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Preface 

This boo k i s devote d t o th e geometr y o f differentia l equations ; i t contain s 
articles writte n b y V . I . Arnold' s colleague s o n th e occasio n o f hi s 60t h birthday . 

Arnold's mai n interes t al l through hi s lif e ha s bee n th e geometr y o f differentia l 
equations. Example s o f thi s ar e hi s wor k o n invarian t tor i i n celestia l mechanics , 
Maslov's index , an d Lagrangia n an d Legendria n geometr y (includin g hi s wor k o n 
singularity theory) . Hi s basi c goa l wa s t o understan d an d simplif y a  phenomenon , 
and t o replac e computation s b y geometri c constructions . 

Arnold like s to quot e Herman n Wey l tha t th e devi l o f algebra an d th e ange l of 
geometry fight  fo r th e sou l o f ever y theory . 

Examples o f suc h a  simplificatio n ar e Arnold' s book s o n ordinar y differentia l 
equations an d method s o f classica l mechanics . Everyon e admire s hi s books , al -
though ther e ar e n o limit s fo r perfection . Whe n on e o f u s wa s a n undergraduat e 
student, h e accompanied Arnol d an d I . M. Gelfand a t Mosco w Stat e University . A t 
some poin t th e conversatio n turne d t o Arnold' s books , an d Gelfan d said : "Dima , 
you absolutely don' t kno w how to write books . Pleas e com e to me with on e of your 
books, we'l l tak e a  pag e an d I'l l sho w ho w t o rewrit e thi s pag e properly. " Fo r u s 
Arnold's book s (a s well a s Gelfand's ) wer e examples o f brilliance , an d fo r u s i t wa s 
just thrillin g t o liste n t o thes e remarks . 

A characteristi c o f Arnold' s styl e i s hi s attractio n t o examples . Star t wit h a n 
example an d yo u wil l learn the theory . H e usually starte d hi s lectures i n the U.S.A . 
with th e words : "W e i n Russi a alway s star t wit h examples. " Agai n accordin g t o 
Gelfand, theorie s com e an d go , bu t example s sta y forever . 

Arnold i s a natural leader . H e has an overwhelming passion to communicate hi s 
ideas, hi s point o f view, his problems. W e recall the famous Arnol d list s of problems 
on singularit y theory , differentia l equations , an d symplecti c geometry . Dozen s o f 
mathematicians conside r themselve s Arnold' s students . 

P. Eberlei n tol d u s abou t th e firs t tim e h e me t Arnold , a t a  conferenc e i n 
Pennsylvania i n 1989 . I n th e conferenc e roo m th e blackboar d wa s unusuall y eas y 
to slide , an d nobod y warne d Arnol d i n advance . Whe n h e filled  u p th e blackboar d 
and pushe d i t up , th e crashin g uppe r thrus t sprea d chal k dus t o n Arnol d an d al l 
around th e wall , an d vibrate d vigorously . Arnol d looke d a t th e blackboar d an d 
said: " I think thi s demonstrate s th e powe r o f Russian mathematics. " 

Arnold's brillian t personalit y an d alway s sharp , sometime s controversia l state -
ments leav e n o on e indifferent . W e us e thi s occasio n t o onc e agai n congratulat e 
V. I . Arnol d o n hi s 60t h birthda y an d wis h hi m man y mor e happ y an d fruitfu l 
years. 

©1998 America n Mathematica l Societ y 
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Now we say severa l word s abou t th e conten t o f the book . 
The developmen t o f symplecti c topolog y wa s greatl y influence d b y th e Arnol d 

conjectures tha t provid e Morse type estimate s o n the numbe r o f intersection point s 
of Lagrangia n submanifolds . I n thei r pape r i n thi s collection , Ya . Eliashber g an d 
M. Gromo v sho w tha t stabl e Mors e theory , whic h include s muc h mor e tha n jus t 
Morse inequalities , i s also applicable t o the theory o f Lagrangian intersection s (an d 
its analogue i n contact geometry) . Eliashber g an d Gromo v establis h a  link betwee n 
symplectic topolog y an d pseudo-isotop y theor y vi a th e metho d o f generating func -
tions. The y show , i n particular , tha t algebro-if-theoreti c invariant s tha t appea r 
in pseudo-isotop y theor y provid e importan t informatio n fo r studyin g th e topol -
ogy o f space s o f Lagrangia n an d Legendria n embeddings , an d fo r othe r problem s 
in symplecti c topology . Th e author s systematicall y us e a  finite-dimensional  ap -
proach, know n a s th e metho d o f generatin g functions , instea d o f th e theor y o f 
pseudo-holomorphic curves , Floe r homolog y theory , an d othe r infinite-dimensiona l 
methods. 

The principa l motivatio n o f Yu . I . Manin' s pape r i s th e desir e t o understan d 
the quantum cohomolog y o f P2 an d to find an algebro-geometric objec t whic h could 
be called the mirror o f P2 , thu s extending the scope of the mirror duality discovere d 
for Calabi-Ya u manifolds . H e give s a n algebraic-geometri c pictur e o f al l Painlev e 
VI equations , whic h i n particula r suggest s tha t th e mirro r o f P 2 ca n b e though t o f 
as a  penci l o f ellipti c curve s wit h labele d section s o f orde r tw o an d a n additional , 
possibly transcendental , multisection . Mor e precisely , th e Picard-Fuch s equatio n 
for th e period s o f the mirro r dua l Calabi-Ya u famil y i s replaced i n hi s pape r b y a 
"non-homogeneous Picard-Fuch s equation " satisfie d b y th e Abelia n integra l fro m 
zero to thi s additiona l multisection . 

The Eule r equation s fo r a  rigi d bod y (i n bod y momentu m representation ) a s 
well a s the Eule r equation s fo r a n idea l incompressibl e fluid  (i n spatia l representa -
tion), ca n b e generalize d t o the Lie-Poisso n equation s o n the dua l o f a  Lie algebra . 
This set-u p an d it s counterpart , th e Euler-Poincar e equation s o n th e Li e algebra , 
are th e basi c ingredient s use d i n th e fundamenta l wor k o f Arnold o n hydrodynam -
ical stability . Herna n Cendra , Darry l D . Holm , Jerrol d E . Marsde n an d Tudo r S . 
Ratiu develo p the variational structure o f the general Euler-Poincare equation s an d 
show ho w thi s i s related t o th e genera l theor y o f Lagrangia n reduction . The y als o 
explain the abstract notio n of circulation tha t give s rise to a general Kelvin-Noethe r 
theorem. 

The Arnold-Hilber t proble m o n th e zeroe s o f Abelia n integral s wa s solve d b y 
A. N . Varchenk o usin g th e theor y o f fewnomials . I n th e pape r o f A . Gabrielo v 
and A . Khovanski i th e followin g loca l versio n o f fewnomial s theor y i s studied . A 
differential rin g o f analyti c function s i n severa l comple x variable s i s calle d a  rin g 
of Noetheria n function s i f i t i s finitely  generate d a s a  rin g an d contain s th e rin g 
of al l polynomials . A n effectiv e boun d i s give n o n th e multiplicit y o f a n isolate d 
solution o f a  syste m o f n  equation s fi  =  0  where fi  belon g t o a  rin g o f Noetheria n 
functions i n n  comple x variables . I n th e one-dimensiona l case , suc h a n estimat e 
was already know n an d ha s application s i n number theor y an d contro l theory . Th e 
multi-dimensional cas e presented i n the paper provide s a  solution o f an old proble m 
concerning finiteness  propertie s o f transcendenta l function s define d b y algebrai c 
partial differentia l equations . 

Ya. G . Sina i i n hi s pape r studie s statistica l propertie s o f loca l conve x hull s 
of rando m processe s whos e probabilit y distribution s ar e invarian t unde r group s o f 
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scaling transformations . I t turn s ou t tha t randomnes s introduce s non-smoothnes s 
and som e fracta l structur e i n thei r shape . 

Oleg Vir o becam e intereste d i n rea l algebrai c geometr y unde r th e influenc e o f 
Arnold's pioneerin g pape r o n th e subjec t writte n i n th e earl y 1970s . I n hi s paper , 
Viro obtain s ne w restriction s o n th e topolog y o f rea l algebrai c hypersurface s o f a 
given degree. H e remarks that eve n the rather lean homology of the projective spac e 
provides additional ways of linking and knotting surfaces. Variou s graphs describin g 
the topolog y o f th e configuratio n o f connecte d component s o f a  hypersurfac e i n 
projective spac e are introduced i n his paper. Vir o obtains ne w restrictions i n term s 
of thes e graph s b y usin g th e Bezou t theorem . Uppe r bound s o n th e numbe r o f 
non-contractible component s o f a  rea l algebrai c surfac e o f a  give n degre e i n R P 3 

also ar e discusse d i n th e paper . 
The pape r b y A . Weinstei n an d P . X u i s devote d t o th e deformatio n theor y 

of symplecti c manifolds . Th e author s sho w tha t th e Hochschil d cohomolog y o f th e 
algebra obtaine d b y forma l deformatio n quantizatio n o n a  symplecti c manifol d i s 
isomorphic t o th e algebr a o f forma l powe r serie s wit h coefficient s i n th e d e Rha m 
cohomology o f the manifold . 

A. Khovanskii , A . Varchenko , V . Vassilie v 
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