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Preface

A central issue surrounding the study of quasilinear hyperbolic PDEs is that
classical solutions, generated by smooth initial conditions, can develop singularities
in finite time. In principle, many different kind of singularities are possible. The
subject of this monograph is perhaps the most well-known type: shocks. Our work
here primarily concerns scalar quasilinear wave equations, the main reasons being
1) they arise in many important mathematical, physical, and geometric contexts;
2) the last few decades have led to the development of advanced machinery tailored
to such equations; and 3) their characteristic hypersurfaces1 are relatively simple2

and can be analyzed using tools and concepts from the well-developed theory of
Lorentzian geometry.

Before the groundbreaking work of S. Alinhac [2,4–6], very little was known
about shock formation except in problems that are effectively one (spatial) dimen-
sional. One-dimensional shock formation results are of course classical. We describe
some of the most important such results in Chapter 1. As we describe in detail in
Chapter 2, Alinhac proved finite-time shock formation for a class of wave equations
in two and three spatial dimensions. Roughly, his proof applied to wave equations
of the form3

(h−1)αβ(∂Φ)∂α∂βΦ = 0

whenever the nonlinear terms fail to satisfy the null condition, which was first
formulated by S. Klainerman [45] in three spatial dimensions and later in two spa-
tial dimensions by Alinhac [1, 2]. In the above wave equation, h = h(∂Φ) is a
Lorentzian metric such that h(∂Φ = 0) = m, where m is the standard Minkowski
metric on R1+n, n ∈ {2, 3}. Alinhac’s main results concern solutions generated by
small initial data that belong to a suitable Sobolev space and that verify a non-
degeneracy condition. The foundation of his proof was a new system of geometric
coordinates tied to an eikonal function u, which by definition is a solution to the
eikonal equation, that is, the hyperbolic PDE

(h−1)αβ(∂Φ)∂αu∂βu = 0,

supplemented by appropriate initial conditions. The level sets of u are true char-
acteristics (as opposed to approximate ones) corresponding to the nonlinear wave
equation.

1In the study of wave equations, characteristic hypersurfaces are often referred to as “null
hypersurfaces” in view of their connection to the Lorentzian notion of a null vectorfield. More
generally, they are often referred to as simply “the characteristics.”

2Roughly, in our study of wave equations, the characteristics are a family of “true curved
cones” corresponding to the dynamic Lorentzian metric of the wave equation.

3The equation is to be interpreted as an equation given relative to standard rectangular
coordinates, which we describe at the beginning of Chapter 2. Moreover, here and throughout,
we use Einstein’s summation convention.

xv
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Eikonal functions are perhaps best known for the central role they played in
Christodoulou-Klainerman’s celebrated proof [19] of the stability of Minkowski
spacetime.4 That work was the first instance in which eikonal functions were used
to prove a global nonlinear result for a hyperbolic PDE. In the study of shock for-
mation, the behavior of u, its properties, and their connection to the behavior of
the solution variable5 lie at the heart of the analysis. This was the case in Alinhac’s
work and in Christodoulou’s work (described two paragraphs below), and it remains
true in the present monograph as well. As we will see, in the problem of shock for-
mation, the eikonal function plays an even more important role than it does in the
proof of stability of Minkowski spacetime; there is an alternate proof [59] of the
stability of Minkowski spacetime, due to Lindblad-Rodnianski, that relies on an
approximate eikonal function corresponding to the Minkowski metric rather than a
true eikonal function. This alternate approach leads to remarkable simplifications
in the analysis because the characteristics associated to the Minkowski metric are
much simpler.6 In contrast, in the problem of shock formation, the formation of the
shock and the corresponding blow-up of the solution are exactly tied to the blow-
up of the first rectangular coordinate partial derivatives of a true eikonal function.
Thus, there is little hope of finding an alternate proof that avoids the use of a true
eikonal function (and, as we will see, the weighty baggage that accompanies it).

It is well-known that energy estimates are an unavoidable aspect of the study
of quasilinear wave equations in more than one spatial dimension. To close the
energy estimates in his proof of shock formation, Alinhac relied on a Nash-Moser
iteration scheme featuring a free boundary. The presence of the free boundary
is connected to the blow-up time of the iterates, which can vary, albeit slightly.
A fundamental aspect of his proof, which is also present in Christodoulou’s work
and the present monograph, is that the solution remains regular7 relative to the
geometric coordinates mentioned two paragraphs above. In the equations studied
by Alinhac, the singularity occurs in the second rectangular coordinate partial
derivatives of Φ and is tied to the degeneration of the geometric coordinate system
relative to the rectangular one. At the same time, the degeneracy is tied to the
intersection of the characteristics. In discussing Alinhac’s results and related ones,
we often refer to the intersection of the characteristics as “the formation of a shock.”
Our intention in using this terminology is to highlight the following fundamentally
important aspect of Alinhac’s work: he proved that Φ and its first rectangular
coordinate partial derivatives ∂αΦ remain bounded all the way up to the singularity.
In particular, the singularity occurs at the level of the first rectangular coordinate
partial derivatives of the Lorentzian metric components hαβ(∂Φ) and not in the
hαβ(∂Φ) themselves; this feature is of fundamental importance for closing the proof.

Although Alinhac’s approach is compellingly short, it has some limitations,
which we describe in detail in Sect. 2.11.1. In particular, his framework allows one

4Roughly, [19] is a small-data global existence result for the Einstein-vacuum equations.
5In the present work, the solution variable is the solution to the wave equation.
6In this context, the characteristics associated to the Minkowski metric are the usual flat

Minkowski light cones.
7Actually, the solution does not necessarily remain regular at the high derivative levels: a

fundamental aspect of the proof is that the high-order energies are allowed to blow-up as the shock
forms; see three paragraphs below.
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to follow the solution only to the first singularity8 and not further. In his 2007 mono-
graph [17], D. Christodoulou proved, for a sub-class of Alinhac’s wave equations,9

a breakthrough result that significantly sharpened Alinhac’s results and eliminated
the drawbacks of his approach. Specifically, Christodoulou’s work applies to the
wave equations that arise in irrotational relativistic10 (compressible) fluid mechan-
ics in three spatial dimensions. In this context, the equations are known as the
irrotational relativistic Euler equations. Christodoulou assumed that the data have
small HN norm, where N is a sufficiently large (nonexplicit) integer. To deduce
the shock formation, he also assumed that the data verify a signed integral in-
equality, distinct from the nondegeneracy condition of Alinhac mentioned above.
Christodoulou’s framework allows one to do much more than follow the solution
to the first singularity: it provides a complete picture of a portion of the maximal
development11 of the data including a description of the behavior of the solution
along the boundary;12 this is the main advantage of Christodoulou’s framework.
One of the key reasons that Christodoulou was able to sharpen Alinhac’s results
is that he was able to close the energy estimates without invoking a Nash-Moser
iteration scheme. Moreover, his estimates do not involve a free boundary. Instead,
Christodoulou developed a forwards approach relative to a set of geometric coordi-
nates that, like Alinhac’s, are tied to a true eikonal function. By forwards approach,
we mean that Christodoulou derives traditional global-existence-type estimates for
a Cauchy problem in the geometric coordinates, relative to which the solution re-
mains rather smooth (see, however, footnote 7). As in Alinhac’s results and those
of the present monograph, the blow-up occurs in certain rectangular coordinate
partial derivatives of the solution and is tied to the degeneracy of the change of
variables map from geometric to rectangular coordinates.

In Christodoulou’s framework, the degeneracy mentioned at the end of the
previous paragraph and the corresponding blow-up of the solution are mediated
by the vanishing of a quantity known as the inverse foliation density, which we
denote by μ. Roughly, μ is the reciprocal of a derivative of the eikonal function u.
Geometrically, 1/μ is a measure of the density of the level sets of u. As we will
see starting in Chapter 2, the vanishing of μ is equivalent to the intersection of the
characteristics and the blow-up of the eikonal function’s first rectangular coordinate
partial derivatives, as we mentioned above. Moreover, these degeneracies are exactly
tied to the formation of a singularity in the solution to the wave equation, much like
in the classic example of Burgers’ equation (see Sect. 1.1.2). The study of μ and
the prospect of its vanishing are the main themes of [17] and the present work. For
reasons that we describe two paragraphs below, the most compelling advantage of
Christodoulou’s framework is that it allows one to construct the portion of the set

8Roughly speaking, Alinhac’s proof works when there is such a unique first singularity; his
nondegeneracy conditions on the data ensure that this is the case.

9One has to take into account some simple differences in normalization, described in
Sect. 2.11.2, in order to see that Christodoulou’s equations fall under the scope of Alinhac’s
work.

10In [21], Christodoulou-Miao extended the result to the nonrelativistic case.
11Roughly speaking, the maximal development is the largest classical solution that is uniquely

determined by the data.
12The boundary can be very complicated and, in particular, it is not contained in a constant-

time hypersurface.
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{μ = 0} that corresponds to the part of the boundary13 along which the solution
blows up.14 Generally, the set {μ = 0} “evolves” into a spacetime region lying to
the future of the constant-time hypersurface of first blow-up and thus it lies to the
future of the region that Alinhac was able to probe.

It turns out that Christodoulou’s sharp description is accompanied by severe
technical difficulties: the high-order energies are allowed to blow-up as μ → 0. This
difficulty is fundamentally tied to the regularity theory of the eikonal function.
As was first shown in [19], to control the top derivatives of u, one must invoke a
nontrivial procedure based on elliptic estimates and modified quantities, the latter
being special combinations of terms that satisfy evolution equations with a good
structure. In the problem of shock formation, this procedure introduces, at the top
order, a difficult factor of 1/μ into the energy identities; this factor is the reason
that the high-order energies are allowed to blow up. A related but distinct difficulty
is that one needs to show that the low-order energies remain bounded all the way up
to {μ = 0}. This latter step is essential for establishing, via Sobolev embedding, the
basic uniform L∞ estimates that allow one to control error terms and to treat the
problem as a traditional one in which one derives global-existence-type estimates
(relative to the geometric coordinates). These are the main technical difficulties
that one encounters in the problem of shock formation à la Christodoulou and they
are a primary reason that the work is technical and lengthy. In Chapter 2, we
provide an extended overview of these issues, especially in view of the fact that
they do not arise in any other context in the study of nonlinear wave equations.

Christodoulou’s framework is compelling for the geometric insight it provides
into the formation of shocks and for the sharp description that it yields. In addition,
his approach is fundamentally important for a related problem: it turns out that his
sharp description of the solution near the boundary of the maximal development
is an essential ingredient in setting up the shock development problem, which is the
problem of 1) continuing the solution to Euler’s equations (in a weak sense, subject
to appropriate jump and entropy conditions) beyond the first singularity and 2)
at the same time, constructing the shock hypersurface15 across which the solution
is discontinuous.16 The shock development problem in relativistic fluid mechanics
was recently solved in spherical symmetry [20]. Away from symmetry, the problem
remains open and is expected to be exceptionally difficult.

We mention here an important problem related to the shock development prob-
lem, which A. Majda solved [62–64] in the early 1980s. Specifically, for hyperbolic
systems of conservation laws with suitable structure in more than one spatial di-
mension, Majda solved the shock front problem. That is, in a suitable Sobolev

13Roughly, a subset of {μ = 0} corresponds to the singular portion of the maximal develop-
ment of the data.

14The boundary of the maximal development also contains another portion, along which the
solution does not blow up; see Sect. 2.11.2 and Theorem 2.19 in particular.

15Part of the set {μ = 0} turns out to be a hypersurface portion along which, in the classical
formulation of the irrotational Euler equations, certain solution derivatives blow up. However,
{μ = 0} does not correspond to the physically correct hypersurface of discontinuity. The physi-
cally correct hypersurface of discontinuity propagates at supersonic speed starting from the first
spacetime point where μ vanishes and develops “before” the set {μ = 0} has a chance to form.
The physically correct hypersurface can be derived only by imposing the weak formulation of the
full compressible Euler equations (without the assumption of irrotationality) starting from the
time of first blow-up and by assuming suitable jump and entropy conditions.

16One expects the solution to be smooth on either side of the shock hypersurface.
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framework, he proved a local existence result starting from an initial discontinu-
ity given across a smooth hypersurface17 subset of the Cauchy hypersurface. We
stress that the initial hypersurface of discontinuity is prescribed. In contrast, in
the shock development problem mentioned in the previous paragraph, the space-
time hypersurface of discontinuity is fully dynamic, emerging from singularity-free
initial data. In the shock front problem, the data must verify suitable jump con-
ditions, entropy conditions, and higher-order compatibility conditions. As in the
shock development problem, the shock front problem features a free boundary: the
shock hypersurface,18 which is one of the unknowns. Majda’s work also required
an additional assumption19 on the data that seems to be necessary for the stability
of the corresponding linearized problem.

We now describe the origin and motivation behind the present monograph. In
his work [17], Christodoulou exploited various special structures enjoyed by the
wave equations of irrotational relativistic fluid mechanics, structures which Alinhac
did not use in his proof of shock formation. In particular, the wave equations in
[17] derive from a Lagrangian20 and are invariant under the Poincaré group; just
below equation (2.11), we describe some ways in which Christodoulou used these
structures in his proof. In studying Christodoulou’s work [17], the author discov-
ered that it is possible to use his framework to close the proof of shock formation
for a larger class of equations and without relying on these special structures. In
particular, his framework can be extended to treat all of the wave equations stud-
ied by Alinhac. A somewhat surprising fact, which plays a fundamental role in our
analysis, is that they all have a special null structure, even though they fail to sat-
isfy Klainerman’s null condition. This special structure is not visible relative to the
standard formulation of the wave equation, but becomes visible upon reformulating
it as a system of geometric wave equations ; see Lemmas A.9 and A.16 for the main
results in this direction. It is this realization that led to the present work. Our work
here also generalizes and unifies earlier work on singularity formation initiated by
F. John in the 1970s and continued by L. Hörmander and many others.

More precisely, in the present monograph, we extend Christodoulou’s frame-
work and use it to prove that shock singularities often develop in initially small,
regular solutions to two important classes21 of quasilinear wave equations in three
spatial dimensions. Specifically, we study i) covariant scalar wave equations of the
form �g(Ψ)Ψ = 0 and ii) Alinhac’s noncovariant scalar wave equations, that is,

wave equations of the form (h−1)αβ(∂Φ)∂α∂βΦ = 0. Our main result shows that
whenever the nonlinear terms fail Klainerman’s (classic) null condition,22 shocks
develop in solutions arising from an open set of small data. Hence, within the
classes i) and ii), our work can be viewed as a sharp converse to a fundamental re-
sult, due separately to Christodoulou [15] and Klainerman [47], which showed that

17This hypersurface is co-dimension two when viewed as a subset of spacetime.
18The shock hypersurface is a co-dimension one subset of spacetime.
19The assumption is automatically verified for the nonrelativistic Euler equations under the

adiabatic equations of state p = Aργ, where A > 0 and γ > 1 are constants.
20That is, the equations in [17] are Euler-Lagrange equations.
21It turns out that the two classes of equations are more closely related than one might

expect; see the discussion below equation (2.9) and in Appendix A.
22Readers should take care not to confuse Klainerman’s null condition with the future strong

null condition and past strong null condition introduced in Appendix A and mentioned in Re-
mark 2.3.
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when the null condition is verified in three spatial dimensions, small-data global
existence holds. Roughly, we give the same sharp description of the solution that
Christodoulou gave in [17]. However, to avoid lengthening the monograph, we did
not give a full description of the boundary of the maximal development nor the
behavior of the solution along it. For readers interested in those details, we remark
that the estimates proved in our main Theorem 22.1 are sufficient for invoking the
arguments of [17, Chapter 15] in which Christodoulou reveals properties of the
maximal development. That is, with modest additional effort, our results could
be extended to give the same sharp description of the maximal development that
Christodoulou gave in [17, Chapter 15].

In proving our main results, we have taken substantial steps that go beyond
replicating the proofs given by Christodoulou in [17]. This is partly out of necessity,
as the general class of equations that we treat leads to new kinds of error terms
that are not present in [17]. However, we have also developed alternate strategies
that greatly simplify certain aspects of the proof. One big simplification is that we
are more selective in our use of geometry. That is, we use sharp, fully geometric
decompositions only for treating the most delicate terms. Another simplification
is that our bootstrap argument is very straightforward in view of the fact that we
have organized the monograph in a linear fashion (see two paragraphs below). We
have also developed alternate approaches to deriving some of the difficult top-order
estimates by reducing them to other top-order estimates. This spares one a great
deal of effort; see, for example, the discussion at the beginning of Sect. 15.1 in
which we describe a simplified approach for obtaining estimates for the top-order
derivatives of μ.

We now give an overview of the content and organization of the monograph.
Chapter 1 sets the stage for the rest of monograph but is independent of the re-
maining chapters. It contains historical background, a discussion of shock forma-
tion in solutions to Burgers’ equation, a discussion of singularity formation in 2× 2
strictly hyperbolic genuinely nonlinear systems, an overview of wave dispersion in
higher dimensions and its connection to global and almost global existence results,
an overview of the vectorfield method (including the multiplier and commutator
methods) for deriving generalized energy estimates, and a discussion of the null
condition. In Chapter 2, we describe the main results of the monograph, place
them in context, and provide an extended overview of the most important aspects
of the proofs. In the remaining chapters, we develop the machinery and estimates
needed to prove the two theorems of the monograph, which are located in Chap-
ters 22 and 23. Roughly, in the first theorem (the main one, which is difficult to
prove), we show that the solution must persist unless μ vanishes, and we derive
sharp a priori estimates that hold as long as μ remains positive. In the second
theorem, which is a relatively easy consequence of the first one, we exhibit an open
set of data such that μ does in fact vanish in finite time, thus yielding a shock
singularity. Our analysis in Chapters 3–23 applies to covariant wave equations of
the form �g(Ψ)Ψ = 0, while in Appendix A, we outline how to extend the results
to the class of noncovariant wave equations studied by Alinhac. In Appendix B, we
summarize the notation and conventions used in Chapters 2–23.

Chapters 3–23 are interdependent and are designed to be read consecutively.
That is, this part of the monograph constitutes one long bootstrap-type proof,
presented in chronological order. In Sect. 2.13, we give an overview of the contents
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of each chapter and provide suggestions on how to read the monograph, both for
expert and novice readers.

This monograph is mostly self-contained but relies extensively on basic con-
cepts from Lorentzian and Riemannian geometry such as Levi-Civita connections,
fundamental forms, curvature, pullbacks, etc. We anticipate that there are read-
ers with knowledge in fluid mechanics, conservation laws, and/or PDEs but who
are unfamiliar with those geometric concepts. Such readers can find introductory
geometric material, suitable for reading almost all23 of the present monograph, in
select portions of the books [66,67,78]. Novice geometers should bear in mind that
at the end of the day, one aims to derive estimates, and that the geometry merely
provides a framework for organizing calculations and revealing analytic structural
features that would otherwise be difficult to detect.

We close by highlighting the following wide-open question:

In more than one spatial dimension, to what extent can the re-
sults of this monograph be generalized to quasilinear systems
featuring multiple speeds of propagation, such as the equations
of elasticity, the equations of magnetohydrodynamics, the equa-
tions of crystal optics, the Euler–Einstein equations of cosmol-
ogy, or even coupled systems of wave equations featuring two or
more metrics with strictly separated24 speeds of propagation?

Jared Speck

23Our short proof of geometric Sobolev embedding, presented in Chapter 18, relies on a
handful of more advanced results from geometry.

24This roughly corresponds to the presence of two or more distinct families of characteristic
hypersurfaces.
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[71] Bernhard Riemann, Über die Fortpflanzung ebener Luftwellen von endlicher
Schwingungsweite, Abhandlungen der Kniglichen Gesellschaft der Wissenschaften in
Göttingen 8 (1860), 43-66.

[72] Manuel Salas, The curious events leading to the theory of shock waves, Shock Waves 16 (July

2007), no. 6, 477–487.
[73] Julius Schauder, Das Anfangswertproblem einer quasilinearen hyperbolischen Differentialgle-

ichung zweiter Ordnung in beliebiger Anzahl von unabhängigen veränderlichen (ger), Funda-
menta Mathematicae 24 (1935), no. 1, 213–246.

[74] Thomas C. Sideris, Formation of singularities in three-dimensional compressible fluids,
Comm. Math. Phys. 101 (1985), no. 4, 475–485. MR815196 (87d:35127)

[75] Hart F. Smith and Daniel Tataru, Sharp local well-posedness results for the nonlinear wave
equation, Ann. of Math. (2) 162 (2005), no. 1, 291–366. MR2178963 (2006k:35193)

[76] Christopher D. Sogge, Lectures on non-linear wave equations, Second, International Press,
Boston, MA, 2008. MR2455195 (2009i:35213)

[77] Jared Speck, The non-relativistic limit of the Euler-Nordström system with cosmological
constant, Rev. Math. Phys. 21 (2009), no. 7, 821–876. MR2553428

[78] Robert M. Wald, General relativity, University of Chicago Press, Chicago, IL, 1984.
MR757180 (86a:83001)

[79] Q. Wang, A geometric approach for sharp local well-posedness of quasilinear wave equations,
ArXiv e-prints (August 2014), available at https://arxiv.org/abs/1408.3780.

http://www.ams.org/mathscinet-getitem?mr=2243772
http://www.ams.org/mathscinet-getitem?mr=2243772
http://www.ams.org/mathscinet-getitem?mr=815196
http://www.ams.org/mathscinet-getitem?mr=815196
http://www.ams.org/mathscinet-getitem?mr=2178963
http://www.ams.org/mathscinet-getitem?mr=2178963
http://www.ams.org/mathscinet-getitem?mr=2455195
http://www.ams.org/mathscinet-getitem?mr=2455195
http://www.ams.org/mathscinet-getitem?mr=2553428
http://www.ams.org/mathscinet-getitem?mr=757180
http://www.ams.org/mathscinet-getitem?mr=757180
https://arxiv.org/abs/1408.3780


Index

2× 2 strictly hyperbolic genuinely
nonlinear system, 6

C0 norm

definition, 103
Ck(Ω)

definition, 103
Harmless≤N terms

definition, 296

main features, 296
L2 estimates

hierarchy for Ψ, 456
hierarchy for the eikonal function

quantities, 456
L2-controlling quantities

definition, 279

initial smallness, 282
quantification of coerciveness, 280

Lp norm
geometric version, 103
over subsets, 103

St,u projection
basic properties, 113
definition, 91
frame covariant derivatives of, 131
occasional redundancy, 113

St,u tensor, 92

St,u-projected Lie derivative
connection to π/, 128
definition, 98

ΣU0
t projection
definition, 91

ΣU0
t tensor, 92

ΣU0
t -projected Lie derivative, 98

a posteriori estimate, 56, 58, 59, 245
a priori energy estimates

for symmetric hyperbolic systems, 15
in the shock formation problem, provided

by the fundamental Gronwall lemma,
371

abuse of notation regarding the symbol ϑ,
88

algebraic topology, 450, 462
Alinhac, S.

shock formation results, xv, 32, 61

almost global existence, 28
angular differential

definition, 96
meaning of the rectangular component,

96

of Li, 109
of Li

(Small)
, 109

of Ri
(Small)

, 109

of the rectangular spatial coordinates, 96

angular divergence
definition, 135

area form on St,u

definition, 102

size, 151
arrays of frame components

notation for derivatives, 101
pointwise norm, 100

atlas
standard atlas on S2, 88

auxiliary bootstrap assumptions
derivation of improvements, 230

statement of, 183

blow-up

caused by the vanishing of the inverse
foliation density, 47

first known example of shock type, 2

for 2× 2 strictly hyperbolic genuinely
nonlinear systems, 10

for solutions to Burgers’ equation, 3

for the compressible Euler equations, 17
bootstrap assumptions

auxiliary sup-norm type, 183
fundamental sup-norm assumptions for

Ψ, 182

overview, 45
positivity of the inverse foliation density,

182

bounded L2 curvature conjecture, 19

boxed constants, 366, 485
Burgers’ equation, 3

causal vector, 20

507



508 INDEX

ceiling function, 210

Challis, J., 1

change of variables map

behavior up to the shock, 455

definition, 101

Jacobian determinant, 101

sufficient conditions for it to be a global
diffeomorphism, 461

characteristic curve, 10

characteristic hypersurface, xv, 41

characteristic vectorfields, 8

characteristics, 3

intersection is tied to shock formation, 33

intersection of, xvi

method of

for 2× 2 strictly hyperbolic genuinely
nonlinear systems, 6

for Burgers’ equation, 3

Christodoulou, D.

key innovations of his framework, 34

shock formation results, xvii, 32, 67

Christoffel symbols

index conventions, 108

relative to rectangular coordinates, 38,
108

classical lifespan, 453

co-area formula, 14

Codazzi equations

identities connected to, 291

commutation current, 144

frame decomposition of its divergence,
146

commutation vectorfield

commutation identity with the covariant
wave operator, 143

definition, 51, 127

Euclidean rotation subset, 128

expression for its deformation tensor, 129

for the linear wave equation, 25

geometric rotation subset, 127

good properties of, 144

spatial subset, 127

commutator

St,u tangent nature of [L, R̆], 86

expression for [L, R̆], 119

expression for [O(m), O(n)], 124

of two operators, 26, 136

properties of vectorfield commutators,
112

commutator method, 19, 25, 28, 51

commutator property

of commutator vectorfields with the
covariant wave operator, 143

of the elements of Z(Flat) with the
Minkowskian wave operator, 26

of vectorfields with the Minkowskian
wave operator, 26

comparison estimate

∇/ in terms of L/O, 197

∇/ 2 in terms of L/≤2
O , 204

L/X in terms of L/O, 203

compatible current

correction current, 155

definition, 155

expression for its divergence, 155

for symmetric hyperbolic systems, 13

for wave equations, 20

cone flux

coerciveness, 50, 277

corresponding to the Morawetz

multiplier, 52

corresponding to the timelike multiplier,
50

definition, 156

conformal Killing field

of the Minkowski metric, 22, 25

connection coefficients

decomposition into singular and regular
pieces, 117

of the rescaled frame, 117

of the rescaled null frame, 119

connections, 83

constant time slices, 83

constants

dependence of constants on U0, 182

importance of the boxed constants, 366

sharp constants, 280

structural constant, 57

the boxed constants are perhaps affected
by non-optimal definitions, 485

continuation criteria

for quasilinear wave equations, 18

for symmetric hyperbolic systems, 15

relevant for the main results of the
monograph, 447

contraction notation

abbreviations, 91

covariant derivative

expressed relative to rectangular
coordinates, 108

covariant Laplacian, 84

covariant wave operator, 18, 83

commutation identity with commutation
vectorfields, 143

expression relative to the rescaled frame,
45

frame decomposition of, 119

covering map, 462

curvature

Gaussian curvature of g/, 353

Ricci curvature of g/, 354

Ricci curvature of g, 144

Riemann curvature of g/, 169

Riemann curvature of g, 169

scalar curvature of g/, 354



INDEX 509

decay

faster than expected, 58, 147, 236

rates of decay, 183

deformation tensor

definition, 20, 112

important terms in (R̆)π, 299

important terms in (�L)π, 307

important terms in (O(l))π, 302

of a commutation vectorfield

expressions for the frame components,
129

importance of (Z)πLL = 0, 147

important structural features, 128

role in generating inhomogeneous
terms in the wave equation, 127

special structure, 148

the null components of the deformation
tensors of the multiplier vectorfields,
154

derivative loss

avoiding it leads to degenerate energy
estimates, 46

how to avoid it, 54

naive estimates lead to it, 46, 53

permissible below top order, 60

descent scheme for the below-top-order
energy estimates, 59

differential structures, 89

dispersion, 28

L2-type, 16, 22

decay rates in the shock formation
problem, 45, 183

for shock forming solutions, 44

pointwise type for the linear wave
equation, 24

divergence

angular divergence, 135

of a vectorfield, expressed in terms of
rescaled frame derivatives, 145

divergence theorem

for symmetric hyperbolic systems, 15

in the shock formation problem, 157

with important cancellations, 158

dominant energy condition, 20

Duhamel’s principle, 474

eikonal equation, xv

definition, 41

eikonal function, xv

appearance of error terms depending on
its top-order derivatives, 148

definition, 41, 82

identities involving rectangular spatial
derivatives, 87

in the context of Burgers’ equation, 4

necessity of in the proof of shock
formation, 42

role in the proof of shock formation, xvi

role in the proof of the stability of
Minkowski spacetime, xvi, 42

ways in which it has been used in
nonlinear problems, 42

eikonal function quantities, 47, 107

L2 estimates not relying on the modified
quantities, 361

elliptic estimates

for solutions to Poisson’s equation, 356

for symmetric trace-free type
(0
2

)
St,u

tensorfields, 356

role in controlling μ∇/ χ̂, 55
terms that need to be treated with them,

149

energy

coerciveness, 50, 277

corresponding to the timelike multiplier,
50

definition, 156

for symmetric hyperbolic systems

definition, 14

energy estimates

bootstrap assumptions, 365

descent scheme for the below-top-order
energy estimates, 59

high-order degeneracy, 34

main difficulties in obtaining a priori
estimates, 51

nondegeneracy at the low orders, 56

overview of the hierarchy, 55

overview of the top-order estimates, 56

proof of the main below-top-order
energy-cone flux integral inequalities,
429

proof of the main top-order energy-cone
flux integral inequalities, 426

quantities that bound difficult top-order

integrals generated by K̃, 369

quantities that bound difficult top-order
integrals generated by T , 367

quantities that bound easy integrals

generated by K̃, 369

quantities that bound easy integrals
generated by T , 368

sharp L2 estimates for L/L + trg/χ applied
to the partially modified version of
d/S N−1μ, 401

sharp L2 estimates for L/L + trg/χ applied
to the partially modified version of
S N−1trg/χ

(Small), 402

sharp L2 estimates for the partially
modified version of d/S N−1μ, 395

sharp L2 estimates for the partially
modified version of S N−1trg/χ

(Small),
400

statement of the main estimates for the
difficult top-order error integrals

corresponding to K̃, 389



510 INDEX

statement of the main estimates for the
difficult top-order error integrals
corresponding to T , 388

the main below-top-order energy-cone
flux integral inequalities, 371

the main top-order energy-cone flux
integral inequalities, 370

energy identity

corresponding to the timelike multiplier,

50

for symmetric hyperbolic systems, 15

for the linear wave equation, 22

in the shock formation problem, 157

with important cancellations, 158

of Morawetz type for the linear wave
equation, 22

energy method, 11

classes of equations to which it has been
applied, 12

energy-momentum tensorfield

definition, 20, 152

expression for its divergence, 20, 152

expressions for its null components, 153

Euclidean rotation, 25

definition, 123

insufficiency in the shock formation

problem, 51

Euler-Lagrange equation, 2

irrotational fluid mechanics, xix

the irrotational compressible Euler
equations, 17

first fundamental form

definition, 83

its volume form factor relative to
geometric coordinates, 94

relative to the geometric coordinates, 93

first variation of the scalar curvature of g/,

354

flat notation, 97

floor function, 210

frame components

arrays, 100

of a symmetric type
(0
2

)
spacetime

tensorfield, 100

frame vectorfields

algebraic relationships, 108

span, 89

frames

definition of the vectorfield frames, 89

free boundary

role in Alinhac’s work, xvi

Friedlander’s radiation field, 62

future null condition failure factor

angular dependence, 48

complete vanishing typically does not
occur, 40

connection to the null condition, 40

definition, 39, 90

dependence on coordinates, 90
for non-covariant wave equations, 480

role as a coefficient of possibly
obstructive terms, 40

role in the transport equation for the
inverse foliation density, 49

future strong null condition
definition, 483

its nonlinear nature, 484
verified by the inhomogeneous terms in

the covariant system, 484

future-directed vector, 20

Gaussian curvature of g/, 353
connection to Riemann curvature of g/,

353

the transport equation that it satisfies,
354

generalized energy estimates, 19, 21

genuinely nonlinear system, 6, 7
geodesic equation, 84

geometric coordinates
definition, 88

overview of their construction, 41
solution remains regular relative to them,

xvi

geometric radial variable
definition, 82

silent use of a basic estimate, 184
global existence

in higher dimensions, 28
in three spatial dimensions under the

null condition, 28

global Sobolev inequality, 26
Gronwall lemma

proof of the fundamental Gronwall
lemma, 431

statement of the fundamental Gronwall
lemma, 371

Huygens’ principle, 65

immersion, 462
inherent St,u tensors vs. St,u tensors

embedded in spacetime, 92

inhomogeneous terms in the commuted
wave equation

structure of inhomogeneous terms after
one commutation, 144

inhomogeneous terms in the commuted
wave equation

basic structure, 295

error terms that never appear, 54
explanation of the various types, 148

identification of the difficult factors, 297
reduction of the analysis, 297

initial data
Alinhac’s criteria for shock formation, 65



INDEX 511

assumptions on the support, 31

Christodoulou’s criteria for shock
formation, 71

conditions that lead to shock formation,
72

definition, 81

definition of their size, 182

estimates for the Z -derivatives of Ψ
along Σ1

0, 189

estimates for the eikonal function
quantities along Σ1

0, 188

estimates of Ψ along Σ1
0, 187

initial smallness of the L2-controlling
quantities, 282

nearly spherically symmetric assumption,
48

shrinking the amplitude to deduce shock
formation, 73

smallness assumption, 182

treating a larger set of data, 35

injectivity radius, 358

integration by parts

identity on St,u, 161

identity used for top-order estimates,
160, 161, 163

inverse foliation density, xvii

a posteriori estimates, 245

absence of its reciprocal in the
Codazzi-type identities, 291

as a weight in the energies and cone
fluxes, 52

auxiliary quantities used to analyze it,
245

connection between ∇/ 2μ and

L/R̆χ(Small), 283

connection to the Jacobian determinant

of the change of variables map, 43

definition, 43, 84

fundamental estimates for time integrals

involving its reciprocal, 266

gaining powers by integrating in time, 60

geometric interpretation, 33

heuristic model of its behavior, 58

in the context of Burgers’ equation, 5

its role in time-integral estimates, 245

overview of why it can vanish in finite
time, 49, 467

point of no return smallness, 53

regions of distinct behavior, 249

relationship to the blow-up of various
quantities, 84

role as a weight for the covariant wave
operator, 51, 153

role in the monograph, 5

sharp pointwise estimates, 249

smaller-than-expected acceleration, 58

smallness implies quantified negativity of
its outgoing null derivative, 53

the transport equation that it satisfies,
108

the transport equation that it satisfies in
the case of non-covariant wave
equations, 485

vanishing is precisely tied to singularity
formation, 43

what happens when it vanishes, 455
inverse function theorem, 461

Jacobi identity, 98
John’s conjecture, 62, 63, 66, 72

proof sketch of the conjecture, 73

John’s criterion
for shock formation, 73

John, F.
nonconstructive proof of blow-up, 32

Killing field, 153
of the Minkowski metric, 25

Klainerman-Sobolev inequality, 26

Lagrangian coordinates, 4
Lagrangians

exceptional Lagrangian, 70
in irrotational relativistic fluid

mechanics, 68

Lebesgue norm
Euclidean version, 15
geometric version, 103

over subsets, 103
Leibniz rule

Jacobi identity, 98
Levi-Civita connections, 83
Lie bracket, 97

Lie derivative
St,u-projected Lie derivatives

basic commutation formula, 113
definition, 98, 113

ΣU0
t -projected Lie derivatives
definition, 98

alternate expression, 98
coordinate invariant property, 98
definition, 97

definition of trace-free St,u-projected Lie
derivatives, 135

Leibniz rule, 98

pullback formulation, 98
lifespan lower bound of John and
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main new estimate needed at the top
order, 485, 488

reformulated as a system of covariant
wave equations, 482

the type to which the main results
apply, 479

noncovariant
the type to which the main results

apply, 37
the two classes treated in the

monograph, 31
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In 1848 James Challis showed that smooth solutions to the compressible Euler equa-
tions can become multivalued, thus signifying the onset of a shock singularity. Today it 
is known that, for many hyperbolic systems, such singularities often develop. However, 
most shock-formation results have been proved only in one spatial dimension. Serge 
Alinhac’s groundbreaking work on wave equations in the late 1990s was the first to 
treat more than one spatial dimension. In 2007, for the compressible Euler equations 
in vorticity-free regions, Demetrios Christodoulou remarkably sharpened Alinhac’s 
results and gave a complete description of shock formation.

In this monograph, Christodoulou’s framework is extended to two classes of wave 
equations in three spatial dimensions. It is shown that if the nonlinear terms fail to 
satisfy the null condition, then for small data, shocks are the only possible singularities 
that can develop. Moreover, the author exhibits an open set of small data whose solu-
tions form a shock, and he provides a sharp description of the blow-up. These results 
yield a sharp converse of the fundamental result of Christodoulou and Klainerman, 
who showed that small-data solutions are global when the null condition is satisfied.

Readers who master the material will have acquired tools on the cutting edge of 
PDEs, fluid mechanics, hyperbolic conservation laws, wave equations, and geometric 
analysis.
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