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Preface

The main part of this monograph is a corrected and augmented version of the
Bieri–Strebel memoir [BS85a]. The manuscript of that memoir was completed in
the autumn of 1985; it was then typed and the typescript was distributed to a few
mathematicians. At the beginning of 2014, I started to revise it, my original plan
being to stay close to the original text. Little by little, I had to abandon this idea for
reasons explained in Section N1 of the chapter called Notes. That chapter contains
two further sections: Section N2 details the differences between the memoir and
this monograph, and Section N3 surveys results obtained after 1985 and related to
the topics of the memoir.

At the end of 2014, a corrected version of the memoir was published in the
repository arXiv as [BS14]. The present monograph is based on this electronic
preprint, but the text has been reworked once more, the chapter Notes and the
bibliography have been updated, and two indices have been added.

Origin of the memoir

In May 1984, Robert Bieri and I attended a meeting at the Mathematisches
Forschungsinstitut Oberwolfach (Germany). There Ross Geoghegan introduced us
to some recent discoveries of Matthew Brin and Craig Squier concerning groups of
piecewise linear homeomorphisms of the real line; many of these findings were to
be published later on in [BS85b].

These discoveries are a fascinating mixture of general results and explicit com-
putations with specific groups. To describe them, I need a bit of notation. Let
PLo(R) denote the group of all orientation preserving piecewise linear homeomor-
phisms of the real line with only finitely many breaks. It is easy to see that this
group is torsion-free and locally indicable. Brin and Squier establish that it satisfies
no laws and that it contains no non-abelian free subgroups.

The group PLo(R) has intriguing subgroups: first a finitely presented subgroup,
discovered by Richard J. Thompson in about 1965, later rediscovered independently
by Freyd and Heller (from a homotopy viewpoint) and by Dydak and Minc (from a
shape theory viewpoint) (see [FH93] and [Dyd77]). The group has a very peculiar
infinite presentation, namely

(1) F = 〈x0, x1, x2, . . . | xixj = xj+1 for all indices i < j〉.

(I use left action, as employed in the memoir [BS85a].)
According to Thompson’s manuscript [Tho74], the derived group of F is a

minimal normal subgroup of F ; it is actually simple, a fact discovered around 1969
by Freyd and Heller (see part (T3) of the Main Theorem in [FH93]), but known
to Thompson, too.

vii
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Brin and Squier studied a second subgroup G of PLo(R). It consists of all PL-
homomorphisms of R with supports contained in the interval [0,∞[ , having only
finitely many singularities, all at dyadic rationals, and with slopes that are powers
of 2. The group G has the infinite presentation
(2) 〈x0, x1, x2, . . . | xixj = x2j−i for all indices i < j〉,
but it has also the finite presentation

(3) 〈x0, x1, | x1x0x1 = x2
0x1 and x1x

2
0x1 = x4

0x1〉.
The subgroups of PLo(R) exhibit further surprises. In [Tho74], R. J. Thomp-

son represents the group F by PL-homeomorphisms with supports in the unit in-
terval [0, 1]; as discovered by him and, independently, by Freyd and Heller, it can
also be realized by PL-homeomorphisms with supports in the half line [0,∞[ or
with supports in the real line.1

Layout of the memoir

The groups F and G have explicit finite presentations with generating sets made
up of concretely given PL-homeomorphisms. In addition, they have definitions that
might be called local: the group F consists of all PL-homeomorphisms with supports
in the unit interval I = [0, 1], slopes in the multiplicative group P generated by
2 and breaks in the Z[P ]-submodule Z[1/2] of the additive group of R, while G
is made up of all PL-homeomorphisms with supports in the half line I = [0,∞[,
slopes in P = gp(2) and breaks in A = Z[1/2].

These local definitions of F and of G form the starting point of the Bieri–
Strebel memoir [BS85a]. Similarly to what Brin and Squier propose on page
490 of [BS85b], the authors consider subgroups of PLo(R), depending on three
parameters I, A and P , where I ⊆ R is a closed interval, P is a subgroup of the
multiplicative group of the positive reals R×

>0 and A is a Z[P ]-submodule of the
additive group Radd. To every such triple they attach the subset

G(I;A,P ) = {g ∈ PLo(R) | g has support in I, slopes in P , breaks in A}.
This subset is closed under composition of functions and under passage to the
inverse2 and G(I;A,P ) equipped with this composition is a group which, by abuse
of notation, will again be denoted by G(I;A,P ). In order to avoid trivialities, the
authors require, in addition, that I have positive length, that P �= {1} and that
A �= {0}. These non-triviality assumptions imply that A is a dense subgroup of R.

Themes. The group F has many striking properties; the following five are
chosen by Bieri and Strebel as themes of their memoir:

(i) F is dense in the space of all orientation preserving homeomorphisms of the
compact interval [0, 1],3

(ii) its derived group is simple,
(iii) F is finitely generated,
(iv) F admits a finite presentation, and
(v) F is isomorphic to subgroups of PLo(R) with supports in [0,∞[ .

1see the First canonical Representation and the Second Canonical Representation, defined
on pages 100 and 102 in [FH93].

2If I = R this holds only if one requires, in addition, that the PL-homeomorphisms map A
onto itself. I shall impose this condition from now on.

3with respect to the L∞-norm
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Analogues of some of these properties hold in great generality, analogues of others
only in rather restricted settings. In the sequel, I briefly comment on the findings
obtained in [BS85a] and reproduced in the main part of this monograph.

Construction of PL-homeomorphisms. I begin with property (i). The
fundamental question here is whether, given positive numbers b, b′ in A, there exists
a PL-homeomorphism g with slopes in P and breaks in A such that g([0, b]) = [0, b′].
The answer involves a submodule of A that is familiar from the Homology Theory
of Groups, namely

(4) IP ·A =
{
a ∈ A | ∃pj ∈ P and ∃aj ∈ A with a =

∑
j
(pj − 1) · aj

}
.

In view of the non-triviality hypothesis, this submodule is dense in R.
The answer now reads like this (see Theorem A4.1):

Theorem 1. A PL-homeomorphism with the stated properties exists if, and
only if, b′ − b ∈ IP ·A.

It follows, first of all, that property (i) extends to all groups G(I;P,A) with
I a compact interval (see Corollary A5.8). Other consequences hold for groups
with intervals I distinct from R, in particular the following ones (see Corollary
A5.6): every orbit Ω of G = G(I;A,P ) that is contained in the intersection of A
and the interior int(I) of I has the form (a + IP · A) ∩ int(I) and it is dense in
int(I). In addition, the group G acts transitively on the collection of all ordered
lists a1 < a2 < · · · < a� with elements ai in Ω. (Here � is a positive integer.) This
addendum will be a key to the answer to item (ii).

Simplicity of the derived group. In the preceding section, a property of
the groups G(I;A,P ) has been stated that holds for all choices of the parameters
A, P and which can be formulated in terms of the group P , the module A, and the
closely related submodule IP · A. In this section, I explain how property (ii) can
be rephrased in such a way that it holds for all groups of the form G(I;A,P ).

The derived group of Thompson’s group F coincides with the subgroup B made
up of the elements that are the identity near 0 and near 1. For every choice of I,
A and P , the group G(I;P,A) contains an analogously defined subgroup, namely:
(5) B(I;P,A) = {g ∈ G(I;A,P ) | g is the identity near the endpoints of I}.
If I is the line or a half line, the stated requirement for g is to be interpreted
suitably; see section 2.3 for a precise formulation.

The group G(I;A,P ) can be viewed as a permutation group of the linearly
ordered set R, and the same is true for its subgroups. The facts enunciated in the
paragraph following Theorem 1 imply that the normal subgroup B(I;P,A) acts
doubly transitively on its orbits Ω in A ∩ int(I); more precisely, it acts transitively
on the subset of all ordered pairs {a1, a2} ∈ Ω2 with a1 < a2. Since each orbit is
dense in I, the action of B(I;P,A) on an orbit is faithful; a theorem of Higman’s
thus allows one to infer that the derived group of B = B(I;A,P ) is non-abelian
and simple. (For more information, see section 10.2).

The quotient group G/B can be expressed in terms of the parameters A and
P : if I is a compact interval with endpoints in A, it is abelian and isomorphic
to P × P ; if I is the real line R or the half line [0,∞[, it is metabelian but not
abelian (a fuller description is given by Corollary A5.5). It follows, in particular,
that G(I;A,P ) is an extension of a simple group by the soluble group G/B′.
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In order to arrive at a more detailed description of the group G/B′, one has to
determine the abelianization Bab of B and the action of G/B on Bab. These topics
are investigated in Section 12. A first finding is that the isomorphism type of B
does not depend on the interval I (see Proposition C10.1). In the analysis of Bab
one can therefore assume that I = [0,∞[ whence G = G(I;A,P ) has an explicitly
known presentation; for details see section 14.1.

The results obtained in Section 12 can be summarized as follows: by Proposition
C12.7 the abelian group Bab is the middle term of a right exact sequence

(6) L̄ → Bab
μ̄−→ K(A,P ) → 0.

The group K(A,P ) is studied in section 12.3. By Proposition C12.10, it is trivial
if, and only if, A = IP ·A; it is finitely generated if, and only if, either A = IP ·A,
or A/(IP ·A) is finite and P is a finitely generated group. Moreover, if K(A,P ) is
finitely generated it is free abelian of rank rkP · (card(A/(IP ·A)) − 1).

The group L̄ can be described in terms of homology groups; in some cases, this
description allows one to deduce that L̄ is reduced to 0. Section 12.3c has some
details on this matter.

Finiteness properties

I come now to a third topic treated in the memoir, finiteness properties of
the groups G(I;A,P ). Actually only the properties of finite generation, of finite
generation of the abelianized group and of finite presentation are studied.

Finite Generation. I begin with a remark. One of the peculiarities of the
Bieri–Strebel memoir is the fact that the influence of the interval I on the groups
G(I;A,P ) and on their subgroups is studied systematically. For some questions,
this influence is small: one knows, for instance, that the subgroup B(I;A,P ) is
isomorphic to B(R;A,P ) for every interval I (with non-empty interior; see Propo-
sition C10.1). In addition, the isomorphism type of the groups G([0, b];A,P ) does
not depend on b ∈ A>0 whenever P is cyclic (Theorem E16.7). For other questions,
however, the answers depend strongly on the type of interval. This is the case for
the determination of isomorphisms and automorphism groups, a topic discussed
later on in this Preface, but also for the problems of finding out when a group
G(I;A,P ) is finitely generated or when it admits a finite presentation.

The question of finite generation is the subject matter of Chapter B; here the
interval I plays a crucial role. Suppose first that I is either the line or the half
line [0,∞[ . Then the ordered pair (A,P ) for which the group G(I;A,P ) is finitely
generated can be characterized in a simple manner. Indeed, by combining Theorems
B7.1 and B8.2 one arrives at

Theorem 2. Let I be one of the intervals R or [0,∞[ . Then G(I;A,P ) is
finitely generated if, and only if,

(i) P is a finitely generated group,
(ii) A is a finitely generated Z[P ]-module, and
(iii) the quotient module A/(IP ·A) is finite or I = R.

The proof depends on a result of Brin and Squier, according to which the
groups G(R;A,P ) and G([0,∞[ ;A,P ) admit convenient (infinite) presentations
whose generators are PL-homeomorphisms with at most one break (see [BS85b,
Corollary 2.8]).
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No similar result is known for compact intervals I = [0, b] with b ∈ A>0. Con-
ditions (i) through (iii) listed in Theorem 2 are still necessary for finite generation
(see Proposition B6.1), but they may no longer be sufficient. To date, the finite
generation property seems to have been established only for the following special
choices of A and P :

(e) P is generated by positive integers p1, . . . , pk and A = Z[1/(p1 · · · pk)]
(K. S. Brown (unpublished), cf. [Ste92, Thm. 2.5], or Corollary B9.10);

(f) P = gp(u) and A = Z[u, u−1] with u an algebraic integer of the form
u = (

√
n2 + 4 − n)/2 and n a positive integer (S. Cleary [Cle95] and

[Cle00, Section 4]).
(For the full list from which these are excerpted, see page xii.) In addition, a general
fact is known: whether or not a group G([0, b];A,P ) is finitely generated does not
depend on b ∈ A>0 (see Lemma B9.1). (Groups with distinct parameters b1, b2
may not be isomorphic; see Corollary E17.6.)

Finite generation of the abelianized group. In the memoir, the abelian-
ization of the groups G = G(I;A,P ) is only studied for intervals that are bounded
from below or from above, but not on both sides, in particular for I = [0,∞[ .
The following facts induced the authors to concentrate on this special case: the
isomorphism type of B = B(I;A,P ) does not depend on I (Proposition C10.1),
the study of Bab is relevant for the question whether B is simple, the extension
B � G � G/B and methods from the Homology Theory of Groups allow one to
relate the abelianizations of B, G and G/B, and last, but not least, G([0,∞[ ;A,P )
has a very convenient, infinite presentation.

In section 12.1, this presentation is used to obtain a description of the abelian-
ization of G = G([0,∞[ ;A,P ) in terms of P and the abelian group A/(IP ·A) (see
Proposition C12.1 and its proof). The cited proposition allows one then to obtain
a criterion for the finite generation of Gab:

Corollary 3 (Corollary C12.2). If I is a half line, the abelianization of
G = G(I;A,P ) is finitely generated if, and only if, P is finitely generated and
and IP ·A has finite index in A. If Gab is finitely generated, it is free abelian of
rank

rkP · (1 + cardA/(IP ·A))
if the end point of I lies in A, and otherwise of rank rkP · (cardA/(IP ·A)).

Finite presentation. Chapter D of the Bieri–Strebel memoir addresses the
question whether a group of the form G(I;A,P ) admits a finite presentation. The
obtained results are far less general than Theorem 2; but, again, they are more
satisfactory for the line or a half line than for compact intervals.

A first general insight is provided by the next proposition; it is an immediate
consequence of Propositions D13.3 and D14.1.

Proposition 4. Suppose I = R or I = [0,∞[ . If G(I;A,P ) admits a finite
presentation so does the metabelian group Aff(A,P ) ∼−→ A� P .

As is well known, a finitely generated metabelian group of the form A�P need
not admit a finite presentation (see, e.g., [BS80] or [Str84]). The above proposition
thus implies that many groups of the form G(R;A,P ) or G([0,∞[ ;A,P ) are finitely
generated, but infinitely related, for instance the group G(R;Z[1/6], gp(3/2)).



xii PREFACE

No analogue of Proposition 4 is known for the interval I = [0, b]; indeed, it
seems that every group of the form G([0, b];A,P ) that has been shown to be finitely
generated is actually finitely presented and of type FP∞.

Now to some examples of groups of the form G(I;A,P ) that have been proved
to admit a finite presentation. Their list is quite short; in displaying it, I denote
by gp(X ) the group generated by the set X .
(a) I = R, P freely generated by a finite set of integers pj ≥ 2 and A = Z[P ]

(Proposition D13.7 and example 1 in section 13.3c; the cited proposition yields
actually some further examples);

(b) I = [0,∞[, P = gp(p) with p ≥ 2 an integer and A = Z[1/p] ([BS85b, §2]);
(c) I = [0,∞[, P = gp(p1, . . . , pk) with each pj a positive integer and A = Z[P ]

(Theorem D14.2);
(d) I = [0, b] with b ∈ A, and P = gp(p) with p > 1 an integer, and A = Z[1/p]

([Bro87, Theorem 4.17] or Proposition D15.10);
(e) I = [0, b] with b ∈ A, P = gp(p1, . . . , pk) with each pj a positive integer and

A = Z[P ] (K. S. Brown (unpublished); cf. [Ste92, Theorem 2.5]);
(f) I = [0, b] with b ∈ A = Z[u, u−1], P = gp(u) where u is the algebraic integer

(
√
n2 + 4−n)/2 with n a positive integer (see [Cle95] and [Cle00, Section 4]).

Notice that every module A figuring in the above list is cyclic and is actually the
module underlying the subring Z[P ], and that the group P is always generated by
rational numbers, except in case (f).

Isomorphisms and automorphisms

Isomorphisms and automorphisms are topics for which very satisfactory results
are known; Chapter E focuses on them. All isomorphisms are induced by conjuga-
tion by homeomorphisms.

These homeomorphisms are obtained by two methods. In the first one, the
homeomorphism ϕ : int(I) ∼−→ int(Ī), is the result of an explicit construction. In
the simplest case, ϕ is (the restriction of) an affine map t → s · t+ b. Translations
allow one to see that, for every a ∈ A, the group G([0,∞[ ;A,P ) is isomorphic
to G([a,∞[ ;A,P ) and G([0, b];A,P ) is isomorphic to G([a, a + b];A,P ). The ho-
mothety α : t → s · t with s > 0 implies that G([0,∞[ ;A,P ) is isomorphic to
G([0,∞[ ; s ·A,P ) and that G([0, b];A,P ) is isomorphic to G([0, s · b]; s ·A,P ). Far-
ther reaching are the effects of PL-homeomorphisms with infinitely many breaks
that do not accumulate in the interior of I. With the help of such homeomorphisms
one can show that the isomorphism type of B(I;A,P ) does not depend on the in-
terval I (see Proposition C10.1), and that the isomorphism type of G([0, b];A,P )
with b ∈ A and P cyclic does not depend on b (see Theorem E16.7). A further
application will be discussed on page xv below.

The second route leading to homeomorphisms ϕ makes use of the proof of the
Main Theorem in McCleary’s paper [McC78] and of transitivity properties of the
subgroup B(I;A,P ) (established in Section 5). This route is detailed in sections
16.1 through 16.3 and culminates in

Theorem 5 (Theorem E16.4). Assume G is a subgroup of G(I;A,P ) contain-
ing the derived group B′ of B = B(I;A,P ) and that Ḡ is a subgroup of G(Ī; Ā, P̄ )
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with the analogous property. If α : G ∼−→ Ḡ is an isomorphism of groups there ex-
ists a unique homeomorphism ϕ : int(I) ∼−→ int(Ī) that induces α by conjugation;
more precisely, the equation
(7) α(g)� int(Ī) = ϕ ◦ (g� int(I)) ◦ ϕ−1

holds for every g ∈ G. In addition, ϕ maps A ∩ int(I) onto Ā ∩ int(Ī).

Remark 6. Theorem 5 is deduced from Theorem E16.3, a result in the spirit
of the Main Theorem 4 of [McC78]; Theorem E16.3 deals with certain orientation
preserving permutation groups of an open interval J ⊆ R. As pointed out on
page 15 of [MR05], the proof of Theorem E16.3 can be adjusted so as to yield a
sharpening of the Main Theorem 4 of [McC78]. In the more recent paper [MR05],
McCleary and Rubin generalize this sharpened result further; see Theorem 4.1 in
[MR05].

Theorem 5 has many consequences; some of them will be mentioned in this
Preface. A first one deals with the subgroup B(I;A,P ). This group is normal in
G(I;A,P ). Theorem E16.4 now implies that B is mapped onto itself by every au-
tomorphism of a subgroup G of G(I;A,P ) that contains B; so B is a characteristic
subgroup of every subgroup G ⊃ B (for more details, see Corollary E16.5).

One of the main problems studied in Chapter E is whether or not the homeo-
morphisms ϕ : int(I) ∼−→ int(Ī) are piecewise linear, possibly with infinitely many
breaks. The answers are simpler and more uniform when P is not cyclic and hence
a dense subgroup of R×

>0. I begin therefore by reporting on this case.

Case 1: P is not cyclic. The basic result here is

Theorem 7 (Theorem E17.1). Suppose G is a subgroup of G(I;A,P ) that
contains the derived group of B(I;A,P ) and Ḡ is a subgroup of G(Ī; Ā, P̄ ) with the
analogous property. Assume G and Ḡ are isomorphic and let ϕ : int(I) ∼−→ int(Ī)
be a homeomorphism inducing an isomorphism α : G ∼−→ Ḡ. If P is not cyclic
the following statements hold:

(i) P̄ = P ;
(ii) there exists a non-zero real s such that Ā = s ·A and ϕ is a PL-homeomor-

phism with slopes in the coset s · P and breaks in A, and its set of breaks is
a discrete subset of int(I).

In the preceding theorem, G is allowed to be B(I;A,P ) and similarly for Ḡ.
Then the PL-homeomorphism ϕ can well have infinitely many breaks. If G is all of
G(I;A,P ) sharper conclusions can be drawn:

Supplement 8 (Supplement E17.3). Assume that P is not cyclic and that α
is an isomorphism of G(I;A,P ) onto a subgroup Ḡ of G(Ī; Ā, P̄ ) that contains the
derived group of B(Ī; Ā, P̄ ). Let ϕ : int(I) ∼−→ int(Ī) be the unique homeomor-
phism inducing α. Assume, furthermore, that I is the line R or a half line [a,∞[
with a ∈ A or a compact interval with endpoints in A, and that the intervals Iand
Ī are similar.

Then ϕ is a finitary PL-homeomorphism and Ḡ = G(Ī; Ā, P̄ ).

This supplement allows one to work out the automorphism group of G =
G(I;A,P ). The result involves a homomorphism η which is obtained as follows:
by part (ii) in Theorem 7, every automorphism α of G gives rise to a well-defined
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coset s · P of R×
>0 /P . Since s · A = A, multiplication by s is an automorphism of

A. These automorphisms of A form the group

(8) Aut(A) = {s ∈ R× | s ·A = A}.
The assignment α → ϕ → s · P then gives rise to the homomorphism of groups

(9) η : AutG → Aut(A)/P.

The automorphism group AutG of the group G = G(I;A,P ) can now be described
like this:

Corollary 9 (Corollary E17.7). Set G = G(I;A,P ). The kernel of η is
the subgroup InnG of inner automorphisms of G; its image depends on I: for
I = R it is Aut(A)/P , for I the half line [0,∞[ it is Auto(A)/P where Auto(A) =
Aut(A) ∩ R×

>0; if, finally, I = [0, b] with b ∈ A, the image of η depends on b and
is

(10) Qb/P with Qb = {s ∈ Aut(A) | (|s| − 1) · b ∈ IP ·A} .

The answer given by Corollary 9 is very satisfactory. To see this, assume first
that A �= {0} is a subgroup of Radd for which the group

(11) Auto(A) = {s ∈ R×
>0 | s · A = A}

is not cyclic. If I = R, the outer automorphism group of G = G(I;A,Auto(A)) is
of order 2 and AutG consists of the inner automorphisms of G and of the composi-
tions of inner automorphisms with the the automorphism induced by the reflection
t → −t. The situation is similar if I = [0, b] with b ∈ A: then InnG has again
index 2 in AutG and the automorphism by conjugation by the reflection t → b− t
represents the coset AutG� InnG. If, finally, I is a half line with endpoint in A,
then AutG = InnG and the group G(I;A; Auto(A)) is complete.

The assumptions that P is all of Auto(A) and that it is not cyclic hold, in par-
ticular, for PLo(R) = G(R;R,R×

>0), a group considered in Corollary 31 of [McC78].
Corollary 9 thus puts McCleary’s result into a larger context.

There is a second aspect of Corollary 9 that deserves mention, namely the
fact that, given parameters I, A and P as in the corollary, AutG(I;A,P ) has a
subgroup Auto G(I;A,P ) of index at most 2, which is a subgroup of the group
G(I;A,Auto(A)). Here Auto G(I;A,P ) denotes the subgroup of increasing au-
tomorphisms, the automorphisms induced by orientation preserving auto-homeo-
morphisms. Some consequences of this fact are spelled out by Corollary E17.8.

Supplement E17.3 allows one also to determine when two intervals [0, b1] and
[0, b2] lead to isomorphic groups. The answer depends once more on the automor-
phism group of A, more precisely on its index 2 subgroup Auto(A).

Proposition 10 (Corollary E17.6). Assume P is not cyclic and b1, b2 are
positive elements of A. Then the groups G([0, b1];A,P ) and G([0, b2];A,P ) are
isomorphic if, and only if, b1 + IP · A and b2 + IP · A lie in the same orbit of
Auto(A)/P .

Case 2: P is cyclic and I is unbounded. If P is cyclic, the homeo-
morphisms ϕ : int(I) ∼−→ int(Ī) inducing isomorphisms α : G ∼−→ Ḡ are more
diverse than those arising for non-cyclic groups P . First of all, ϕ can be an in-
finitary PL-homeomorphism even in the case of the groups G = G([0, b];A,P ) and
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Ḡ = G([0, b̄]; Ā, P̄ ) (see Theorem E16.7). Secondly, there exist embeddings
G([0, b];A,P ) � G([0,∞[ ;A,P ) � G(R;A,P ),

induced by infinitary PL-homeomorphisms, that map the corresponding subgroups
of bounded homeomorphisms isomorphically onto each other (see section 18.2).

These facts notwithstanding, isomorphisms α : G(I;A,P ) ∼−→ G(Ī; Ā, P̄ ) where
I is the line or a half line are still fairly manageable. Indeed, most of the conclusions
of Theorem 7 and Supplement 8 continue to be valid:

Theorem 11. Set G = G(I;A,P ), Ḡ = G(Ī; Ā, P̄ ) and assume there exists
an isomorphism α : G ∼−→ Ḡ. If I and Ī are both the line R or both the half line
[0,∞[ the following assertions hold:

(i) P̄ = P ;
(ii) there exist a non-zero real s and a unique PL-homeomorphism ϕ : int I ∼−→

int(Ī) so that Ā = s · A, that α is induced by conjugation by ϕ and ϕ has
slopes in the coset s · P ;

(iii) if I = R then ϕ has only finitely many singularities; if I = [0,∞], its
singularities may be infinite in number, but they can only accumulate in 0.

Theorem 11 allows one to work out the automorphism group of G(I;A,P )
with I a line or half line. If I = R, the automorphism group is as described by
Corollary 9: it is an extension of G(R;A,P ) by the abelian group Aut(A)/P (see
section 19.2a). If I is a half line, the automorphism group of G = G(I;A,P ) is
more complicated on account of the fact that the PL-homeomorphisms inducing
automorphisms of G may have infinitely many singularities that accumulate in 0.
All the same, the outer automorphism group of G admits of a concrete description;
details can be found in section 19.2b (see, in particular, Proposition E19.4).

Case 3: P is cyclic and I is compact. We are left with the case where P is
cyclic and I is a compact interval, say I = [0, b] with b ∈ A. The methods developed
in the memoir [BS85a] are then not sufficiently powerful to determine the auto-
morphism group of G([0, b];A,P ); in particular, they give no answer to the question
whether every auto-homeomorphism ϕ : ]0, b[ ∼−→ ]0, b[ inducing an automorphism
of G([0, b];A,P ) is necessarily piecewise linear. They permit one, however, to solve
some easier problems.

Dependence on b. If P is cyclic, all groups in the family
{G([0, b];A,P ) | b ∈ A∩ ]0,∞[ }

are isomorphic to each other (see Theorem E16.7; the proof relies on the con-
struction of infinitary PL-homeomorphisms). This finding is in contrast with the
situation holding for groups with non-cyclic P (see Proposition 10).

Replacing, if need be, the given submodule A by a multiple s ·A with s ∈ R>0,
one can thus reduce to the case where 1 ∈ A; in principle, it suffices therefore to
consider the unit interval [0, 1].

Isomorphisms between subgroups containing B. A surprising consequence of
Supplement 8 is this: an injective endomorphism μ of the group G(I;A,P ) is
bijective whenever its image contains the derived group of B = B(I;A,P ) and P
is not cyclic. The analogous statement for cyclic P is false.

Indeed, for every integer m ≥ 1 there exists an infinitary PL-homeomorphism
ϕm : ]0, b[ ∼−→ ]0, b[ which induces a monomorphism μm : G = G([0, b];A,P ) � G
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whose image has index m; the image consists of all PL-homeomorphisms in G
whose leftmost slope is a power of pm; here p denotes the generator of P with
p > 1. Similarly, there exists for every n ≥ 1 an infinitary PL-homeomorphism
ψn : ]0, b] ∼−→ ]0, b[ which induces a monomorphism νn : G = G([0, b];A,P ) � G
with image of index n that consists of all PL-homeomorphisms in G whose rightmost
slope is a power of pn; see section 18.5.

The compositions νn ◦ μm : G � G have images with index m · n that contain
the bounded subgroup B = B([0, b];A,P ). They permit one to work out when
two subgroups of G([0, b];A,P ) with finite indices and containing B([0, b];A,P ) are
isomorphic; see Theorem E18.13. It follows, in particular, that a subgroup of finite
index and containing B is isomorphic to G([0, b];A,P ) if, and only if, it is the image
of one of the monomorphisms νn ◦ μm : G � G.

Remark 12. If I = [0, 1], A = Z[1/2] and P = gp(2), the group G(I;A,P ) is
(isomorphic to) Thompson’s group F and each of its subgroups with finite index
contains B, for B = F ′ is an infinite, minimal normal subgroup. The results
reported in the previous section, therefore, provide a classification of the subgroups
of F with finite index.4

Automorphism group of G([0, b];A,P ). I come, finally, to the identification of
the automorphisms of G = G([0, b];A,P ). A basic question here is whether an
auto-homeomorphism ϕ of the open interval ]0, b[ is piecewise linear if it induces an
automorphism of G. As a preliminary step towards an answer, Bieri and Strebel
introduce the subgroup

(12) AutPL G = {α ∈ AutG | α is induced by a PL-homeomorphism ϕ}
and describe the subgroup AutPL G/ Inn(G) of the outer automorphism group of G
(see Proposition E19.8). This subgroup contains a copy of the group G and is thus
far from being abelian, in contrast to the outer automorphism group of a group
with non-cyclic group P considered in Corollary 9.
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index of Thompson’s group F , Geom. Topol. 12 (2008), no. 3, 1701–1709. MR2421137
(2009g:20093)

[BG84] Kenneth S. Brown and Ross Geoghegan, An infinite-dimensional torsion-free FP∞
group, Invent. Math. 77 (1984), no. 2, 367–381. MR752825 (85m:20073)

[BG85] , Cohomology with free coefficients of the fundamental group of a graph of groups,
Comment. Math. Helv. 60 (1985), no. 1, 31–45. MR787660 (87b:20066)

[BG98] Matthew G. Brin and Fernando Guzmán, Automorphisms of generalized Thompson
groups, J. Algebra 203 (1998), no. 1, 285–348. MR1620674 (99d:20056)

[BIP08] Dmitri Burago, Sergei Ivanov, and Leonid Polterovich, Conjugation-invariant norms on
groups of geometric origin, Groups of diffeomorphisms, Adv. Stud. Pure Math., vol. 52,
Math. Soc. Japan, Tokyo, 2008, pp. 221–250. MR2509711

[Bri96] Matthew G. Brin, The chameleon groups of Richard J. Thompson: automorphisms and
dynamics, Inst. Hautes Études Sci. Publ. Math. (1996), no. 84, 5–33 (1997). MR1441005
(99e:57003)

[Bro87] Kenneth S. Brown, Finiteness properties of groups, Proceedings of the Northwestern
conference on cohomology of groups (Evanston, Ill., 1985), vol. 44, 1987, pp. 45–75.
MR885095 (88m:20110)

[Bro94] , Cohomology of groups, Graduate Texts in Mathematics, vol. 87, Springer-
Verlag, New York, 1994, Corrected reprint of the 1982 original. MR1324339 (96a:20072)

[BS78] Robert Bieri and Ralph Strebel, Almost finitely presented soluble groups, Comment.
Math. Helv. 53 (1978), no. 2, 258–278. MR0498863 (58 #16890)

[BS80] , Valuations and finitely presented metabelian groups, Proc. London Math. Soc.
(3) 41 (1980), no. 3, 439–464. MR591649 (81j:20080)

[BS81] , A geometric invariant for modules over an abelian group, J. Reine Angew.
Math. 322 (1981), 170–189. MR603031 (82f:20017)

[BS85a] , On groups of PL-homeomorphisms of the real line, preprint, 1985.
[BS85b] Matthew G. Brin and Craig C. Squier, Groups of piecewise linear homeomorphisms of

the real line, Invent. Math. 79 (1985), no. 3, 485–498. MR782231 (86h:57033)
[BS14] Robert Bieri and Ralph Strebel, On groups of PL-homeomorphisms of the real line,

preprint, arXiv:1411.2868v1, 2014.
[BW07] Collin Bleak and Bronlyn Wassink, Finite index subgroups of R. ThompsonÍs group F ,

preprint, arXiv:0711.1014v1, 7 Nov, 2007.
[CFP96] J. W. Cannon, W. J. Floyd, and W. R. Parry, Introductory notes on Richard Thompson’s

groups, Enseign. Math. (2) 42 (1996), no. 3-4, 215–256. MR1426438 (98g:20058)
[Che52] C. G. Chehata, An algebraically simple ordered group, Proc. London Math. Soc. (3) 2

(1952), 183–197. MR0047031 (13,817b)
[Cle95] Sean Cleary, Groups of piecewise-linear homeomorphisms with irrational slopes, Rocky

Mountain J. Math. 25 (1995), no. 3, 935–955. MR1357102 (97d:20040)

163

http://www.ams.org/mathscinet-getitem?mr=0242802
http://www.ams.org/mathscinet-getitem?mr=2031707
http://www.ams.org/mathscinet-getitem?mr=2031707
http://www.ams.org/mathscinet-getitem?mr=0422422
http://www.ams.org/mathscinet-getitem?mr=0422422
http://www.ams.org/mathscinet-getitem?mr=2421137
http://www.ams.org/mathscinet-getitem?mr=2421137
http://www.ams.org/mathscinet-getitem?mr=752825
http://www.ams.org/mathscinet-getitem?mr=752825
http://www.ams.org/mathscinet-getitem?mr=787660
http://www.ams.org/mathscinet-getitem?mr=787660
http://www.ams.org/mathscinet-getitem?mr=1620674
http://www.ams.org/mathscinet-getitem?mr=1620674
http://www.ams.org/mathscinet-getitem?mr=2509711
http://www.ams.org/mathscinet-getitem?mr=1441005
http://www.ams.org/mathscinet-getitem?mr=1441005
http://www.ams.org/mathscinet-getitem?mr=885095
http://www.ams.org/mathscinet-getitem?mr=885095
http://www.ams.org/mathscinet-getitem?mr=1324339
http://www.ams.org/mathscinet-getitem?mr=1324339
http://www.ams.org/mathscinet-getitem?mr=0498863
http://www.ams.org/mathscinet-getitem?mr=0498863
http://www.ams.org/mathscinet-getitem?mr=591649
http://www.ams.org/mathscinet-getitem?mr=591649
http://www.ams.org/mathscinet-getitem?mr=603031
http://www.ams.org/mathscinet-getitem?mr=603031
http://www.ams.org/mathscinet-getitem?mr=782231
http://www.ams.org/mathscinet-getitem?mr=782231
http://www.ams.org/mathscinet-getitem?mr=1426438
http://www.ams.org/mathscinet-getitem?mr=1426438
http://www.ams.org/mathscinet-getitem?mr=0047031
http://www.ams.org/mathscinet-getitem?mr=0047031
http://www.ams.org/mathscinet-getitem?mr=1357102
http://www.ams.org/mathscinet-getitem?mr=1357102


164 BIBLIOGRAPHY

[Cle00] , Regular subdivision in Z[ 1+
√

5
2 ], Illinois J. Math. 44 (2000), no. 3, 453–464.

MR1772420 (2001h:20051)
[CST04] Sean Cleary, John Stallings, and Jennifer Taback, Thompson’s group at 40 years—

preliminary problem list, preprint, http://www.aimath.org/WWN/thompsonsgroup/
thompsonsgroup.pdf, 2004.
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Index of Notation

Miscellanea

f ′(a−) left-hand derivative of the PL-homeomorphism f
at a ∈ A

23

f ′(a+) right-hand derivative of the PL-homeomorphism f
at a ∈ A

23

f ◦ g composition of functions familiar to analysts:
first g then f

1

fg left conjugation of g by f ; in other words, f ◦ g ◦ f−1 1
f ↓ g alternate notation for fg 81
gp(X ) subgroup generated by the set X xii
I closed interval in R (not reduced to a point) viii
int(I) interior of the closed interval I ix
homeo(I, Ī) set of all auto-homeomorphisms f of R with f(I) = Ī 14
PL-homeo(I, Ī;A,P ) set of all finitary PL-auto-homeomorphisms f of R

with f(I) = Ī, breaks in A and slopes in P
14

md(X ) monoid generated by the set X 30
rkB rank of the torsion-free abelian group B x
supp f support of the auto-homeomorphism f of R 13

Parameters and associated groups

A subgroup of Radd viii
Aut(A) (multiplicative) group of all non-zero real numbers s

with s ·A = A
xiv

Auto(A) subgroup of Aut(A) made up of its positive elements xiv
P subgroup of Auto(A) viii
Z[P ] subring of the field R generated by the subgroup

P ⊆ R×
>0

viii

IP ·A submodule of the Z[P ]-module A generated by the
products (p− 1) · a with p ∈ P and a ∈ A

ix

Qb subgroup of Aut(A) consisting of all non-zero real
numbers s with (|s| − 1) · b ∈ IP ·A

xiv

(A ∩ int(I))∼ set of orbits of G(I;A,P ) acting on A ∩ int(I) 45

167
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Z[(A ∩ int(I))∼] free abelian group on the set (A ∩ int(I))∼ 46
K(A,P ) subgroup of the abelian group Z[(A∩ ]0,∞[)∼] ⊗ P 53

Auxiliary groups

inner(Q) subgroup of P 2 = P × P with finite index in P 2

that is contained in Q
121

outer(Q) subgroup of P 2 = P × P with finite index in P 2

that contains Q
121

Groups of auto-homeomorphisms

Aff(A,P ) affine group with slopes in P and dispacements in A 5
PLo(R) group of all increasing finitary PL-homeomorphisms

of the real line
vii

G(I;A,P ) group of all finitary PL-homeomorphisms of R with
supports in I, breaks in A and slopes in P

viii

B(I;A,P ) subgroup of G(I;A,P ) consisting of the
PL-homeomorphisms that are the identity near the
endpoints of the interval I

ix

G[p] group G([0, 1];Z[1/p], gp(p)) with p ∈ N and p ≥ 2 8
F group G[2] due to R. J. Thompson vii
P set of integers pj > 1 generating the group P 29
p∗ smallest element of P 32
G[P] group G([0, 1];Z[ 1

p1···p�
], gp(p1, · · · , p�)),

the pj being integers greater than 1
8

G(P) group G([0,∞[ ;Z[ 1
p1···p�

], gp(p1, · · · , p�)),
the pj being integers greater than 1

72

G1 kernel of the epimorphism σ− : G([0,∞[ ;A,P ) � P 49
Homeoo(I) topological group of all orientation preserving

auto-homeomorphisms of R with supports in I
21

Homeo(J) group of all auto-homeomorphisms of the open
interval J

125

G∞(J ;A,P ) group of finitary or infinitary PL-homeomorphisms
with supports in the open interval J , breaks in A
and slopes in P

125

G∞(R; p;A,P ) group of finitary or infinitary periodic
PL-homeomorphisms with period p, breaks in A and
slopes in P

125

Homeo(R /Z p) group of all auto-homeomorphisms of the circle
R /Z p with circumference p

126
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T (R /Z p;A,P ) group of PL-homeomorphisms of the circle R /Z p

with breaks in A and slopes in P
126

T group T (R /Z;Z[1/2], gp(2)) due to R. J. Thompson 126
Ḡ image of μ2,1 : G = G([0,∞[ ;A,P ) � G(R;A,P ) 127
Ḡ1 image of G1 = ker (σ− : G � P ) under the

embedding μ2,1 : G = G([0,∞[ ;A,P ) � G(R;A,P )
130

Automorphism groups of groups of PL-homeomorphisms

Auto G(I;A,P ) group of all increasing automorphisms of the group
G(I;A,P )

xiv

AutG(I;A,P ) group of all auto-homeomorphisms of the open
interval int(I) which, by conjugation, induce
automorphisms of G = G(I;A,P )

125

AutPL G(I;A,P ) subgroup of AutG(I;A,P ) consisting of all finitary
or infinitary PL-homeomorphisms of int(I)

xvi

Homomorphisms and endomorphisms

γ epimorphism of G∞(R;A,P ) onto the abelian group
A/(IP ·A)

126

ζ� auxiliary epimorphism H � G∞(R; p− 1;A,P ) 129
ζr auxiliary epimorphism H � G∞(R; p− 1;A,P ) 133
ζ auxiliary homomorphism H → G∞(R; p− 1;A,P )2 133
η homomorphism of AutG(I;A,P ) into Aut(A)/P ,

the group P being non-cyclic
xiv

η epimorphism of the group AutG([0,∞[ ;A,P ) onto
Aut(A)/P , the group P being cyclic

127

η1 epimorphism of the group
Aut (ker (σ− : G([0,∞[ ;A,P ) → P )) onto the
abelian group Auto(A)/P , the group P being cyclic

129

ηPL epimorphism of AutPL G([0, 1];A,P ) onto Aut(A)/P ,
the group P being cyclic

131

ϑ isomorphism of the normalizer of G(I;A,P ) in
Homeo(int(I)) onto AutG(I;A,P )

125

κ homomorphism of the group G∞(R; p;A,P ) into the
group Homeo(R /Z p) of all auto-homeomorphisms
of the circle R /Z p

126

λ homomorphism of G(I;A,P ) into Aff(A,P ) 5
μ canonical multiplication map IP ⊗Z[P ] A � IP ·A 27
μ1,b embedding of G([0, b];A,P ) into G([0,∞[ ;A,P ),

the group P being cyclic
110
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μ2,b embedding of G([0,∞[ ;A,P ) into G(R;A,P ),
the group P being cyclic

111

μm endomorphism of G([0, 1];A,P ) with image
of index m

118

νΩ homomorphism of G = G(I;A,P ) into P depending
on the G-orbit Ω ⊆ A

5

ν homomorphism of G(I;A,P ) into Z[(A ∩ I)∼] ⊗ P 6
νn endomorphism of G([0, 1];A,P ) with image

of index n
118

ρ homomorphism of G(I;A,P ) into Aff(A,P ) 5
ρ̃ homomorphism ρ̃ : G2 → IP ⊗Z[P ] A

with G2 the kernel of the epimorphism
(σ−, σ+) : G([a,∞[ ;A,P ) � P × P

27

ρ̄ epimorphism of Z[(A∩ ]0,∞[ )∼] ⊗ P
onto ((IP ·A)/(IP 2 ·A)) × P

53

σ− epimorphism of G(I;A,P ) onto P 5
σ+ epimorphism of G(I;A,P ) onto P 5
τ− function of G(I;A,P ) into A 13
τ+ function of G(I;A,P ) into A 14

Specific PL-homeomorphisms and subdivisions

aff(a, p) affine homeomorphism of R taking t to p · t + a 23
g(a, p) PL-homeomorphism with a single break in a,

and with slopes 1 and p
23

f(a, b; p) PL-homeomorphism with breaks in a, a + b,
and with slopes 1, p and 1

26

b(a,Δ; p) PL-homeomorphism with breaks in a, a + Δ,
a + (p + 1) · Δ, and with slopes 1, p, 1/p and 1

19

(1, p1;n2, p2; ...;n�, p�) sequence coding a P-regular subdivision D
of level �

29

St(p1, . . . , p�) standard subdivision of level � with parameters pj 29
D �D′ sequence of interpolation points 30
f(q; p; r, p′) PL-homeomorphism with support in ]0, 1/q[ given by

the sequence of interpolation points
(1, p1; 1, p2; · · · ; 1, pm; 1, p; r, p′)� St(p1, . . . , pm, p, p′)
where q = p1 · · · pm

32

h(p1, . . . ; p′1, . . .) PL-homeomorphism with support in ]0, 1[ given by
the sequence of interpolation points
St(p1, . . . , p�) � St(p′1, . . . , p′k)

32

g(p∗, p) PL-homeomorphism h(p∗, . . . , p∗; p, . . . , p) 32
t(q; p, p′) PL-homeomorphism

h(p1, . . . , pm, p, p′; p1, . . . , pm, p′, p) with q = p1 · · · pm
32
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Richard Thompson’s famous group F has 
the striking property that it can be realized 
as a dense subgroup of the group of all 
orientation-preserving homeomorphisms of 
the unit interval, but it can also be given by 
a simple 2-generator-2-relator presentation, in 
fact as the fundamental group of an aspherical 
complex with only two cells in each dimension.

This monograph studies a natural generalization 
of F that also includes Melanie Stein’s generalized F-groups. The main aims of this 
monograph are the determination of isomorphisms among the generalized F-groups 
and the study of their automorphism groups.

This book is aimed at graduate students (or teachers of graduate students) interested in 
a class of examples of torsion-free infinite groups with elements and composition that 
are easy to describe and work with, but have unusual properties and surprisingly small 
presentations in terms of generators and defining relations.
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