
Index

affine geometry
affine transformations, 240–245
shears, 241

area ratios, 172–175
linear transformations
determinant, 245

shear transformation, 173
area, 173

vectors
linear transformations, 243

angle
acute, 16
addition, 18
bisector as locus, 73
definition ∠𝐴𝐵𝐶, 14
inscribed, 139
interior, 17
measure𝑚∠𝐴𝐵𝐶, 3, 14
measure, signed𝑚+∠𝐵𝐴𝐶, 50
obtuse, 16
polar angle 𝜃(𝐴𝐵), 15, 16
protractor
definition, 15

right, 16
straight, 14
supplementary, 16
vertical, 16
zero, 14

area
affine ratios, 172–175
Marion Walters Theorem, 174

definition, 161
parallelogram, 163
rectangle, 162

scaling by similitude, 167–169
shear transformations, 173
shears, 241
signed area, 238
determinant, 245

triangle, 164
axiom
dilation, 20
incidence, 12
plane separation, 17
protractor, 14
reflection, 20
ruler, 12

barycenter, 235

circle
arc
∠̂𝐵𝐴𝐶, 140, 141
arc measure, 140

area, 169–172
𝜋, 171

centers of dilation
common tangent construction, 131
three circles, 138
two circles, 130–131

chord
definition, 61
equal chord theorem, 61

circles of Apollonius, 135
circumference, 171
definition, 8
external tangent construction, 75, 80
inscribed angle theorem, 141
intersection with lines

255



256 Index

distance and intersection, 72
intersection triangle, 143
number of points, 29
secants, chords, power of point, 145

orthogonal circles, 146
radical axis, 148–151
radical center, 150

complex numbers
rotation, 231

congruence
definition, 4
equivalence relation, 5
of angle measure, 37
of convex quadrilaterals, 39
of points, 35
of segments, 35
of triangles
angle-side-angle (ASA), 38
hypotenuse-leg (HL), 39
side-angle-side (SAS), 36
side-side-side (SSS), 37

superposition, 1–3
conjugation of transformation, 181
convex set, 14
coordinates
affine, 217
dilation formula, 221
half-turn formula, 219
midpoint formula, 219
translation formula, 220

affine transformations, 240–245
barycentric coordinates, 233–240
areal coordinates, 238
Ceva’s Theorem, 237

Cartesian, 223
complex numbers, 231
distance formula, 225
dot product, 227
normal, 226
reflection formula, 230
rotation formula, 229

equations of lines, 221–224
graphing 𝑦 = 𝑓(𝑥), 228
reference triangle, 217
vectors, 240

crossbar theorem, 19

dilation
axiom, 20
centers of dilation, 128
three circles, 138
two segments, 129

two triangles, 129
composition
Menelaus theorem, 136

construction by scaling, 132–134
definition, 20
negative ratio, 114

direction
definition, 89
directed line, 56, 57
redefined by translation, 103

distance, 3
‖𝐴𝐵‖, 12
Cartesian coordinates, 225
minimizing distance
by reflection, 75
Fagnano problem, 76
to line, 71

point to line, 71
ruler, 12

Fermat Point, 191, 215
fixed point
one fixed point, 46
three fixed points, 24
two fixed points, 19

glide reflection
𝒢𝐴𝐵 , 204
definition, 107
invariant line, 204
product
half-turn and reflection, 204
three reflections, 209

group
cyclic group, 53
symmetry group, 51
transformation group, 51

half-plane
definition, 17

half-turn
ℋ𝐴, 67
definition, 67
line image, 67

harmonic division, 134
circles of Apollonius, 135

invariant lines, 111, 204
isometry
isometry angle preservation, 40
vs rigid motion, 4

kite
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definition, 28
symmetry, 28

line
𝐴𝐵, 12
directed line, 14, 56
image by rigid motion, 19

locus
definition, 28
equal distance from two points, 28
equal distance to two lines, 73
right angle vertex, 96
vertex of angles of equal measure, 142

midpoint, 13

Napoleon’s Theorem, 190

orientation
at a point
by a half-plane, 56
by protractor, 49

of the plane
by a global protractor, 106
by a triangle, 57–60

parallel lines
distance between, 92
Euclidean Parallel Postulate, 83, 94
midline, 93
perpendiculars to line, 26
transversals, 85–87
definition, 85
main theorem, 86
ratios, 125–128

parallelogram, 88–91
area, 163
congruent parallel segments, 89
definition, 88
fourth point, 98
linear, 97
midsegments, 90
symmetry, 88

perpendicular
through a point, 26

perpendicular bisector
definition, 16
distance inequality, 70
equidistance locus, 28
isosceles triangle, 27

polygon
convex polygon, 17
definition, 14

regular
angle, 54
definition, 53

regular pentagon
golden ratio, 121
pentagram, 54

power of a point, 146
protractor
axiom, 14
definition, 15
global protractor 𝛿∗, 105

Pythagorean Theorem, 117
area proofs, 165–166
Perigal dissection, 167

quadrilateral
convex congruence, 39
cyclic, 158
definition, 28
kite, 28
midpoint quadrilateral, 94, 109, 220

radical axis of circles, 148–151
radical center, 150

ray
direction, 14
opposite ray, 14

rectangle, 91–92
area, 162
symmetry, 92

reflection
ℛ𝑚, ℛ𝐴𝐵 , 25
axiom, 20
definition, 25
fundamental theorem, 25
light rays, 30
Y Figure Lemma, 23

rigid motion
definition, 3
glide reflection
𝒢𝐴𝐵 , 204
definition, 107

half-turn, 67
isometry angle preservation, 40
orientation-preserving or -reversing, 60
product of 1, 2, or 3 reflections, 40
products
half-turn and reflection, 204

products with distinct centers
60-degree rotation, 188–190
90-degree rotations, 179, 181
general rotations, 180
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rotation, 46
rotation
𝑂𝑘, 50
definition, 46
half-turn, 67
orientation and angle of rotation, 50
product of two reflections, 47–49
reflection product theorem, 50
symmetry, 51

ruler
definition and axiom, 12

segment
𝐴𝐵, 13
definition, 13
midpoint, 13

similarity
definition, 114
internal ratio, 123
scale factor, 123
signed ratio, 123
tests for triangles, 115–116

similitude
area scaling, 167–169
definition, 113
preserves angle measure, 113
uniqueness, 116

symmetry
definition, 51
dihedral, 53–54
frieze
seven groups, 200–208
translation generator, 192

quarter-turn 𝑝4, 𝑝4𝑚, 𝑝4𝑔, 183–188
rotational, 51, 53
generator, 52

symmetry group, 51
wallpaper
lattice, 194
translations, 192

tessellation
Napoleon’s Theorem, 197
quadrilateral, 198
regular polygons, 195
two squares
Pythagorean Theorem, 195

transformation, 3
orientation-preserving or -reversing, 60

transformation group, 51
translation
𝒯𝐴𝐵 , 101

as half-turn product, 99
as line reflection product, 100
from image of one point, 101
product of translations
is a translation, 101
is commutative, 102

segment image, 100
triangle, 14
altitude, 78
orthic triangle, 78, 155

angle bisector
ratio, 127

angle sum, 42, 85
area, 164
Ceva’s Theorem, 237
circumcircle, 88
concurrence
altitudes, 79, 153
angle bisectors, 74
medians, 110, 152
perpendicular bisectors, 87

corresponding parallel sides, 129
equilateral, 27
Euler line, 155
exterior angle, 68
Fagnano problem, 76–79
inequality
exterior angle, 68, 85
greater angle–greater side, 69
triangle inequality, 70

inscribed circle, 74
interior as half-plane intersection, 17
isosceles
base angles, 27
bisector, 27
definition, 27
symmetry, 27

midpoint triangle, 93–96
as dilation image, 152
fundamental theorem, 41

Miquel Theorem, 158
nine-point circle, 155
Pythagorean Theorem, 117
area proofs, 165–166
Perigal dissection, 167

trigonometric functions, 118

vector, 107
[AB], 107
addition, 108
dot product, 227
real number multiplication, 108


