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AUTHORS' PREFACE TO THE ENGLISH EDITIO N 

This book is in some ways a continuation of our first book "Introductio n 
to the theory o f linear nonselfadjoint operators" , which has alread y bee n 
published in English translation by the America n Mathematica l Society . 
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they hav e manifeste d i n thi s book . 

We wish to express our sincere thanks to Professor A. Feinstein fo r hi s 
considerable efforts i n th e translatio n o f thi s book . 

Odessa, Arcadia I . C. GOHBERG 

June 1,1969 M . G. KREI~N 
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PREFACE 

This book may be read independently o f our earlier book "Introductio n 
to th e theor y o f linea r nonselfadjoin t operators " (hencefort h cite d a s 
[GK]). At the same time, the appearance of this book i s inseparable from 
that of the first book, if only because in first getting down to work we had 
intended to writ e a  review paper , an d later , i n th e cours e o f developin g 
the theme, w e ha d attempte d t o presen t i t i n on e compac t monograph . 

In thi s initia l perio d (Sprin g 1959 ) th e abstrac t theor y o f triangula r 
integration—the basis of this book—could no t have figured in our plans; 
we had not the slightest inkling of it. In fact, this theory did not then exist. 

But in roughly a  year this theory had already assume d a  leadin g posi -
tion i n ou r revie w paper , whic h wa s propose d fo r th e journa l Uspeh i 
Matematiceskih Nauk . Althoug h thi s pape r wa s no t publishe d (cf . th e 
preface of [GK ]), copies of the manuscript mad e thei r wa y t o a  number 
of scientifi c centers . Evidently  thi s circumstanc e raise d som e interes t 
in the embryonic theory. At any rate, in 1960 the number of investigators 
working on thi s theor y increase d noticeably—fro m three...t o four . 

In th e summe r o f 196 3 w e submitte d t o "Fizmatgiz " a  manuscrip t 
totalling 37 printer's sheets. For reasons which we shall not g o int o here , 
in about a year, by means of a certain amount of "vivisection", we separated 
out from ou r manuscript ou r first  book—[GK] . Th e secon d volum e o f 
our book, however, was delayed. A certain amount of time was needed for 
its regeneration. Bu t thi s wa s only on e o f th e reasons . Durin g th e tim e 
which had passed considerabl e progres s ha d bee n mad e i n th e theor y o f 
nonselfadjoint operator s wit h continuou s spectra . W e wante d t o sho w 
the results o f thes e method s an d th e idea s i n thes e ne w investigations . 
To this en d w e ha d decide d t o writ e anothe r chapter . Whe n th e siz e o f 
this chapter (after much review) bega n to endanger the size o f th e book , 
we realized that we had actually written several chapters of a  new, thir d 
book, which ought to be titled "Th e spectra l analysi s o f operators , clos e 
to selfadjoin t o r unitary ones" . At th e sam e tim e i t becam e clea r tha t 
the second par t o f th e "trilogy " wa s completed . 

In this book we discuss a new theory. To master it, as any new theory, 
one has to overcom e a  certain psychologica l barrier . I n thi s connectio n 
Academician N . N . Luzi n wrote , i n a  letter t o a  youn g scientist : "On e 
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vi PREFACE 

has to coa x scientist s fro m thei r attitude s i n the sam e way tha t a  brisk 
May morning coaxes a man fro m hi s bed.. . Bu t suc h coaxin g shoul d b e 
maturely deliberate . An d i t goe s int o you r scientifi c work. . .".^ 

We should frankly admit that we tried to follow thi s advice; to this end 
we adopted certain measures. Let u s poin t ou t th e tw o mos t important : 
1) we chose the proper editor for the book and secured his consent, 2 ) we 
did not mis s opportunitie s t o sho w unexpecte d an d fruitfu l connection s 
of the ne w theor y wit h question s fro m classica l analysis . 

Thus we hav e fulfille d ou r promise , mad e i n th e prefac e t o [GK] , t o 
continue ou r accoun t o f ho w thes e first  two book s cam e t o b e written . 
Moreover, we hop e tha t thi s accoun t wil l b e continue d and—w e woul d 
hope—concluded i n ou r third book . 

It is pleasent for us to mention that the group of colleagues who assisted 
us (M. S. Brodskii, S. G. Krein, B. Ja. Levin, V. B. Lidskii , Ju. I . Ljubic, 
A. S. Markus , V. I . Macaev, L. A. Sahnovic) , t o who m w e hav e alread y 
expressed ou r profound thanks , whic h w e agai n confirm , ha s increased . 
We are ver y gratefu l fo r th e valuabl e assistanc e o f M . S . Birma n an d 
M. Z. Solomjak, Ju. P. Ginzburg, G. E. Kisilevskif , E . M . Semeno v an d 
Ju. L . Smul'jan . 

As in th e first  volume, ou r editor F . V . Siroko v vigilantl y an d firmly 
stood guar d ove r th e reader' s interests . H e frequentl y mad e u s buil d 
platforms on steep slope s t o allo w th e reade r a  rest , no t overburde n hi s 
memory, and illuminate the path ahead with the pleasant light of heuristics. 
More generally, in taking upon himself the right to spea k i n th e reader' s 
name, ou r edito r wit h hi s characteristi c conscientiousnes s foun d fo r 
himself an d fo r u s varie d an d a t time s har d work . 

However we must admit that ultimately th e reader's interests coincid e 
with our own. We wish to express to F . V . Siroko v ou r deep an d sincer e 
gratitude fo r hi s considerable an d friendl y assistance . 

We are also very much obliged to A. Z. Ry vkin for his considerable work 
in preparing this boo k fo r publication . 

Odessa, Arcadia I . C. GOHBERG 

July 1966  M.G . KREIN 

Cf. "Letter s o f Academician N . N . Luzin " i n th e collectio n Paths  in  the  unknown, 
"Sovetskifpisatel"', Moscow , 1960 , pp . 522-525 . 



TABLE OF CONTENTS 

Introduction 1 

Chapter I . Abstrac t Triangula r Representatio n o f Completel y 
Continuous Operator s 8 

1. Notatio n and some well-known results 8 
2. Theore m o n th e existenc e o f a  prope r invarian t subspac e 

for any completely continuous operator 1 1 
3. Maxima l chain s o f orthoprojector s fo r a  completel y con -

tinuous operator 1 4 
4. Th e general notion of an integral with respect to a chain . . . . 1 8 
5. Abstrac t triangula r representatio n o f a n operato r b y mean s 

of its chains 2 1 
6. Inversio n o f th e theore m o n th e abstrac t triangula r repre -

sentation of operators 2 6 
7. Simpl e operators , th e ran k o f a  chai n an d th e ran k o f a n 

operator 2 9 
8. Volterr a operator s wit h a  one-dimensiona l imaginar y 

component 3 3 
9. Unicellula r operators ,  .  3 5 

10. Th e integra l o f triangula r truncatio n i n th e clas s o f Hilbert -
Schmidt operators 4 0 

Chapter II . Genera l Theorems on Transformators 4 7 

1. 5-number s o f completel y continuou s operator s an d thei r 
properties 4 8 

2. Auxiliar y lemmas 5 0 
3. A  theorem on transformators 5 2 
4. Tw o theorems on real transformators 5 7 
5. Example s of real symmetric transformators 6 1 
6. Th e constants Cm; for the transformators^7 an d Sf 6 7 

vii 



viii CONTENTS 

Chapter III . Th e Transformato r o f Triangula r Truncation . Rela -
tions Between the Spectra of the Hermitian Components 
of Volterra Operators 7 6 

1. Symmetrically-norme d ideal s 7 6 
2. Volterr a operators with nuclear imaginary component 8 3 
3. Genera l propertie s o f th e transformato r o f triangula r trunca -

tion in s.n. ideals 9 3 
4. Volterr a operators with imaginary component from © tt 10 3 
5. Tw o interpolation theorems in the spaces ©p 11 3 
6. Volterr a operator s wit h imaginar y componen t fro m © p 

( K p <  co ) 11 8 
7. Convergenc e o f th e integra l triangula r truncatio n i n th e 

norm of an s.n. ideal 12 6 
8. A  general theorem on transformators 13 3 
9. Volterr a operator s wit h imaginar y componen t belongin g t o 

one of the s.n. ideals ©{,0), ©„ <§ „ 13 9 
10. Application s to the Riesz-Titchmarsh transfor m 14 4 

Chapter IV . Th e Factorization o f Operators Whic h Are Close t o the 
Unit Operator 15 6 

1. Statemen t o f th e proble m o f th e factorizatio n o f operator s 
along a chain 15 7 

2. Genera l theorems on the factorization o f operators 16 0 
3. Th e factorizatio n o f operator s whic h diffe r fro m th e uni t 

operator by a finite-dimensional  operato r 16 3 
4. A n auxiliary lemma concerning factorization i n normed rings .  16 7 
5. Th e basi c theore m o n th e factorizatio n o f operator s i n s.n . 

ideals 17 3 
6. Th e special factorization o f operators along a chain with gaps .  17 6 
7. Th e factorization o f Fredholm operators of the second kind .  .  18 3 
8. A  special method for the solution of linear integral equations .  18 9 
9. Concludin g remarks 20 5 

10. Appendix . A  genera l theore m o n th e convergenc e o f th e 
integral along a chain 20 8 

Chapter V . Triangula r Models of Volterra Operators 21 2 
1. Eigen-projector-function s o f a  completel y continuou s 

operator 21 3 
2. Triangula r model of a Volterra operator 21 9 
3. Canonica l triangular model of a Volterra operator 22 4 



CONTENTS I X 

4. Th e monodrom y matrix-functio n a s a n invarian t o f a  mode l 
representation. The characteristic matrix-function 23 2 

5. Triangula r models of real Volterra operators 23 8 

Chapter VI . Selfadjoin t Boundar y Valu e Problem s fo r a  Canonica l 
Equation. Test s fo r th e Stabl e Boundednes s o f th e 
Solutions o f a  Canonica l Equatio n wit h a  Periodi c 
//-matrix 24 4 

1. Selfadjoin t boundar y valu e problem for a canonical equation .  24 6 
2. Skewperiodi c boundary valu e problems and model operators .  25 9 
3. Centra l zon e o f stabilit y o f a  canonica l differentia l equatio n 

with a periodic //-matrix 26 5 
4. Test s fo r th e stabl e boundedness o f the solution s o f a  periodi c 

canonical equation 27 1 
5. A  test fo r th e stabl e boundednes s o f th e solution s o f a  differ -

ential system of second order with periodic coefficients 28 4 
6. Characteristic s o f th e distributio n densit y o f th e spectru m 

of a selfadjoint canonica l boundary value problem 29 3 
7. Characteristic s o f th e distributio n densit y o f th e spectru m 

of a second-order boundary value problem 29 8 
8. Th e spectru m o f a n inhomogeneou s strin g wit h a n arbitrar y 

mass distribution 30 7 

Chapter VII . Fundamenta l Theorem on the Density of the Spectrum 
of th e Rea l Componen t o f a  Volterr a Operato r wit h 
Nuclear Imaginary Component 31 4 

1. Formulatio n o f th e basi c theore m o n th e equalit y o f th e 
functionals/*(•;$) an d ! ( . ; $ ) 31 4 

2. Th e functionate h  and / as functionate o f the //-matrix 32 0 
3. Conclusio n of the proof of the fundamental theore m 32 9 
4. Proo f o f th e theore m o n th e asymptoti c behavio r o f th e 

spectrum of a selfadjoint canonica l boundary value problem. .  34 1 
5. Asymptoti c propertie s o f th e characteristi c number s fo r a 

class of integral equations 34 5 

Appendix. Unicellula r Operators and Related Analytic Problems . . . 34 9 
1. Th e decompositio n o f simpl e dissipativ e Volterr a operator s 

into sums of unicellular operators 35 0 
2. A  basic criterion for th e unicellularity o f a dissipative Volterr a 

operator with nuclear imaginary component 35 3 



X CONTENTS 

3. Unicellula r contractions 36 4 
4. Th e proble m o f unicellularit y an d invers e problem s fo r a 

canonical equation 37 5 
5. Rea l unicellular operators and related analytic problems . . . . 38 5 
6. Example s of unicellular and nonunicellular operators 39 7 

Bibliography 40 5 

Index 419 



APPENDIX 

UNICELLULAR OPERATOR S AN D RELATED ANALYTIC PROBLEM S 

Until recentl y th e theor y o f unicellula r operator s an d th e theor y o f 
the decompositio n o f a  linea r operato r int o a  "sum " o f unicellula r 
operators have been beset b y a  paucity o f results and a  hos t o f problems . 
The situatio n ha s change d markedl y fo r th e bette r i n recen t years . 
Certain o f thes e recen t result s ar e s o remarkabl e tha t w e hav e devote d 
this Appendi x t o them . Unfortunately , instea d o f complet e proof s 
(which woul d tak e u s fa r afield ) w e ar e force d t o restric t ourselve s t o 
brief clarification s an d comments . 

Let u s recal l tha t a  bounde d linea r operato r A  actin g i n {£ > i s sai d 
to b e unicellular  i f fo r an y tw o invarian t subspace s i x an d £ 2 (? i ^£2 ) 
of A  w e hav e eithe r ? iC? 2 o r ? 2 C?i - A s wa s alread y note d i n §9 , 
Chapter I , b y virtu e o f a  well-know n theore m o f F . Ries z (se e [GK] , 
Chapter I ) th e spectrum o f a  unicellula r operato r i s alway s a  connecte d 
set. Fro m a  boun d obtaine d b y V . I . Macae v [2 ] for th e resolven t o f a 
linear operato r wit h imaginar y componen t o f clas s © w, an d fro m earlie r 
results o f Ju . I . Ljubi c an d V . I . Macae v [l ] (o n th e existence , fo r a 
closed linea r operato r whos e resolven t ha s a  certai n behavior , o f in -
variant subspace s whic h spli t th e spectru m o f th e operator ) w e im -
mediately hav e th e followin g result . 

A) Every  unicellular operator A of  the form A  =  H  + T , where  H =  H* 
and TE© U , has  a one-point spectrum, and this point lies  on the real axis. l) 

This assertio n doe s no t requir e tha t th e selfadjoin t operato r H  b e bounded . Mor e 
generally, fo r an y (no t necessaril y unicellular ) operato r A  =  H  + T,  wher e H  =  H* 
(with if , generall y speaking , unbounded ) an d T  £ ^  <*>, ever y condensation  point o f 
the spectrum o f H  (i.e . a  limi t poin t o f th e spectru m o f H  o r a n eigenvalu e o f infinit e 
multiplicity) wil l b e a  condensatio n poin t o f th e spectru m o f A>  and conversel y (see , 
for example , Gohberg-Krei n [l] , §5) . I f T£:<& u an d th e spectru m o f A  ha s a t leas t 
two distinct points , then there exist two subspaces $\  an d ? 2 whose intersectio n consist s 
solely o f th e zer o vector , whic h li e entirel y i n th e domai n *3 D (H)  ( = $ ) (A)), an d ar e 
invariant with respect to A. We mention in passing a  remarkable resul t o f V. I . Macaev . 

If T  G &U, and H  = H*  has  a  discrete  spectrum (i.e.  a  spectrum  without  finite con-
densation points),  then  the system of root  vectors  of the  operator  A =  H  -f T  is  complete. 
If the  completely  continuous operator T  does  not  belong  to S w, then  there  exists a  self-
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350 UNICELLULA R OPERATORS [APPENDI X 

On th e othe r hand , i f a n operato r A  (£$R ) i s unicellular , the n ob -
viously s o i s th e operato r A  —  al,  wher e a  i s a n arbitrar y number . 
Therefore i n studyin g th e questio n o f th e unicellularit y o f a n operato r 
A (E$R ) wit h Ayr  £<2> w, w e ca n assum e i n advance , withou t los s o f 
generality, tha t th e entir e spectru m o f A  consist s o f th e poin t A  =  0 . 
We not e furthe r (se e [GK] , Theore m 1.5.2 ) tha t fo r ever y operato r A 
with imaginar y componen t Ay  £ © » th e se t o f condensatio n point s 
of its spectru m coincide s wit h th e se t o f condensatio n point s o f it s rea l 
component A@  . Hence i f A  = 0  i s th e onl y spectra l poin t o f A , the n A 
is completel y continuous , i.e . i t i s a  Volterr a operator . 

In al l th e section s o f thi s Appendix , excep t fo r th e third , w e shal l 
consider unicellula r operator s wit h Ay  £ © i (§§1 , 2 , 4 , 5 ) o r wit h 
Ay £© p (§6) . Therefor e withou t los s o f generalit y w e ma y restric t 
ourselves a t once , i n thes e considerations , t o Volterr a operators , an d 
indeed t o simpl e operator s (obviousl y a  nonsimpl e operato r i s neve r 
unicellular). 

In § 3 w e stud y unicellula r contraction s T  whic h "differ " fro m a 
unitary operato r b y a  nuclea r operator : / — T*T  (E©i . Th e result s o f 
§3 enable us t o interpre t th e unicellularit y o f dissipativ e operator s wit h 
nuclear imaginar y componen t i n a  ne w way . 

Let u s emphasiz e tha t problem s o f th e theor y o f unicellula r operato r 
turn ou t t o b e connecte d wit h certai n dee p analyti c problem s o f th e 
theory o f invers e problem s fo r canonica l differentia l equations . Thes e 
problems ar e o f independen t interes t (se e §§ 4 an d 5) . 

§1. Th e decomposition of simple dissipative Volterra operators 
into sums of unicellular operators 

1. A  linea r operato r actin g i n a  comple x n-dimensiona l spac e E n i s 
unicellular i f an d onl y i f i t ha s exactl y n  distinc t (nonzero ) invarian t 
subspaces. 

Taking ove r th e terminolog y fro m infinite-dimensiona l Hilber t space s 
to finite-dimensional  spaces , w e ca n cal l a n operato r A  i n E n a  Volterra 
operator i f it s spectru m consist s o f th e singl e poin t X  = 0 . 

adjoint operator H with a discrete spectrum such that the operator  A  =  H  -f- T  has no spectrum 
(i.e. the  operator A~ is  a  Volterra  operator). 

The first assertion i s contained i n Theorem 3  o f a  not e b y V . I . Macae v [2] , an d th e 
second assertio n wa s give n i n hi s doctora l dissertation . 

We shoul d mentio n tha t fo r a  genera l (no t necessaril y sel f ad joint) operato r A  th e 
condensed spectrum i s defined her e as the complemen t o f th e se t p(A)  o f norma l point s 
of A (fo r whos e definitio n se e [GK] , Chapte r I , §2.3) . 



SEC. 1  ] DECOMPOSITIO N O F VOLTERRA OPERATORS 3 5 1 

Let ? i C ? 2 C •••C? n =  £ n b e th e n  invarian t subspace s o f som e 
unicellular Volterr a operato r A ; the n AS * = ? n_i, A? n_x = ? n_2, •  • •, A£2 

= ?i . Choosin g a n arbitrar y vecto r e i£? „ —  ?n_i an d puttin g e k = A*ex 

(A = 1,2 , •  • -,n), w e obtai n a  basi s {e*} J o f E n whic h i s cyclic  wit h 
respect t o A: 

e2 = Ae u e 3 = Ae 2, • - -,en =  Ae n_j, 

and such that Aen = 0 . The matrix of A relativ e t o th e basi s {e lie2, •  • -,en\ 
will have al l element s equa l t o zero , wit h th e exceptio n o f thos e lyin g 
just belo w th e principa l diagonal , whic h wil l al l equa l unity , i.e . i t wil l 
be a  matri x consistin g o f on e Jorda n cel l wit h zer o principa l diagonal. 2) 

The convers e i s als o obvious ; i f a n operato r A  i n E n ha s a  spectru m 
consisting solel y o f zero , an d A  i s cycli c (i.e . ther e exist s a  basi s o f E n 

which i s cycli c wit h respec t t o A) , the n A  i s unicellular . 
We now recal l that a n operato r A  G 5R, acting i n a  separabl e infinite -

dimensional Hilber t spac e ̂ > , i s sai d t o b e cyclic  if ther e exist s a  vecto r 
e(E:& suc h tha t th e linea r hul l o f th e sequenc e o f vector s {A ke)o i s 
dense in £> . I t wa s prove d i n §9 , Chapte r I  (Theore m 9.1 ) tha t every 
unicellular operator  A  (£SR ) is  cyclic. 

As was remarke d ther e (withou t substantiation) , thi s resul t doe s no t 
admit a  converse . I t turn s ou t tha t i n ever y clas s © p ( p >  0 ) ther e 
exist cycli c Volterr a operator s which , nonetheless , ar e no t unicellular . 
In fact , le t u s conside r i n th e spac e J p = L 2

2)(0,1) o f vector-function s 
/ = {fi(x) ff2(x) }  th e Volterr a operato r A  define d b y 

8 = {&(*),&(*)} = Af= [  f'fiWdt,  -  J V 2 ( ' ) A } ( 0  ̂x  ̂1). 

Let u  denot e th e vector-functio n fro m L 2
2)(0,1) whos e component s 

are identicall y equa l t o unity . The n 

uM =  Anu =  {x n/n\, ( - x) n/nl} (n  = 1,2 , -  - . ). 

Since th e eve n power s x 2n (r a = 0,1 , •••), a s wel l a s th e od d power s 
x2n+l (/ i =  0,1 , • ••), for m a  complet e syste m o f function s i n L 2(0,1), 
it follows tha t th e syste m o f vector-functions u {n) is complete in L2

2)(0,1). 
Thus A  i s a  cycli c operato r (wit h generatin g elemen t u);  nevertheles s 
this operato r i s obviousl y no t unicellula r (th e subspace s consistin g o f 
all element s wit h first  o r wit h secon d componen t identicall y equa l t o 

This i s th e origi n o f th e ter m "unicellula r operator" . 
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zero ar e invarian t subspace s o f A). 3) 

The operator A  ha s a  two-dimensional rea l component , an d i t belong s 
to th e idea l © 0, an d henc e t o ever y idea l © p fo r p  >  1 . Eac h o f it s od d 
powers A 21*1 ( / =  0,1,2 , • • •) i s als o a  Volterr a operator , indee d cycli c 
with th e sam e generatin g elemen t u  (b y virtu e o f th e fac t tha t an y 
system o f power s x a+dn (/ i =  0,1 , ••• ) and , i n particular , th e system s 
with a  =  0 , 2 / + 1 , d  =  2(2 / + 1 ) ar e dens e i n L 2(0,1)). Choosin g th e 
integer /  sufficientl y large , w e obtai n a n operato r whic h belong s t o © p 

for an y prescribe d arbitraril y smal l p  >  0 . 
Nevertheless, i t ma y b e tha t an y cycli c dissipative  Volterr a operato r 

is unicellular. A t al l events , thi s i s th e cas e fo r cycli c dissipativ e Volterr a 
operators wit h nuclea r imaginar y component ; i.e . th e followin g resul t 
holds (compar e wit h Theore m 1.9.1) . 

THEOREM 1. 1 (G . E . KISILEVSKI I [5]) . A  simple  dissipative  Volterra 
operator with  nuclear  imaginary  component  is  unicellular  if  and  only  if 
it is  cyclic. 

2. A s i s known , ever y linea r operato r i n a  finite-dimensional  spac e 
either is unicellular or can b e broke n u p int o th e direc t su m o f unicellula r 
operators. G . E . Kisilevski i [5 ] has generalize d thi s resul t t o dissipativ e 
Volterra operator s i n a  Hilber t spac e Jp . 

Let {?,}„£ # b e a  finite  o r countabl e se t o f subspace s o f th e spac e £ . 
We shal l sa y tha t J p breaks  up  into  the  quasi-direct  sum  of  the  subspaces 
£, ("EA0 , an d writ e 

(l.D £  =  Zd> ?" 

if th e followin g tw o condition s ar e satisfied : 
1) The  subspaces  C „ (v  £ N)  are  linearly  independent  (i.e . fo r an y 

finite collectio n o f subspace s ?i,?2>*"»? m fro m th e syste m {?„ } th e 
equality f x +  f 2 +  •  •  • + f m =  0 , wher e f k £ 2 * (k  =  1,2 , •  •  •, m), i s possibl e 
only fo r f x =  / 2 =  •  • •  =  f m =  0) . 

2) The  linear  hull  of  the  subspaces  ? „ (*>£iV ) is  dense  in  § . 
If the spac e £ > ca n b e decompose d int o a  quasi-direc t su m o f invarian t 

subspaces {?,} Teiv o f som e operato r A  (£$R) , an d A„  ( = A|2„ ) i s th e 
restriction o f A  t o 2 , (v  EiV), the n w e shal l sa y tha t the  operator  A 
breaks up  into  the  quasi-direct  sum  of  the  operators  A v (v(E.N) y an d writ e 

This exampl e wa s communicate d t o u s independentl y b y L . A . Sahnovi c an d G . E . 
Kisilevskii. 
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(1.2) A  =  £  v±,A, . 

If A  is , say, a  Volterra o r dissipative operator , o r ha s nuclea r imaginar y 
component, the n obviousl y th e sam e i s tru e o f eac h o f th e operator s A v 

(y£iV) i n th e decompositio n (1.2) . I f Ay  £ © i , the n i t turn s ou t tha t 
(1.2) implie s 

spAyr =  J^  sp(A„)^ . 

THEOREM 1. 2 (G . E . KISILEVSKI I [5]) . Every  simple  dissipative 
Volterra operator  with  nuclear  imaginary  component  either  is  unicellular, 
or admits a  decomposition  into  the  quasi-direct  sum  of  unicellular  operators 
Ak ( A = l , 2 , . - - , « ; « £ oo) : 

(1.3) A  =  jr&A k. 

The cardinal  number  w  and  the  positive  numbers 

<rk =  sp(A k)y (k  =  1 , 2 , • • • , u > ) 

are invariants  of  the  operator  A. 4) 

If the  imaginary  component  Ay  has  finite  dimension  n,  then  a >  ̂n,  and 
the decomposition  (1.3 ) can  be  chosen  so  that  the  imaginary  component 
(Ak)y of  the  operator  A k has  dimension  ^  n  —  k +  1  (k  =  1,2 , •  • -,a>).5) 

§2. A  basic criterion for the unicellularity 
of a dissipative Volterra operator with nuclear imaginary component 

1. Th e derivation s o f Theorem s 1. 1 an d 1. 2 mak e essentia l us e o f 
various fact s fro m th e theor y o f th e characteristi c functio n o f a  non -
self adjoint operator , an d i n particula r us e th e criterio n t o b e give n 
below fo r th e unicellularit y o f a  dissipativ e Volterr a operator , whic h 
is formulate d i n term s o f it s characteristi c function . 

Let u s giv e th e genera l definitio n o f th e characteristi c operator -
function W A(\) o f a  nonsel f adjoint operato r A  (£$R) , i n th e for m 
originally give n b y M . S . Livsi c [2] . 

That is , th e numbe r w  an d th e number s ok  (k  =  1 , 2, •  • -,w), u p t o thei r order , 
do no t depen d upo n th e choic e o f representatio n (1.3) . 

The first  an d thir d assertion s o f Theore m 1. 2 ar e state d an d prove d i n a  pape r 
by G . E . Kisilevski i [5] ; th e secon d assertio n wa s communicate d b y hi m i n a  letter . 
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We denot e b y 3  (A ) th e closur e o f th e rang e o f th e imaginar y compo -
nent Ay  o f A : 

3 (A ) = SUIT) =  5R(A-A*) . 

The operator-functio n W A(X) i s denne d o n th e se t p(A*)  o f al l regula r 

points X  of A*  by 6) 

(2.1) W A(X) =  [ 7 + 2 i ( s i g n A ^ ) | A ^ \ l/2(A* -  Xl)~ l\Ay | 1 / 2 ] |3 (A) , 

where th e symbo l |3(A ) denote s tha t th e operato r i n th e squar e 
brackets i s restricte d t o th e subspac e 3 ( A ) . I n orde r t o clarif y th e 
formula (2.1) , w e not e tha t 

(A -  \I)(A*  -  XI)' 1 =  /  +  2iAy  (A*  -  XI)' 1. 

On th e othe r hand , w e hav e 

A_, =  | A , | 1 / 2 s i g n A J , | A , | 1 ' 2 ; 

therefore fo r th e cas e i n whic h Ay  i s invertibl e (an d henc e 3  (A ) =  £ ) 
formula (2.1 ) simplifies : 

WA(X) =  \Ay  | ' 1 / 2 ( A -Xl)(A*  -Xl)~ l\Ay | 1 / 2 . 

Let u s als o conside r th e cas e i n whic h Ay  i s completel y continuou s 
and henc e admit s a  spectra l representatio n 

(2.2) Ay  =£,€j(.,+j)+j, 

where {\pj}[  i s som e orthogona l (no t normalized ) syste m o f elements , 

If H  i s a  selfadjoin t operato r an d H  = fS*  \dE x i s it s spectra l representation , 
then w e pu t 

signH =  J_° ^ sign Xti£x== /  -  £ ( + 0 ) -  E ( - 0 ) , | i / | = J _ \X\dE Xt 

(in contras t wit h th e nor m w e denot e th e "modulus " o f th e operato r H  b y \H\).  Ob -
viously \H\  =  H signH =  (sign H)H. If , i n particular , H£<Ba , an d 

H -ZM•.*>)* > ((4>j,4>k)  =  tyfe, ; ,* =  1,2 , -. . ) 

is th e spectra l representatio n o f H,  the n 

\H\ ==y L\^j\('y<t>j)4>jy signH  =  ^sign\j(- J<t>J)<t>j. 
j J 
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€j= ±  1  ( ; =  1,2 , •  • -,r) , an d r  i s th e dimensio n o f th e rang e o f Ay  . 
The matri x o f th e operato r W A(X) relativ e t o th e basi s {</> ;}i 

(*; = *>/ 1 *,J) o f 3 ( A ) i s 

ST(\) =  \\w jk(\)\\[, 

where 

WjkM =  (W A(X)0*,*>) 0 ' , * = 1,2 , . . . , r ) . 

By (2.1 ) w e hav e 

M X ) = f y + 2 i ( ( s i g n A j r ) | A J r | 1 /2(A* -  X / ) ' 1 !A^ | 1/2**,*y) 

= S, * + 2i((A * -  X / ) " 1 ^ ^ | 1 / 2 ^ , ( s i g n A ^ ) | A ^ \ l/%), 

and sinc e th e representatio n (2.2 ) implie s tha t 

I Ay |
 m<t>k =  * fc, sig n A jr |  A^ 1 1/20; = «, - ^, 

we hav e 

^A(X) =  S jk+ 2iej((A*  -  X/)-V*^> ) 0 \ * =  1,2 , . . -,r) . 

We se e tha t th e matri x W  (X ) i s non e othe r tha n th e characteristi c 
matrix-function o f th e operato r A  (se e Chapte r V , §4.3). 7) 

In considerin g Volterr a operator s A  i t i s convenien t t o g o ove r fro m 
the characteristi c operator-functio n W A(\) t o th e monodromy  operator-
function U A(\) (se e Chapte r V , §4.3) , relate d t o th e forme r b y 

(2.3) U A(n) =  W A(1/M). 

An independen t definitio n o f th e functio n U A(^) i s th e following : 

UA(*) =  [ / - 2* MsignA^ \Ay  | 1 /2(1 -  nA*)~ l\Ay | 1 / 2 ] |3 (A) . 

If A  i s a  Volterr a operator , the n obviousl y U A(fi) wil l b e a n entir e 
operator-function o f th e comple x variabl e M -

For th e cas e i n whic h Ay  £ © i ( A £ 9 ? ) , th e determinan t 

detUA(n) =  d e t ( / - 2/xi'signA ^ \Ay  | 1 / 2 ( / -  nA*)~ l\Ay | 1/2) 

= d e t ( / - 2 M i ( / - M A * ) - 1 | A ^ | 1/2signA_y \Ay  | 1/2) 

= det( / -  2ni(I  -  nA*)~ lAy )  =  det(( J -  nA)(I  -  MA*)" 1 ) 

We remar k tha t i n th e definitio n o f th e characteristi c matrix-functio n 9T  (A) 
= iwjkMli  give n i n Chapte r V , §4.3 , i t wa s no t require d tha t th e basi s jfy } b e 
orthogonal. 
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is meaningful. 8) Thus , b y th e notatio n fro m [GK] , Chapte r IV , §3.1 , 

(2.4) &etU A{n) =  D A/M-

For a  Volterr a operato r A  th e perturbatio n determinan t D A/A*(n) 
has th e quit e simpl e valu e (se e [GK] , Chapte r IV , §6.2) 9) 

(2.5) D A/A*(fi) = exp( - 2i»spAjr). 

Thus 

(2.6) \detU A(n)\ -  exp(2Im MspAJ?r). 

If A i s dissipative, then th e expressions for W A(\) an d U A(^i) ( X = 1//* ) 
simplify: 

WA(\) =  [ J + 2;A^ 2(A*-X/)- lA^2] |3(A) 

and 

UA(n) =  [I  - 2inA^(I  -  »A*)- lA¥]\3(A). 

From th e easil y verifie d identit y (see , fo r example , [GK] , Chapte r 
IV, §5 ) 

(2.7) WXM  W A(\) =  [ / -  2ImXA^ 2(A -  Xl)'\A*  -  X/)- 1A^2]|3(A) 

it follow s tha t 

(2.8) WX  (A) WA (X) ^ /  fo r I m X > 0 , 

(2.9) WZMW A(\) ^  I  fo r Im X < 0. 

Let u s denot e b y S,(M ) ( y = l,2 , ••• ) th e sequenc e o f s-number s o f 
the operato r £/ A(/x): 

*/<M) =  \J(UU»)U A(H)) 0  =  1,2,.. .) . 

Assuming tha t Ay  £ © i , w e ca n writ e 

If Ay  E  <5i , the n \Ay  \  E  S 2»
 a n d consequentl y 

C= -2 M i s ignA J P r |A J r | 1 / 2 Ee 2 , £  =  (I  -  f iA*)~1\Ay\l/2eB2; 

we hav e als o use d th e fac t tha t i f C,D  E  <§ 2, the n det( 7 +  CD)  =  det( 7 + DC ) (se e 
[GK], Chapte r IV , §§ 1 an d 3) . 

9) 

If w e us e a  canonica l mode l o f a  dissipativ e operator , the n th e equalit y de t U A(n) 
= exp( — 2inspAy)  ca n b e obtaine d a s a  corollar y o f th e formul a o f Liouville -
Ostrogradskif. W e hav e alread y use d this  equalit y i n Chapte r V I fo r th e derivatio n o f 
Theorem VI.2.2 . W e als o not e tha t formul a (2.5 ) ca n b e deduce d fro m th e genera l 
formula (3.21) . 
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\detUA(n)\2 =  de t £7jfU)de t t/ AU) =  det(ltf(/ 0 t/ A(M)) =  flsfi*). 

On th e othe r hand , b y (2.9 ) Sj(n)  £  1  ( y =  1,2 , •  • •) fo r Im/ i ^  0 . Thu s 

|det l / A ( M ) | £*(/* ) =  | [ / , W I fo r I m ^ O . 

Recalling (2.6) , w e obtai n th e boun d 

(2.10) |  U A(M) |  ^ e x p ( 2 I m M s p A ^ ) (Im M ^  0) . 

As regard s th e lowe r halfplan e Im/ x ^  0 , b y (2.8 ) w e hav e ther e 

(2.11) \U A(n)\ £ 1 d m M ^ 0 ) . 

The boun d (2.10 ) i s familia r fro m th e work  o f V . P . Potapo v [ l ] , an d 
M. S . Brodski i an d M . S . Livsi c [l]. 10) 

2. W e ca n no w formulat e th e followin g fundamenta l criterio n fo r 
the unicellularit y o f a  Volterr a operato r o f th e clas s bein g considered . 

THEOREM 2. 1 (M . S . BRODSKI I AN D G. E . KISILEVSKI I [l]) . In  order 
that a  simple  dissipative  Volterra  operator  A  with  nuclear  imaginary 
component be  unicellular,  it  is  necessary  and  sufficient  that 

(2.12) li m f — ln | U A(ip)\ )  =  2 s p A ^ . 
p—oo {p  ) 

The sufficienc y o f conditio n (2.12 ) ha d alread y bee n establishe d b y 
M. S. Brodski i [l ] in 1956. Then G. E . Kisilevski i [2 ] proved th e necessit y 
of thi s conditio n fo r th e cas e i n whic h th e imaginar y componen t Ay 
is two-dimensional . Fo r th e genera l cas e {Ay  £  ©i ) th e necessit y o f 
(2.12) wa s establishe d i n a  join t pape r [l ] o f thes e authors . 

Condition (2.12 ) i s obviousl y a  requiremen t tha t th e boun d (2.10 ) 
be exact . Accordin g t o thi s bound , fo r th e genera l cas e o f a  dissipativ e 
Volterra operato r A  wit h nuclea r imaginar y componen t w e wil l have , 
for th e quantit y 

*(A)=IiS f-ln|t/ A(*»| j , 

The metho d of  obtainin g a  boun d fo r th e nor m o f a  matrix-functio n throug h it s 
determinant was already use d i n th e wor k o f V . P . Potapo v [l] . Th e boun d (2.10) , fo r 
the cas e o f a  finite-dimensional  imaginar y componen t Ay  ,  als o follow s almos t im -
mediately fro m th e multiplicative representatio n (4.1) . Sinc e th e latte r ca n b e extende d 
to th e cas e o f dissipativ e Volterr a operator s wit h a n infinite-dimensiona l componen t 
Ay G  ®i (see , i n thi s connection , th e en d o f §3) , th e boun d (2.10 ) ca n b e obtaine d 
by thi s route . 
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the inequalit y 

h (A) ^  2s p Ay . 

If th e stric t inequalit y hold s here , the n th e boun d (2.10 ) ca n b e 
improved, namely : 

(2.13) |  UA(n)\ ^  exp(f t (A)Im M) fo r Im M ^  0 . 

In fact , accordin g t o th e bound s (2.10 ) an d (2.11) , fo r an y uni t 
vectors f,g(E&  th e entir e functio n F(n)  =  F ftg(n) =  (U(v)f,g)  satisfie s 
the condition s 

sup \F(n)\  £ 1 , li m ( - I n ma x |F(pe l")|) <  « . 
- 0 0 < M < 0 0 p — • <X > ( p O^0S2l T / 

But then , b y a  familia r theore m o f th e theor y o f entir e function s (se e 
B. Ja . Levi n [l] , Chapte r 1 , §14 ) 

ln|F(M)| ^ / i? Im M fo r I m M ^ 0 , 

where 

A£ = H m f - l n | F ( i P ) | ) . 
p-»* V P ) 

Since h£  ^A(A ) fo r an y choic e o f th e uni t vector s f,gG&,  (2.13 ) 
follows. 

On th e basi s o f th e foregoin g an d als o o f th e relatio n (2.20 ) below , 
it i s natura l t o cal l th e functiona l h  (A) th e exponential  type  o f th e 
dissipative Volterr a operato r A. 

3. W e shal l sho w tha t th e criterio n fo r unicellularit y ca n b e re -
formulated i n term s o f th e Fredhol m resolven t A(/* ) =  A  (I —  pA)~l 

of th e operato r A  a s follows . 

THEOREM 2.2 . In  order  that  a  simple  dissipative  Volterra  operator A 
with nuclear  imaginary  component  be  unicellular,  it  is  necessary  and 
sufficient that 

(2.14) li m f - l n | A ( - i p ) | )  =  2 s p A ^ . 
P - » l p ) 

To establis h th e equivalenc e o f condition s (2.14 ) an d (2.12) , w e 
shall sho w tha t 

(2.15) h(A)  =  lk n f i l n | A ( - i p ) | ) . 
P - » l p ) 
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It follow s fro m th e identit y (2.7 ) tha t 

| W A ( X ) | 2 = l  +  2ImX|T(X) | 2 fo r ImX^O , 

where 

T(X) =  {A*  -\I)~ lAlf. 

On th e othe r hand , 

I T(X) 12 = I  T*(X) 12 = I  T(X) T*(\) I  =  I  (A  * - Xl)  ''Ay  (A  -  XI)'' |, 

and therefor e 

\WAM\2= \  I +  2ImX(A*  -XD-'Ay  (A  -Xl)' l\. 

Representing 2Ay  i n th e for m 

2Ay =  *  [(A  -XI)  -  G 4 * - X / ) + 2 I m X / ] , 

we find  tha t 

max(|S(X)|2 , (lmX) 2\(A-Xiyl\2) ^ | ^ ( X ) | 2 

(2.16) 
^ I  S(X) 12 + (ImX) 2| (A  -  XI) l\2 (ImA^O) , 

where 

S(X) =  I  +  iImX(A  -Xl)- X= (A  - R e X / ) U -  Xl)~\ 

For X  =  —  1/ip  ( p > 0 ) w e hav e 

S(X) =  -  i PA(I +  ipA)- l= -  i PA{- ip) 9 

(ImX)2(A* -Xl)~ l(A -  XI)' 1 =  (I-ipA^-'d+ipA)- 1 

= ( / -  i PA(- i P))*(I -  ipA(-  ip)). 

Thus, th e substitutio n X  =  —  l/ip  (p  >  0 ) i n (2.16 ) yield s 

(2.17) \ PA(- ip)\ 2 ^\U A(ip)\2 ^\PA(-  i P)\2 +  \I  -  i PA(- ip)\ 2. 

In particular , i t follow s tha t 

\pA(-iP)\ ^\U A(ip)\ £l+\/2p\A(-ip)\, 

and s o (2.15 ) holds . 
REMARK 2.1 . I f a n operato r A  ( £ 9 ? ) i s dissipative , the n 

I U - X / ) - 1 ! £ l / | I m X | ( I m X < 0 ) . 

Putting X  =  1/M , w e find  tha t th e Fredhol m resolven t A(p)  o f A  ha s 
the boun d 
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(2.18) | A ( M ) | ^  I A I K J - M A ) - 1 ! ^  | A | M / I m M fo r I m M > 0 . 

Thus A(M ) i s bounde d o n eac h interio r ra y M  =  pexp(i'0 ) ( 0 <6  <  ir) 
of th e uppe r halfplane . Conversely , fo r a  dissipativ e Volterr a operato r 
A wit h Ay  G © i th e resolven t A(/i ) ha s exponentia l growt h o n eac h 
interior ra y / * = pexp(itf ) ( — IT  <  6  < 0 ) o f th e lowe r halfplane , namel y 

(2.19) Ih ^ ( - l n U f o e * ) ! }  =  h(A)\mn$\  (-T<6<0). 

This i s easil y obtaine d fro m relation s (2.13 ) an d (2.16) . 
We ca n als o asser t tha t th e relatio n (2.16 ) i s satisfie d uniforml y i n 

0, an d therefor e i t i s als o vali d fo r 6  = 0,7r . 
It wil l b e show n belo w (se e (2.26) ) tha t th e resolven t A(^ ) admit s 

the representatio n 

X h(A) 

e^Ttdt, 

where T t ( 0 ^  t  <  oo ) i s a  strongly continuou s semigrou p o f contractions . 
It follow s a t onc e fro m thi s representatio n tha t 

N n | (h(A)  fo r I m M ^ 0 , 
, A U J I =  lA(i4)e ,In*,*(*) fo r I m M ^ 0 . 

The representatio n (2.20 ) enable s u s t o sho w tha t th e li m su p i n 
(2.12), (2.14) , (2.15 ) an d (2.19 ) ca n b e replace d b y lim . Thus , fo r a 
dissipative Volterr a operato r A  wit h nuclea r imaginar y componen t 
Ay th e quantit y h(A),  define d b y (2.15) , i s th e exponential  type  of 
the entire  function  A(n). 

In conclusio n w e mak e a  few  comparison s wit h th e finite-dimensional 
case. 

If A i s a  Volterra operato r i n a n n-dimensiona l spac e E n, the n A n =  0 
and 

AU) =  A(I  -  MA)" 1 =  A  +  M 2 +  •  •  •  + n n-2An~\ 

The operato r A  wil l b e unicellula r i f an d onl y i f A n~l ^  0 . Thu s fo r A 
to b e unicellula r i t i s necessar y an d sufficien t tha t th e resolven t A(^ ) 
be a  polynomia l o f degre e precisel y n  —  2 . 

If th e degre e o f A(^ ) (an d hence , th e orde r o f growt h o f A ) i s lower , 
then A  cease s t o b e unicellular . 

The conditio n (2.14 ) i s als o a  requiremen t o f th e maximalit y o f th e 
growth o f th e Fredhol m determinan t A  (M) o f A  a s a n entir e operator -
function, i n othe r words , th e conditio n o f th e maximalit y o f it s ex -
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ponential typ e (o r i n th e terminolog y o f S . N . Bernstein , o f it s degree). 
This i s th e analog y wit h th e finite-dimensional  case . However , thi s 

analogy wa s establishe d fo r a  simpl e dissipativ e Volterr a operator , 
for which  there  is  no  analog  amon g th e Volterr a operator s i n E n\ 

4. A s w e kno w (se e §1.1) , a  Volterr a operato r A  i n E n i s unicellula r 
if an d onl y i f th e smalles t valu e o f p  fo r whic h A  p =  0  i s n . 

It turn s ou t tha t on e ca n formulat e a  criterio n fo r th e unicellularit y 
of a  dissipativ e Volterr a operato r i n ip , whic h ha s point s o f contac t 
with thi s elementar y criterion . 

To d o thi s w e nee d certai n ne w concepts . 
An operator B with domain D (B)  dens e in £ i s sai d t o b e dissipative,  if 

(2.21) I m ( j B / , / ) £ 0 fo r / £ $ ) ( £ ) . 

A dissipativ e operato r B  i s said t o b e maximal  i f i t ha s n o dissipativ e 
extensions. 

A maxima l dissipativ e operato r i s alway s closed . I t i s characterize d 
by th e propert y tha t fo r a t leas t on e A  (an d then , fo r al l X ) fro m th e 
open lowe r halfplan e Im X < 0 i t ha s a  bounde d resolven t (B  —  A/)" 1 

e $ (se e R . S . Phillip s [ l]) . 
The dissipativ e operator s A  (£$£ ) considere d above , bein g every -

where defined , ar e obviousl y maxima l dissipativ e operators . 
Just a s fo r bounde d dissipativ e operators , on e ha s fo r maxima l dis -

sipative operator s th e boun d 

\(B-\I)~l\ £ l / | I m A | fo r I m A < 0 . 

If A  =  0  i s no t a n eigenvalu e o f th e dissipativ e operato r A  ( £9? ) 
(and hence o f A*) , the n th e rang e 9? (A) i s dens e i n £ . I n thi s case , a s 
is easil y seen , th e operato r B  =  —  A~ l (which , generall y speaking , 
is unbounded ) wil l b e maxima l dissipativ e an d 

(2.22) O B - A / ) - 1 ^ - A ( - A ) . 

Now le t T t ( 0 ^ i < o o ) b e a  one-paramete r strongl y continuou s 
semigroup o f uniforml y bounde d operator s i n 3?- n) The n b y a  well -
known theore m o f K . Yosid a (se e E . Hill e an d R . S . Phillip s [l] ) thi s 
semigroup has a n infinitesima l generatin g operato r r , i.e . a  close d linea r 
operator r  suc h tha t th e se t o f al l / £ © fo r whic h th e stron g limi t 

n) Tha t is , 1 ) T 0 = 7 ; 2 ) T t+S= T tTs ( 0 ^  s,t  <  ») ; 3 ) s-limu o T t == J  an d 
4) sup | Tt\ <  co . We refe r th e reade r t o th e boo k b y E . Hill e an d R . S . Phillip s [l ] 
for al l fact s regardin g th e theor y o f semigroups . 
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s-\im{rHTt-I)f) 

exists coincides wit h D ( r ) , an d thi s stron g limi t (s-lim ) coincide s wit h 
r/. On e write s T , = exp(*r) . Amon g th e man y justification s o f thi s 
notation w e poin t ou t tha t th e entir e lef t halfplan e R e f < 0 consist s 
of regular points of r, and for the resolvent ( r —  £"/) _1 one has the formul a 

(2.23) -  ( r -  f / ) " 7 = C~  e-t'TJdt. 

It turn s ou t ( a theorem o f Phillips [l] ) tha t ever y maxima l dissipativ e 
operator B,  whe n multiplie d b y i,  i s th e infinitesima l generato r o f 
some strongl y continuou s one-paramete r semigrou p o f contraction s 
Tt ( 0 ^  t  <  oo) , an d conversel y ever y suc h semigrou p ha s infinitesima l 
generator r  o f the form r  =  iB,  where B is a maximal dissipative operator . 
We shal l sa y tha t a  strongl y continuou s semigrou p o f contraction s 
Tt ( 0 ^  t  < oo ) i s nilpotent,  i f fo r som e valu e t  — a  (an d henc e fo r al l 
t^ a)  we have T t = 0 . The smalles t valu e o f a fo r whic h T a = 0  i s calle d 
the exponent  of  nilpotence  of th e semigrou p T t. 

The followin g resul t holds . 

THEOREM 2.3 . Let  A  be  a  simple  dissipative  Volterra  operator  with 
nuclear imaginary component.  Then the  operator —  iA~ l is  the  generator 
of some  nilpotent  semigroup  of  contractions  T t = exp( — itA~ 1) with  ex-
ponent of  nilpotence  sA equal  to  h  (A) (^2spAy). 

Hence if we make use of Theorem 2. 1 (o r Theorem 2.2 ) w e immediatel y 
obtain th e followin g corollary . 

COROLLARY. The  operator A of  the  preceding  theorem will  be  unicellular 
if and only if  the  exponent of nilpotence  sA of  the  semigroup exp(— itA~ l) 
is equal  to 2 sp Ay . 

Let u s tur n t o th e proo f o f th e theorem . 
For th e semigrou p T t = exp ( - it  A'1) th e relation s (2.22 ) an d (2.23 ) 

(for T  = iB,  B  =  -  A'\  \  =  -  n,  f  = -  in)  yiel d 

(2.24) A(n)f=i  J  e^T tfdt. 

Hence fo r f,gG& 

(2.25) (A(»)f,g)  =  i  f~ el»t(Ttf,g)dt. 
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Since 

| M ( M ) / , * ) | ^ | A ( M ) | l/ l Ifil , 

the lef t sid e of (2.25) i s a n entir e functio n o f exponentia l type , an d it s 
type doe s no t excee d h(A).  B y th e well-know n Paley-Wiene r theore m 
(see, fo r example , N . I. Ahiezer [l] ) i t follow s tha t (T tf,g) =  0 for 
t^h(A). Sinc e /  an d g  are arbitrar y vector s i n £ , w e conclud e tha t 
T, = 0 fo r t  ^h(A), s o tha t s A ^ h(A). 

On th e othe r hand , i f Tt = 0 fo r t £ a ( = s A), the n b y (2.24 ) 

(2.26) Airif^if'e^'TJdt, 

and s o 

| A ( M ) | ^  r | ^ | | T , | d ^ a e i I m ^ ° ( I m M < 0 ) . 

Recalling (2.15) , w e conclud e tha t h  (A) ^a  = s A. 
Thus th e theore m i s proved . Le t u s no w commen t o n thi s theorem . 
Choosing a n arbitrar y positiv e intege r n,  we pu t T = exp( — irA' 1), 

where r  = ([2spAy ]-\-  l)/n.  Th e spectru m o f A i s concentrate d at 
zero, tha t o f A'1—at infinity , an d tha t o f T—again a t zero, sinc e T 
is nilpotent : T n = 0. Considerin g th e power s T p (  = e x p ( - ip TA~1)) 
with a n arbitrar y positiv e exponen t p , w e ca n asser t tha t p  == h(A)/r 
is the smalles t exponen t o f nilpotenc y o f th e operato r T . Thi s exponen t 
does not excee d 2s p Ay IT.  For th e cas e i n whic h i t achieves thi s value , 
and onl y fo r thi s case , i s A unicellular . Nevertheles s th e operato r T 
itself i s no t unicellular . Indeed , give n an y vecto r / £ € > w e obtai n an 
invariant subspac e ?/ , spanne d b y th e vector s / , Tf,  •  •  • , Tn - 1 / , o f dimen -
sion no t greate r tha n n.  Obviousl y w e ca n alway s find  vector s / , # £ § 
such tha t neithe r o f the subspace s ? / an d % g contains th e other . 

One ca n sho w tha t th e operator s T t = exp(— itA~ l) ar e no t Volterr a 
operators. 

To conclud e thi s sectio n w e make a  few  bibliographica l remarks . 
Under th e assumptio n tha t Ay  i s finite-dimensional,  th e nilpotenc e 

of th e semigrou p T t = exp(— it  A'1), wher e A  is a simpl e dissipativ e 
Volterra operator , wa s establishe d b y B . Sz.-Nag y an d C . Foia § [10] . 
These author s showe d (se e [10] , p. 322 ) tha t th e exponen t o f nilpotenc y 
sA o f thi s semigrou p doe s no t excee d a Tj wher e a T i s a number fo r whos e 
computation th e author s indicate d a  procedure i n term s o f th e operato r 
T =  (il  + A)(il — A)~ l, an d th e exponen t s A i s equa l t o a T if  and onl y 
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if A  i s unicellular . W e no w kno w tha t th e numbe r a T coincide s wit h 
2spAj, (se e (3.6)) . 

Sz.-Nagy and Foia § obtaine d thei r result s fro m a n entirel y differen t 
circle of idea s (se e §3.4) . 

Following these authors, we conside r b y wa y o f exampl e a  unicellular 
dissipative Volterr a operato r A  wit h a  one-dimensiona l imaginar y 
component. Thi s operator , th e simples t o f th e clas s bein g considered , 
when normalized so that sp Ay =  \ i s unitarily equivalent to the operator 
of integration \J  i n L 2(0,1) (se e Theore m 1.8.1) : 

-<£> (W/)(*> = * J f(s)ds. 

The domain of the operator r  =  —  i(\J)~ l i s th e se t o f al l absolutel y 
continuous function s g(t)  (EL 2(0,1) fo r whic h ^ ( 0 6L 2 (0 , l ) an d 
g(l) =  0 , and Tg = g'.  It is not hard to show that the operator r  generate s 
the semigroup exp(sr ) o f contraction s define d b y 

The exponen t s A o f nilpotenc e o f thi s semigrou p obviousl y equal s 1 , 
which i s i n complet e accor d wit h th e corollar y t o Theore m 2.3 . 

§3. Unicellula r contractions 

1. Recal l that an operator T  (£$R ) i s calle d a  contraction  i f |  T\ ^  1. 
A contractio n T  i s sai d t o b e simple  i f i t ha s no invarian t subspac e o n 
which it s restrictio n i s unitary . B y a  theore m o f Langer—Sz.-Nagy — 
Foia§ (se e [GK] , Theore m V.3.1 ) a  contractio n ca n b e spli t int o th e 
orthogonal su m o f a  simpl e contractio n an d a  unitar y operator . Ob -
viously only a  simple contractio n ca n b e unicellular . 

From thes e result s an d th e argument s o f Ju . I . Ljubi c an d V . I . 
Macaev [l ] and V . I . Macae v [2] , from whic h th e resul t A ) formulate d 
in th e introductio n wa s obtained , w e als o hav e th e followin g result . 

THEOREM 3.1 . An  invertible l2) unicellular  contraction  T  for  which 

The requirement tha t T  be invertible i n thi s theore m (a s wel l a s i n othe r theorem s 
where i t appears ) coul d hav e bee n replace d b y a  formall y mor e genera l requirement , 
namely, tha t a t leas t on e point f  ( | f | <  1 ) no t be in the spectrum o f T . If this  conditio n 
is satisfied an d /  —  T*T E <8co, the n T  ca n hav e onl y a  discret e spectru m insid e th e 
unit disc , consistin g o f norma l eigenvalue s (se e [GK] , Chapte r I) . I f th e contractio n 
T i s unicellular , thi s spectru m mus t b e absent , an d henc e T  i s invertible . 

We als o remar k tha t Theore m 3. 1 enable s on e t o strengthe n resul t A ) (se e th e rela -
tion (3.3)) . 
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j _ T*T€z<&u has a one-point spectrum, and this point lies  on the unit circle. 
If T  i s a  contractio n wit h one-poin t spectru m a  (\a\  =  1) , the n 

Ta =  «Twil l b e a contractio n wit h one-poin t spectru m X  = 1 . Therefor e 
wherever i t i s convenient , w e ma y assum e withou t los s o f generalit y 
that T  ha s th e one-poin t spectru m X  = 1 . 

2. I f A  (E$R ) i s a  dissipativ e operator , the n it s Ca y ley transfor m 

(3.1) T=(iI-A)(iI  +  A)-\ 

as i s easil y seen , wil l b e a  contractio n (\T\  ^ 1 ) , fo r whic h th e poin t 
X = —  1  i s regular . 

If, i n turn, T  i s a  contractio n fo r whic h th e poin t X  = —  1  is regular , 
then th e transformatio n invers e t o (3.1) , 

(3.2) A  =  i(I-  D d + T ) - 1 

yields a  bounde d dissipativ e operato r A. 
From th e relation s 

(3.3) I-  T*T  =  4 ( - il  +  A*)- 1 A y (il  +  A)'\ 

(3.4) A y =  ( J + T*)  l U-T*T)(I+ T)  ~l 

it follow s tha t i f Ay  belong s t o som e two-side d idea l ©  (C©oo) , the n 
I —  T*T  belong s t o th e sam e ideal , an d conversely . If , moreover , w e 
consider th e relation s 

/ -  T  =  2A(iI  +  A)' 1 =  2iA(i), 

A =  iS(2I  -  S)~ l =  2iS(i ) (S  =  /  -  T) , 

where S(M ) i s th e Fredhol m resolven t o f th e operato r $ , the n w e ca n 
conclude tha t th e dissipativ e operato r A  wil l b e a  Volterr a operato r i f 
and onl y i f S  = /  —  T  i s a  Volterr a operator . 

Thus the transformatio n (3.1 ) map s th e clas s o f dissipativ e operator s 
with nuclea r imaginar y component , bein g considere d above , ont o th e 
class o f al l contraction s T  havin g th e followin g properties : 

1) T  — I  is  a  Volterra  operator; 
2) I  —  T*T is  a  nuclear  operator. 
Henceforth fo r convenienc e w e shal l cal l th e operato r I  —  T*T th e 

deviation o f T  fro m unitarit y or , briefly , th e deviation  operator. 
We remar k tha t propert y 1 ) (regarde d a s a  condition ) i s mor e re -

strictive tha n th e followin g condition : 
lr) T  has  a  one-point  spectrum  X  =  1 . 
Nevertheless, a s i s no t har d t o show , i n th e clas s o f al l operator s T 

for whic h th e deviatio n operato r I  —  T*T i s completel y continuou s 
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(and a  fortior i i n th e clas s o f thos e operator s fo r whic h th e deviatio n 
operator J  — T*T  i s nuclear) , th e propertie s 1 ) an d V)  ar e equivalent . 
Therefore th e criterio n establishe d abov e fo r th e unicellularit y o f a 
dissipative Volterr a operato r A  wit h Ay  £  © 2 ca n b e transforme d int o 
a criterio n fo r unicellularit y i n th e indicate d clas s o f contraction s T . 
For example, Theore m 2. 2 (an d th e inequalit y h  (A) ^  2spAy)  enable s 
us t o stat e th e followin g result . 

THEOREM 3.2 . Let  T  be  a  simple  contraction  whose  spectrum  consists 
of the single point  X  =  1 , and whose  deviation  operator  I  —  T*T  is  nuclear. 
Then 

(3.5) U r r 7 { ( l - P ) l n | ( T - p J ) - M }  rg - l n d e t T * T . 
p T  i 

Equality holds  here  if  and  only  if  T  is  unicellular. 

Since, b y (3.1) , 

(1 -  P )(T -  pi)- 1 =  ( J -  iA)(I  +  irA)- 1 =  /  +  i(r  -  l)A(ir) 

( r = ( l +  p ) / ( l - P ) ) , 

the lef t sid e o f (3.5 ) coincide s wit h twic e th e lef t sid e o f (2.14) . W e 
shall show that the right sides of (3.5 ) an d (2.14 ) ar e similarl y related , i.e . 

(3.6) -  I n det T*T  =  4  sp Ay . 

To do so, w e pu t n  = —  i  i n (2.5) ; the n w e fin d tha t 

(3.7) det(( J +  iA)(I+  iA*)~ l) =  e x p ( - 2SPAJ,) . 

Since th e righ t sid e i s real , thi s equalit y wil l persis t i f w e tak e th e 
conjugate o f th e operato r i n th e determinant , i.e . 

(3.8) det(( J -  iA)~ l(I -  iA*))  =  e x p ( - 2s p Ay ) . 

Let u s comput e th e produc t o f th e determinant s i n th e lef t side s o f 
(3.7) an d (3.8) . Obviou s calculation s yield 13) 

det(( / -  iA*)V  ~  iA)~ l{I +  iA)(I  +  iA*)' 1) 

= det((il  -  A*)-HU  +  A*)(il  +  A)~\il  -  A))  =  det(T*T) , 

from whic h (3.6 ) follows . 
We furthe r not e tha t fo r a  contractio n T  satisfyin g th e hypothese s o f 

Theorem 3. 2 on e ha s 

13)We hav e use d her e th e fac t tha t i f X,  Y,  X x  £ $ R an d XY  -  I G § i , the n 
detXY =  detY X (se e [GK] , Chapte r IV , §1) . 
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(3.9) lim( l -  p)lnMr(p ) =  lim( l -  p)ln | (T -  P I)~l\, 

where 

(3.10) M T(P)= ma x \(T  -  P el6I)~l\ ( 0 < P < 1 ) . 
0S«s2 i 

In fact , fo r A  =  i(I  -  T)(I  +  T)' 1 w e hav e 

\(I-nA)->\ = | / +  „A( M)| g l +  A(i4)| M|exp(*(i4)|ImM|) 

(IrriM SO) . 

Hence fo r th e operato r T  wit h / i = i ( l +  f ) / ( l —  f ) w e obtai n 

l(T-f/)-'i= I 4 7 ( / + : r ) " 1 ( / - ' ' A " 1 ) 

s e ^ ( l + ^ M p ( ^ ) } ( ^ | t | < l ) 

We hav e her e use d th e inequalit y | I m ^ | ^  M  ^ 2 ( 1 —  p)~l. 
From (3.11 ) w e ca n conclud e tha t th e lef t sid e o f (3.9 ) doe s no t excee d 

2h(A); o n th e othe r han d i t i s not les s tha n th e righ t side , whic h equal s 
2h{A). 

For completenes s w e als o not e tha t whe n th e poin t f  approache s th e 
unit circl e fro m th e outside , th e growt h o f th e nor m o f th e resolven t 
of an y contractio n T  satisfie s th e boun d 

(3.12) K T - f / ) " 1 ! = T —  T k _ 1 

* = 0 = ^ ' r |f e + 1 i n - i " 

3. W e shal l omi t formulatin g th e resul t fo r contraction s whic h corre -
sponds t o Theore m 2.1 . T o formulat e thi s resul t w e woul d hav e t o 
introduce th e concep t o f th e characteristi c functio n o f a  contractio n 
(see M. S. Livsic and V. P. Potapov [ l ] , Ju. L. Smul'jan [1,2] , B. Sz.-Nag y 
and C . Foia § [6 ] and V . T . Poljacki i [ l ] ) , whic h w e hav e no t use d u p 
till now . 

Instead o f thi s w e presen t a  criterio n fo r th e unicellularit y o f a 
contraction T  whic h i n certai n connection s seem s t o b e mor e complet e 
and sound s mor e effectiv e tha n Theore m 3.2 . 

THEOREM 3.3 . Let  T  be  a  simple  invertible  contraction  with  nuclear 
deviation operator  (I  —  T*TG©i) . In  order  that  T  be  unicellular,  it  is 
necessary and  sufficient  that 

1) T  have  no  eigenvalues  inside  the  unit  disc; 
2) the  relation 
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(3.13) lim { (1 -P ) In MT(P)} =  -  I n det T*T 
p T  i 

hold, where 
MT(P) =  max| (T-fJ) - M ( P <  1) . 

/ / the  first condition  is  satisfied  and T  is not  unicellular,  then instead 
of the equal sign in  (3.13 ) one  has < . 

We shall prove this theorem, omitting certain details . W e first  presen t 
certain fact s (whic h ar e o f independen t interest ) whos e derivatio n i s 
not ver y difficult . 

First of all , i f fo r som e invertibl e operato r T  (£SR ) on e ha s I  —  T*T 
G©i, the n 

T*-i _  T  = T*~ l(I -  T*T)  G  ®i. 

Hence i n thi s cas e th e perturbatio n determinan t 

DT/r_M) =  de t ( (T - f /MT* 1 -  f/)" 1) 
3.14 T/T 

= det(T*(T-  f / ) ( / - {T*)' 1) 

exists (se e [GK] , Chapter IV) . Her e i * belongs t o p(T*),  th e resolven t 
set o f T* . Fo r brevit y w e pu t A T(f) =  D T/r*-i(f). 

It will be more convenient fo r us to deal with th e normalize d functio n 

(3.15) d T(i) =  A r(f)/A^/2(0) 

in plac e o f Ar(f) . W e ca n writ e thi s functio n i n anothe r way . Sinc e b y 
hypothesis T*T=  I  -  H l9 wher e ifxG©! , i t follow s tha t als o (T*T) l/2 

= I  —  H,  wher e i / £ © i - W e hav e 

A^/2(0) =  [det(T*T)] 1/2 = det((T*T) 1/2) ( = det( / -  H)). 

From the polar representatio n T = U(T*T) 1/2, wher e U  i s som e unitar y 
operator, w e hav e T*  = (T*T) l/2U* and , b y virtu e o f (3.14) , 

Ar(f) =  det(T*T) 1/2det(£/*(T- $I){I  -  fT*)" 1). 

Thus14) w e obtai n a  ne w wa y o f writin g d T({): 

The relatio n (3.16 ) i s important , beside s everythin g else , i n tha t i t enable s u s t o 
define th e functio n dx(^)  fo r th e cas e i n whic h de t T*T  =  0  (i.e. , whe n a n invers e 
T~ (£$R ) doe s not exist , and henc e T*~  doe s no t exist) . I n orde r t o defin e th e func -
tion driO b y (3.16 ) i t i s essential tha t beside s the conditio n J  —  T*T  £  © x th e conditio n 
which w e spoke o f i n footnot e 1 2 b e satisfie d (th e operato r T  shoul d hav e a t leas t on e 
regular poin t insid e th e uni t disc) . On e ca n sho w tha t whe n thi s conditio n i s satisfie d 
the functio n djii)  doe s no t depen d upo n th e choic e o f th e unitar y operato r U  i n th e 
polar representatio n T  =  U(T*T)  '  (thi s choic e i s nonuniqu e whe n d e t T * T = 0 ) . 
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(3.16) d T(i) =  det(£/*(T - r / ) ( / - fT*)" 1). 

We shal l show , secondly , tha t fo r ever y contractio n T  wit h nuclea r 
deviation operato r th e functio n d T(£) satisfie s th e inequalit y 

(3.17) | d r ( 0 | ^ l ( | f | < D . 

In fact , w e hav e 

dT(t) =  det(( / -  m~HT*  -  H)U) 

and 

<Mf)<Mf) =  d e t ( ( / - tTyHT*-  tI){T-  f / ) ( J - fT*)" 1). 

It ca n b e show n tha t th e valu e o f th e determinan t o n th e righ t doe s 
not chang e i f w e interchang e th e first  tw o factors . Thu s 

|dT(f)|2 =  det((T * -  JI)(I  -  f D - ' C T - f/)( I -  fT*)" 1) 

= d e t ( ( / - i - r * ) - 1 ( T * ~ 7 / ) ( / - 7 r ) - 1 ( T - i - / ) ) , 

i.e. 

(3.18) |<f T(f)|2=det(T*rr), 

where 

(3.19) T f = ( T - (I)(I-TT)-\ 

From th e easil y verifie d identit y 

J - T*T (= ( 1 - | f | 2 ) ( J - f T * ) - ^ / - T*T)(I-~{T)- 1 

it follow s tha t fo r ever y contractio n T  th e operato r T f wil l als o b e a 
contraction fo r an y f  wit h |  f | <  1 . 

This prove s th e inequalit y (3.17) . 
We note , thirdly , tha t b y a  well-know n theore m o f th e theor y o f 

functions (se e I . I . Privalo v [l] , Chapte r II , §6.2) , inequalit y (3.17 ) 
and th e inequalit y 

(3.20) d T(0) =  (det(T*T)) 1/2 > 0 

imply tha t d T(f) ca n b e represente d i n th e followin g form : 

(3.21) d T(f) =  jB r(f)exp ( - J [ '  J i r ^ j **r(t)  ) , 

where 

(3.22) 5 r ( r t = n 
1 — «>f |«/ | 
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is the Blaschke produc t forme d fro m al l th e zero s o f th e functio n d T({), 
and a T(t) ( O ^ i ^ 2TT)  is som e nondecreasin g functio n (fo r definitenes s 
we normalize thi s functio n b y th e condition s <r T(0) =  0 , a T(t) =  o T(t — 0) 
for 0  <  t  ^ 2x) . We no w procee d directl y t o th e proo f o f th e theorem . 
We begin wit h th e secon d assertion . 

Recalling tha t th e functio n d T(f) differ s fro m th e perturbatio n 
determinant A r(f) onl y b y a  constan t factor , w e conclud e (se e [GK] , 
Chapter IV , §2 ) tha t th e sequenc e {«, } i n th e representatio n (3.22 ) 
yields precisely the complete sequence of all eigenvalues of the contractio n 
T lyin g inside the uni t dis c (i f T  i s a  simpl e contraction , tha t i t canno t 
have an y othe r eigenvalues). 15) 

We note a relation which is obtained fro m (3.20 ) an d (3.21 ) fo r f  = 0: 16) 

(3.23) (det(T*T)) 1/2 = n  l«;|ex p ( - f*  d* T(t) )  . 

If th e contractio n T  ha s n o eigenvalue s insid e th e uni t dis c (i.e . B T(£) 
= 1) , thi s relatio n transform s int o 

(3.24) f  *do T(t)= -  ±lndet(T*T) . 

Let u s denot e thi s expressio n b y a T: 

aT= -£ lnde t (T*T) . 

We remar k tha t thi s functiona l i n fac t coincide s wit h th e functiona l 
aT introduce d b y B . Sz.-Nag y an d C . Foia § (se e th e en d o f §2) . 

We no w rewrit e relatio n (3.18 ) i n th e followin g form : 

det(Tf"
1Tr1) =  {drH^l 2 

and us e i t t o estimat e th e resolven t (T — f/)" 1. Fro m thi s relatio n 
there follow s (compar e th e argument s o n pp . 356-357) 

(3.25) IT," 1! ^  \djHfl\. 

Further, accordin g t o (3.21 ) an d (3.24) , i f B T({) s i , the n 

In the report by M . G. Kreln [25 ] there i s give n a  spectra l interpretation , obtaine d 
by th e authors , o f th e functio n <rr(t ) i n term s o f a  chai n o f invarian t subspace s o f T. 

If th e syste m o f roo t vector s o f a  simpl e invertibl e contractio n T  i s complet e i n 
§ , the n an d onl y the n d o w e hav e de t T*T =  I I l«> l ( see [ GKL Theore m V.3.2) , 
i.e., b y (3.23 ) i n thi s cas e an d onl y i n thi s cas e d o w e hav e df(0  =  BT({)-  Thi s de -
duction can b e obtaine d immediatel y b y applyin g th e indicate d criterio n o f complete -
ness t o th e operato r T$. 
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(M<D 

-^d*T(t)£-=-i— 
o e  -  f  1  - |f | 

Taking int o accoun t no w th e bound s 

I77M =i( / -7r) (r- f / ) -1 i ^2\(T-ar\ 

KT-f/)-'i =i(/-?T)- 1Tf-
1i ^^-1—irf-M, 

and th e bound s (3.25 ) an d (3.26) , w e find  tha t 

(3.27) l n l C T - f / ) - 1 ! ^ l n ^ - i — + r ^ — (|f | <  1) . 

From thi s boun d o n th e growt h o f th e resolven t i t follow s tha t 

US*{ (1 -P ) InM T ( P ) }= \hn{(l-  | f | ) ln | T," 1! } 

(3.28 ) lim {(l-|f|)R e p ^ L T d ^ o } . 

It no w follow s fro m (3.26 ) tha t alway s 

(3.29) lim { (1 - P ) In Mr(P) j  ^ 2a r. 

Thus th e secon d assertio n o f Theore m 3. 3 i s proved . 
To prov e th e first  (basic ) assertio n o f Theore m 3. 3 w e hav e t o us e 

the precedin g Theorem s 3. 1 an d 3.2 . 
The necessit y o f th e first  conditio n o f th e theore m i s obvious , an d 

the necessit y o f th e secon d conditio n (equalit y (3.13) ) follow s fro m 
Theorems 3. 1 an d 3.2 . 

It remain s t o clarif y th e sufficienc y o f thes e conditions . Whe n the y 
are fulfilled , the n b y (3.28 ) an d (3.29) , whic h w e no w hav e t o tak e 
with th e equa l signs , w e hav e 

l ta ( d - | f | ) R e f  -^tldarit)]  =  2  f  'de T(t) =  2a T. 
I r I T  i v  J o e  -  f  J  J o 

It i s no t har d t o sho w tha t thi s relatio n i s vali d i f an d onl y i f th e 
function a T(t) ha s onl y on e poin t o f increase . I f thi s poin t i s t  = to, 
then th e entir e spectru m o f th e simpl e contractio n T  reduce s t o th e 
point a  = exp(i* 0).

17) 

One ca n sho w tha t i n th e genera l cas e th e spectru m o f a  simpl e contractio n T 
consists o f th e sequenc e of point s jo,) , th e limi t point s o f thi s sequence , an d th e imag e 
points exp(i*) o n th e uni t circl e o f al l point s o f increas e t  o f th e functio n ar(0 -
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Without los s o f generalit y w e ma y suppos e tha t a  = 1 . Bu t the n th e 
operator T  wil l satisf y th e condition s o f Theore m 3.2 , an d (3.9 ) wil l 
hold fo r T . Hence , b y (3.13 ) equalit y wil l hol d i n (3.5) . 

Thus Theore m 3. 3 i s proved . 
4. A s was already mentione d i n §2.4 , the investigation s o f B. Sz.-Nagy 

and C . Foia § [5—11 ] hav e mad e i t possibl e t o obtai n a  criterio n fo r 
the unicellularit y o f a  contractio n fro m anothe r circl e o f ideas . 

Let u s denot e b y H {a>) th e class  o f al l function s u(f) , define d an d 
holomorphic i n th e ope n dis c |  f | <  1 . I f w(f ) £i/ ( o D ) an d T  i s a  con -
traction, then , a s th e aforementione d author s hav e show n [7] , ther e i s 
a natura l wa y t o giv e meanin g t o th e expressio n u(T).  Le t 

"(D-Zc/kj* ( l f l < D 

be th e Maclauri n serie s o f th e functio n u(f) ; i f |  T| <  1 , the n i n ac -
cordance wit h th e usua l definitio n o f a  functio n o f a n operato r w e pu t 

in th e genera l cas e u(T)  i s define d a s th e followin g stron g limit : 

u(T) =  s-li m u(rT). 

It turn s ou t tha t thi s stron g limi t alway s exist s fo r an y functio n 
u ( f ) G i f H an d an y contractio n T  (\T\  g  1) . 

Let us denote by C 0 the clas s o f al l contraction s T , fo r eac h o f whic h 
there exist s a  functio n d($)  £ i / ( o o ) , d(f)f^0 , whic h annihilate s thi s 
contraction, i.e . suc h tha t d(T)  =  0 . 

The following importan t resul t (B . Sz.-Nagy an d C . Foia § [5] ) holds . 
1. Let  T £ C 0 . Then  there  exists  a  unique,  up  to  a  constant  factor  c 

(|c| =  1) , function  m r(f) such  that 
1) Jttr(f ) is  an  inner  function ;18) 

2) m T(T)=0; 
3) m T(f) is  a  divisor  in  the  ring  H {co) of  every  function  u(f)£if ( a , ) 

for which  u{T)  =  0 . 
The functio n m T(£), whos e existenc e i s asserte d b y 1 ) fo r T £ C 0 , 

is calle d th e minimal  function  o f T . 

A functio n u{^)^H  i s calle d a n inner  function  i f lim p j i\u(pel )  | = 1 fo r 
almost every 6  G [0,2] or , wha t i s equivalent , i f th e functio n u({)  admit s a  representa -
tion o f th e typ e (3.21 ) i n whic h th e nondecreasin g functio n a(t)  i s singula r (i.e. , ha s a 
derivative whic h equal s zer o almos t everywhere) . 
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B. Sz.-Nag y an d C . Foia § [6 ] hav e show n tha t i f T E C 0 , the n 

(3.30) s-li m Tn =  s-li m T*n =  0 . 
n—> C D n —» C D 

It turn s ou t tha t thi s conditio n i s als o necessar y fo r T  t o belon g t o 
the clas s C 0 fo r th e importan t case , alread y considere d above , o f a 
contraction wit h nuclea r deviatio n operator . Namely : 

2) Let  T  be  a  simple  invertible  contraction for  which  I  —  T * T £ © i. 
Then the  condition  (3.30 ) is  necessary  and  sufficient  for  T  to  belong  to 
the class C0. When  this condition  is  satisfied,  the above constructed  function 
<Mf) can  be  taken as  an  annihilating  function,  i.e.  d T(T) =  0 . 

This resul t ca n b e regarde d a s a n analo g o f th e Hamilton-Cayle y 
theorem fo r matrices . 

We hav e th e followin g result . 

THEOREM 3.4 . Let  T  be  a simple  invertible  contraction  with  I  —  T*T 
G©i. In  order  that T  be  unicellular,  it  is  necessary  and  sufficient  that 
the following two  conditions  be  satisfied: 

1) the  spectrum of T consists of only one point, which  lies on the unit circle; 
2) m T{ {) = cons t dT( S). 

For thi s theorem , a s fo r Theore m 3.3 , i t i s essentia l tha t th e Hilber t 
space i p i n whic h T  act s b e infinite-dimensional . 

It i s usefu l t o mak e a  paralle l wit h wha t ca n b e asserte d fo r simpl e 
contractions T  actin g i n n-dimensiona l spac e E n. 

A contraction T  actin g i n E n wil l b e simpl e i f an d onl y i f it s entir e 
spectrum lie s insid e th e uni t circle . Therefor e i n th e finite-dimensional 
case conditio n 1 ) i s absurd  wher e i t require s tha t th e singl e spectra l 
point shal l li e o n th e uni t circle . Howeve r th e first  par t o f conditio n 1 ) 
(the existenc e o f a  one-poin t spectrum ) i s a  necessar y conditio n fo r 
unicellularity i n th e finite-dimensional  case . 

For a  simpl e invertibl e contractio n T  i n E n th e functio n d T(S) i s a 
rational functio n 

d e t ( T - SI) 
dr(f) =  cons t 

det(/ -  ST*) 

whose numerator is the characteristic polynomial, and whose denominato r 
is the mirro r imag e o f th e numerator ; thes e polynomial s ar e mutuall y 
prime. Therefore th e relatio n d T(T) =  0  wil l alway s b e satisfie d o n th e 
basis o f th e familia r Hamilton-Cayle y theorem , whic h i s i n complet e 
accord wit h resul t 2 . 

For a  simpl e contractio n T  i n E n th e functio n d T(£) ca n b e use d i n 
place o f th e characteristi c polynomial , an d th e functio n m T(S) ca n b e 



374 UNICELLULA R OPERATORS [APPENDI X 

used in place of the minima l polynomial . Therefore conditio n 2 ) togethe r 
with th e first  par t o f conditio n 1 ) is , fo r th e cas e bein g considered , a 
necessary an d sufficien t conditio n fo r th e unicellularit y o f T. 

Let u s remark als o that i n the formulatio n o f condition 2 ) i t appeare d 
that i t wa s first  necessar y t o require tha t T £ C 0. However, th e operato r 
T, a s ca n b e shown , wil l alway s belon g t o th e class  C 0 wheneve r th e 
preceding condition of the theorem is satisfied. I f we denote by a ( | a | =  1 ) 
the uniqu e spectra l poin t o f T , whos e existenc e i s asserte d i n conditio n 
1), the n conditio n 2 ) coul d hav e bee n formulate d a s follows : 

20 the  minimal  function  m r(f) of  T  has  the  form 

{ «  + f  \ mr(f) =  ex p ( aT _  J  . 

This follow s fro m th e genera l representatio n (3.21 ) o f th e functio n 
dr(f), i n whic h unde r th e hypothese s o f th e theore m an d conditio n 1 ) 
the Blaschk e produc t B T({) i s identicall y equa l t o 1 , an d th e functio n 
aT(t) ha s a  singl e poin t o f increas e to  = ar g a ( 0 ^  t 0 < 2x). 

Result 2  an d Theore m 3. 4 wer e establishe d b y Sz.-Nag y an d Foia§ , 
but with a narrower formulation: i n place of the nuclearity  o f the operato r 
I —  T*T thes e author s require d tha t i t b e finite-dimensional.  Th e 
validity o f thes e result s i n th e extende d formulatio n give n her e wa s 
established b y Ju . P . Ginzburg. 19) 

We shal l sho w tha t Theore m 3. 4 follow s (formally ) ver y simpl y 
from Theore m 2.3 . 

By virtu e o f ou r previou s result s (fo r example , th e genera l Theore m 
3.1), we ma y suppos e a t onc e tha t th e contractio n T  bein g considere d 
(/ _ _ r r g g j) ha s th e one-poin t spectru m A  =  1 . I t remain s t o sho w 
that conditio n 2 ) o f Theore m 3. 4 i s a  necessar y an d sufficien t conditio n 
for th e unicellularit y o f T . 

Under th e assumption s whic h hav e bee n made , 

dT(f) =  exp(a r(l +  f ) ( l - f ) - 1 ) , 

the operato r A  =  i(I  —  T)(I+  T)~ l i s a  dissipativ e Volterr a operator , 
and finally  a T =  2sp Aj,.  B y Theore m 2. 3 

dT(T) =  exp(aT(I+T)(I- T)" 1) =  exp( - 2i(spA^)A~ l) =  0 . 

In a  repor t i n a  semina r b y M . G . Krein . A  recen t not e b y Sz.-Nag y an d Foias , 
[12] supports the assertio n tha t the y hav e also been able to obtain resul t 2  an d Theore m 
3.4 i n th e extende d for m give n here . 
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Consequently, T  ha s a  minima l functio n m T(f). I t mus t b e a  diviso r 
of th e functio n d T({), an d therefor e m r(f) =  cexp(a( l +  f)( l -  f) -1) 
(|c| =  1) , where a i s the smalles t positiv e numbe r suc h tha t m T(T) =  0 . 
Since, then , m T(T) =  cexp( - iaA~ x), b y Theore m 2. 3 w e hav e 
a ^  2spA^ r =  a T, an d equalit y hold s i f an d onl y i f a  = a r , i.e . m T(f) 
= cd T(f). 

We also mention tha t i n th e wor k o f Sz.-Nag y an d Foia § [6—10 ] th e 
function d T({) i s defined no t by (3.16) , but b y mean s o f the characteristi c 
operator-function 6 T(£) o f th e contractio n T.  Thi s function , i n turn , 
is define d b y 

BT({) = [ - T + r t / - TT*) 1/2(T- tl)(l-  tT*)-Hl-  T*T) 1/2]|£)r 

(Ifl <D , 
where© T  is the closure of the rang e of the operato r /  —  T*T.  If  I  —  T*T 
is finite-dimensional  (n-dimensional) , the n <Mf ) wil l b e n- dimensional. 
It i s easil y show n tha t i n thi s cas e detMf ) =  «<Mf ) (|( j =  1) . 

If th e contractio n T  i s relate d t o a  dissipativ e operato r A  b y (3.1) , 
then, as can be shown, the function 6 T($) coincides up t o constan t unitar y 
factors (o n th e righ t an d left)—whic h ma p 3  (A),  th e closur e o f th e 
range of Ay j o n t o ^ —wit h the function W A(z), where f= (i  —  z)/(i  +  z). 

Similarly t o th e wa y i n whic h Theorem s 2. 1 an d 2. 2 ca n b e obtaine d 
one fro m th e othe r b y replacin g \U(ip)\  b y \A(—ip)\ 9 Theorem s 
3.2 an d 3. 3 als o hav e duals , whic h ar e obtaine d fro m thes e theorem s 
by replacin g th e resolven t (T — £l)~ l b y th e functio n Mi*) . I n man y 
cases thi s i s ver y convenient , fo r exampl e whe n I  —  T*T  i s finite-
dimensional. 

§4. Th e problem of unicellularity and inverse problems 
for a canonical equation 

1. Th e criterio n fo r unicellularit y o f M . S . Brodski i an d G . E . 
Kisilevskii (Theore m 2.1 ) togethe r wit h certai n othe r result s o f th e 
theory o f characteristi c operator-function s lead s t o a  numbe r o f im -
portant deduction s i n th e theor y o f canonica l differentia l equations . 

In hi s investigation s i n th e theor y o f analyti c matrix-function s V . 
P. Potapo v [l ] obtaine d (amon g othe r mor e genera l results ) th e fol -
lowing result . 

THEOREM 4. 1 (V . P . POTAPO V [l]). 20) Let  ^  be  a  signature  matrix 

M) Let us recall (Chapte r V , §3 ) tha t a n tf-matrix  &(t)  ( 0 ^  t  ^  I)  (i.e . a  Hermitia n 
matrix-function wit h element s fro m Li(0 , /)) i s calle d a n H-matri x o f positiv e typ e i f 
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of order  n  {3/*  =  -  &,  & 2 =  -  /„) , and  let  <%(»)  =  K*(M) | | ? * * an 
entire matrix-function. In  order  that % (/») admit  a  representation  in terms 
of a  multiplicative  integral 

(4.1) <%{»)  =  « ®{>l) =  fo 
-M-^ ^ ( O i 

wtere i^ ( 0 =  \\hj k(t)\\i (O^t^l)  is  an  H-matrix  of  positive  type,  it 
is necessary and sufficient that the matrix-function °fc  (/*) have  the following 
properties: 

1) ^ ( 0 ) =  /„ , and  S/ty'dd)  is  a  positive-definite  matrix; 
2) for  every real »the matrix %(») is  3^-unitary, i.e.  <%*(»)3"% (») = 3^; 
3) for  ImM> 0 the  matrix  °k(»)  is  ( 1 j'i)3/-contractive, i.e. 

(4.2) l(&  -&*(*)&&  (n))  ^ 0 ( Im M >0) . 

Without goin g int o othe r possibilitie s fo r definin g a  multiplicativ e 
integral, let u s clarif y tha t fo r a  matri x stf  (t)  =  ||a ;*(f)||i wit h element s 
from Li(a,b)  the  multiplicative  integral 

n(t) = f  e^ is)ds (a^t^b) 

furnishes th e solution U(t)  ( o g t ^ 6 ) of th e matri x differentia l equatio n 

dll/dt =  j#(t)n(t) 

which i s single d ou t b y th e initia l conditio n 11(0 ) = /„ . 
To put i t anothe r way , n( 0 (a  S t  ^ b)  i s th e solutio n o f th e integra l 

equation 

n(0 = /»+ f astf(s)n(s)ds. 

the followin g tw o condition s ar e satisfied : 
a) th e matrix-functio n &(t)  i s Hermitian-nonnegativ e (fo r almos t al l t); 
b) it s average , & ay, i s a  Hermitian-positiv e matrix . 
Potapov's theore m remain s vali d fo r mor e genera l representation s tha n (4.1) ; thes e 

representations requir e tha t th e if-matri x &{t)  b e onl y Hermitian-nonnegativ e (an d 
the requiremen t b ) i s omitted) ; fo r thi s onl y th e requirement , i n conditio n 1) , tha t 
^ (0 ) =  I n i s maintaine d fo r ^ U ) . I t wa s i n precisel y thi s genera l for m tha t Theore m 
4.1 wa s prove d b y Potapo v [1,2] . 
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Among variou s propertie s o f a  multiplicativ e integra l w e not e a 
fundamental propert y whic h clarifie s it s name : 

Ja Jc  Ja 
eJtf(s)ds. 

here c  i s an y numbe r fro m th e interva l a  <  c < b. 
In particular , (4.1 ) simpl y say s tha t th e matrix-functio n °fo{v)  i s 

the monodrom y matri x o f th e correspondin g canonica l differentia l 
equation, i.e. that °k (n) = °k  (I; /*), where the matrizant °k  (t; /*) (0 ^ t  ^ / ) 
is in tur n define d a s th e solutio n o f th e Cauch y proble m 

d°k 
(4.3) 3/  - ± =  »&(()<% , <2 f (0; M) = In-

at 

Thus, Potapov's theore m completel y solve s the problem , what  analytic 
properties characterize  the  monodromy  matrix-function  of  a  canonical 
equation with a  given  signature  matrix  3/1 

Let u s now indicate tha t th e necessity o f conditio n 1 ) follow s triviall y 
from th e expansio n (1.6 ) whic h wa s give n i n Chapte r VI , §1 , an d ac -
cording t o whic h 

^ (t;  M) = I n -  n&  £  £&(s)  ds + 0( M
2) U  -> 0). 

Indeed, b y thi s expansio n 

&<%'(0)= &d®<l>'t) =  fV(s)ds . 
a\L | M = o J o 

Property 2 ) o f th e monodrom y matri x ^ ( M ) wa s alread y note d i n 
Chapter VI , §1.2 . An immediat e generalizatio n o f th e simpl e argumen t 
given there enables us to obtain propert y 3 ) a t th e sam e time a s propert y 
2). Indeed , le t u s for m th e matrix-functio n 

Sl(t; M) =  i  (3/  -  %  *(t;  »)&/<% (t; M)) 
i 

and differentiat e i t wit h respec t t o t,  recallin g (4.3) . 
This yield s 

at i 

and sinc e 12(0 ; /*) = 0  w e obtai n 
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(4.4) Q ( / ; M ) « 2lm*^%*(t\ii)&(%)<%(t\Adt. 

This equalit y immediatel y implie s bot h propertie s 2 ) an d 3). 21) 

What i s deep and difficult abou t this result is the proof of the sufficienc y 
of conditions 1) , 2 ) an d 3) . V . P . Potapo v obtaine d thi s resul t b y a  lon g 
chain o f analyti c constructions . 

The sufficiency o f thes e condition s ca n a t th e presen t tim e b e obtaine d 
from general theorems o n th e multiplicativ e representatio n o f generalize d 
characteristic operator-function s (se e M . S . Brodski f [7]) . 

2. Withou t los s o f generalit y th e i/-matri x £&(t)  i n th e representatio n 
(4.1) ma y b e suppose d normalized, 22) i.e . 

(4.5) s p i s f ( * ) ^ l (O^t^l). 

Indeed, thi s ca n alway s b e accomplishe d b y makin g th e chang e o f 
parameter s  =  s p ^ ( 0 ( 0 ^  t  ^  1) . 

We wil l cal l a  representatio n (4.1 ) wit h a  normalize d if-matri x £&($) 
(0 ^  t  g  Z ) o f positiv e typ e a  &  -canonical  representation. 

The questio n naturall y arises , 
Under what  conditions  will  an  entire  matrix-function  *%(»)  have  a 

unique 3^  -canonical representation? 
In othe r words , unde r wha t condition s i s th e normalize d if-matri x 

£&(t) (O^t^l)  i n a  ^-canonica l representatio n (4.1 ) (wit h a  pre -
viously prescribe d signatur e matri x 3/)  define d uniquel y almos t every -
where? 

A nontrivia l answe r t o thi s questio n ca n first  b e give n i n th e frame -
work o f th e theor y o f unicellula r operators . 

From th e result s o f M . S . Livsi c [2 ] an d M . S . Brodski f [6 ] (se e als o 
the join t pape r [l ] o f thes e authors ) ther e follow s a n importan t result . 

THEOREM 4.2 . Suppose  that  the  matrix-function  %  (/* ) admits  a  canoni-
cal representation  (4.1) . In  order  that  this  representation  be  unique,  it  is 
necessary and  sufficient  that  the  simple  part  A<%  23 ) of  the  model  operator 

21) Moreover , w e ca n conclud e fro m (4.4 ) tha t th e matri x -  i(SS  -  <%*(?)&<%  (n)) 
is positiv e (negative ) definit e fo r I m ^ > 0  ( < 0) . 

22) This remark was already mad e i n th e theor y o f model s (Chapte r V , §3 , Remar k 3.2) . 

The notatio n A<%  can b e justifie d b y th e fac t tha t thi s operato r i s determine d b y 
the functio n %  (n)  (havin g th e propertie s enumerate d i n Theore m 4.1 ) u p t o a  unitar y 
transformation. Thi s operato r i s characterize d b y th e propert y tha t %  (M ) i s it s charac -
teristic matrix-functio n (i n th e sens e o f th e definitio n give n i n Chapte r V , §4) . 
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(4.6) (A Mf)(t) =3/  f  i^ l'2(t)^^(s)f(s)ds (feU a)(0,D) 

be unicellular. 

3. W e shal l b e intereste d belo w i n th e definite  case , i n whic h 3s  =  il n, 
and henc e th e representatio n (4.1 ) ha s th e for m 

(4.7) ^ ( M ) = f  e- l^it)dt, 

where i&(t)  ( 0 ^  t  g  / ) i s a  normalize d i/-matri x o f positiv e type . 
We wil l cal l a  representatio n (4.7 ) a  definite  canonical  representation. 

By Potapov' s theore m a n entir e matrix-functio n ^ ( M ) whic h admit s 
a definite canonica l representatio n (4.7 ) i s characterized b y th e followin g 
properties: 

I) %{0)  =  I n, i°k'($$)  is  a  positive-definite  matrix;™ 
II) for  real  / / the  matrix  %(p)  is  unitary; 
III) for  Im/ i <  0  the  matrix  %(y)  is  contractive: 

/ n - ^ * ( M ) ^ U ) ^ 0 . 

This resul t shoul d b e regarde d a s a  generalizatio n o f a  well-know n 
result o f th e theor y o f functions , accordin g t o whic h th e functio n u(n) 
= exp(~i/iAi ) (h  > 0 ) i s single d ou t amon g al l othe r entir e function s 
by th e followin g properties : 

1) u(0 ) =  l , iu'(0)>0;  2 ) |u( M)| =  l  fo r Im M =  0 , an d 3 ) |u( M) | 
< 1  fo r Im/ i < 0 . 

Comparing Theorem s 2. 1 an d 4. 2 lead s t o th e following : 

THEOREM 4. 3 (M . S . BRODSKI I AN D G . E . KISILEVSKI I [l]). 25* In  order 
that the  matrix-function  <% (^) (having  the  properties  I) , II) , III) ) admit 
a unique  definite  canonical  representation  (4.6) , it  is  necessary  and 
sufficient that  the  condition 

It ca n b e show n tha t th e relatio n *%  (0) = I n an d condition s II ) an d III ) fo r a n 
entire matrix-function %  U) impl y tha t th e matrix i%'{0)  i s nonnegative . I f th e matri x 
^'(0) wer e singular , th e spac e E n coul d b e broke n u p int o th e orthogona l su m o f in -
variant subspaces o f <^U) , E n =  Z  ©  N,  wher e Z  i s th e se t of  al l vector s annihilate d 
by ^'(0), an d the n <^U ) woul d induc e th e identit y operato r o n Z , an d a n operator -
function %(n)  wit h th e propertie s I) , II ) an d III ) o n N. 

The sufficienc y o f conditio n (4.8 ) ha d alread y bee n obtaine d b y M . S . Brodski i 
[1,6]. 
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(4.8) li m f - l n | ^ ( i p ) | )  =  sp(i^ ' (0) ) 
P - » l p ) lp 

be satisfied. 

Let u s clarif y tha t b y (4.5 ) an d (4.6 ) 

/ = f  spj&(t)dt  =  2sp(A M)jr =  2sp(A ^ ) y =  spiW (0)). 

Theorem 4. 3 ha s a n interestin g corollary ; t o obtai n thi s corollar y 
we shal l us e th e expansio n o f th e functio n ^ ( M ) i n a  powe r serie s i n 
M (compare wit h Chapte r VI , §1.2) : 

(4.9) <2 f (M) =  / „ -  inS*S)  +  ( - itfsrfS)  +  •  •., 

where 

J^iW =  f  isfOOcte , j ^ U ) =  f  &r(s)j# u_l(s)ds (n  = 2,3 , - . . ). 
Jo J o 

Let u s denot e b y A(£ ) th e larges t eigenvalu e o f th e Hermitia n matri x 
&T(t) (O^t^l).  Obviousl y 

(4.10) 0<h(t)  ^  sp&(t)  ( s l ) . 

If b y th e nor m o f a n nt h orde r matri x w e understan d th e nor m o f 
the linea r operato r correspondin g t o i t i n th e n-dimensiona l Hilber t 
space E n, the n w e hav e h(t)  =  \&(t)\.  Therefor e 

1-JtfiWI ^  £h{s)ds, 

and arguin g b y inductio n w e obtai n th e bound s 

\Mt)\ ^Jj(f 0 *W * J  ( n = 1,2, • • •). 

Thus i t follow s fro m th e expansio n (4.9 ) tha t 

| ^ ( M ) | ^exp( | M | j Qh(s)dsy 

If (4.8 ) holds , the n a  compariso n wit h th e precedin g boun d yield s 

l£ f  h(s)ds. 

Taking (4.10 ) int o account , w e conclud e tha t h(t)  =  1  == sp^( f ) . 



SEC. 4] UNICELLULARIT Y AN D INVERSE PROBLEMS 38 1 

Thus, al l th e eigenvalue s o f the matri x &(t),  beside s h(t),  equal zero . 

COROLLARY 4.1 . If  the matrix-function  ^ ( M ) admits  a  unique  definite 
canonical representation  (4.7) , then  the  H-matrix  £&(t)  in  this representa-
tion has  rank  equal  to  unity  almost  everywhere. 

4. Le t u s denot e b y r(t)  th e ran k o f the H -matrix £&(t)  ( 0 ^t ^  /). 
We se e tha t th e relatio n r(t)  =  1 (almos t everywhere ) i s a necessar y 
condition fo r the representation (4.7 ) to b e unique . Howeve r thi s 
condition is by no  means sufficient , a s can be conclude d fro m th e followin g 
result. 

THEOREM 4.4 . For  any  H-matrix  &(t)  ( 0 ^t ^l)  of  positive  type 
there exists an  H-matrix  & 0(t) ( 0 ^ t ^ I) of  positive  type  and  with  rank 
1 (r 0(t) =  1) such  that m 

i i 

(4.11) f  exp( - i^0(t)dt) =  f  exp( - in&(t)dt). 

This theore m i s a simple consequenc e o f the result s note d above . In 
fact, le t us form th e simpl e dissipativ e Volterr a operato r A  (wit h n-
dimensional imaginar y component ) whic h ha s £&(t)  ( 0 g t ^ I) a s it s 
if-matrix. Thi s operato r ca n obviousl y b e defined, fo r example, a s th e 
simple par t o f the mode l operato r 

(AMf)(t) = ij^l/2(t)^^(s)f(s)ds (/ei^CO.O) . 

Then th e righ t sid e o f (4.11) wil l giv e u s the monodromy matri x of 
the operato r A  (i.e . ^  (1/X ) wil l b e the characteristic matrix-functio n 
of A) . 

On the othe r hand , accordin g t o Remark 3. 1 o f Chapter V , followin g 
Theorem V.3.1 , o n models o f a dissipativ e operato r A,  ther e exist s at 
least one canonica l mode l wit h a n H-matri x £&i(t)  o f rank r(t)  == 1. Th e 
multiplicative integral corresponding to £&\(t) wil l yiel d th e characteristi c 
matrix-function W A0<) ( A = 1/M ) i n some orthonorma l basi s and , con -
sequently, wil l b e equal t o SffyA(IL)5£ _1 , wher e Sf  i s som e constan t 
unitary matrix . Therefor e i f w e put J# 0(t) =&£&&)&  ~\  th e H-
matrix £& 0(t) wil l no w hav e al l the necessar y properties . 

Thus Corollary 4.1 is trivially containe d in Theorem 4.4 . W e formulated i t separately, 
since i t enable s u s t o prove Theore m 1.7. 3 (o f G . fi. Kisilevskii), whic h wil l b e discusse d 
below, an d o n whic h th e derivatio n o f Theorem 4. 4 i s based. 
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Remark V.3. 1 t o Theorem V.3. 1 o n model s wa s obtaine d o n th e basi s 
of Theore m 1.7.3 , whic h state s tha t every  dissipative  Volterra  operator 
A with  nuclear imaginary  component  has  a maximal eigenchain  of  rank r  —  1 . 

We ca n no w clarif y ho w Theore m 1.7. 3 i s obtained . 
Let u s first  assum e tha t A  i s a  unicellula r operator. 27) The n i n th e 

representation (4.7 ) fo r ^ ( M ) = ^ A ( M ) th e normalize d if-matri x t#(f) 
of positiv e typ e wil l b e determine d uniquel y almos t everywher e an d 
has ran k r(t)  =  1  (almos t everywhere) . Hence , w e wil l hav e 

(4.12) &(t)=t(t)i*(t)  ( 0 £ * £ / ) , 

where £( 0 (O^t^l)  i s som e vector-functio n fro m L^(0, /) . 
We for m th e Hermitian-nonnegativ e scala r kerne l 

(4.13) ^(t ts) =  £*(s)i;(t)  (0^s,t^l) 

and th e correspondin g mode l operato r i n L 2(0,/): 

(A* f){t)  =  if tJf(t,s)f(s)ds ( /GL 2 (0 , / ) ) . 

The operato r A , bein g unitaril y equivalen t t o th e simpl e par t o f 
AM, wil l b e unitaril y equivalen t t o th e simpl e par t o f A#.  Takin g int o 
account tha t Ay,  ha s a  complete eigenchai n consistin g o f th e truncatio n 
operators P(t)  ( 0 ^ ^ / ) , whic h chai n ha s ran k 1 , w e conclud e tha t 
the operato r A  ha s a  maxima l eigenchai n ty  =  {P\  o f ran k 1 . 

We no w conside r th e cas e i n whic h A  i s no t unicellular . B y Theore m 
2.1, i t ca n b e decompose d int o th e quasidirec t su m 

A =  ^ <ir/Ak (u^n) 

of unicellula r operator s A k (k  =  1,2 , •  • -,w) . Since , a s wa s jus t proved , 
each o f th e operator s A k ha s a  maxima l eigenchai n ty k ( A = 1,2 , • • •,<•>) 
of ran k 1 , the sam e wil l b e tru e o f th e operato r A . 

Thus Theore m 1.7. 3 i s proved . 
We remar k tha t t o ever y orderin g o f th e chain s ty k ( £ =  1,2 , •  •  •,«) 

there correspond s a  maximal eigenchai n ^  o f ran k 1  of A . Therefor e th e 
operator A  wil l hav e a t leas t a> ! distinct maxima l eigenchain s o f ran k 1 . 

5. Th e propert y o f unicellularit y fo r a  dissipativ e Volterr a operato r 
is ver y delicate . T o suppor t thi s assertio n w e giv e th e followin g tw o 
results. 

For this  cas e th e theore m wa s prove d i n a  pape r b y M . S . Brodski i an d G . E . 
Kisilevskif [l] . 
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A) (M . S . Brodski i [ l]) . Suppose  that  the  matrix-function  %{y) 
admits a  definite  canonical  representation  (4.7 ) with  a  piecewise  constant 
H-matrix t&{t)  of  rank  1 , i.e.  an  H-matrix  of  the  form  £&(t)  =  Z(t)£*(t) 
(O^t^l), where  £(t)  (O^t^l)  is  a  piecewise  constant  vector-function 
with values  in  E n. Then  the  representation  (4.7 ) will  be  unique  if  and  only 
if no  two  vectors  %(t  —  0 ) and  £(t  + 0 ) ( 0 <  t  <  I)  are  mutually  orthogonal: 

(4.14) i*(t  ~  0)t(t  +  0 ) ^  0  ( 0 <  t  <  /) . 

This resul t ca n b e prove d b y directl y verifyin g tha t fo r th e specia l 
if-matrix £&(t)  bein g considere d th e condition s (4.8 ) an d (4.14 ) ar e 
equivalent. A s thi s verificatio n i s instructive , w e shal l carr y i t out . 

In fact , suppos e tha t th e if-matri x £&(t)  ha s th e constan t valu e £&Q 

= ik*  ( { £ £ „ , £* | =  1 ) o n som e interva l (a,b);  the n 

r e x p ( - iiL&(t)dt)  =  exp( — i»(b  —  a)£& Q) 

= I n +  ( exp( - in(b  -  a))  -  1)& 0 

= / „ + ( e x p ( - ^ ( 6 - a ) ) - l ) « * . 

We hav e use d her e th e relatio n t&%  =  i& 0 ( n =  1,2 , •  • •) . Therefore , i f 
the interva l [0,/ ] ca n b e broke n u p int o subinterval s 

[tj-utj] 0  =  l , 2 , - - - , p ; 0 =  ( b < * i < •• • <tp  =  l) 

such tha t 

where the £ , are constan t uni t vector s fro m E n (£,*£ > = 1 ; j =  1,2 , •  * - ,p), 
then 

(4.15) 
JO J'p- 1 J O 

= UUn + (exp(-i»lj)-l)tt*). 
> = 1 

Here lj  = t j —  t J_l (j
: = 1,2 , •  • - ,p) , an d th e curve d arro w indicate s 

that th e successiv e matri x factor s ar e writte n fro m righ t t o left . 
Carrying ou t th e multiplicatio n i n (4.15) , w e se e tha t ^ ( M ) ha s th e 

following form : 
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<2r (M) =  h  +  Z  O x p ( - ina k), 

where 
p 

0 <  ax <  a 2 <  •  • • < ap = £  / , = Z. 

The leadin g coefficien t C p is obviousl y foun d fro m th e formul a 

(4.16) C p =  TtifiT , wher e 7  =  £ [ tf+ife-

Thus C p  ̂0  i f an d onl y i f y  ^  0 , i.e . whe n th e conditio n (4.14 ) i s 
fulfilled. 

On the othe r hand , i n th e cas e bein g considere d th e limi t 

(4.17) li m ( - ln l^( fp) l } 

will always exist and , obviously, wil l b e equa l t o /  i f an d onl y i f C p  ̂0 . 
6. Th e limi t superio r i n (4.8 ) ca n b e regarde d a s a  functiona l f>(i^ ) 

defined o n th e conve x con e t n Xn o f if-matrice s £&(f)  = \\h jk(t) ||J 
(0 ^ t  g Z ) of positive type. The cone $t nxn can b e regarde d i n a  natura l 
way a s a  con e i n th e rea l Banac h spac e 93 nXn oi  al l if-matrice s &(t) 
=:\\hjk(t)\\i o f orde r n  wit h element s fro m Li(0,Z ) ( Z i s som e fixed 
positive number ) wit h th e nor m define d b y 

W ) « =  jo i  mt) i  dt. 

Result A ) show s tha t the  functional $(£&)  is  discontinuous.  I n fact , 
let th e if-matri x &(t)  hav e th e for m (4.12 ) wit h a  piecewis e constan t 
function £(t)  an d wit h th e quantit y y,  define d i n (4.16) , equa l t o zero . 
For this if-matri x th e limi t (4.17 ) wil l b e <  Z . On th e othe r hand , a n 
arbitrary smal l chang e i n th e valu e o f th e vector s £ y (j

: = 1,2 , •  • -,p) 
can lea d t o y  ^  0 , an d the n th e limi t (4.17 ) fo r th e correspondin g if -
matrix wil l equa l Z. 

Following wha t ha s bee n said , th e followin g resul t assume s specia l 
interest. 

B) (G . E . Kisilevski f [5]J. 2® If  the  matrix  function  <%(»)  admits  a 

This resul t i s no t explicitl y formulate d i n Kisilevskif s pape r [5] , althoug h i t i s 
essentially prove d i f on e take s not e o f th e remar k use d belo w o n th e continuit y o f th e 
vector-function £(* ) i n th e representatio n (4.12 ) o f th e H- matrix &(t)  unde r th e 
hypothesis o f resul t B) . 
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definite canonical representation  (4.7 ) with  a  continuous  H-matrix  £&(t) 
of rank  1  (i.e.  r(t)  =  1) , then  this  representation  is  the  unique  definite 
canonical representation  of  the  function  %(^). 

We omit th e proo f o f this result . We shal l only prov e tha t i t i s implied 
by th e followin g result . ^ 

C) (G . E . Kisilevski f [5]) . Let  Jtf(t,s)  (0^t,s^l)  be  a  continuous 
Hermitian-nonnegative kernel,  with  Jtf(t,t)>0  (O^t^l).  Then  the 
simple part  of  the  integral  operator 

(Kf)(t) =  i^(t,s)f(s)ds 

is unicellular. 

In fact , i f th e H-matri x £&(t)  i n th e representatio n (4.7 ) ha s ran k 
r(t) = = 1  and i s continuous , then , a s i s no t har d t o show , i t wil l admi t a 
representation (4.12 ) wit h a  continuou s vector-functio n £(t)  ( 0 ^ t  ^ I), 
Therefore th e kerne l Jf(t,s),  define d b y (4.13) , wil l b e a  continuou s 
Hermitian-nonnegative kerne l wit h J^(t tt) =  £*(#£(* ) =  sp&(t)  =  1 . 
Thus resul t B ) i s a  consequenc e o f resul t C ) an d Theore m 4.2 . 

In conclusio n w e poin t ou t tha t Theore m 4. 1 o f V . P . Potapo v wa s 
generalized b y Ju . P . Ginzbur g [1,2 ] to th e cas e o f infinite-dimensiona l 
normalized if-matrice s £&(t)  o f positiv e type. 30* Theorem s 4.2 , 4. 3 an d 
4.4 were prove d b y thei r author s fo r thi s mor e genera l case . 

§5. Rea l unicellular operators and related analytic problems 

1. Suppose tha t ther e i s define d i n th e separabl e Hilber t spac e &  a n 
involution S , whic h enable s on e t o introduc e th e concept s o f S-rea l 
elements, S-real operators , etc . (se e Chapte r V , §5) . 

An S-real operato r A  i s sai d t o b e S-unicellular  if , fo r an y tw o o f it s 
invariant subspace s ?i,2 2 whic h hav e S-rea l kernels , a t leas t on e o f 
the relation s ? iC?2 . ?2C? i holds . Obviousl y ever y S-unicellula r 
operator i s simple . 

In orde r t o distinguis h S-unicellularit y fro m th e concep t o f uni -
cellularity introduce d i n §1 , we shal l refe r t o unicellularit y i n th e sens e 
of § 1 a s complex  unicellularity . 

^ I n essence , resul t B ) i s equivalen t t o resul t C ) fo r th e cas e o f degenerat e kernels . 

The first  generalization o f Theore m 4. 1 t o thi s cas e wa s obtaine d b y M . S . Livsi c 
[l] b y operato r method s (i n al l completenes s onl y fo r &/  =  = b il).  Late r a n elegan t 
derivation o f Theore m 4. 1 b y mean s o f th e abstrac t triangula r integra l wa s give n b y 
M. S . Brodski i [7] . 
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If a n S-rea l operato r i s complex-unicellular,  then i t i s a  fortior i S -
unicellular. On th e othe r hand , eve n i n th e finite-dimensional  cas e a n 
operator ca n b e S-unicellula r withou t bein g complex-unicellular . I n a 
finite-dimensional space thi s occur s i f an d onl y i f th e S-rea l operato r 
has, i n all , onl y tw o distinc t nonrea l (comple x conjugate ) eigenvalues , 
to eac h o f whic h ther e correspond s jus t on e Jorda n cell . 

It i s highl y noteworth y tha t fo r Volterr a operator s i n a n infinite -
dimensional spac e on e observe s situation s fo r whic h ther e i s n o analo g 
in a  finite-dimensional space. 

As i s easil y seen , a n S-rea l Volterr a operato r i n a  finite-dimensional 
space wil l b e S-unicellula r i f an d onl y i f i t i s complex-unicellular . 

In contras t t o this , i n a n infinite-dimensiona l Hilber t spac e J p ther e 
exist Volterr a operator s whic h ar e no t complex-unicellular , bu t whic h 
turn ou t t o b e S-unicellula r fo r a  suitabl e choic e o f th e involutio n S . 
We giv e a n exampl e o f suc h a n operato r i n §5.4 . 

Just a s was th e cas e fo r dissipativ e operator s (se e §4) , th e questio n 
of th e unicellularit y o f a n S-rea l operato r wit h a  finite-dimensional 
skewsymmetric componen t reduce s t o th e delicat e questio n o f unique -
ness for a certain inverse problem in the theory o f differentia l equations . 
The solutio n o f thi s proble m requires , however , considerabl y mor e 
tools from the theory o f entire functions tha n did the preceding problem. 
At th e sam e tim e i t i s interestin g i n certai n respects , sinc e i t concern s 
differential equation s whic h ar e frequentl y encountere d i n problem s o f 
mathematical physics . 

The question s treate d i n thi s sectio n hav e a  ver y direc t relatio n t o 
the theory o f spectral functions o f Sturm-Liouvill e differentia l operator s 
and others , an d als o t o th e theor y o f th e extrapolatio n o f stationar y 
random processes . However , du e t o lac k o f spac e thes e relation s wil l 
not b e reveale d here . 

2. Accordin g to Theorem V.5.3 , ever y S-rea l simpl e Volterr a operato r 
A wit h a  2m-dimensiona l skewsymmetri c componen t A a i s S-unitaril y 
equivalent31) t o the simple par t o f a  certai n mode l operato r A M, define d 
in I4 2m)(0,/) b y 

(5.1) (A Mf)(t) =  & l/2(t)&m f ltf1/2(s)f(s)ds. 

In thi s mode l 3^ m i s th e Hamiltonia n signatur e matri x o f orde r 2m: 

An operator A  ( £ SR ) is S-unitarily equivalent  t o a n operator A'  actin g i n L™  (0,0, 
if UAU~  —  A',  wher e U  i s a  unitar y mappin g o f f > ont o Lj*  fo r whic h USf  =  Uf 
(the ba r indicate s comple x conjugation) . 
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* -  (  °  M •*n \-I m 0  / ' 

and t&{t)  (0  ^t  ^l)  i s a  Hamiltonia n ( a rea l i/-matrix ) o f positiv e 
type. Without los s o f generalit y w e ma y suppos e tha t thi s Hamiltonia n 
is normalized : 

(5.2) spisf(* ) =  l  (0£t£l). 

In § 5 o f Chapte r V  (se e als o §4 , Chapte r V ) w e als o clarifie d tha t 
the multiplicativ e integra l 

(5.3) ^  (M) = J  eXP ( - ^-^(t)  dt) 

will b e a  monodrom y matri x o f th e operato r A  (an d henc e ^(1/X ) 
will b e it s characteristi c matrix-function) . 

The representatio n o f a n entir e matrix-functio n ^ ( M ) i n th e for m 
of a  multiplicativ e integra l (5.3 ) wil l b e calle d a  real  canonical  repre-
sentation (normalized , i f th e conditio n (5.2 ) i s satisfied) . 

A functio n ^  (M ) whic h ha s suc h a  representatio n i s obviousl y a  rea l 
entire function , i.e . admit s a n everywher e convergen t expansio n 

^ ( M ) =  /  +  M C 1 +  M 2 C 2 + . . . 

with rea l matri x coefficient s C k (k  =  1,2 , •  •  •) • 
The theore m o f V . P . Potapo v (Theore m 4.1 ) ca n b e supplemente d 

by th e followin g assertion : a  rea l entir e matrix-functio n °k{y)  whic h 
satisfies th e hypothese s o f tha t theore m fo r ty  =  3/ m, admit s a  rea l 
canonical representation . 

Thus w e ca n formulat e th e followin g result . 

THEOREM 5.1 . In  order  that  a  matrix-function  %(»)  =  ||M>*(M ) ||im 

of a complex  variable  admit  a  real  canonical  representation,  it  is  necessary 
and sufficient  that  it  be  a real  entire  function  and  that  it  satisfy  the  following 
conditions: 

1) ^ ( 0 ) =  J^ , and  3s m<%'(0) is  positive  definite; 
2) °k(v)  is  a  symplectic  matrix, 3® i.e . 

5.4) <%'(n)& m<%(n) =  & m; 

3) for  Im/ i >  0  the  matrix 

We recal l tha t % r denote s th e transpos e o f ^ . 
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(5.5) i ( ^ * U ) ^ m ^ ( M ) - 3 0 

is Hermitian-positive. 

Let u s clarif y tha t since , fo r rea l n,  *%(»)  is a  rea l matrix , fo r rea l 
M th e conditio n (5.4 ) coincide s wit h th e conditio n o f th e ^ m-unitarity 
oi%(n) (i.e . conditio n 2 ) o f Theore m 4.1) . O n th e othe r hand , i f (5.4 ) 
holds fo r rea l n,  then b y virtu e o f th e analyticit y o f °k  (M) i t wil l hol d 
for al l comple x M - B y (5.4) , 

det(^T(M)^ ( M)) =  (det ^ U)) 2= 1 . 

Recalling tha t ^  (0 ) =  I^,  w e conclud e tha t 

(5.6) det ^ (M) =  1 . 

For th e cas e bein g considered , Theore m 4. 2 ca n similarl y b e sup -
plemented (compar e wit h M . S . Brodski i [8]) . 

THEOREM 5. 2 Suppose  that  the  entire  matrix-function  *%  (/*) = 
||H;*(M)||im admits  a  real  normalized  canonical  representation  (5.3 ) with 
a Hamiltonian  £&(t)  (O^ f gZ) . In  order  that  this  Hamiltonian  be  the 
unique one33* yielding  the  required representation of  ^ ( M ) , it  is  necessary 
and sufficient that the simple part of  the  model operator (5.1) corresponding 
to &(t)  (O^t^l)  be  a  real-unicellular  operator  in  1^(0,1). 

Let us clarify tha t in speaking o f the real-unicellularity o f a n operato r 
in L^  (0,1 ) w e hav e i n min d it s S 0-unicellularity with_respec t t o th e 
involution S 0 o f ordinar y comple x conjugation : S 0/=/-

3. I n th e languag e o f th e theor y o f differentia l equations , th e rela -
tion (5.3 ) say s tha t %  (M ) i s th e monodrom y matri x o f th e Hamil -
tonian equatio n 

(5.7) 3s mdx/dt -  n&{t)x  -  0 

of phas e dimensio n 2m . 
An importan t specia l cas e o f equatio n (5.7 ) i s tha t i n whic h th e 

Hamiltonian &(t)  i s quasi-diagonal , i.e . 

*»-r.w «>)• 
Up t o it s value s o n a  se t o f measur e zero . 
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where i& x(t) an d t^ 2{t) ( 0 ^  t  ^  I)  ar e rea l //-matrice s o f positiv e type . 
Putting x  =  y  -j - z,  wher e y  an d z  ar e m-dimensiona l vector-functions , 

we ca n writ e (5.7 ) i n th e for m o f a  system : 

(5.9) dy/dt=  -  pi# 2{jt)z, dz/dt  =  ^ x(t)y. 

In particular , th e second-orde r equatio n 

(5.10) d 2y/df +  n 2^(t)y =  0 

can b e transforme d (se e Chapte r VI , §5.1 ) t o suc h a  system . I n thi s 
case & 2(t) =  / m, &dt)  =&(t). 

We further recal l that the differential equatio n of a n arbitrar y weighte d 
string (se e Chapte r VI , §8 ) reduce s t o a  syste m o f th e for m (5.9 ) 
(with m  =  1) . 

In vie w o f al l this , th e followin g resul t i s o f interest . 

THEOREM 5.3 . In  order  that  a  matrix-function  %  (M ) of  a  complex 
variable n  admit a  real  canonical  representation  (5.3 ) with  a  quasi-diagonal 
Hamiltonian i&(t)  (O^t^l),  it  is  necessary  and  sufficient  that  it  be 
a real  entire  function,  that  it  satisfy  conditions  1),2 ) and  3 ) of  Theorem 
5.1, and  that  when  it  is  written  in  the  form  of  four  square  blocks 

*«-C:S::S) 
the matrix-functions  % n(v) and  °k 22 (M) be  even,  and  the  matrix-functions 
^ 1 2 ( M ) and  ^ 2 I ( M ) be  odd. 

Since fo r th e genera l cas e o f th e representatio n (5.3 ) ther e i s n o 
uniqueness theorem , Theore m 5. 3 canno t b e obtaine d fro m Theore m 
5.1; i t ha s t o b e deduce d independentl y (o f course , thi s remar k als o 
applies t o th e relatio n o f Theore m 5. 1 t o Theore m 4.1) . 

In variou s problem s o f mathematica l physic s an d th e theor y o f 
spectral function s o f differentia l equation s (se e M . G . Krei h [9 , 23 ] 
one encounter s differentia l equation s o f th e for m 

(5.12) & mdy/dt -  9  (t)y  -  ny  =  0  ( 0 ^  t£  / ) , 

where &  (t)  i s a  rea l symmetri c matrix-functio n wit h element s fro m 
MO,/).3* 

In th e paper s [9,23 ] by Krei n th e coefficien t &  (t)  als o satisfie s th e anticommu -
tation conditio n 3^  m& (t)  = —  &  (t)  ty  m . Thi s ca n alway s b e accomplishe d b y trans -
forming equatio n (5.12 ) b y mean s o f th e substitutio n y—*^{t)y t wher e ^(t)  i s th e 
unitary matrizant orthogonal to & m : dT{t)/dt =  -  i  (&  m&  +  9  SSJV*  W)  =  Iim-
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In §8 , Chapte r VI I w e showe d tha t unde r certai n condition s o n th e 
Hamiltonian £&(t)  equatio n (5.7 ) ca n b e transforme d t o equatio n (5.12) . 
If on e start s wit h equatio n (5.12) , i t ca n b e transforme d t o equatio n 
(5.7) i n th e followin g way . 

We denot e b y 5/  (t)  th e matrizan t o f equatio n (5.12 ) fo r / * = 0 , i.e . 
the solutio n o f th e matri x differentia l equatio n 

(5.13) & mdSf/dt -  &  (t)£f  =  0 , 

singled ou t b y th e initia l conditio n «9^(0 ) =  I 2m-
The substitutio n 

(5.14) y  =  Sf(t)x 

transforms equatio n (5.12 ) t o equatio n (5.7) , wher e 

&(t) =  3/ mSf ~\t)  &  ~ l^(t) =  £f r(t)£f(t) 
(5.15) 

We hav e use d her e th e fac t tha t th e solutio n £f(t)  o f th e Cauch y 
problem fo r th e Hamiltonia n equatio n (5.7 ) i s alway s a  symplecti c 
matrix-function: Sf T(t)3'mS'(t)=&r

m (0£t£l)  (se e §1 , Chapte r 
VI). 

Thus equatio n (5.12 ) ca n b e transforme d t o a  Hamiltonia n equatio n 
(5.7) wit h a  Hamiltonia n i&(t)  o f positiv e type , an d havin g th e addi -
tional properties : 

1) the  elements  of  i&(i)  are  absolutely  continuous,  and,  abov e all , 
2) the  Hamiltonian  t#(()  is  a  symplectic  matrix-function,  i.e. 

(5.16) &(t)3S m&(t)=3Sm ( 0 £ * £ / ) ; 

from whic h follow s det£&{t)  =  1 , s o tha t th e Hamiltonia n i&(t)  i s 
positive-definite. 

We shal l sho w tha t th e precedin g computation s ar e reversible . 
It i s no t har d t o se e tha t fo r a  positive-definit e rea l matri x £&  o f 

order 2 m th e followin g thre e assertion s ar e equivalent : a ) th e matri x 
t& i s symplectic , b ) th e spectru m o f th e matri x &  m £& consist s o f th e 
two point s ±L  i, an d c ) th e matri x i&  ca n b e represente d i n th e for m 
i&= Sf  J Sf, wher e Sf  i s a  rea l symplecti c matrix . 

If now t&  =  £&(t)  ( 0 ^  t  g  I)  i s a  matrix-function wit h certai n smooth -
ness properties (i f it s element s ar e absolutel y continuou s or , say , p  time s 
continuously differentiate , etc. ) an d fo r eac h t  £ [0 , / ] on e o f th e con -
ditions a) , b) , c ) i s fulfilled , the n ther e exist s a  representatio n (5.15 ) 
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of th e Hamiltonia n &{f)  i n whic h th e rea l symplecti c matrix-functio n 
S^(t) ( 0 ^  t  ^  I)  wil l hav e th e sam e smoothnes s propertie s a s th e Ham -
iltonian itself . Th e substitutio n x  =  Sf  ~ l(t)y, effecte d wit h thi s matrix -
function S^(t),  transform s th e Hamiltonia n equatio n (5.7 ) t o equa -
tion (5.12) . 

Thus, propertie s 1 ) an d 2 ) abov e o f a  Hamiltonia n &(t)  ar e charac-
teristic fo r Hamiltonia n equation s (5.7 ) whic h ca n b e transforme d t o 
equation (5.12 ) wit h a  rea l symmetri c matri x coefficien t &  (t),  whos e 
elements belon g t o th e spac e L x(0,l). 

It turns  out  that  if  the  Hamiltonian  &(t)  in  a  Hamiltonian  equation 
is symplectic,  then  it  can  be  uniquely  reconstructed  from  the  monodromy 
matrix %  (/* ) of  this  equation.^ 

However, a  stronge r resul t holds . I n orde r t o formulat e i t i n th e 
language o f th e theor y o f multiplicativ e integrals , w e introduc e th e 
following definition . 

A real canonica l representatio n (5.3 ) o f a  functio n ^(/x ) wil l b e calle d 
totally symplectic  i f th e Hamiltonia n £&(t)  i s symplectic  fo r almos t al l 
te[o,i]. 

We wil l cal l thi s representatio n densely  symplectic  if  ther e i s a  nowher e 
dense se t i n th e interva l [0,/ ] suc h tha t th e Hamiltonia n £&(t)  i s al -
most everywher e symplecti c o n it s complement . 

THEOREM 5.3 . / / the  entire  matrix-function  ^  (M ) =  | | ">*(/*)||im ad-
mits a  dense  symplectic  representation  (5.3) , then  this  representation 
is unique. 

Moreover, in  this  case  °k  (M ) admits  a  unique  normalized  representa-
tion (5.3) . 

This resul t wa s obtaine d rathe r lon g ag o b y M . G . Krei n (fo r m  =  1 , 
in 1951 ) a s a  corollar y o f hi s investigation s o n entir e Hermitia n oper -
ators36* an d th e proble m o f extendin g Hermitian-positiv e function s 
and matrix-functions , an d als o o n invers e problem s o f th e theor y o f 
spectral function s o f differentia l operator s (se e hi s paper s [12-23]) . 
Theorem 5. 3 i s give n her e fo r th e firs t time . 

In particular , fro m th e mondrom y matri x o f equatio n (5.12 ) on e ca n alway s 
reconstruct uniquel y th e rea l symmetri c matrix-functio n &(t)  whic h anticommute s 
with 3/im (compar e with th e result s i n th e paper s b y L . A . Sahnovi c [1,2]) . 

m) Unfortunately , w e canno t dwel l her e eve n o n th e definitio n o f a n entire  operator . 
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4. Fo r th e cas e m  = 1  w e ca n formulat e a  mor e definitiv e result . 
In th e fourt h memoi r o f hi s outstandin g studie s i n th e theor y o f 

Hilbert spaces of entire functions, L . de Branges37) (see [5] , Theorem VI ) 
established, i n somewha t differen t form , th e followin g result . 

THEOREM 5.4 . / / the  entire  matrix-function  %  (v) = ||*f,*G*)|| i of  sec-
ond order  admits  a  real  canoncial  representation 

i 

(5.17) <2 r (M) =  j Q exp (- M ^ W 4 ) , 

then it  admits  a  unique  representation  of  this  kind  with  a  normalized 
Hamiltonian. 

We shal l writ e th e second-orde r Hamiltonia n i&(t)  i n questio n i n 
the same for m a s i n §§ 5 an d 6  o f Chapte r VI : 

That i&(t)  i s a  Hamiltonia n o f positiv e typ e mean s tha t th e rea l 
functions a(t),  b(t)  an d c(t)  (fro m L x(0J)) satisf y th e condition s 

a(t) ^  0 , c(t)  ^  0 , a(t)c(t)  -  b 2{t)  ̂0 ; 

(5.19) r ] ri  /  r  < \ * 
I a(t)dt  \  c(t)dt-[\  b(t)dt)  >  0 . 

Normalization mean s tha t 

a{t)+c(t) =  1  ( O ^ t g / ) . 

It i s elementar y t o verif y th e relatio n 

(5.20) i&Wafx&a)  =  d e t i ^ W ^ i . 

Thus, fo r th e cas e bein g considered , tha t £&(t)  i s symplecti c i s equi -
valent t o it s bein g unimodular : det&(t)  =  1 . 

Therefore, i f th e conditio n 
a) delimit)  (=  a(t)c(t)  -  b 2(t)) J*0 almost  everywhere  in  [0,1] 

is satisfied , the n th e representatio n (5.17 ) ca n b e transforme d t o a 
totally symplecti c representatio n b y mean s o f a  simpl e chang e o f 
parameter. 

37) We mentio n that , apparently , th e wor k o f M . G . Krei n o n th e theor y o f entir e 
Hermitian operator s an d mor e generall y th e wor k i n hi s entir e serie s [12-24] , t o whic h 
de Branges ' studie s hav e direc t relationship , remaine d unknow n t o d e Brange s (wh o 
in hi s investigation s repeate d man y result s fro m thi s series) . 
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In fact , th e substitutio n 

(5.21) s = f  VdetMT(t)dt 

in th e representatio n (5.17 ) yield s 

%(n) =  f  exp(-n3^ 1^(s)ds)9 

where 

&{s) =  &{t)Jy/det&(t) 

(():gs:g/; / = f  Vdet^(0d n 

Obviously deti^(s ) =  1  (0^s£l). 
It i s no w no t difficul t t o se e tha t th e representatio n (5.17 ) ca n b e 

transformed t o a  dens e symplecti c representatio n if  (an d onl y if ) th e 
following conditio n i s satisfied . 

fj) The  interval  [0,/ ] contains  no  interval  A  on  which  &et£&(t)  =  0 
almost everywhere. 

In this case the substitution (5.21 ) shoul d be replaced by the substitution 

-r p(r)dT (O^t^l), 

where p(t)  i s an y positiv e functio n fro m 1^(0,/ ) whic h satisfie s th e 
condition 

p(t) =  (det^( t ) ) 1 / 2 i f d e t i ^ ( 0 ^ 0 . 

5. Compariso n o f Theorems 5.2 and 5.4 leads to the followin g result. 38* 

THEOREM 5.5 . Every  simple  S-real  Volterra  operator  A  with  a  two-
dimensional skewsymmetric  component  is  S-unicellular. 

In fact , suc h a n operato r i s S-unitarily equivalen t t o th e simpl e par t 
of th e rea l mode l operato r A M, 

(5.22) (A Mf)(t) =  & 1'2(t)3'lft &
1/2(s)f(s)ds. 

This result , a s a  conjectur e b y M . G . Krein , wa s stated i n th e join t repor t b y 
M. S. Brodskii, I . C. Gohberg, M. G. Krein an d V. I . Macae v [l] , and also i n a paper 
by M. S. Brodskii [8] . M. G. Krein was led to thi s conjectur e severa l year s earlie r b y 
comparing his earlier conjectur e (Theore m 5.4 ) wit h th e investigations o f M. S. Livsi c 
and M. S. Brodskii. L. d e Branges [7 ] also note d tha t Theore m 5. 5 can be obtained on 
the basi s o f Theorem s 5. 2 an d 5.4. 
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Here £&(t)  ( 0 ^t ^l)  i s a  normalized Hamiltonia n o f positiv e typ e 
of orde r 2  ( / = \A a\l; se e p. 243). 

On the other hand , o n the basis o f Theorems 5. 2 and 5.3 the simple 
part o f A M i s real-unicellular . 

Theorem 5. 5 implie s th e followin g corollary . 

COROLLARY 5.1 . A real  model  operator  A M in  L (
2

2)(0,l) is  real-
unicellular if and only  if 

(5.23) det £&(s) ^  0 almost  everywhere in  [0 , / ]. 

In fact , i t remain s for us to show tha t (5.23 ) i s a necessary an d suf-
ficient condition fo r AM to be a simpl e operator. 39* I f detj^( 0 = 0 on 
some se t Ĵ 7 of positiv e measure , the n ther e exist s a  vector-functio n 
fo(t) (£I42)(0,/)), dififeren t fro m zer o o n iP , suc h tha t J^ 1 / 2(0/O(0 =  0 
everywhere. The n i t follow s fro m (5.23 ) an d fro m th e expressio n fo r 
the adjoint , 

(AMf)(t) = - & 1/2(t)&l £& 1/2(s)f(s)ds, 

that A Mf0 =  A MfQ = 0 , whil e f 0 ^ 0: 

(/o,/o) = f  fo*(t)fo(t)  dt=[ f 0*(t)f0(t)dt >  0 (mesJ ^ > 0). 
Jo J& 

Thus A M i s not a simpl e operator . 
It i s eas y t o verif y tha t th e conditio n (5.23 ) i s als o sufficien t fo r 

Auf =  AMf = 0 to impl y /  = 0. 
According t o Corollar y 5.1 , the model operato r wit h i&(t)  = I2y i.e. 

the operato r define d b y 

(</(2)/) (0 = &x J' f(s)  ds (fel?  (0,/)) , 

will be real-unicellular. Fro m thi s exampl e we can see that an  operator 
which is not complex-unicellular can  turn  out  to be real-unicellular. 

In fact , th e operator J {2) has as invariant subspace s Ĵ f + and =Sf_, 
consisting respectivel y o f al l vector-function s o f th e for m 

{/(0, i / (0}GLf(0, / ) an d {/(*) , - if(t) } < E L? (0,0; 

at th e same time , thes e subspace s ar e mutually orthogonal . 
Thus th e operator J i2) i s not complex-unicellular . 

39) 

This assertion i s of a genera l nature : i t concern s al l model operator s AM-  The triv-
ial subspac e o f the operator AM  (the set of common zero s o f AM  and AM)  consist s o f 
all fGL 2

n)(0,l) fo r whic h <&(t)f(t)=0  almos t everywhere . 
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6. Theore m 4. 1 fo r n  =  2  yield s necessar y an d sufficien t condition s 
for a  give n matrix-functio n °k  (M ) =||tt ;feU)||i t o hav e a  representatio n 
(5.20). Thes e condition s ca n b e formulate d i n a  ne w interestin g form , 
which w e wil l obtai n wit h th e hel p o f th e followin g elementar y lemma . 

LEMMA 5.I. 40* In  order  that  the  fractional-linear  function 

(5.24) w=  (az  +  fiiyz +  d)' 1, 

corresponding to  the  complex  unimodular  matrix 

map the  upper  half  plane U + (Imz  ^  0 ) onto  a  disc  lying  inside  n +, it 
is necessary  and  sufficient  that  the  matrix 

(5.25) HJ**^^  -&J 

be Hermitian-positive. 

For th e linea r transformatio n 

wx =  az x +  0z 2, w 2 = T^ I +  te 2 

the Hermitian-positivity o f th e matri x (5.25 ) mean s tha t fo r an y z x an d 
22, no t simultaneousl y zero , 

- (w xw2 —  w 2wx) >  -  (z 1z2 —  z2Z\)-
i i 

Hence fo r z x =  1 , z 2 =  z  ( l m z < 0 ) i t follow s tha t w 2?±0 an d 

Im(wx/u^) >  Im2|u;2| 2, 

which prove s th e sufficienc y o f th e condition s o f th e lemma . 
We not e tha t th e unimodularit y o f th e matri x srf  wa s no t use d 

anywhere. Howeve r i t i s essentia l fo r th e proo f o f th e necessit y o f th e 
conditions. W e leav e thi s proo f t o th e reade r (i t i s somewha t com -
plicated, bu t stil l elementary) . 

We not e tha t i f th e fractional-linea r transformatio n (5.24 ) map s n  + 

onto a  disc lyin g insid e n + , the n th e sam e wil l b e tru e o f th e fractional -
linear transformatio n obtaine d fro m (5.24 ) b y interchangin g a  an d 8 
or b y replacin g 0  an d y  b y —  y  an d —  p. 

We no w introduc e th e followin g definition . 

This lemm a wa s recentl y generalize d b y M . G . Krei n an d Ju . L . Smul'ja n [l ] t o 
the cas e i n whic h w,  z,  a,  0,  y  an d 6  are matrice s o f arbitrar y orde r (o r eve n bounde d 
linear operators , actin g i n a  Hilber t space) . 
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We wil l cal l a n entir e matrix-functio n 

\U 2 I (M) W22IM ) / 

an entire  p-matrix A1) if  it s element s u jk(n) (j,  A = 1 , 2 ) ar e rea l entir e 
functions satisfyin g th e followin g conditions : 

a) ^  (0 ) =  I 2; 
b) d e t ^ U ) =  1 ; 
c) /o r <mj / / i from  the  upper  half  plane (I m ^ > 0 ) £A e fractional-linear 

transformation 

__ UII(M) Z +  ^!2(M ) 

~~ U 2I(M)2+W2 2(M) 

maps the  upper  half  plane n + onto  a  disc  lying  inside  n + . 
We not e tha t a n entir e p-matrix-functio n remain s suc h i f w e inter -

change the element s u n an d u 22 or replac e u l2 an d u 21 by —  u 21 and —  u 12. 
We ca n no w stat e th e followin g result . 

THEOREM 5.6 . In  order  that  a  matrix-function  %  (M ) of  order  two  admit 
a real  canonical  representation  (5.17) , it  is  necessary  and  sufficient  that 
it be  an  entire  p-matrix. 

This theore m i s a  corollar y o f Theore m 5. 1 an d Lemm a 5.1 . T o sho w 
this, i t remain s t o verif y tha t condition s a) , b ) an d c ) ar e equivalen t 
to condition s 1) , 2 ) an d 3 ) fro m Theore m 5. 1 fo r m  =  1 . Condition s 
a) an d 1 ) simpl y coincide . Sinc e fo r m  =  1 

^ T ( M ) ^ i ^ U ) =  d e t ^ ( M ) ^ 1 , 

condition b ) i s equivalen t t o conditio n 2) . 
Finally, o n th e basi s o f Lemm a 5. 1 conditio n c ) i s equivalen t t o con -

dition 3) . 
Recalling th e connectio n betwee n th e equatio n o f a  strin g an d a  ca -

nonical equatio n (Chapte r VI , §8) , i t i s natura l t o conjectur e tha t 
Theorems 5. 5 an d 5. 6 shoul d impl y variou s result s concernin g invers e 

41) In M . G . Krein' s pape r [19 ] thes e matrix-function s wer e calle d special  matrix -
functions. Variou s special case s of p-matrix-functions hav e bee n studie d b y Stieltje s an d 
Hamburger i n momen t problem s an d b y H . Wey l i n th e theor y o f singula r differentia l 
equations (se e Ju . M . Berezanski f [l ] an d N . I . Ahieze r [2] ; in [2 ] the y ar e calle d 
Nevanlinna matrices) . T o ever y entir e Hermitia n operato r ther e correspond s a n entir e 
p-matrix (M . G . Krei n [13] ) wit h th e propert y u 11(ir)/u2i(^) =  0(l/r)  fo r r—>-f- <», 
and conversely. I n al l o f thes e investigations , entir e p-matrice s ar e use d t o describ e th e 
spectral function s an d resolvent s o f certai n Hermitia n operator s wit h deficienc y indice s 
(1,1). Thi s circumstanc e clarifie s th e nomenclatur e "p-matrix" . 
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problems fo r a  string . I n particular , fro m thes e theorem s on e ca n ob -
tain a  theore m statin g tha t th e mas s distributio n alon g a  strin g wit h 
a given tension is completely determine d b y tw o of its frequency spectra : 
the spectru m obtaine d whe n bot h end s ar e fixed , an d th e spectru m 
obtained whe n on e en d i s fixe d an d th e othe r i s fre e (M . G . Kref n 
[3,18,24]). 

§6. Examples of unicellular and nonunicellular operators 

1. Th e familia r operator s fro m analysi s J a ( 0 <a <  «> ) o f fractiona l 
integration ar e instructiv e example s o f unicellula r operators ; the y ar e 
defined i n th e spac e L 2(0,1) b y 

(</J)(0=-^ f(*-s)- l/«<fa. 
T(a) J o 

The operato r J a fo r a  = 1  i s relate d t o th e operato r 

(Jf)(t) =  2i £f(s)ds, 

considered i n §§ 8 an d 9  o f Chapte r I , b y 
J, =  (i/2 ) J*. 

Since by Theore m 1.9. 1 th e operato r J  i s unicellular , i t follow s tha t 
Jx i s unicellular . 

We hav e th e followin g mor e complet e result . 

THEOREM 6.1 . The operators  J a ( 0 <a <  oo ) are  unicellular  Volterra 
operators which are  pairwise  nonsimilar. 

We shal l giv e belo w a  purel y analyti c proo f o f th e unicellularit y o f 
the operator s J a, base d o n a  well-know n theore m o f Titchmars h (se e 
Theorem 1.9.3 ) .42) 

We wil l preced e thi s proo f b y a  simpl e lemma . T o simplif y it s state -
ment, w e associat e wit h ever y functio n /£L 2 (0 ,1) a  numbe r / / (^ 0) , 
defined b y 

fj\f{t)\2dt =  0, j i
f+l\f(t)\2dt>0 (£>0) . 

4 I n §9 , Chapte r I  i t wa s show n tha t Titchmarsh' s theore m i s a  consequenc e o f 
Theorem 1.9.1 on the unicellularity o f the operato r J.  Now , i n particular, i t wil l be prove d 
that conversel y Titchmarsh' s theore m implie s Theore m 1.9. 1 (thus , thes e theorem s ar e 
equivalent). 
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LEMMA 6.1 . Let  $  be  a closed  subspace of L 2(0,1). If  for  every  / G ? 
we have lf > 0 , then 

inf L  >  0 . 

PROOF. Let u s assum e th e contrary ; the n w e ca n choos e a  sequenc e 
fn G  8  (n  = 1,2, •  •  •) fo r whic h th e sequenc e l n = lf n ( n = 1,2 , •  •  •) i s 
decreasing an d tend s t o zero . Obviousl y 

" |/»+i(0| 2d*>0 ( n = l , 2 , . . . ) . 

Let u s conside r th e sequenc e o f function s ^ n = bnfn (n  = 1,2 , •  •  • ), 
where bx = 1 , an d th e furthe r b n are successivel y define d s o tha t 

£ l+n+l(t)\ 2dt <^ J'"" 1 \+ n(t)\
2dt (71=1,2,...) . 

For th e function s ^ n thu s define d w e obviousl y hav e 

fo \+n +k(t)\2dt gp £'*\+ n(t)\
2dt ( n = 1,2, -. .). 

Form th e functio n 

*(*) =  Z *.(<) • 
n= l 

Obviously \p  G ? , an d moreove r 
,1/2 

'%+l 

,.1/2 /  r L v l / 2 

w, k( ',|!*) 

* ( r i*.*.«i !*r-1 (c  w>\'dt)' 
W'n+1 /  ;=n+ 2 W*n+ 1 ' a-/n \ l / 2 -  /  r l v l / 2 

l*wi2*) -  Z  ( I i*. +iU)i2*) • Hence 

fn \+{t)\ 2dt^\ f  "  \+ n+At)\2dt>0 (n  = 1,2, . . . ) . 

This shows that / ^ =  0 , which contradicts the hypothesis of the lemma. 
The lemm a i s proved . 
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PROOF O F THEORE M 6.1 . W e wil l first  prov e tha t th e Volterr a operato r 
Ja ( 0 <  a  <  oo ) i s unicellular . T o d o thi s w e shal l sho w tha t a  vecto r 
/ £ L 2 ( 0 , 1 ) wil l b e a  generatin g vecto r o f th e operato r J a

m i f an d onl y 
if / , = 0 . 

In fact , i t i s obviou s tha t IJJ  ^  // , an d s o fo r / / > 0  th e vecto r /  can -
not b e a  generatin g vector . 

Now le t / / = 0 . W e shal l sho w tha t an y vecto r ^ £ L 2 ( 0 , 1 ) whic h i s 
orthogonal t o al l o f th e vector s (J a)

nf (n  =  0,1 , ••• ) i s equa l t o zero . 
Indeed, fo r suc h a  vecto r 

fg(t) f\t 
Jo Jo 

s)n°-1/(s)dsd< =  0  ( n =  1,2 , • • • ). 

Replacing t  — s  b y s,  w e obtai n 

f W)  f  s"~ lf(t -  s)dsdt  =  0  (r a = 1,2 , •  •  •) 
Jo J o 

or 

Let n 0 b e a  positiv e intege r fo r whic h n 0a —  1  > 0 . Denotin g th e 
function 

by h(s),  w e obtai n 

(6.1) f  h(s)s nads =  0  (n  =  1,2, . •  •) . 

Since th e syste m o f function s { ^ j ^ i i s complet e i n L 2(0,1), i t 
follows fro m (6.1 ) tha t h(t)  =  0 , an d s o 

/ 
g(s)f(s~t)ds =  0  (0£t£l) 9 

or 

f g(l  ~  s) f(t - s)ds  = 0 ( 0 ^ t£ 1) . 

43) That is , the linear hull of the system o f vectors (J a)
nf (r c = 0,1 , •  • •) i s dens e i n £ . 
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Since / / = 0 , i t follow s fro m Titchmarsh' s theore m (Theore m 1.9.3 ) 
that g(t)  =0  ( 0 ^  t  ^  1) . Thu s i f / / = 0 , the n /  i s a  generatin g vector . 

Let u s no w denot e b y § / ( 0 ^  /  ^  1 ) th e subspac e o f L 2(0,1), con -
sisting o f al l function s / £ L 2(0,1) fo r whic h / / ^ / . I t i s easil y see n tha t 
each o f th e subspace s § / ( 0 <  /  <  1 ) i s invarian t wit h respec t t o th e 
operators J a ( 0 <  a  <  <») . 

We shal l sho w tha t an y prope r invarian t subspac e ?  o f a n operato r 
Ja coincide s wit h on e o f th e subspace s § / ( 0 <  /  <  1) . I n fact , n o vecto r 
/ fro m 2  i s a  generatin g vecto r fo r a n operato r J a; henc e l f>0. B y 
Lemma 6. 1 

/ = mi n L > 0 , 

so tha t ? C § | . Le t u s denot e b y / 0 £ 2 a  vecto r fo r whic h l fo=l.u) 

From wha t wa s prove d above , i t i s eas y t o deduc e tha t th e sequenc e 
fuJafu *  •  ->J«fij'  •  • , wher e f x(t) =  /o( f +  0 , i s complet e i n th e spac e 
L 2 ( 0 , 1 - Z ) . 

It follow s a t onc e tha t th e linea r hul l o f th e sequenc e {Jafo)n^o  i s 
dense i n § / , an d s o 2  =  § / . 

Thus, al l th e operator s J a ( 0 <  a  <  «> ) ar e unicellular . 
To complet e th e proo f i t remain s t o sho w tha t th e operator s J a ar e 

pairwise nonsimilar . W e mak e a  genera l remark : i f tw o operator s A x 

and A  2 (£©«> ) ar e similar , the n 

SniAi) S n(A2) ^ 
sup .  .  x  <  o o an d sup— , .  v  <  °o . 

n S n(A2) n  S n(AJ 

Indeed, i f A 2 =  BAxB' 1, an d henc e A x =  B~ lA2B, the n 

s n ( A 2 ) ^ | B | \B l\sn(Ai) ( n =  l , 2 , . . . ) , 

sn(Ai)^\B\ |B-Msn(A 2) ( n = l , 2 , . . . ) . 
Let us study th e asymptoti c behavio r o f th e s-number s o f th e operato r 

Ja. Th e number s c n = s~ 2(Ja) (n  =  1,2 , •  • •) ar e th e characteristi c 
numbers o f th e integra l equatio n <j>  =  aJ a J*<p  which, writte n ou t i n 
detail, ha s th e for m 

(6.2) n>(t)  =  - ^ — f\t  -  uY~ l f  (s  -  u) a-l4>(s)dsdu. 
r'(a) Jo  Ju 

Let u s conside r th e cas e o f intege r a . I n thi s cas e equatio n (6.2 ) i s 
equivalent t o th e boundar y valu e proble m 

It is easil y see n tha t suc h a  vecto r exist s (se e th e proo f o f Lemm a 6.1) . 
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(6.3) <t> i2a) - c<f>  = 0, <t> {k)(0) =  ^+*>(l)=0 ( * = 0,1, . . . , a - l ) . 

The followin g boundar y valu e proble m i s simpler : 

(6.4) ^ > - T ^ =  o, ^ ( 0 ) = ^ ( D = 0 ( * = 0 , 1 , . . . , « - D . 

Its fundamenta l function s an d characteristic number s ar e known: 

in(t) =  C„simr^; r n = (n*) 2* ( n = 1,2, •  • •). 

Since the changed boundary conditions in the boundary valu e problem 
(6.4) canno t chang e th e asymptotic behavio r o f the eigenvalues (see 
Theorem VI.1.3) , w e can assert tha t a n~ (n*) 2"; henc e 

(6.5) s n(Ja)~l/(n*)\ 

We wil l omi t th e proo f tha t th e asymptoti c relatio n (6.5 ) als o hold s 
for noninteger a. This relation , togethe r wit h th e genera l remar k mad e 
earlier regardin g th e s-numbers o f similar operators , show s tha t the 
operators J a ar e pairwise nonsimilar . 

The theore m i s proved. 
Theorem 6. 1 makes possibl e th e following deduction . 
In contras t wit h a  finite-dimensional  space , wher e al l unicellula r 

operators ar e simila r t o eac h other , in  an infinite-dimensional Hilbert 
space there exists at  least a continuum  of unicellular Volterra  operators 
which are pairwise  nonsimilar. 

We als o not e tha t al l the unicellular operator s considere d i n th e 
preceding sections , wit h th e exception o f §5, wer e dissipativ e Volterr a 
operators wit h nuclea r imaginar y components , an d consequentl y thei r 
order p(A) 45) wa s always equa l t o unity . I t follow s fro m (6.5 ) that 
p(JJ =  1/a. Henc e there  exist  unicellular  Volterra  operators  of  any 
finite order. 

One ca n show (se e the more genera l assertio n i n §6.2 ) that fo r 
0 <a g  1 the value s o f the quadrati c for m (J af,f) ( / E £ ) lie in th e 
sector |argX | <ira/2.  Thu s the  operators iJa ( 0 <a g  1) are  dissipative 
Volterra operators  of order 1/a. 

For l < a < o o th e values o f th e quadratic for m (J af,f) ( /£ •£ ) 
fill u p the entire complex plane. The point is that if the order of a Volterra 
operator is < 1, the n thi s operato r canno t b e dissipative (se e Theore m 
III.2.4). 

We recall that the order p{A) o f an operator A £ <& „ is the infimum of all number s 
p fo r whic h A  E <5p. 
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2. Th e unicellularit y o f th e operator s J a fo r th e narrowe r rang e 
0 <  a  <  1  can b e obtaine d a s a  corollar y o f Theore m 1.9. 1 an d a  genera l 
result. T o formulat e th e latte r w e nee d th e concep t o f th e fractiona l 
powers o f a  dissipativ e operato r (se e V . I . Macae v an d Ju . A . Palan t 
[1], T . Kat o [1] , B . Sz.-Nag y an d C . Foia § [4]) . 

If A ( £ 9 ? ) i s a  dissipativ e operator , the n th e operato r A"  (0 <  v  <  1 ) 
is define d b y 

(6.6) A * = -  ^ I V < * / 2 f " \- lA(A +  iXir'dX, 
7T J O 

where the integral converges in norm.46* Putting A n+V =  A nAv (n  =  0,1 , •  • •; 
0 <  v  <  1) , w e obtai n th e semigrou p A a ( 0 <  a  <  °° ) o f powers  o f th e 
operator A. 

1. (Ju . A. PALANT) . 47) If  A  is  a  dissipative  unicellular  Volterra  operator, 
then all of  its  powers  A a ( 0 <  a  <  1 ) are  also  unicellular  Volterra  operators. 

The operato r IJ X i s a  dissipativ e unicellula r Volterr a operator . Sub -
stituting A  =  iJ x i n (6.6) enable s u s t o deduc e tha t (iJi) a =  exp(iria/2)  J a 

(i.e. Ji  =  J a). Consequently , th e operator s J a ( 0 <  a  <  1 ) ar e Volterr a 
and unicellular . 

3. A  formal  analo g o f a  finite-dimensional  unicellula r operato r i n 
an infinite-dimensiona l spac e i s th e operato r S , whos e matri x relativ e 
to som e orthogona l basi s {e,}< T o f th e spac e J p ha s th e for m 

0 0  0  . . . 
1 0  0  . . . 
0 1  0  . . . 

Obviously S  i s define d b y 

Sej =  e j+l (j  =  0 , 1 , 2 , - . . ) , 

For suc h a  definitio n o f th e power s A"  ( 0 <  v  ^ 1 ) o f a  dissipativ e operato r A t 

all th e value s o f th e quadrati c for m {A vf,f) ( / £ § ) H e i n th e secto r 0  ^  arg X ^  *v 
(see V . I . Macae v an d Ju . A . Palan t [l]) . 

It turn s ou t tha t i f th e operato r A  i s dissipativ e an d invertible , the n th e operato r 
B — A  n , wher e n  i s an y integer , i s th e uniqu e operato r fo r whic h 

Bn =  A  an d 0  ^  arg(JS/ f/) ^  »/» . 

A generalization o f this  result to th e case of a  maximal dissipative unbounde d operato r 
was obtaine d b y H . Lange r [l] . 

Oral communication . 
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and i s therefor e calle d th e (right)  shift  operator . 
However, S  i s not only no t a  Volterra operator; it is not even completel y 

continuous. Indeed , S  i s isometri c an d map s th e spac e §  ont o th e sub -
space orthogona l t o th e lin e {\e 0\. 

This operato r ha s nothin g i n commo n wit h a  unicellula r operator . 
Besides th e obviou s invarian t subspace s (th e close d linea r hull s o f th e 
vectors {e ;}", n  =  1,2 , •  • •) , i t ha s a  "vast " se t o f othe r invarian t sub -
spaces which for m a  complicate d structure . Nevertheless , thi s se t admit s 
a complet e description , whic h w e shal l no w give . 

It i s mor e convenien t t o describ e al l th e invarian t subspace s o f th e 
operator S  afte r realizin g th e spac e &  i n th e for m o f th e Hard y spac e 
if2. Th e spac e H 2 consist s o f al l analyti c function s 

/(*) =  ! > , ( / ) *' 

for whic h 

i>,i2<~. 
J=0 

Every suc h functio n automaticall y turn s ou t t o b e holomorphi c i n 
the uni t dis c \z\  <  1 . Th e scala r produc t i n H 2 i s define d i n a  natura l 
way b y 

(f,g) = £ci(n^te). 
j=o 

To ma p th e spac e §  unitaril y ont o th e spac e H 2, w e associat e wit h 
every vecto r 

the functio n 

Clearly, under thi s mappin g th e operato r S  goe s ove r int o th e operato r 
of multiplicatio n b y th e independen t variabl e z. 

With every inne r function48* m(z)  w e associat e th e subspac e ? m ( C H 2 ) , 
consisting o f al l function s o f th e for m m(z)f{z)  (f(z)  £ i f 2 ) . 

We shal l sa y tha t a n inne r functio n i s normalized , i f th e first  nonzer o 
coefficient i n it s Maclauri n serie s expansio n i s positive . 

For the definitio n o f a n inne r function , se e footnot e 18) , above . 
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THEOREM 6. 2 (A . BEURLIN G [l]) . The  subspaces  2 m, where  m(z)  is 
an arbitrary  inner  function,  exhaust  all  the  invariant  subspaces  of  the 
operator of  multiplication  by  z  in  H 2. To  distinct  inner  functions  there 
correspond distinct  subspaces. 

It follow s fro m Theore m 6. 2 tha t th e restrictio n o f th e (right ) shif t 
operator t o an y on e o f it s invarian t subspace s i s agai n a  (right ) shif t 
operator whic h i s unitaril y equivalen t t o th e origina l one . 

4. Le t u s conside r th e operato r S A, t o whic h ther e correspond s i n 
some orthonorma l basi s {e,} ^ th e matri x 

0 0 0 . . 

(6-7) l l " 1 0 ' -
11 0  X 2 0 . . 

where {A, } i s a  sequenc e o f comple x numbers . 
A finite  (n  X  n)  matri x o f th e for m (6.7 ) generate s a  unicellula r 

operator i n th e spac e E n i f an d onl y i f al l o f th e A , ar e differen t fro m 
zero. Thi s conditio n i s necessar y fo r th e unicellularit y o f th e operato r 
SA i n th e infinite-dimensiona l case . Indeed , i f A * = 0  fo r som e k,  the n 
SA ha s tw o nonintersectin g invarian t subspaces : on e havin g basi s 
{e7};=0, an d th e othe r wit h basi s {e/}jL*+i . 

If limA, = 0 , then, as i s easil y seen , S A i s a  Volterra operator . However , 
the tw o condition s 

Xj^O (j  =  1,2 , . - . ) an d limA ; = 0 

taken togethe r stil l tur n ou t t o b e insufficien t fo r th e unicellularit y o f 
SA. N . K . Nikol'ski i [l ] ha s show n tha t th e operato r S A wit h 

(2~J x H 2 -
f o r ; V 2 p + l , p =  l , 2 , . . . , 

2(p+1)' f o r ; =  2 * + l , p =  l , 2 , . . . 

is no t unicellular . Howeve r w e hav e th e followin g resul t (whic h i s 
contained i n mor e genera l result s b y N . K . Nikol'ski i [ l ] ) . 

2. (N . K . NIKOL'SKI I [ l ] ) . Let  A  = {A ; J be an arbitrary  nonincreasing 
sequence of  positive  numbers  for  which  the  series  ^JL\\f  converges  for 
some p  ( 0 <p  <  oo) . Then  the  operator  S A is  unicellular. 

We not e tha t th e conditio n ^JLiXf  <  ° ° mean s tha t *S A belong s t o 
the clas s © p. 

For th e specia l cas e X ; = 2" ; ( ) = 1,2 , ••• ) th e unicellularit y o f th e 
corresponding operator SA was established earlie r b y W . F . Donoghu e [ l ] . 
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