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APPENDIX 

UNSOLVED PROBLEM S 

Young geometer s ofte n experienc e difficultie s i n choosin g problem s 
for research . W e therefor e presen t a  fe w unsolve d problem s i n thi s 
Appendix, mos t o f the m wit h hint s fo r solution . 

1. Prov e th e followin g assertion : Th e spherica l imag e o f a  geodesi c 
on a  conve x surfac e i s a  rectifiabl e curve , i.e . ever y interio r poin t o f 
the geodesic has a  neighborhood whos e spherical imag e ha s finite  length . 

We suggest th e followin g approach . Firs t not e tha t i t i s sufficien t t o 
prove rectifiability fo r th e spherica l imag e of a  small ar c o f th e geodesic . 
We may therefore assume that th e convex surface i s closed. I t ca n alway s 
be complete d t o a  complet e surface , i n suc h a  wa y tha t a  smal l ar c o f 
a segment (shortes t join) remain s a  segment . Moreover , w e ma y assum e 
that th e segmen t unde r consideratio n ca n b e continue d a s a  segmen t 
beyond at least one of its endpoints. This is true fo r an y ar c of a  segment . 
Thus we may confine attention t o a  segment 7  on a closed convex surfac e 
F, which ca n b e continue d a s a  segmen t beyon d on e o f it s endpoints . 

Construct a  sequenc e o f polyhedr a P n convergin g t o th e surfac e F. 
Without los s o f generalit y w e may assum e tha t th e endpoint s A  an d B 
of th e segmen t li e o n al l polyhedr a P n. Le t y n b e th e segmen t o n P n 

connecting A an d B.  B y th e inclusion property fo r segment s (Chapte r I , 
§3) th e sequenc e y n converge s t o 7 . Th e spherica l image s y%  of th e 
segments y n converg e t o th e spherica l imag e 7 * o f 7 . T o prov e tha t 
7* i s rectifiable , i t no w suffice s t o sho w tha t th e length s o f th e curve s 
7n ar e uniforml y bounded . 

Let «i,a 2, •• • b e th e face s o f th e polyhedro n P n throug h whic h th e 
segment y n passes , E UE2,-— th e halfspace s define d b y th e plane s o f 
the face s a 1,a2>--*- Th e intersectio n o f th e halfspace s E n i s a  soli d 
polyhedron P' n. Let T  b e a  cub e containin g al l th e polyhedr a P n. Th e 
intersection o f the cub e T  an d th e polyhedron P' n is a certain polyhedro n 
Qn contained i n T . Th e segmen t y n o f P n lie s o n th e polyhedro n Q n. 
Since P n i s contained i n Q n, it follow s tha t y n i s als o a  segmen t o n Q n 

(by Busemann' s theorem) . 

652 
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Let k u k 2, •  • •  be th e edge s o f th e polyhedro n Q n which cu t th e segmen t 
yn, 5i,6 2, •• • thei r length s an d #i,tf 2, •• • th e exterio r angle s a t th e 
edges k uk2, ••• . The n th e lengt h o f th e spherica l imag e o f y n, i.e . th e 
length o f 7n , i s equal t o s n = tfj + tf2 H •  The quantit y tf A +  tf2<52 H 
can b e estimate d i n term s o f th e integra l mea n curvatur e o f th e poly -
hedron Q n, henc e i n term s o f th e edg e o f th e cub e T  containin g Q n. 
It follow s tha t i f 5 k > c 0 > 0  fo r al l k,  the n s n ^  C(T)/c 0. 

Now assum e tha t th e polyhedro n Q n has edge s k s o f lengt h les s tha n 
e„, an d th e su m o f exterio r angle s & 8 over thes e edge s i s greate r tha n 
an, wher e e n—>0 an d a n—• oo a s JI— • oo . On e prove s tha t fo r sufficientl y 
large n  th e curv e y n canno t b e a  segmen t o n Q n. Th e reaso n i s tha t fo r 
small e n an d larg e <r n a  "larg e amoun t o f curvature " i s concentrate d 
near y n. Therefor e th e lengt h o f y n canno t b e th e absolut e minimu m 
of th e length s o f curve s connectin g A  an d B  o n th e polyhedro n Q n. 

2. Prov e th e followin g theorem . 
A conve x surface , homeomorphi c t o a  disk , wit h nonnegativ e (non -

positive) integra l geodesi c curvatur e (i.g.c. ) alon g th e boundary , ca n b e 
applied t o an y isometri c surfac e (i.e . continuousl y ben t int o it) . 

We indicat e a n approac h t o th e proof . Firs t conside r a  polyhedron . 
Let P i b e a  conve x polyhedro n homeomorphi c t o a  disk , whos e angle s 
at th e boundar y vertice s ar e ^  TZ  (th e i.g.c . alon g th e boundar y i s non -
positive). Le t P 2 b e a  conve x polyhedro n isometri c t o Pi . W e mus t 
show tha t P i ca n b e applie d t o P 2. Le t Q i an d Q 2 b e th e conve x hull s 
of P i an d P 2. The y ar e close d polyhedra . Th e polyhedro n Q , i s th e 
union of P, and some polyhedro n P(  isometri c t o a  convex plan e polygon . 
Let A  an d B be tw o vertice s o f th e polyhedro n Q t on th e boundar y o f th e 
polyhedron P, , a  an d 0  th e curvatur e a t thes e vertices . Connec t A  an d 
B b y a  segmen t y  withi n th e domai n P/ . (Thi s i s possible , sinc e P(  i s 
a conve x domain. ) No w tak e tw o plan e triangle s wit h bas e /  equa l t o 
the lengt h o f 7 , an d angle s a f ^a,  0'  ^  (3  at th e base . Glu e thes e tri -
angles together alon g thei r latera l sides , an d glu e th e base s t o th e poly -
hedron Qi  cut alon g th e segmen t 7 . B y th e Gluin g Theore m ther e exist s 
a close d polyhedro n Q-  whic h realize s th e polyhedra l metri c obtaine d 
by gluin g th e triangle s t o th e cut . Subjectin g th e angle s a  an d /? ' to a 
continuous variatio n fro m zer o t o a  an d 0,  respectively , w e ge t a 
continuous deformatio n o f Q(  (becaus e o f monotypy) . Th e domai n o n Q-
corresponding under isometry to P; then undergoe s a  continuous bending . 

Now tak e tw o othe r vertice s o n th e boundar y o f P,- , o r on e verte x o n 
the boundary an d a new verte x generate d b y th e abov e gluin g procedure . 
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Connect thes e vertice s b y a  segment , cu t th e polyhedro n alon g th e 
segment, an d glu e tw o ne w triangle s t o th e cut . A  finite  numbe r o f 
repetitions o f thi s procedur e transform s th e origina l polyhedro n Qi 
into a  polyhedro n Qi  which i s th e unio n o f a  polyhedro n isometri c t o 
Pi and a  polyhedro n P , isometri c t o a  cone . Th e boundarie s o f P i an d 
P2 hav e equa l i.g.c . I t follow s easil y tha t the y ar e isometric . Th e 
monotypy theore m fo r polyhedr a the n implie s tha t Qi  an d Q 2 ar e 
congruent, and hence so are the domains on them isometri c t o P x an d P 2. 
We hav e thu s transforme d th e origina l polyhedr a P x an d P 2 b y a 
continuous bendin g int o congruen t polyhedra . Henc e eac h ca n b e 
applied t o th e other . 

In orde r t o procee d no w fro m polyhedr a t o genera l conve x surfaces , 
one use s simultaneou s approximatio n o f isometri c conve x surface s b y 
isometric polyhedr a an d th e monotop y theore m fo r genera l conve x 
surfaces. 

Now assume that th e angle s at th e boundary vertice s of the polyhedr a 
Pi do no t excee d w.  We agai n conside r th e conve x hull s Q, . Le t P * be 
the polyhedro n completin g P ; t o th e close d polyhedro n Q, . T o prov e 
tha_t_Pi can be applie d t o P 2, i t suffice s t o sho w tha t P x ca n b e applie d 
to P 2, wit h th e condition s governing  it s contac t wit h P x observe d a t 
each stag e o f th e deformation . Thi s i s th e purpos e o f th e followin g 
constructions. 

By cuttin g an d gluin g triangles , on e 
transforms th e polyhedro n Q , int o a  poly -
hedron Qi  containing a  domai n P , isometri c 
to Pi;  th e remainde r o f Qi  is a  surfac e V t 

isometric to a  cone (Figur e 35) . Now flatten 
out th e "leaves " o f th e polyhedro n V iy 

preserving thei r convexity . Thi s transform s 
the domai n P , completin g th e polyhedro n 
Vi t o th e conve x hul l int o som e domai n 
P-, whil e th e polyhedro n V , become s a 
domain o n som e polyhedra l angl e V/ . No w 
apply th e angl e V{  to th e angl e V 2. When thi s i s done , th e domai n P[ 
is applied t o P 2. Th e resul t i s a  continuou s deformatio n o f P i int o P 2, 
with the conditions governing it s contact wit h P x observe d a t eac h stag e 
of th e deformation . On e no w proceed s a s befor e t o genera l conve x 
surfaces. 

3. I n § 4 o f Chapte r I V w e derive d formula s associatin g wit h an y 
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pair o f isometri c surface s i n ellipti c spac e a  pai r o f isometri c surface s 
in euclidea n space . Conversely , eac h pai r o f isometri c surface s i n 
euclidean spac e goe s int o a  pai r o f isometri c surface s i n ellipti c space . 
These formula s involv e a  vecto r paramete r e 0. Le t F x an d F 2 b e tw o 
isometric surface s i n euclidea n space . Determin e th e correspondin g 
surfaces #1 and # 2 i n ellipti c spac e wit h paramete r e 0 =ef

Q. Now procee d 
from th e surface s $ 1 and <t> 2 to a  pai r o f isometri c surface s F{  an d F 2 

in euclidea n space , usin g th e formula s wit h paramete r e 0=eo. Deriv e 
formulas settin g u p th e correspondenc e betwee n th e isometri c surface s 
Fi an d F 2 an d th e surface s F{  an d F 2. Fin d condition s unde r whic h 
the convexit y o f th e surface s F t an d F 2 implie s tha t o f F{  an d F 2. 
Varying th e parameter s e' 0 an d ed , and als o th e relativ e positio n o f th e 
surfaces F x an d F 2, conside r th e proble m o f transformin g a  pai r o f un -
bounded isometri c conve x surface s int o a  pai r o f bounde d isometri c 
surfaces. I n particular , determin e whethe r th e monotyp y proble m fo r 
unbounded convex surfaces ca n be reduced i n this way t o th e monotyp y 
problem fo r close d conve x surface s o r fo r conve x surface s wit h fixed 
boundary. 

4. A s i n th e ellipti c case , studie d i n § 4 o f Chapte r IV , formula s ca n 
be determine d whic h associat e wit h eac h pai r o f isometri c surface s i n 
hyperbolic spac e a  pai r o f isometri c surface s i n euclidea n space . Stud y 
this correspondence. In particular , find  conditions under which convexit y 
of the surfaces in hyperbolic spac e implies convexity o f the correspondin g 
surfaces i n euclidea n space . Ca n th e monotyp y proble m fo r surface s i n 
hyperbolic spac e b e reduce d t o th e monotyp y proble m fo r euclidea n 
space? Som e partia l result s i n thi s directio n hav e bee n obtaine d b y 
Gajubov [34] , but the y ar e fa r fro m complete . 

5. A n incomplet e conve x metri c define d i n a  domai n G  i s i n genera l 
not realizabl e a s a  conve x surface , fo r th e simpl e reaso n tha t th e tota l 
(integral) curvatur e o f th e manifol d G  wit h thi s metri c ma y excee d 
47r, while th e curvatur e o f a  conve x surfac e i s alway s ^  4w.  However , 
there are grounds for th e assertio n that , unde r ver y broa d assumptions , 
this metri c i s realizabl e a s a  locally  convex surface , i.e . a  surfac e eac h 
point o f whic h ha s a  neighborhoo d whic h i s a  conve x surface . 

Here ar e som e consideration s o n thi s problem . Le t G  b e a  doubl y 
connected domai n (homeomorphi c t o a  circula r annulus) . Assum e tha t 
the contour s y x an d y 2 boundin g th e domai n ar e geodesi c polygon s i n 
the give n metric . Divid e eac h sid e 5 i o f th e polygo n 7 1 int o tw o b y 
its midpoin t Pi , an d identif y point s o n y x equidistan t fro m P x. D o th e 
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same fo r th e side s b 2 of y 2. Th e resul t i s a  close d manifol d R  whos e 
curvature i s nonnegativ e everywher e excep t fo r tw o point s A x an d A 2, 
at whic h th e vertice s o f th e polygon s y x an d y 2 ar e identified . 

The manifold R  i s isometricall y embeddabl e int o th e locall y euclidea n 
space considered i n §1 1 o f Chapte r VI , wit h th e point s A x an d A 2 o n 
the z-axis . Th e require d realizatio n o f R  a s a  locall y conve x surfac e i s 
now obtaine d b y mappin g th e locall y euclidea n spac e int o euclidea n 
space, identifyin g geometricall y identica l point s o f thes e spaces . 

6. A  convex metric M  defined i n a domain G,  homeomorphic t o a  disk , 
with boundar y y  o f nonnegativ e i.g.c . i n th e metri c M , i s realizabl e 
as a  certai n conve x ca p F.  Conside r th e proble m o f realizabilit y o f a 
convex metric M  defined i n a  domai n G  homeomorphic t o a  disk , whos e 
boundary y  lie s o n a  give n surfac e # . 

One attack o n this problem i s a s follows . T o simplif y matters , assum e 
that #  i s a n unbounde d surfac e whic h ca n b e projecte d i n one-to-on e 
fashion ont o th e entir e ry-plane . Le t E + denot e th e regio n o f spac e 
lying abov e th e surfac e $ . Construc t a  Riemannia n spac e R  fro m tw o 
mirror-symmetric copie s o f th e euclidea n regio n E + an d a  regula r 
intermediate laye r 5 , such tha t whe n th e thicknes s o f th e laye r b  tend s 
to zer o th e spac e R  become s a  metri c spac e R 0 consistin g o f th e tw o 
copies o f E + glue d togethe r alon g th e boundar y surfac e $ . Th e con -
structed space R must be symmetric with respec t t o some totally geodesi c 
surface a  within th e laye r b,  and th e region s E+  mus t b e symmetri c t o 
each othe r wit h respec t t o a. 

Now for m a  close d manifol d M f homeomorphi c t o a  sphere , fro m 
two oppositel y oriente d copie s o f th e manifol d M  an d a  regula r laye r h 
separating them i n such a  way tha t M  admit s a n inne r symmetr y wit h 
respect to a  closed geodesi c y  withi n th e laye r A , and moreove r th e tw o 
copies o f M  correspon d b y symmetry . 

The manifol d M  i s no w realize d i n th e spac e R  a s a  close d surfac e 
Fr (i t i s assumed  tha t thi s ca n b e done) . I n vie w o f th e symmetr y o f 
the manifold M  an d th e space R,  thi s realizatio n ca n b e s o constructe d 
that th e geodesi c y lie s in the surface a  and th e surfac e F'  i s symmetri c 
with respec t t o a.  Now lettin g th e thicknes s o f th e layer s 8  and h  ten d 
to zero, we ge t a  close d surfac e F 0 i n th e spac e R 0. Th e domai n o n thi s 
surface lyin g i n th e regio n 2? + furnishe s th e require d realizatio n o f th e 
manifold M  a s a  conve x surfac e wit h boundar y o n th e surfac e i> . 

7. Complet e th e proo f o f th e rigidit y o f multiply-connecte d locall y 
convex surfaces in a Riemannian space, as indicated in §12 of Chapter VI . 
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8. Le t Fx and F 2 be two isometric , identically oriente d conve x surfaces . 
Assume tha t correspondin g uni t vector s o n th e surface s satisf y th e 
relation T X + T29^ 0. The n th e vecto r value d functio n r  = |  (r x + r 2), 
where rx and r 2 are the radius vectors o f correspondin g point s o n F x an d 
F2, define s a  conve x surfac e F.  Unde r certai n additiona l assumption s 
this was prove d i n Chapter s I  an d II . 

The vecto r field  z=r x—r2 i s a  bendin g field  fo r th e surfac e F.  Usin g 
this relatio n betwee n a  pai r o f isometri c surface s an d th e infinitesima l 
bendings o f th e mea n surfac e F,  man y monotyp y problem s fo r conve x 
surfaces can be reduced to the problem of the rigidity of the mean surface . 

The followin g questio n i s natura l i n thi s context . Ca n th e surface s 
Fi and F2 always be so placed tha t T X + r2 ¥" 0 for direction s correspondin g 
under th e isometry ? Thi s i s apparentl y th e cas e fo r almos t al l (i n 
measure) relativ e positions . Prov e thi s assertion . 

9. Conside r th e proble m o f th e existenc e o f a  close d conve x surfac e 
satisfying th e equation f(RuR2,n) =(p(n) f wher e R l9 R 2 are th e principa l 
radii of curvatur e an d n  th e uni t norma l t o th e surface . 

This problem ca n b e attacke d b y th e method s o f § 5 o f Chapte r VII . 
10. Conside r th e existenc e proble m fo r a  conve x surfac e F  whos e 

spherical imag e coincide s wit h a  give n conve x domai n c o o n th e uni t 
sphere, whose supporting function H(n)  coincide s with a given continuou s 
function o n th e boundar y o f th e spherica l image , an d whos e principa l 
radii o f curvatur e a t eac h interio r poin t o f th e surfac e satisf y th e 
equation f(R uR2) =<p(n),  wher e f(R uR2) =g(RiR 2,Ri+R2) i s strictl y 
monotone i n R x an d R 2, i.e . df/dR x >  0 an d df/dR 2 >  0. 

Suppose that th e domain w i s in the uppe r hemispher e x 2 +y2 +z 2 =  1, 
2 > 0 . Se t h(x,y)  =  H(xfy,l), wher e H  i s th e supportin g functio n o f 
the required surface . Th e functio n h  satisfie s a n ellipti c equatio n 

^(hluhmh22,xfy) =  0 

(see §4 , Chapte r VII) . Th e existenc e proble m fo r F  reduce s t o th e 
solvability o f th e equatio n $  = 0. Thi s ca n b e treate d o n th e basi s o f 
BernStein's theorem , first  derivin g a  prior i estimate s fo r th e posite d 
solution an d it s first  an d secon d derivatives . On e first  consider s th e 
case of analyti c function s / , <p  an d a  domai n w  bounded b y a n analyti c 
contour. 

For consideration s relatin g t o th e derivatio n o f a  prior i estimates , 
see §§3 and 5  of Chapter VII . W e remark tha t i f h x an d h 2 are solution s 
of the equations / =  <px and f =  <p2i then h x — h2 cannot assum e a  maximu m 
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in the interio r o t a > if <p x ^  <p 2. T o procee d fro m analyti c t o regula r data , 
it suffice s t o establis h a  prior i estimate s fo r th e secon d derivative s a t 
interior point s (se e § 3 o f Chapte r VII) . 

11. I t i s wel l know n tha t metri c dualit y ca n b e define d i n ellipti c 
space. Le t $  b e a  conve x surfac e i n ellipti c spac e an d <£> ' th e surfac e 
polar to $  (th e surfac e $ ' i s the envelop e o f th e polar s o f th e point s o f 
$). Ther e i s a  natura l correspondenc e betwee n th e point s o f $  an d $' : 
any poin t P  o n $  i s associate d wit h th e poin t a t whic h th e surfac e $ ' 
is tangent t o th e pola r o f P . I f th e curvatur e K  o f th e spac e i s unity , 
the extrinsi c curvatur e o f $  o n a n arbitrar y se t M  i s equa l t o th e are a 
of the correspondin g se t M r o n th e surfac e $'. 

Delete some plane from th e ellipti c space, an d interpre t th e remainin g 
region o n th e three-dimensiona l hemispher e 

4 +xf+x$+4 = i, * o > o. 
Let #  b e a  close d conve x surfac e i n th e spherica l zon e 0  < x 0 < c. Th e 
polar surfac e $ ' lie s i n th e €-neighborhood o f th e pol e P(0,0,0,1) . 

The line element o f the surface $  ca n b e expresse d a s 

ds2 =dsi H-Xda 2, 

where dsl is the lin e elemen t o f th e uni t spher e an d X—> 0 as e— >0. Th e 
extrinsic curvature o f the surface $  i s Ke =  X<?ff + 0(X 2), where va depend s 
on th e quadrati c for m <r. 

Project a  neighborhoo d o f th e pol e P  o f th e hemispher e ont o th e 
tangent hyperplan e E  o f th e hemispher e a t P . Le t $ ' b e th e projectio n 
of th e surfac e $ ' ont o th e euclidea n spac e E.  Subjec t th e surfac e <i> ' 
to a  similarit y mappin g wit h rati o o f similitud e 1/ X an d le t €—*0. Th e 
curvature o f th e limi t surfac e i s l/<p ff. 

Using this construction, deriv e a new solution o f Minkowski's problem , 
based o n th e theore m whic h state s tha t a  give n metri c ds 2 ca n b e 
realized o n a  conve x surfac e i n ellipti c space . 

12. I n § 7 o f Chapte r VII I w e considere d th e existenc e o f a  close d 
convex surface wit h give n generalized curvature . Analyti c interpretatio n 
of the result leads t o a  theore m o n th e solvabilit y o f a  certai n equatio n 
of a  ver y genera l typ e define d o n th e sphere . 

Consider th e one-dimensiona l analo g o f thi s problem , relaxin g th e 
requirement that the curvature b e positive. This yields a certain theore m 
on th e existenc e o f a  close d curv e wit h give n generalize d curvature . 
Analytically speaking , thi s implie s th e existenc e o f a  periodi c solutio n 
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of a n equatio n y"  =  <p(x,y,y/), wher e th e functio n <p  i s periodi c i n x. 
For what classes of equations, i.e. for what functions <p,  doe s the geometri c 
theorem guarante e th e existenc e o f periodi c solutions ? Generaliz e th e 
result t o system s o f equation s 

y'{ =*>(*,yi, •••,y»,yi> •••,yi) , i  =1,2, -••," . 

The one-dimensiona l analo g o f Minkowski' s proble m i s this : Prov e 
that ther e exist s a  close d curv e wit h give n radiu s o f curvatur e R($), 
as a function o f the angle of rotation #  o f th e tangent . Th e proble m ha s 
a Solution i f 

o 
This conditio n alway s hold s i f fi(#+ir)  =R($).  Th e supportin g func -
tion p(#) o f th e require d curv e ha s a  simpl e expression : 

P(^=JV( < ) + T)/?(T)dT. 
0 

Using Schauder' s fixed-point  principle , a s i n th e existenc e proo f fo r 
solutions o f strongl y ellipti c Monge-Amper e equation s (§ 8 o f Chapte r 
VIII), prov e th e mos t genera l possibl e theore m o n th e existenc e o f a 
closed curve with give n generalized length . Interpre t th e resul t i n term s 
of th e existenc e o f periodi c solution s o f th e equatio n y " =<p(x,y,y f)y 

where y i s periodic i n x.  Employin g geometri c ideas , stud y th e proble m 
analytically, unde r th e broades t possibl e assumption s o n th e equation . 
Consider th e cas e o f system s o f equations . 
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SUBJECT INDE X 

angle 
between curves, 25 
between segments, 14 
complete, about a point, 15 
limit, of a polyhedron, 482 
lower, 23 
of a sector, 15 
upper, 637 

a prior i estimates , 83 , 89, 110 , 118 , 325 , 
333-344, 351-365 , 400-413 , 449-453 , 
535-540,541-547, 559-566 

bending field, 203,204 
regularity of , o f a  regula r surface , 26 6 

cap, 34 
monotypy of convex, 78,178 

Cauchy, 7,13 8 
cone 

convex, 8 
limit, 35 
tangent, 9 
convex body, 8 

convex hull, 9 
convex set, 7,11 
convex surface, 8 

area of, 28 
closed, 8 
compactness of a family, 9 
complete, 8 
continuous bending of, 172 
continuous bendin g of , i n Riemannia n 
space, 399,418 

in a space of constant curvature , 35 , 36, 
283,284 

infinitesimal bending of, 201,204 
infinitesimal bendin g of , i n ellipti c 
space, 309 

metric of, 12,13,1 4 
monotypy of closed, 167,267 
monotypy of closed, in elliptic space, 321 
monotypy o f closed , i n Riemannia n 
space, 397,418 

monotypy of unbounded, 182,19 0 
monotypy of, with boundary, 178,18 1 
regularity of , wit h regula r metric , 101, 

104 
regularity of , wit h regula r metri c i n 
elliptic space, 329 

regularity of , wit h regula r metri c i n 
hyperbolic space, 331,332 

regularity of , wit h regula r metri c i n 
Riemannian space, 400,413,418 

rigidity of a closed, 264 
rigidity of , wit h stationar y boundary , 
260, 261 

smoothness of , wit h bounde d specifi c 
curvature, 32-33,58 

with given metri c an d spherica l image , 
486,487 

convexity condition, 13 
Christoffel, 1,43 5 

problem, 4, 435,502 
problem, stabilit y o f solutio n to , 50 2 

Class Cz of functions, 372 
curvature, 

absolute, o f a  manifol d o f bounde d 
curvature, 40, 637 

absolute, o f a  surfac e o f bounde d ex -
trinsic curvature, 590 

area of a manifold of bounded, 41 
convex bod y i n a  spac e o f constant , 
35,36,282,283 

extrinsic, 18 
generalized, of a polyhedron, 506 
generalized, o f a  surface , 516 , 519 , 521 
generalized mean 547 
generalized total, 552 
manifold of bounded, 38,39,40,636,63 7 
Gauss, 30-31 
intrinsic, 17-18 
lower, 61-62 
metric of nonnegative, 23 
negative, o f a  manifol d o f bounde d 
curvature, 637 

negative, o f a  surfac e o f bounde d 
extrinsic curvature. 593 
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polyhedron with give n generalized , 507 , 
508,509 

positive, o f a  manifol d o f bounde d 
curvature, 637 

positive, o f a  surfac e o f bounde d ex -
trinsic curvature, 59 3 

smoothness o f a  conve x surfac e wit h 
bounded specific , 32-33,5 8 

specific, 30 , 31 
surface o f bounde d extrinsic , 576 , 59 0 
surface of nonnegative extrinsic , 611 
surface of zero extrinsic, 60 3 
total, o f a  manifol d o f bounde d curva -

ture, 637 
total, of a  surfac e o f bounde d extrinsi c 

curvature, 594 
upper, 61-6 2 

curves 
angle between, 2 5 
convex, 7 
directed, 25-2 6 
in a metric space, 10 
i.g.c. (integra l geodesi c curvature ) of , 

26, 27,4 2 
length of, 1 0 
variation of i.g.c. of , 120,123,12 6 

Darboux equation, 84, 332,33 3 
Dirichlet problem for, 106,109,11 0 

Dirichlet proble m 
for th e Monge-Amper e equation , 523 , 

526, 527 
for the strongl y ellipti c Monge-Amper e 
equation, 553,55 6 

elliptic space, 36,27 1 
equation of infinitesimal bendin g in, 30 9 
infinitesimal bendin g o f a  conve x spac e 

in, 36 5 
infinitesimal bendin g of a convex surfac e 

in, 30 9 
monotypy o f close d conve x surface s 

in, 32 1 
projective model, 275, 327 
regularity o f a  conve x surfac e wit h 

regular metric in, 329 
rigidity o f surfaces in, 312 
spherical model, 274 , 282 
Weierstrass coordinates in, 274 

embedding in a continuou s family , 21 , 95, 
96, 97,98,386-387,392, 396,41 4 

estimates, see a priori estimates 

Gauss-Bonnet Theorem , 27, 42 
Gluing Theorem, 33, 44 
geodesic, 23 , 38 

hyperbolic spac e (Lobacevski i space) , 3 6 

index of a point relative to a mapping, 58 3 
Lg.c. (integra l geodesi c curvature ) o f a 

curve on a surface 26,27,4 2 
infinitesimal bendin g (se e als o bendin g 
field) 

equation of, 203 , 209,211 
equation of , i n Riemannia n space , 366 , 

367 
of a convex surface, 201, 204 
of a convex surface in ellipti c space , 30 9 
of a  conve x surfac e i n Riemannia n 

space, 365 
intrinsic geometry, 6 

X-concavity condition , 32 
X-convexity condition , 32 

Liebmann, 1,44,11 9 

mapping 
degree o f a  poin t relativ e to , 582 , 58 3 
multiplicity functio n of , 57 6 

metric, 1 0 
convex polyhedral, 2 0 
of a convex surface, 12,13,1 4 
of nonnegative curvature , 23 
intrinsic, 1 0 
/C-concave, 3 2 
/^-convex, 3 2 
space, 10 

Minding, 1,11 9 
mixture of surfaces. 137 
Minkowski's problem , 1 , 4 , 442 , 498 , 49 9 

stability o f solution to, 498, 499 
mixed volume, 500 
Monge-Ampere, equation , 521,52 2 

Dirichlet problem for, 523,526,52 7 
Dirichlet proble m fo r th e strongl y 

elliptic, 553, 556 
generalized solution of, 52 2 
regularity of generalized solutions of, 547 
regularity o f generalize d solution s o f 

the strongly elliptic , 569 
second boundary-valu e proble m for , 

527,528 
strongly elliptic, 547 
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monotypy 
of closed convex surfaces, 167, 267 
of close d conve x surface s i n ellipti c 
space, 321 

of closed convex surfaces in Riemannian 
space, 397,418 

of convex caps, 78,178 
of convex surfaces wit h boundary , 178 , 

181 
of surfaces (definition) , 119 
of unbounded conve x surfaces , 182 , 190 

parametrization, isothermal-conjugate, 368 
plane, convex domain in, 7 
polygon on a surface, 12 
polyhedron 

convex, 9 
generalized area of, 504 
limit angle of, 482 
with given generalized area, 506 
with give n generalize d curvature , 507 , 
508, 509,510,512 

point 
conic, 9 
flat, 593 
hyperbolic, 593 
normal neighborhood of, 583 
parabolic, 593 
regular, relative to a mapping, 583 
ridge, 9 
smooth, 9 

quasigeodesics, 28 

Riemannian space 
continuous bending o f a  convex surfac e 
in, 399,418 

equation o f infinitesima l bendin g in , 
366,367 

infinitesimal bending of a convex surface 
in, 365 

monotypy o f closed conve x surfaces in , 
397,418 

regularity o f a  conve x surfac e wit h 
regular metric in, 400, 413, 418 

regularity o f a  conve x surfac e wit h 
regular metri c i n Riemannia n space , 
400,413,418 

rigidity of surfaces in, 369,426 
rigid surface (definition) , 260 

segment (shortest join), 11 
segments, inclusion property of, 11 
spherical image, 18 

convex surface wit h give n metri c and , 
486,487 

generalized, 513 
supporting 

function, 427 
line, 7 
plane, 8 

surface, 
convex domain on, 27 
exterior normal to, 8 
function, 498 
generalized area of, 513, 521 
of bounded extrinsic curvature, 576, 590 
of nonnegative extrinsi c curvature , 61 1 
of zero extrinsic curvature, 603 
polygon on, 12 
rigidity of , i n Riemannia n space , 369 , 
426 

smooth, 572 
threaded, 620 
with give n functio n o f principa l radi i 
of curvature, 475 

variation 
absolute, of a mapping, 572 
of th e i.g.c . (integra l geodesi c curva -
ture) o f a curve, 120,123,126 

of a mapping, negative, 586 
of a mapping, positive, 586 
of a mapping, total, 586 

Weierstrass coordinate s i n ellipti c space , 
274 

Weyl's problem, 1, 345 
Weingarten, 1,50 2 
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