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Preface 

A pseudoperiodic  function  i s the su m o f a  linea r functio n an d a  periodi c func -
tion. A  pseudoperiodic variety  i s the se t o f common zero s of several pseudoperiodi c 
functions. 

An exampl e o f a  pseudoperiodi c curv e i s provide d b y th e intersectio n o f a 
periodic surfac e i n three-spac e wit h a  plan e (whic h i s virtuall y incommensurabl e 
with th e period s lattice) . Suc h curve s occu r i n soli d stat e physic s (wher e th e rol e 
of the periodi c surfac e i s played b y the Ferm i surfac e an d th e directio n o f the plan e 
is defined b y th e magneti c field). 

The present boo k i s an account o f the presen t stat e o f the ar t i n pseudoperiodi c 
topology, whic h i s a  young branc h o f mathematics , bor n a t th e boundar y betwee n 
the ergodic theory o f dynamical systems , topology , an d numbe r theory , an d relate d 
also to algorithm theory, convex integer polyhedra, Mors e inequalities, real algebrai c 
geometry, statistica l physics , an d algebrai c numbe r theory . Th e author s represen t 
the Mosco w mathematica l school . 

The beginnin g o f pseudoperiodi c topolog y goe s bac k t o th e classica l work s o f 
Henri Poincar e o n vecto r fields  o n tor i (continue d b y A . Denjoy , A . Weil , C . L . 
Siegel, T . Cherry , an d others) . Followin g th e idea s o f Poincare , A . N . Kolmogoro v 
[1] proved i n 195 3 that th e leve l lines of a closed one-form o n the 2-torus , havin g n o 
critical points , can b e straightened b y a  suitable difFeomorphis m o f the toru s (suc h 
that th e for m o n th e coverin g plan e become s th e differentia l o f a  linea r function) . 

This wa s the startin g poin t o f hi s celebrate d work s o n invarian t tor i i n Hamil -
tonian systems , no w include d i n KAM-theory . 

The stud y o f the topolog y o f level varieties o f closed (bu t no t exact ) 1-form s i s 
evidently relate d t o pseudoperiodi c topology . 

From anothe r poin t o f view, such a  form define s a  pseudo-Hamiltonian dynam-
ical system o n a  surface (th e Hamilton functio n bein g replaced b y a  closed 1-form) . 

Studying th e ergodi c propertie s o f suc h pseudo-Hamiltonia n flows  o n surface s 
of genus greate r tha n one , I  was led i n 196 3 to the mode l o f interval  exchange  wit h 
its slo w mixing . (Thi s simpl e mode l wa s introduce d i n [2 , Chapte r 6 , Sectio n 2 
("Unsolved problems")] ; see Russian Math . Survey s 1 8 (1963) , p. 178 , lines 15-18 . 
Strangely, i t seem s tha t i t ha d no t bee n considere d i n earlie r work s o n dynamica l 
systems). 

Studying th e asymptotic s o f ergodi c mea n stabilizatio n i n thi s mode l i n com -
puter experiment s (a s well as in the original problem on pseudo-Hamiltonian flows), 
A. Zoric h ha s discovere d som e strikin g phenomena . 
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Experiments hav e show n tha t som e asymptoti c characteristic s o f the memor y 
loss i n thi s syste m ar e universal : the y ar e th e sam e fo r almos t al l length s o f in -
tervals, dependin g onl y o n thei r numbe r an d o n th e orde r i n whic h th e interval s 
are permuted . Thi s i s on e o f fe w case s wher e a n importan t ne w mathematica l 
phenomenon ha s bee n discovere d b y compute r experimentation . 

The correspondin g conjecture s an d theorem s (du e t o A . Zoric h an d M . Kont -
sevich, an d base d o n th e stud y o f th e geodesi c flow s o n Teichmulle r spaces ) ar e 
described belo w i n Zorich' s article , "Ho w d o th e leave s o f a  close d 1-for m win d 
around a  surface? " 

The proble m o n th e intersectio n curv e o f a  plan e wit h a  periodi c surfac e i n 
3-space le d S . P . Noviko v (aroun d 1981 ) t o th e remarkabl e conjectur e tha t ever y 
infinite connecte d componen t o f such a  curve lives in a  strip o f finite widt h aroun d 
a straigh t lin e o f the plane . 

The astonishin g featur e o f thi s conjectur e i s the appearanc e o f this line , whic h 
has n o simpl e descriptio n i n term s o f th e dat a o f th e proble m an d whic h i s rathe r 
sensitive t o a  chang e i n thes e data . Lon g attempt s b y Noviko v an d hi s student s 
(especially S . Tsare v an d I . Dynnikov ) t o prov e thi s conjectur e hav e le d t o th e 
following strikin g answer : th e conjectur e i s tru e "almos t always" , bu t i n som e 
"exceptional" case s ther e ar e counterexamples . 

This situatio n i s typical fo r pseudoperiodi c topology : th e Diophantin e proper -
ties o f th e plan e wit h respec t t o th e perio d lattic e ar e crucial , an d th e answe r t o 
this proble m (a s wel l a s i n th e ergodi c theor y o f continue d fraction s an d th e met -
ric theor y o f Diophantin e approximations ) i s universa l no t fo r al l pseudoperiodi c 
objects, bu t fo r almos t al l o f them (i n the Lebesgu e measur e sense) . 

This i s als o tru e i n th e proble m o f th e ergodi c propertie s o f pseudo-Hamilto -
nian flow s wit h singula r point s (whic h ha s bee n studie d b y Ya . G . Sina i an d 
K. M . Khanin)—se e th e surve y "Pseudoperiodi c mappings " b y D . A . Pano v i n 
the presen t boo k an d m y 199 2 surve y [3] . I t seem s tha t th e situatio n i s simila r i n 
many othe r problem s o f pseudoperiodic topology . 

Perhaps thi s i s th e cas e fo r th e othe r importan t conjectur e b y S . P . Noviko v 
(discussed i n A . Pajitnov' s articl e "C°-generi c propertie s o f boundary operator s i n 
the Noviko v complex") , th e conjectur e o n the exponentia l growt h o f the numbe r o f 
instantons (o f th e trajectorie s o f the gradien t o f a  pseudoperiodic function , o n th e 
manifold wher e the cyclic group acts , connecting one critical point t o far-translate d 
versions o f the other) . 

This conjectur e (whic h i s still unproved , eve n for "generic " functions ) ha s trig -
gered a  series of papers by several authors , includin g my theory on the asymptotic s 
of intersection s i n dynamica l system s (describe d i n thre e papers , dedicate d t o th e 
60th birthday s o f J . Moser , o f S . Smal e an d o f J . Milnor ; se e [4 , 5 ] an d th e pape r 
quoted b y Pajitno v a s [2]) . 

However, i n this theor y also , the crucia l question s ar e open . Thi s is , in partic -
ular, tru e fo r th e conjectur e o n th e typicall y exponentia l grow s rat e o f the numbe r 
of periodi c orbit s wit h th e period . Th e proble m o n th e possibilit y o f superexpo -
nential growt h i n analyti c system s i s stil l ope n (despit e th e spectacula r resul t b y 
O. Kozlovsk i o n th e intersection s growt h rate) . 

The Gauss-Wiman-Kuzmin statistic s of the elements of the continuous fractio n 
expansion o f a  rando m irrationa l numbe r (controllin g th e pseudoperiodi c topolog y 
of th e system s o n a  2-torus ) le d m e i n 1988-199 3 t o a  serie s o f conjecture s o n 
"higher-dimensional continue d fractions" . Suc h a  fractio n i s neithe r a n algorith m 
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nor a  se t o f Diophantin e approximations , bu t rathe r a  certai n infinit e polyhedra l 
hypersurface wit h intege r vertice s define d b y a  simplicia l cones . I t i s the boundar y 
of the conve x hul l o f the semigrou p o f interio r intege r point s o f the cone . 

The problem s tha t I  ha d the n formulate d included , amon g others , th e gener -
alization o f the Lagrang e theore m o n periodic continue d traction s (prove d late r b y 
E. Korkina) a s well as the computation o f the statistics of different asymptoti c char -
acteristics o f these polyhedra fo r generi c simplicia l cones . Fo r instance , I  suggeste d 
studying th e mea n numbe r o f vertices o n a  face , th e distributio n o f th e numbe r o f 
integer point s o n the edge s an d o n the faces , an d s o on . 

In formulatin g al l thes e problem s (publishe d late r i n [6]) , I  ha d no t realize d 
that th e ver y existence  o f th e require d universa l statistic s need s t o b e proved , no t 
just th e for m o f the statistics . 

The existenc e proo f i s give n i n th e remarkabl e articl e b y M . Kontsevic h an d 
Yu. Sukho v i n thi s book . I t i s notabl e tha t thei r articl e leave s ope n th e mos t 
interesting problem s o n th e characte r o f th e universa l statistic s whos e existenc e 
they prove . W e stil l d o no t know , say , whethe r th e intege r lengt h o f a n edg e 
of a  rando m simplicia l con e i s shifte d towar d th e longe r o r towar d th e shorte r 
intervals a s compared t o the intege r lengt h o f a random interval , whethe r ther e ar e 
more triangular tha n quadrangula r faces , no r whether ther e ar e more faces o f smal l 
integer are a tha n o f those wit h large r are a (which , I  hope , i s true) . 

There i s n o proo f o f th e coincidenc e o f thes e universa l statistic s wit h th e as -
ymptotic average s obtaine d fro m simplicia l cone s define d b y integra l plane s wit h 
bounded coefficient s o r define d b y th e eigenplane s o f bounde d intege r matrices . 
There i s n o informatio n o n th e asymptoti c statistic s o f th e triangulation s o f tori , 
corresponding to the "periodic " higher-dimensiona l continue d fraction s (eve n in the 
case o f the 2-toru s associate d t o cubica l algebrai c number s fields). 

One migh t regar d th e articl e o f S . Gusein-Zad e i n thi s boo k a s th e first  ste p 
in th e pseudoperiodi c versio n o f Newto n polyhedr a theor y an d i n rea l algebrai c 
geometry. Thi s domai n (providin g th e "Mors e inequalit y pe r volum e unit " an d 
"pseudoperiodic Harna k inequalities" ) wil l undoubtedly hav e important furthe r de -
velopment (relatin g i t als o to th e statistic s o f quasicrystalls , a s explaine d i n [7]) . 

The theor y o f pseudoperiodi c function s an d varietie s appear s unexpectedl y i n 
many domain s o f mathematics . Fo r instance , Hilber t [8 ] motivated hi s celebrate d 
problem o n smoothnes s i n Li e group theor y b y the existenc e o f analyti c pseudope -
riodic equations whos e solutions ar e not smooth . Toda y w e would cal l his equatio n 
the homologica l equatio n i n th e pseudoperiodi c theor y o f circle rotation : 

f(x +  a) -  f(x)  =  g(x), 

where g  i s the give n an d /  th e unknow n 27r-periodi c functio n (th e mea n valu e o f g 
being equa l t o zero) . 

This equatio n ha s a n analyti c solutio n fo r almos t ever y a.  However , fo r som e 
rotation angle s a  (incommensurabl e wit h 2n)  th e solution s o f thi s equatio n (wit h 
an analyti c righ t han d sid e g)  ar e onl y finitely  smoot h (an d sometime s eve n dis -
continuous). 

This difficult y i s typica l fo r al l th e problem s o f pseudoperiodi c topology . Fo r 
almost al l value s o f th e parameter s (i n th e sens e o f Lebesgu e measure ) th e prob -
lems hav e natura l an d nic e solutions . However , fo r som e exceptiona l value s o f th e 
parameter (formin g everywher e dens e sets ) man y kind s o f pathology occur . 
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The author s o f thi s boo k hav e don e muc h t o sho w ho w moder n mathematic s 
begets, fro m thi s se a of pathological counterexamples , remarkabl e genera l an d uni -
versal laws , whose discovery would be unthinkable an d whos e formulation woul d b e 
impossible i n th e naiv e set-theoretica l setting . 

V. I . Arnol d 
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