  one ma y 
select respectivel y point s Y[  suc h tha t p(Yl,M)  an d x„  decrease faste r tha n 
yl~p{0, YJ).  Fro m th e triangl e OY nYl w e hav e 

y'n +  (Zn  ~  Zl)  ^ y n, 

where z n — p{Xnr YM), z'n — p{Xn,Yl). Therefor e 

cos ac_)S = li m —  ^  li m su p — ^  co s aC-)E-
xn x n 

This prove s th e lemm a i n question . Analogousl y on e ma y verif y tha t 
«C-)E = «C=)S . Directl y fro m th e definition s an d als o fro m Theore m 3  o f 
Chapter I I an d Theore m 1  of thi s supplemen t an d th e las t lemm a i t result s 
that th e followin g theore m i s valid . 

THEOREM 2 . In  a  locally  compact  space  with  an  intrinsic  metric,  for  the 
various characteristics  of  the  angle  between  two  shortest  arcs  the  following 
relations are  valid: 

/-i o\ 0  ^  a=  ^  a = \ 
U*J >  ^  a c_)S ^  a-  ^  a (_)W ^  «(-)w w ^ «w w ^ oc w 

0 ^  a c_)E ^  tf(»sJ 
= a  =  a s =  <̂ s = a  =  5  5 ^ aE ^  n. 

For eac h sig n "   ̂"  i n th e chai n o f relation s (12 ) on e ma y presen t a n 
example i n whic h th e stric t inequalit y i s realized . I n subsectio n 3  th e 
example fo r a _ < C ac-ow w a s gi ven> m  subsectio n 4  example s fo r «C-) E 
< ( « . , a<^a E , an d i n subsectio n 5  <x = <  #c-)s , tf=<C#=-  W e shal l giv e 
further a n exampl e i n whic h av_ )S <C oc~. 

In th e plan e secto r LOM  wit h acut e angl e ^  w e mar k point s A,-—* 0 
which approac h th e sid e L  faste r tha n O , a s i n Figur e 133 . Alon g cut s 
along th e segment s YA { w e past e high , twice-covere d partitions . O n th e 
resulting surfac e the-angl e a t th e poin t 0  betwee n L  an d M  wil l satisf y 
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0 = a (_)S<Ca_ —  TC. 
The constructio n o f th e missin g example s i s lef t t o th e reader . 

0 7 . Comparison  with  a  triangle  on  a  K-
plane. Th e exces s o f a  triangl e ma y b e 
measured b y th e differenc e o f th e su m o f 
its angle s (i n on e o r anothe r o f th e defini -
tions) fro m th e su m o f th e angle s o f th e 
triangle wit h side s o f th e sam e lengt h o n 
a i£-plane . Fo r suc h "relative " excesse s 
dK{T), <5c-)s*( n <W(T ) i t i s possibl e t o 
define th e correspondin g quantitie s v  anal -
ogously t o th e definition s (20) , (27 ) o f Chap -
ter I I o r (12 ) o f thi s supplement . W e shal l 
denote the m b y th e supplementar y inde x K. 

For angle s j K o n a  i^-plan e Lemma s 4 , 
5 an d 6  o f Chapte r I I ar e vali d wit h th e 
following alterations . 

1. I n Lemm a 4  formul a (12 ) i s replace d b y th e following : 

Ax 

Figure 133 . 

(13) = co s £K + 
X Ax 

- sin SK  + e, 

where 

(14) 

kx iiK=k2>0, 

X =[ 

sin kx 

1 i f X = 0 , 

kx 
if K  =  -  k 2 < 0 . [ sinh kx 

For th e proo f i t suffice s onl y i n th e infinitesima l discussio n o f Chapte r 
II t o hav e i n min d a  constructio n o n a  if-plan e an d t o replac e formul a 
(13) o f Chapte r I I b y th e la w o f sine s o n a  if-plane , i.e. , on e o f th e 
three expression s 

kl =  si n kx si n AyK, I  ~  x  si n AyK, kl  —  sinh kx si n AyK. 

We not e tha t i t follow s fro m (14 ) that fo r an y x,  i f K<^0  an d al l 0  < # 
<\7r/# th e quantit y X  has a  positiv e minimu m fo r K~  —  k2 <C0. 

2. I n Lemm a 5  inequalitie s (14 ) an d (15 ) ar e replace d b y 

(15) ) ^ /LL 

cos £ — co s $K 

sinf* 
_x_ 
xl 
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(16) f  dr* \ <  co s gc,)S -  co s $K .  _A _ 
\ 5A : /LU S ~ ~ si n gK x  ' 

(17) / ^ \ <  co s g= —  co s & #  _A _ 
\ 3A : /L U ~ ~ si n g* x  ' 

where X  i s determine d b y (14) . 
3. I n Lemm a 6  o f Chapte r I I th e angle s j  an d £ 0 ar e replace d b y ^ 

and <J* . Moreover , th e constan t M  depend s thi s tim e no t onl y o n s  bu t 
also o n th e minima l valu e o f X,  whic h i n it s tur n depend s o n K  an d th e 
upper estimat e o f th e diamete r o f th e triangle . 

4. Theorem s 4  an d 5  o f Chapte r I I tak e thi s tim e th e followin g form : 

aC_)S —  OCR  § ; V(-)SKA-

The proof s remai n a s before . 
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SUBJECT INDE X 

Additivity 
of angle , 2 2 
of area , complete , 26 1 
of curvature , 15 4 
of curvature , complete , 15 4 
of length , 2 
of rotation , 18 7 
of rotation , complete , 272-27 3 
of sector , 11 7 

Adjacent angles , 2 2 
Angle, 4-5 , 2 0 

and direction , 23-24 , 17 8 
and distanc e u p t o a  shortes t arc , 27 , 2 9 
and distanc e u p t o a  curve , 12 9 
complete aroun d a  point , 45-46 , 67 , 117 -

118 
extended, 31 3 
in th e stron g sense , 28 , 127-128 , 31 4 
in th e wea k sense , 310-31 1 
its existence , 34-39 , 42 , 113-11 6 
lower, 20 , 24 9 
lower, strong , 28-29 , 33 , 31 4 
of a  sector , 45 , 116-11 7 
of a  sector , it s finiteness,  12 2 
on th e sid e o f th e sector , 12 6 
upper, 5 , 20-27 , 30 9 
upper, strong , 31 4 

Appr oximatio n 
by polygona l curves , 27 6 
by polyhedra , 9 , 7 9 
by Rieman n metrics , 9 
by shortes t arcs , 19 0 

Area, 11 , 15-16 , 260-261 , 26 3 
of a  point , polygon , 26 1 
of a  polygon , 258-25 9 
of a  spherica l representation , 1 7 
of a  triangle , 11 , 255 , 25 8 

Boundedness o f th e absolut e curvatur e o f 
approximating metrics , 12 2 

Caratheodory measure , 14 6 
Charges, 231-23 2 

their positiv e an d negativ e parts , 23 2 
Circumference, 1 6 

Compactness 
of a  se t o f curves , 3 
weak, 23 3 

Comparison wit h th e angl e o f a  plan e 
triangle, 11 , 31-32 , 71-72 , 176 , 214 , 21 8 

Comparison wit h th e are a o f a  plan e 
triangle, 11 , 255 , 25 8 

Completion o f a  space , 201-20 3 
Condition o f bounde d curvature , 6 
Connectedness, metric , 3 
Convergence 

of angles , 251-25 2 
of area s o f polygons , 26 5 
of curves , 3 , 220 , 224 , 294-30 4 
of figures  i n convergin g spaces , 22 3 
of induce d metrics , 22 7 
of length , 28 3 
of metrics , 9 , 22 2 
of metrics , locall y uniform , 22 2 
of metrics , nonuniform , 9 1 
of points , 1 
of polygons , 220 , 223 , 22 5 
of secto r angles , 237 , 248-24 9 
of sectors , 221 , 22 3 
of spaces , 22 2 
weak, 232-23 3 
weak, local , 23 4 
weak, o f areas , 26 7 
weak, o f th e curvature , 238-23 9 
weak, regular , 242 , 24 4 

Convexity, 4 8 
absolute, 4 9 
fully, 4 9 
relative, 7 6 
relative t o th e boundary , 6 , 4 8 

Covering b y triangles , 5 9 
Curvature, 145 , 15 4 

absolute, 154 , 16 0 
absolute, o f convergin g polyhedra l met -

rics, 12 2 
and exces s o f a  polygon , 166-175 , 212 -

213 
and exces s o f a  triangle , 21 3 
as a  charge , 234-23 5 
extrinsic, 1 7 
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in a  polyhedra l metric , 8 
its positiv e an d negativ e parts , 151-15 2 
of a  one-poin t set , 10 , 130 , 16 3 
specific, 15 , 1 7 
various definitions , 154-15 5 

Curve, 2 
parametrized, 2 
simple, 2 
with rotatio n o f bounde d variation , 270 , 

304-305 
Gutting, 1 2 

Decomposition int o triangles , 6 1 
regular an d nonregular , 14 5 

Decomposition o f a  sector , 12 1 
Density o f shortes t arcs , 11 9 
Development 

constructed wit h respec t t o a  triangula -
tion, 69 , 243-24 4 

multidimensional, 1 9 
of a  polyhedron , 8 

Diameter o f a  triangle , 25 3 
Direction, 2 3 

and angle , 17 8 
in th e intrinsi c sense , 2 3 
in th e extrinsi c sense , 1 7 
its existence , 273 , 297 

Disc, 1 6 
Distance, 1 

up t o a  curve , 12 9 
up t o a  shortes t arc , 27 , 2 9 

Euler's theorem , 6 3 
Excess 

of a  polygon , 174 , 212-21 3 
of a  triangle , 3 1 
of a  triangl e an d it s curvature , 212-21 3 
of a  triangl e wit h respec t t o th e secto r 

angles, 6 5 
relative, o f a  triangle , 317 

Excesses o f nonoverlappin g triangles , 132 -
133 
reduced, 14 2 

Excesses o f triangle s o f a  triangulation , 6 3 
Excision o f a  polygon , 20 0 
Extremal problems , 1 5 

Gauss' theorem , 1 7 
Gauss-Bonnet theorem , 8-9 , 19 0 

Geodesies, 4 , 1 6 

Identity o f topologies , 9 1 
Isothermal coordinates , 14-1 5 

#-plane, 30 8 
Kolmogorov tes t fo r wea k convergence , 

233, 23 4 

Length o f a  curve , 2 , 15-1 6 
of a  curv e an d chor d length , 76 , 279 -

280 
Lengths o f convergin g curves , 3 , 96 , 223, 

283 
Linear element , 14-1 5 
Load, escapin g o r fleeing , 233-23 4 
Loop 

enclosing a  singula r point , 12 5 
shortest, 5 1 

Manifold 
two-dimensional, o f bounde d curvature , 

6 
two-dimensional, wit h a n edge , 16-17 , 

202 
two-dimensional wit h bounde d specifi c 

curvature, 1 7 
Metric, 1 

approximated b y a  polyhedron , 9 0 
complete, 9 2 
induced, 3 
intrinsic, 3- 4 
polyhedral, 7- 8 

Neighborhood 
absolutely convex , 5 1 
of a  polygon , 51 , 12 2 
with smal l perimeter , 5 3 

Nonlocal characteristic s o f th e angle , 314 -
315 

Nonlocalness o f th e conditio n o f bounded -
ness o f th e curvature , 6 5 

Nonoverlapping, 14 5 
of triangles , 6 , 5 0 

Parallel translation , 1 9 
Parametrization o f a  curve , 2 
Pasting, 13 , 205-206 , 28 6 

of polygons , 20 0 
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Point 
cusp, 30 6 
of a  triangle , interior , 5 0 
singular, 118 , 281-282 , 30 5 
through whic h ther e pas s shortes t arcs , 

46-47 
Polygon, 12 , 20 1 

with cuts , 12,1 3 

Quasigeodesic, 1 6 
Quadrilateral, deformation , 34-3 6 

Realization o f a  metric , 1 8 
Rectifiability o f a  curve, 28 3 
Rotation 

of a  curve , 184 , 27 0 
of a  curv e an d th e curvatur e o f th e 

curve, 18 6 
of a  curv e an d th e curvatur e o f th e 

region, 19 0 
of a  curv e i n polyhedra l metric , 8 
of a  curv e i n space , 1 7 
of a  curve , it s existence , 184-18 5 
of a  curve , it s positiv e an d negativ e 

parts, 8 , 271-27 2 
of a  curve , lef t an d right , 18 4 
of a  curve , proper , 1 6 
of shortes t arcs , 10 , 19 7 

Sector, 39-40 , 11 6 
Semineighborhood o f a  curve , 1 7 
Semitangent, 1 7 
Shortest arc , 4 

leftmost, 4 0 
relative, 7 6 

Shortest arc s withou t superfluous intersec -
tions, 5 1 

Side o f a  curve , 181-184 , 188-189 , 30 6 
Space 

boundedly compact , 9 3 
compact, 1- 2 

complete, 92-9 3 
fully normal , 23 1 
locally compact , 2 
metric, 1 
of directions , 2 3 
with curvatur e les s tha n K,  1 9 

Surfaces 
convex 
generalized convex , 17-1 8 
metric disconnected , 7 
of bounde d extrinsi c curvature , 1 8 
represented b y the difference o f conve x 

surfaces, 1 7 
with generalize d secon d derivatives , 1 8 

Tangent cone , 1 6 
Triangle, 5 , 49-5 0 

convex relativ e t o th e boundary , 6 
geodesic, 15 4 
homeomorphic t o a  disk , 5- 6 
inflatable, 4 9 
normal, 21 4 
on a  X-plane , 30 8 
simple, 6 
with exterio r tails , 43 , 5 0 
with interio r tails , 5 0 

Triangle inequality , 1 
for uppe r angles , 2 0 

Triangulation, 5 8 
Twist, 1 6 

Uniform closenes s o f y  t o a , 124-12 5 

Variation 
farther fro m a  vertex , 106-113 , 248-24 9 
of th e angl e r , 29 , 96-106 , 246-248 , 31 7 
of th e charge , 23 2 
of th e rotatio n o f a  curve , 30 1 
of th e rotatio n o f convergin g curves , 

301, 30 3 
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