
Chapter 3

Existence and Properties
of Reflections

In the previous chapters, we have been describing properties of rigidmotions, but with-
out the Reflection Axiom, there is nothing that tells us that any rigid motions actually
exist (except for the identity)!

This axiom states the existence of some rigidmotions thatwill turn out to be line re-
flections, with the usual geometric description. However, this description is not stated
in the axiom. A bare minimum of existence is promised; in fact it is not even asserted
that there is only one rigid motion whose existence is declared. But using the strong
restrictions on behavior mandated by preservation of distance and angle measure, we
will see that these vaguely described rigid motions must behave in exactly one way.

Recall the statement of the axiom:

Axiom5 (Reflection). For any line𝑚, there exists a rigidmotiondistinct from the identity
transformation that fixes the points of𝑚.

Deducing the Properties of Reflections

At this point, we do not have a geometrical description of this rigid motion. The proof
that this rigid motion is the usual reflection in a line with the usual geometrical de-
scription will come from the examination of a key figure.

Lemma 3.1 (Y Figure). Given a line 𝐴𝐵, take any point 𝐶 not on the line. Then there is
exactly one other point 𝐷 in the plane so that ‖𝐴𝐶‖ = ‖𝐴𝐷‖ and 𝑚∠𝐵𝐴𝐶 = 𝑚∠𝐵𝐴𝐷.
The points 𝐶 and 𝐷 are in opposite half-planes of 𝐴𝐵.

Proof. Choose the protractor 𝛿 for rayswith endpoint𝐴 so that the polar angle 𝜃(𝐴𝐵) =
0. In the following, we choose polar angles in the interval −180 < 𝜃 < +180.

Let 𝑚∠𝐵𝐴𝐶 = 𝑡. Then the only rays 𝐴𝐸 for which 𝑚∠𝐵𝐴𝐸 = 𝑡 have polar angle
+𝑡 or −𝑡. There are only two such rays. One is 𝐴𝐶 itself. Call the other one 𝐴𝐹.
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Figure 1. Only One Match to the Angle and Distance of 𝐶

Let ‖𝐴𝐶‖ = 𝑘. There is exactly one point on each ray at distance 𝑘 from 𝐴. One of
these points is 𝐶. Let the point on 𝐴𝐹 be 𝐷.

Then ‖𝐴𝐶‖ = ‖𝐴𝐷‖ = 𝑘, and𝑚∠𝐵𝐴𝐶 = 𝑚∠𝐵𝐴𝐷 = 𝑡. From the Plane Separation
Axiom, these points lie in opposite half-planes of𝐴𝐵, so segment𝐶𝐷 intersects𝐴𝐵. □

Lemma 3.2 (Reflection and Perpendicular Bisectors). For any 𝐴𝐵, let 𝑇 be a rigid mo-
tion that fixes the points of𝐴𝐵. If𝐶 is not a fixed point of 𝑇, then𝐶 is not on𝐴𝐵 and 𝑇(𝐶)
is the point 𝐷 constructed in the Y Figure Lemma. Moreover, the segment 𝐶𝐷 intersects
𝐴𝐵 at𝑀, the midpoint of 𝐶𝐷, and 𝐴𝐵 is the perpendicular bisector of 𝐶𝐷.

Proof. Let 𝐷 = 𝑇(𝐶), a point distinct from 𝐶. 𝑇 is a rigid motion that preserves angle
measure and distance. Therefore,𝑚∠𝐵𝐴𝐶 = 𝑚∠𝐵𝐴𝐷 and ‖𝐴𝐶|‖ = ‖𝐴𝐷‖.

So from the Y Figure Lemma, 𝐷 is uniquely determined and on the opposite side
of 𝐴𝐵 from 𝐶.

Let𝑀 be the intersection of 𝐶𝐷 and 𝐴𝐵. (If𝑀 = 𝐴, interchange the roles of 𝐴 and
𝐵 in the proof.)

Since𝑀 is on𝐴𝐵, 𝑇(𝑀) = 𝑀. Since 𝑇 is a rigidmotion, ‖𝐶𝑀‖ = ‖𝐷𝑀‖. Therefore
𝑀 is the midpoint of 𝐶𝐷.

In addition𝑚∠𝐶𝑀𝐴 = 𝑚∠𝐷𝑀𝐴 because 𝑇maps one angle to the other. Since the
sum of these angle measures is 180, each of these angles is a right angle. This means
that 𝐴𝐵 is the perpendicular bisector of 𝐶𝐷. □

Theorem 3.3 (Three Fixed Points). If 𝑇 is a rigid motion with three noncollinear fixed
points, then 𝑇 is the identify transformation. Furthermore, if 𝑆 and 𝑇 are two rigid
motions that agree at three noncollinear points, then the transformations are the same:
𝑆 = 𝑇.

Proof. Let 𝐴, 𝐵, 𝐶 be noncollinear fixed points of 𝑇. Suppose there is a point 𝐺 that is
not a fixed point, so that 𝑇(𝐺) = 𝐻 is distinct from 𝐺.

Then by the Two Fixed Points Theorem, Theorem 2.12, for each of the three lines
𝐴𝐵, 𝐵𝐶, 𝐶𝐴, all the points are fixed. Then by Lemma 3.2, 𝐴𝐵 is the perpendicular
bisector of 𝐺𝐻 and 𝐴𝐶 is also the perpendicular bisector of 𝐺𝐻, as shown in Figure 2.
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Figure 2. Impossible Images of 𝐺 with 𝐴, 𝐵, 𝐶 Fixed

Thus 𝐴, 𝐵, 𝐶 are collinear with this assumption on 𝐺. Therefore, no such 𝐺 exists and
𝐺 = 𝑇(𝐺) for every 𝐺. In other words, 𝑇 is the identity transformation 𝐼.

To prove the rest of the claim, let 𝑆(𝐴) = 𝑇(𝐴), 𝑆(𝐵) = 𝑇(𝐵), and 𝑆(𝐶) = 𝑇(𝐶).
Then 𝑆−1𝑇 has 𝐴, 𝐵, 𝐶 as fixed points, so 𝑆−1𝑇 = 𝐼. Multiplying on the left by 𝑆 yields
𝑇 = (𝑆𝑆)−1𝑇 = 𝑆(𝑆−1𝑇) = 𝑆𝐼 = 𝑆. □

This is a very powerful result. One can model it physically by tacking a piece of
paper to a bulletin board. One tack allows a lot of swingingmovement; two tacks allow
no movement unless you remove the tacks, flip the paper over, and retack in the same
holes. Three tacks allow no movement at all.

Next is the theorem that completes the geometric description of reflection for every
point.

Theorem 3.4 (Line Reflection). Given any line𝑚, there exists a unique rigid motion 𝑅
distinct from the identity that fixes the points of line 𝑚. For any point 𝐸 not on 𝑚, the
image 𝐸′ = 𝑅(𝐸) is the point such that𝑚 is the perpendicular bisector of 𝐸𝐸′. We name
this unique rigid motion reflection in line 𝑚, denoted ℛ𝑚. Reflection in 𝐴𝐵 is denoted
ℛ𝐴𝐵.
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Figure 3. Reflection in the Perpendicular Bisector of 𝐸𝐸′

Proof. By Theorem 3.3, an 𝑅 given by the Reflection Axiom fixes the points of 𝑚 but
does not fix 𝐸 (or else it would be the identity). Therefore by Lemma 3.2, this descrip-
tion of 𝑅(𝐸) is correct for every 𝐸 not on𝑚. □

Corollary. If line 𝑝 is perpendicular to line𝑚, thenℛ𝑚(𝑝) = 𝑝.
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Corollary. For any line𝑚, the inverse ofℛ𝑚 isℛ𝑚.

Proof. The perpendicular bisector of 𝐷𝐶 is the same as the perpendicular bisector of
𝐶𝐷. □

The geometric description of line reflection also tells us some useful properties
concerning intersection and half-planes.

Theorem 3.5 (Line Reflection and Half-Planes). Let𝑚 be a line.

(1) The reflectionℛ𝑚 maps each half-plane of𝑚 to the opposite one.
(2) If line 𝑛 is perpendicular to𝑚,ℛ𝑚 maps each half-plane of 𝑛 to itself.

Proof. By the Line Reflection Theorem, Theorem 3.4, any point𝐴 not on𝑚 is mapped
to the opposite half-plane of 𝑚. This proves the first statement. For the second state-
ment, let 𝐴 be a point of𝑚 not on 𝑛 and let 𝐵 be a point in the same half-plane of 𝑛 as
𝐴, so 𝐴𝐵 does not intersect 𝑛. Since ℛ𝑚(𝑛) = 𝑛, the reflection image of the segment
𝐴𝐵 cannot intersect 𝑛, soℛ𝑚(𝐴) = 𝐴 andℛ𝑚(𝐵)must be in the same half-plane. Since
𝐴 did not move, 𝐵 remains in its original half-plane of 𝑛 also. □

Theorem 3.6 (Perpendicular Parallels). Let𝑚 be a line, and let 𝑝 and 𝑞 be distinct lines,
each perpendicular to𝑚. The lines 𝑝 and 𝑞 are parallel.
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Figure 4. Perpendicular to Line𝑚 so Parallel

Proof. Suppose 𝑝 and 𝑞 intersect at a point 𝐴 not on 𝑚. Reflection in 𝑚 maps 𝑝 to
𝑝 and 𝑞 to 𝑞. Therefore, ℛ𝑚(𝐴) is also a second, distinct intersection point of 𝑝 and 𝑞
in the opposite side of 𝑚 from 𝐴. This means 𝑝 and 𝑞 have two points in common, so
they must be the same line. This contradicts the assumption that 𝑝 and 𝑞 intersect 𝑚
at distinct points. □

Theorem 3.7 (Dropping a Perpendicular). Let 𝑚 be a line. If 𝑃 is any point, there is a
unique line 𝑝 through 𝑃 that is perpendicular to𝑚.

Proof. If 𝑃 is on𝑚, then there is a unique line through 𝑃 that is perpendicular to𝑚 by
the Protractor Axiom. If 𝑃 is not on 𝑚, let 𝑃′ = ℛ𝑚(𝑃). The line 𝑃𝑃′ is perpendicular
to 𝑚 by the Line Reflection Theorem. There is only one such line, for any two lines
perpendicular to𝑚 are parallel so cannot both pass through 𝑃. □
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The traditional name for construction of the perpendicular line to 𝑚 through 𝑃
is called Dropping a Perpendicular from a Point. Presumably one is dropping a
vertical line like a plumb bob on a string to intersect a horizontal line. The intersection
point of the perpendicular line with𝑚 is called the foot of the perpendicular from 𝑃
to𝑚.

Isosceles Triangles and Kites

With the properties of line reflection established, we can prove all the usual relation-
ships in any isosceles triangle. Recall from Definition 2.2 that a triangle is a three-
sided polygon. To spell this out: △𝐴𝐵𝐶 has three noncollinear vertices 𝐴, 𝐵, 𝐶 and
three sides 𝐴𝐵, 𝐵𝐶, and 𝐶𝐴. The (interior) angles are the angles∠𝐶𝐴𝐵, ∠𝐴𝐵𝐶, ∠𝐵𝐶𝐴,
often referred to as “angle 𝐴”, etc.
Definition 3.8 (Isosceles Triangle). An isosceles triangle is a triangle with two sides
of equal length. If we label the two equal sides as𝐴𝐵 and𝐴𝐶, then the side 𝐵𝐶 is called
the base of the triangle. The angles at 𝐵 and 𝐶 are called base angles. The angle at 𝐴 is
called the apex angle.

A triangle with three equal sides is called an equilateral triangle.

This theorem points out a lot of congruent parts in an isosceles triangle. The the-
orem is labeled as a theorem about symmetry, since it shows that an isosceles triangle
has a line of symmetry, which means that reflection in the line maps the figure onto
itself.

Theorem3.9 (Isosceles Triangle Symmetry). Givenan isosceles triangle𝐴𝐵𝐶with ‖𝐴𝐵‖
= ‖𝐴𝐶‖, the perpendicular bisector of the base 𝐵𝐶 passes through 𝐴 and bisects ∠𝐵𝐴𝐶.
Also, the base angles ∠𝐵𝐶𝐴 and ∠𝐶𝐵𝐴 are congruent.
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Figure 5. Symmetry and Many Congruences in an Isosceles Triangle

Proof. Construct 𝐴𝑃 as the angle bisector of ∠𝐵𝐴𝐶. Then the Y Figure Lemma,
Lemma 3.1, applies, and 𝐵 and 𝐶 are the mirror points in the lemma with respect to
𝐴𝑃. This means 𝐶 is the reflection of 𝐵 in 𝐴𝑃 and 𝐴𝑃 intersects 𝐵𝐶 at the midpoint
𝑀. Therefore the line 𝐴𝑃 = 𝐴𝑀 is the perpendicular bisector of the base 𝐵𝐶. The base
angles are congruent since ℛ𝐴𝑀 maps one to the other. □
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The traditional word for a set of points satisfying a geometrical condition is lo-
cus. This next theorem says that the locus of points equidistant from 𝐴 and 𝐵 is the
perpendicular bisector of 𝐴𝐵.

Theorem 3.10 (Perpendicular Bisector as Locus). For any distinct points 𝐵 and 𝐶, the
perpendicular bisector of 𝐵𝐶 is the set of points 𝑃 for which ‖𝑃𝐵‖ = ‖𝑃𝐶‖.

Proof. To prove set equality, one must prove containment in two directions.
If ‖𝑃𝐵‖ = ‖𝑃𝐶‖, then the isosceles theorem proves that 𝑃 is on𝑚, the perpendic-

ular bisector of 𝐵𝐶, except in the case when ∠𝐵𝑃𝐶 is a straight angle. But in this case,
𝑃 is the midpoint of 𝐵𝐶, so it is on𝑚. For the converse, let 𝑄 be any point on𝑚. Then
ℛ𝑚(𝐵) = 𝐶 and ℛ𝑚(𝑄) = 𝑄, so ‖𝑄𝐵‖ = ‖𝑄𝐶‖ since ℛ𝑚 is a rigid motion. □

A quadrilateral was defined in Definition 2.2 as a polygon with four vertices. A
quadrilateral 𝐴𝐵𝐶𝐷 has four vertex points 𝐴, 𝐵, 𝐶, 𝐷, no three of which are collinear,
and four sides 𝐴𝐵, 𝐵𝐶, 𝐶𝐷, 𝐷𝐴, with no sides intersecting at interior points.

A kite is a quadrilateral with two pairs of equal adjacent sides, e.g., ‖𝐴𝐵‖ = ‖𝐴𝐷‖
and ‖𝐶𝐵‖ = ‖𝐶𝐷‖.

Theorem 3.11 (Kite Symmetry). If 𝐴𝐵𝐶𝐷 is a kite with ‖𝐴𝐵‖ = ‖𝐴𝐷‖ and ‖𝐶𝐵‖ =
‖𝐶𝐷‖, the diagonal 𝐴𝐶 is the perpendicular bisector of the segment 𝐵𝐷.
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Figure 6. Line Symmetry of Kites

Proof. Let 𝑀 be the midpoint of 𝐵𝐷. Apply the Isosceles Triangle Symmetry Theo-
rem, Theorem 3.9, to△𝐴𝐵𝐷 and△𝐶𝐷𝐵. In△𝐴𝐵𝐷, the perpendicular bisector of
the base 𝐵𝐷 contains the point 𝐴 and bisects ∠𝐵𝐴𝐷. Likewise, in △𝐶𝐷𝐵 the same
perpendicular bisector of 𝐵𝐷 contains 𝐶 and bisects ∠𝐷𝐶𝐵. This says that the line 𝐴𝐶
is the perpendicular bisector of BD. This line also bisects the angles at 𝐴 and 𝐶. □

Notice that one of these kites in Figure 6 is not convex, but 𝐴𝐶 still is the perpen-
dicular bisector of 𝐵𝐷.

The proof of this theorem about equal base angles is left to Exercise 1.

Theorem 3.12 (Equal Base Angles). For a triangle△𝐴𝐵𝐶, if𝑚∠𝐴𝐵𝐶 = 𝑚∠𝐵𝐶𝐴, the
triangle is isosceles.
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Circles and Lines

A circle with center 𝑃 was defined in Definition 1.6 as the set of points at distance 𝑟
from 𝑃, for some positive radius 𝑟. This means that if 𝐴 and 𝐵 are two points on the
circle, either 𝑃 is the midpoint of 𝐴𝐵 or△𝑃𝐴𝐵 is isosceles with base 𝐴𝐵. Combining
this observation with what we have learned about isosceles triangles can tell us about
a number of other properties of circles.

Some terminology will be used for a circle with center 𝑃:
• A segment 𝑃𝐴 from the center to a point on the circle is called a radius segment,
or just a radius if the meaning is clear.

• A segment 𝐴𝐵 with 𝐴 and 𝐵 on the circle and with 𝑃 as midpoint is a diameter;
both 𝑃𝐴 and 𝑃𝐵 are radius segments. A line through 𝑃 is a diameter line.

Reflection in any line through 𝑃 maps the circle into itself, and for any reflection
that maps the circle into itself, the reflection line passes through the center 𝑃. (The
proof has been left as a problem in the exercises.)

The intersections of a circle with a line can be characterized using what we know.

Theorem 3.13 (Line-Circle Intersection). Let 𝑐 be a circle with center 𝑃 and radius 𝑟. If
𝑚 is a line, there are four ways in which the line can meet the circle.

• The line and the circle may not intersect.
• The line and the circle may intersect at one point𝐴. Segment 𝑃𝐴 is perpendicular to
𝑚.

• The line and the circle may intersect at two points 𝐴 and 𝐵, as a diameter line or
not. Center 𝑃 is on the perpendicular bisector of 𝐴𝐵; it will be the midpoint if 𝐴𝐵 is
a diameter.

• The line cannot intersect the circle in more than two points.
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Figure 7. Circle and Possible Line Intersections

Proof. If 𝐴 and 𝐵 are two distinct points of intersection of circle 𝑐 and line 𝑚, then
by the Perpendicular Bisector as Locus Theorem, Theorem 3.10, the center 𝑃 is on the
perpendicular bisector of 𝐴𝐵. This is the unique line 𝑛 through 𝑃 perpendicular to𝑚.
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If 𝐴, 𝐵, and 𝐶 are three distinct points of intersection of 𝑐 and 𝑚, then 𝑛 must be
the perpendicular bisector of both 𝐴𝐵 and 𝐴𝐶, which is impossible since this would
mean 𝐵 = ℛ𝑛(𝐴) = 𝐶.

To prove the third case and then the second case, suppose 𝐴 is a point of intersec-
tion of 𝑐 and𝑚. Then ℛ𝑛 must map 𝐴 to a point of intersection, since a reflection in a
line through 𝑃 maps 𝑐 to itself and reflection in a perpendicular line maps 𝑚 to itself.
If 𝐵 = ℛ𝑛(𝐴) is distinct from 𝐴, then the third case holds. If 𝐵 = 𝐴, then 𝐴must be on
𝑛, so 𝑛 = 𝑃𝐴. In this case 𝐵 = 𝐴 is the only point of intersection. If there were another
intersection point𝐶, then𝐷 = ℛ𝑛(𝐶)would be a third point of intersection, a case that
has been ruled out above. Thus, in this case the second statement holds.

Finally without trying to describe when this would happen, the first disjoint case
may happen as well. □

The intersection of a circle and a line will be related to the distance of the line from
the circle center in Theorem 6.8.

Light, Angles, and Reflections

When speaking of the physics of reflection of light rays, one hears the statement “angle
of incidence equals angle of reflection”. Butwhen you look in amirror, there is a copy of
your face and your surroundings apparently just on the other side of the mirror, which
seems to be a window into that scene.

Some of this can be seen in our plane geometry of reflections if one views a line as
a plane mirror from above. In Figure 8, points 𝐴 and 𝐵 are on one side of the mirror
line and the line reflection 𝐵′ is on the other side. The observer at 𝐴 sees a reflection of
𝐵 in the mirror by looking in the direction of 𝐴𝐵′, a ray that intersects the mirror at 𝐶.

There are congruent vertical angles in this figure and also an isosceles triangle
𝐵𝐶𝐵′, with congruent angles at the apex 𝐶. So the angle of incidence does equal the
angle of reflection.
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Figure 8. Line Reflection and Congruent Angles
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Paper Folding and Tools for Construction

The proof of the geometric description of line reflection from the Reflection Axiom
suggests why a paper fold through two points produces a nice, sharp straight line. The
distance and angles on the paper are preserved by folding, so the destinations of all the
points of the paper are determined, especially those of the points on the fold line.

This connection offers many ways to experiment with line reflections by folding.
Some of these are identified as experiments in the exercises at the end of the chapter.
In addition to revealing mathematical relations, a paper fold and some scissors can
produce all kinds of figures with line symmetry, from paper dolls to abstract shapes.

Folding thin or translucent paper (such as patty paper) can also produce interesting
traceable geometric figures, including ones that will appear in the next chapter.

Actual glass or plastic mirrors are also tools for experimentation, though it is hard
to actually draw the reflection behind a mirror. For this reason, semitransparent red
plastic mirrors have been offered for classroom experiments since they allow one to see
both the figure behind the mirror and the reflection of the figure in front of the mirror
at the same time.

Figure 9. Line Symmetry from Folding and Cutting

The most versatile tool is dynamic geometry software that allows an abundance of
examples with movable figures for experimentation.

Compasses and Constructions. Euclid’s axioms for geometry were abstrac-
tions of drawing with an unmarked straightedge and a compass, so it was natural to
use those tools when carrying out geometric constructions. The axioms in this book
are abstractions of marked straightedges and protractors, so it may seem reasonable to
use a marked ruler to measure distances when constructing geometric figures. How-
ever, compasses still are a more accurate way of constructing or copying lengths than
using a physical ruler.

Themain problemwith a physical marked ruler is that there are only a finite num-
ber ofmarks, somost distances have to be approximated. A second reason is the process
of making a pencil mark at a point on the ruler depends on more hand and eye coordi-
nation than making a mark with a compass. Therefore, a physical marked ruler is not
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really a good model for the ruler functions in the Ruler Axiom. A better model is a line
drawn on a computer screen with software, since the software will plot (as accurately
as the screen allows) any distance on the line.

In the exercises in the chapter, there are some directions for straightedge and com-
pass constructions. These have the virtue of accuracy, but they also illustrate geomet-
rical relationships between circles, lines, isosceles triangles and other figures. These
methods complement the aforementioned paper folding, which is also a very accurate
method for constructing certain lines.

Note about High School Texts. While transformations do not play a central
role in most high school geometry textbooks, one exception is Geometry [6] from the
University of Chicago School Mathematics Study Group. This book introduces line
reflections early and uses them to prove such results as the symmetry properties of
isosceles triangles. The set of axioms in that book assumes the parallel postulate before
introducing line reflections and then assumes the basic properties of line reflections as
postulates instead of proving them as theorems based on a general concept of rigid
motion as is done here.

Exercises and
Explorations

1. (Congruent Base Angles). Prove Theorem 3.12. Namely, prove for△𝐴𝐵𝐶 that if
𝑚∠𝐴𝐵𝐶 = 𝑚∠𝐴𝐶𝐵, then ‖𝐴𝐵‖ = ‖𝐴𝐶‖, so the triangle is isosceles.

2. (Rhombus Question). A rhombus is a quadrilateral 𝐴𝐵𝐶𝐷 with all four sides the
same length. How are the diagonals of a rhombus related? Construct a rhombus
by paper folding.

3. (Ruler Reflection on ℝ). Let 𝑛 be a line perpendicular to line 𝑚 at 𝐴. Reflection
in 𝑛 maps 𝑚 to itself. Identifying line 𝑚 with ℝ by using a ruler; this defines a
mapping of the real number line ℝ into itself. If the real number 𝑎 corresponds to
𝐴 and 𝑥 corresponds to a point 𝑋 on𝑚, what number corresponds to ℛ𝑛(𝑋)?

4. (Reflection of a Circle). Show that ℛ𝑚 maps a circle 𝑐 with center 𝑂 into itself, if
and only if 𝑂 is on𝑚. Notice that this implies that all lines through the center (the
diameter lines) are lines of symmetry for 𝑐.

5. (Segment Image Experiment). Try this experiment either with geometry software
or paper. Draw a segment and a line not intersecting the segment, preferably at
no special angle with respect to the segment. Then construct the reflection of the
segment (paper folding and tracing is a good option if you are working on paper).
You now have four endpoints. Draw all the segments connecting the endpoints.
Do the diagonals intersect on the fold line? Why? What happens if you repeat the
experiment with a segment and a fold through the segment? What happens with
special cases such as a segment parallel to or perpendicular to the fold line?
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6. (X Symmetry Experiment).
(a) Draw an X shape made of two lines (or as much as will fit on the paper) as

in Figure 10. They need not be segments of equal length. Fold the paper so
that the shape is folded onto itself. This fold is a line of symmetry of the figure
consisting of two lines. Fold another line of symmetry. How are these lines
related to the angles defined by the lines? How are they related to each other?

(b) Fold a piece of paper; then fold it again so that the original fold is folded onto
itself. What angle results? How is this related to the previous experiment?

Figure 10. Folds Are Symmetry Lines for This X

7. (Free Folds). Fold a piece of paper and then cut a shape; unfold and see what shape
with line symmetry you have produced. It could be a geometric shape or a tree or
a face or something else you design.

8. (Billiards). Draw your own example of a figure that shows where to look to see a
figure in amirror (or inwhat direction to aim a billiard ball off a cushion). This idea
can be extended to reflections in two mirrors in a corner, as illustrated in Figure
11. Make your ownmirror lines, place points 𝐴 and 𝐵, and find the billiard double
cushion (or light double reflection) path between them.

B''

B' B

A

Figure 11. Double Mirror Reflection Path from 𝐴 to 𝐵

9. (Symmetry Line Experiment). Find all the lines of symmetry for some familiar
polygons: squares, rectangles, parallelograms, pentagons, hexagons (regular and
otherwise). (Note: Some of these figures will not be “officially” defined until later
chapters. This is informal experimentation at this stage.)
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10. (Perpendicular Bisector Construction). Draw a segment 𝐴𝐵 on a piece of paper.
(a) Folding construction: Construct the perpendicular bisector of 𝐴𝐵 by folding

the paper. How did you fold?
(b) Compass and straightedge construction: Construct the perpendicular bisector

by drawing two intersecting circles of the same radius, one centered at 𝐴 and
the other at 𝐵. If there is one point of intersection not on line 𝐴𝐵, there will
be two points of intersection. (Why?) Draw the line through the two points
of intersection. Explain why this is the perpendicular bisector based on what
was proved in this chapter.

11. (Angle Bisector Construction). Draw an angle ∠𝐵𝐴𝐶 on a piece of paper.
(a) Folding construction: Construct the angle bisector of𝐴𝐵 by folding the paper.
(b) Compass and straightedge construction: Using the compass, construct points

𝐷 on 𝐴𝐵 and 𝐸 on 𝐴𝐶 equidistant from 𝐴. Then construct 𝐹 as in the previ-
ous problem to be an intersection point of two circles of the same radius with
centers at 𝐷 and 𝐸. What shape is 𝐴𝐷𝐹𝐸 and what about its symmetry gives
a reason why the ray 𝐴𝐹 is the angle bisector?



Chapter 10

Products and Patterns

For thousands of years people have been intrigued by symmetric, repeating patterns in
their art and architecture — from Chinese porcelain to Roman tiles, from the complex
designs of Islamic art to the repeating lizards of Maurits Escher. Interestingly, despite
great differences in style, repeating patterns that cover the plane share an underlying
structure.

We have the tools in our knowledge of rigid motions to understand why such de-
signs share a finite number of patterns — seventeen for patterns on the whole plane.
The goal of this chapter is to introduce and explain how relationships created by com-
posing symmetries shape but also limit such patterns of symmetry.

Wewill begin by describing the remaining products of rigidmotions, such as prod-
ucts of rotations with different centers. Then we will apply this knowledge to investi-
gate symmetric patterns on the plane; these investigationswill reveal how relationships
between rigidmotions and their products constrain possible shapes and patterns in the
plane. A first example of this is in Figure 1.

There are two labeled points, 𝐴 and 𝐵, in the upper-right region of the figure. The
figure was generated from a single small square with a face by rotating it with center
𝐴 by angles, 0, 90, 180, and 270, creating the upper right-hand corner square made of
four small squares. Then this 2 × 2 square was rotated by the same angles with center
𝐵 to create the 4 × 4 square in the figure. Each square in the figure was produced from
the small square in the upper right-hand corner by a rigid motion of the form 𝐵𝑛90𝐴𝑚90.

Looking at the faces, one sees translations and half-turns and also rotations by
multiples of 90 degrees in the lower-left corner. In fact, if one were not told that rota-
tions at 𝐵 were employed, it would seem that the pattern was obtained by translating
the original 2 × 2 square by two square side-lengths, to the left and then down. If this
figure were rotated further by powers of 𝐴90 and then by powers of 𝐵90, and on and on
indefinitely, the shape would growwithout bound. The repetition of this pattern could
also be obtained by translation.

177
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B

A

Figure 1. Wallpaper Pattern from Two 90-degree Rotations

If thewhole planewere covered in this way, the symmetrieswould include rotation
symmetries with centers that are translates of 𝐴 (indicated by blue points) and also
such centers at the translates of 𝐵 (indicated by red points), noting that𝐴 and 𝐵 are not
related by translation symmetries of the pattern. The other square corners are centers
of half-turns.

What makes all this happen using only products involving rotations about two
points? We will begin by studying products of rotations with rotations and then also
products with translations.

Products of Rotations

Rotations are products of two reflections in intersecting lines. A rotation 𝐴𝛼, with
center 𝐴 and rotation angle 𝛼, can be written as a double reflection many different
ways. Two key insights were used to prove Theorem 5.7 about products of rotations
with a common center:

• In writing 𝐴𝛼 as a double reflection, you can pick as either one of the reflection
lines any line through 𝐴 you like, but then the second line is determined. To be
more precise, according to Theorem 5.7, if one picks any line𝑚 through 𝐴, there
are lines 𝑝 and 𝑞 so that 𝐴𝛼 = ℛ𝑚ℛ𝑝 = ℛ𝑞ℛ𝑚.

• In computing the product 𝐴𝛽𝐴𝛼, one can show 𝐴𝛽𝐴𝛼 = 𝐴𝛼+𝛽 by choosing the
second mirror line of the first rotation and the first mirror line of the second to be
the same line; they cancel!

To analyze the product of rotations with different centers, we can use the same
approach to analyze the product 𝐵𝛽𝐴𝛼. Again, we will adjust the mirrors so that two
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are identical. This time we must pick the canceling mirror line to be 𝑚 = 𝐴𝐵, since
that is the only line that passes through both centers.

Given this line 𝑚 as the starting point, then our choices of line 𝑛 through 𝐵 and
line 𝑝 through 𝐴 are forced so that 𝐵𝛽 = ℛ𝑛ℛ𝑚 and 𝐴𝛼 = ℛ𝑚ℛ𝑝. Then the product of
four reflections is 𝐵𝛽𝐴𝛼 = ℛ𝑛ℛ𝑚ℛ𝑚ℛ𝑝 = ℛ𝑛ℛ𝑝.

If the lines 𝑛 and 𝑝 intersect, this is a rotation with center at the point of intersec-
tions. If the lines are parallel, the double reflection is a translation. By looking at the
geometry of these lines, we can determine precisely which rigid motion it is.

Example 10.1. The product 𝐵90𝐴90 = 𝐶180, where 𝐶 is the right angle vertex of the
isosceles right triangle 𝐴𝐵𝐶 shown in Figure 2.

As explained above, we choose our sharedmirror𝑚 to be𝐴𝐵. Themirrors for a 90-
degree rotation must meet at a 45-degree angle. Therefore, if line 𝑝 = 𝐴𝐶 and 𝑛 = 𝐵𝐶,
the rotations 𝐴90 = ℛ𝑚ℛ𝑝 and 𝐵90 = ℛ𝑛ℛ𝑚.

Then compute the product:

𝐵90𝐴90 = ℛ𝑛ℛ𝑚ℛ𝑚ℛ𝑝 = ℛ𝑛ℛ𝑝 = ℛ𝐵𝐶ℛ𝐴𝐶 = 𝐶180 = ℋ𝐶 .

The rotation angle at 𝐶 is 180 since the mirror lines at 𝐶 meet at a 90-degree angle and
2 ∗ 90 = 180.

Since the sign of a rotation depends on orientation, the orientation of△𝐴𝐵𝐶 is
important. In the example just shown, the triangle is oriented in a clockwise or negative
direction. The 45-45-90 triangle△𝐴𝐵𝐷 in Figure 2 is oriented in a counterclockwise
or positive direction. In this case, we can re-orient the triangle to be the clockwise
△𝐵𝐴𝐶, with 𝐴90𝐵90 = 𝐷180 = ℋ𝐷.

We can also find a translation𝐵90𝐴−90 in this figure. The rotation𝐴−90 = ℛ𝐴𝐵ℛ𝐴𝐷,
since the direction of the rotation is reversed. This time the product is a translation:

𝐵90𝐴−90 = ℛ𝐵𝐶ℛ𝐴𝐵ℛ𝐴𝐵ℛ𝐴𝐷 = ℛ𝐵𝐶ℛ𝐴𝐷.

This translation is equal toℋ𝐶ℋ𝐴 = 𝒯𝐴𝐴′ , where 𝐴′ is the reflection of 𝐴 in 𝐵𝐶.
This translation can also be denoted 𝒯2[𝐷𝐵].

D
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AB

Figure 2. Rotation 𝐶180 as the Product of Rotations 𝐵90𝐴90
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The Rotation Product Theorem. We will now consider the general case.

Theorem10.2 (Product of Rotations). The product of rotations𝐵𝛽𝐴𝛼 is a rotation𝐶𝛼+𝛽
if 𝛼+𝛽 ≠ 0 or ±360. Otherwise, the product is a translation when 𝐵 ≠ 𝐴, or the identity
if 𝐵 = 𝐴. The direction of the translation is not parallel to 𝐴𝐵 unless 𝛼 = ±180.

Proof. This general proof resembles the example above, but with a choice of angles.
Again, let𝑚 = 𝐴𝐵 be the common line of reflection.

Let 𝑝 be the line through𝐴 so that𝐴𝛼 = ℛ𝑚ℛ𝑝 and let line 𝑛 through 𝐵 be the line
with 𝐵𝛽 = ℛ𝑛ℛ𝑚, as in Figure 3. Then as before 𝐵𝛽𝐴𝛼 = ℛ𝑛ℛ𝑚ℛ𝑚ℛ𝑝 = ℛ𝑛ℛ𝑝.

If the lines 𝑛 and 𝑝 intersect at a point 𝐶, then the product is a rotation with center
𝐶. If the lines are parallel, the product is a translation.

When trying to visualize the location of 𝐶, the “kite of composition” 𝐴𝐶𝐵𝐶′ may
help. In Figure 3, 𝐶′ is the reflection of 𝐶 in𝑚, so it is also 𝐴𝛼(𝐶). Moreover, 𝐵𝛽(𝐶′) =
𝐶. This shows in another way that 𝐶 is the fixed point, hence the center, of 𝐵𝛽𝐴𝛼.

It remains to consider how the angles 𝛼 and 𝛽 affect the result. Using translation-
invariant global protractors and polar angles on the plane, Theorem 7.36 shows that a
rotation such as 𝐴𝛼 adds 𝛼 to the polar angle of any ray, not just rays with endpoint 𝐴.
Therefore, the image of a ray by the product 𝐵𝛽𝐴𝛼 must have 𝛼 + 𝛽 added to its polar
angle.

• If 𝛼 + 𝛽 is not 0 or ±360, the product must be a rotation by this angle.
• If 𝛼 + 𝛽 equals 0 or ±360, the direction of an image ray will stay the same so the
product is a translation or the identity.

The direction of this image ray will be the same as the original ray only when this
angle sum equals 0 or ±360. The direction of an image ray will stay the same as the
original if and only if the product is a translation or the identity. Therefore, in the other
cases the product is a rotation 𝐶𝛼+𝛽 for some point 𝐶.

Thus the lines 𝑛 and 𝑝must intersect except when the sum of the rotation angles
is 0 or ±360.

In Figure 3, where both rotation angles are positive, the angles at𝐴 and𝐵 in△𝐴𝐵𝐶
have angle measure 𝛼/2 and 𝛽/2. The marked angle at 𝐶 is an exterior angle, so its
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Figure 3. Rotation at 𝐶 as the Product of Rotations at 𝐴 and 𝐵
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measure is (𝛼 + 𝛽)/2, as it should be. To see the rotations 𝐶𝛼 and 𝐶𝛽 in the figure, let
𝑚′ be the line through 𝐶 parallel to 𝑚. Then 𝐶𝛼 = ℛ𝑚′ℛ𝑝 and 𝐶𝛽 = ℛ𝑛ℛ𝑚′ so this
confirms a second way that ℛ𝑛ℛ𝑝 = ℛ𝑛ℛ𝑚′ℛ𝑚′ℛ𝑝 = 𝐶𝛽𝐶𝛼 = 𝐶𝛼+𝛽.
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Figure 4. Translation from 𝐴 to 𝐴′ as the Product of Rotations at 𝐴 and 𝐵

Next, we consider the direction of the translationwhen 𝑝 and 𝑛 are parallel. An ex-
ample is in Figure 4 for rotations 𝐴𝛼 and 𝐵−𝛼; the marked mirror angles are congruent
alternate interior angles.

The translation is the product 𝑇 = ℛ𝑛ℛ𝑝. To find the direction, let 𝐴′ = 𝑇(𝐴) so
that 𝑇 = 𝒯𝐴𝐴′ . But 𝑇(𝐴) = ℛ𝑛ℛ𝑝(𝐴) = ℛ𝑛(𝐴). The only way that ℛ𝑛(𝐴) can be on
𝑚 = 𝐴𝐵 is for 𝑛 to be perpendicular to𝑚. But the parallel 𝑝must also be perpendicular
to𝑚, which means 𝛼 = ±180. The two rotations are the half-turnsℋ𝐴 andℋ𝐵.

One final special case not yet mentioned is when 𝛼 = 𝛽 = 0. In this case both
rotations and the product are the identity, and one can say 𝐴 = 𝐵. □

For transformations 𝑆 and𝑇, the conjugation of𝑇 by 𝑆 is the product𝑈 = 𝑆𝑇𝑆−1.
This “transforms” 𝑇 by 𝑆, and 𝑇 = 𝑆−1𝑈𝑆 is the inverse conjugation.
Corollary. The product of a translation 𝑇 and a rotation 𝐴𝛼 is a rotation 𝐶𝛼 for some
𝐶. The conjugation 𝑇𝐴𝛼𝑇−1 = 𝑇(𝐴)𝛼.

Proof. Since 𝑇 = 𝑄180𝑃180 for some 𝑃 and 𝑄, the product 𝑇𝐴𝛼 is the product of rota-
tions 𝑄180 and 𝑃180𝐴𝛼. This is a rotation by 180 + (180 + 𝛼) = 𝛼, The conjugate has
𝑇(𝐴) as a fixed point, so this rotation is 𝑇(𝐴)𝛼. □

Symmetry and 90-Degree Rotations

We have already computed the product of two 90-degree rotations in Example 10.1.
What we will explore now is how the triangle in Figure 2 can be used as a modular
building block for figures with 90-degree rotational symmetry.

Consider that in a clockwise-oriented1 isosceles right triangle△𝐴𝐵𝐶 with right
angle at 𝐶, these relations are true:

• 𝐶180 = 𝐵90𝐴90,
• 𝐴90 = 𝐵−90𝐶180,
• 𝐵90 = 𝐶180𝐴−90.
1Clockwise and counterclockwise depend on an orientation being chosen for the plane. Then an orientation-

preserving similitude will take a clockwise triangle to a clockwise triangle.
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Figure 5. Centers of Products of 𝐴90 and 𝐵90

The second and third equations follow from the first. For example, to derive the
second equation from the first: 𝐵90𝐴90 = 𝐶180 implies 𝐵−90𝐶180 = 𝐵−90𝐵90𝐴90 = 𝐴90.

If we have any such 45-45-90 isosceles right triangle, we have these equations. But
from the equations, one can fill in a missing vertex. If we have two vertices of such a
triangle with the two appropriate rotations located there, themissing 90- or 180-degree
rotation at the third vertex is the product of rotations at the known vertices.

Assume that 𝐴90 and 𝐵90 are symmetries of a figure 𝐹. Since products of sym-
metries are symmetries, all products formed by repeatedly multiplying these rotations
centered at 𝐴 and 𝐵 will be symmetries.

In Figure 5, we see other centers of rotations that must also be symmetries for this
reason. We have already seen in Example 10.1 that 𝐶180 and 𝐷180 are products of 𝐴90
and 𝐵90. From the clockwise△𝐵′𝐴𝐶, we get 𝐵′90 = 𝐴−90𝐶180. From△𝐵𝐴′𝐶 we get
𝐴′90 = 𝐶180𝐵−90.

Continuingwithmore triangles, we find symmetries that are 90-degree rotations at
𝐵′ and𝐵″ aswell. Centers of 180-degree rotation, half-turns, are at𝐶, and at𝐷′, 𝐷″, 𝐷‴.

Translations are also products. InExample 10.1, we saw that the translation𝐵90𝐴−90
= ℋ𝐶ℋ𝐴 = 𝒯𝐴𝐴′ is a symmetry of 𝐹. Also, 𝐴−90𝐵90 = ℋ𝐶ℋ𝐵 = 𝒯𝐵𝐵′ is a symmetry
as well.

A clear pattern is emerging of rotation centers and translations that must be sym-
metries of 𝐹 without knowing anything else about 𝐹.
Note. If these computations start to seem complicated, now that we have a pattern for
where the centers are located, we can see relations and check our work by following
the path of a single point, especially if it will be a fixed point. For example, in Figure 5
we see thatℋ𝐴(𝐵″) = 𝐵 and also 𝐵′90(𝐵) = 𝐵″, so 𝐵′90𝐴180 = 𝐵″270 = 𝐵″−90 since 𝐵″ is
fixed. The rotation angle is 270 = 90 + 180.

Another example is 𝐴−90𝐵90. We see that 𝐵90(𝐵) = 𝐵 and 𝐴−90(𝐵) = 𝐵′, so the
translation is 𝒯𝐵𝐵′ .
Example 10.3. Let’s refer back to our first picture, Figure 1. This figure was built
from two 90-degree rotations. When looking for symmetries, remember that the sym-
metries will not be symmetries of the bounded figure on the page but a figure made by
translating and repeating this pattern to cover the whole plane.
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The points colored red and blue are 90-degree centers, and the points colored yel-
low or green are 180-degree centers just as in Figure 5. See where in this figure the
named points of Figure 5 are located. Looking at the relative position of the faces,
you can recognize whether the corner of a square is a 90-degree center or a 180-degree
center. Also look for the translations that are symmetries.

Infinite Graph Paper and 𝑝4 Symmetry. Based on this emerging picture, we
will construct an example of a figure with 𝐴90 and 𝐵90 as symmetries.

Picture a square tiling of the whole plane or square graph paper of unbounded
extent. We can construct such a figure on the plane.
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Figure 6. Infinite Square Tiling ℒ with Some Centers of Symmetry

Start with a square𝑊𝑋𝑌𝑍, like the one in Figure 6. Let 𝑇1 = 𝒯𝑊𝑋 and 𝑇2 = 𝒯𝑊𝑍 .
Then letℒ be made of two sets of equally spaced parallel lines, the translates 𝑇𝑚1 (𝑊𝐶)
(vertical lines in the figure) and the 𝑇𝑛2 (𝑊𝑋) (horizontal lines) for all integers 𝑚 and
𝑛. The lines of ℒ define a tiling by congruent squares.

The rotational symmetries ofℒmap lines to lines, so the rotations must have rota-
tion angles±90 or 180. Every point is located in some square tile, including any center
𝑃 of 90-degree rotation. The image of 𝑃90 of this squaremust also be a square tile, either
the square itself or an adjoining square. In the first case, 𝑃 must be the center of the
square. In the second case, it must be a vertex.

All the centers of quarter-turn rotational symmetry will also be centers of half-turn
symmetry, since if 𝑃90 is a symmetry, so is 𝑃180. In addition, a half-turn centered at the
midpoints of an edges of a square tile will map the tile to a neighbor, so these half-turns
are also symmetries.

The translation symmetries of ℒ are clearly the products formed from 𝑇1 and 𝑇2.
For any two squares, there is a translation that will map one to the other.
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Now place a point 𝐴 in the center of one square 𝑠0 of this tiling and denote by 𝐵
a vertex of the same square. Then if we begin with 𝐴90 and 𝐵90 and form all possible
products of any length of these two rotations, the products will include translations
and rotations with centers including the points from Figure 5. The point 𝐴′ will be the
center of an adjoining square, The points 𝐵′, 𝐵″, 𝐵‴ will be the remaining vertices of
the square 𝑠0 with center 𝐴. The points 𝐶 and 𝐷 will be midpoints of edges of 𝑠0. This
is shown in Figure 6, where the earlier Figure 5 is placed inside the square tiling.

Nowwe will prove that the set of symmetries ofℒ and the set of rigid motions that
are repeated products of 𝐴90 and 𝐵90 are the same.
Theorem 10.4. The set of orientation-preserving symmetries of ℒ , the square tiling of
the plane, is the set of rigid motions generated by a 90-degree rotation 𝐴90 with center the
center point of a square tile and 𝐵90, where 𝐵 is a vertex of the same square tile.

Proof. Wewill sometimes refer to𝐴90 as the𝐴 generator and to 𝐵90 as the 𝐵 generator
of the set of products. Let the set of these product rigid motions be denoted as 𝒫.

First, note that both 𝐴90 and 𝐵90 are symmetries ofℒ. Clearly each one maps each
set of parallel lines in ℒ to the perpendicular set of parallel lines in ℒ, since the dis-
tances to the lines are preserved. Therefore, since products and inverses of symmetries
are symmetries, the set 𝒫 of products of the generators must be a subset of the set of
symmetries of ℒ. So the only question is whether every symmetry is in 𝒫.

The translation symmetries of ℒ are all products in 𝒫 because the generators of
these translations, 𝑇1 and 𝑇2, are in 𝒫. The translation 𝑇1 = 𝒯𝐴′𝐴 and 𝑇2 = 𝒯𝐵𝐵′ , each
of which has been shown earlier to be a product of the 𝐴 and 𝐵 generators.

Next suppose that 𝑃90 is a rotational symmetry ofℒ. The point 𝑃 is in some square
tile 𝑠. The square with 𝐴 as center is 𝑠0. If 𝑇 is the translation that maps 𝑠 to 𝑠0, then
𝑇𝑃90𝑇−1 is a rotation 𝑄90 with center 𝑄 = 𝑇−1(𝑃) in the square 𝑠0 by the corollary on
page 181. Therefore, 𝑄must either be 𝐴 or a vertex of 𝑠0, one of the points 𝐵, 𝐵′, 𝐵″𝐵‴.
This is true because 𝑄 is a fixed point of this product rigid motion, and such a product
of translations and a rotation is a 90-degree rotation by Theorem 10.2.

But every such 𝑄90 in 𝑠0 is known to be a product of the generators, so it is in 𝒫.
The translation 𝑇 is also in 𝒫. Therefore, 𝑃90 = 𝑇−1𝑄90𝑇 is in 𝒫.

This shows that every 90-degree rotational symmetry of ℒ is in 𝒫. Once we have
these centers, the half-turn symmetries are products of the 90-degree rotations, as in
Figure 2, so the theorem is proved. □
Definition 10.5. A plane figure 𝐹 has 𝑝4 rotational symmetry if the rotational sym-
metries of 𝐹 can be generated by 90-degree rotations with distinct centers.

As we have seen, if a figure has 𝑝4 rotational symmetry, the figure comprised of
centers of rotation of these symmetries must be a figure similar to the figure made of
the centers of rotational symmetry of ℒ. Here are some things we learned. As before,
let the 𝐴90 and 𝐵90 be the rotations that generate the rotational symmetries of 𝐹.

• There is a tiling of the plane by squares so that 𝐴 is at the center of a square and
𝐵 is at a vertex. The centers of 90-degree rotational symmetry are the vertices and
the centers of the squares.



Symmetry and 90-Degree Rotations 185

• The translation symmetries take any square tile to any other.
• In terms of these translation symmetries, the set of translates of 𝐴 is the set of
square tile centers and the translates of 𝐵 are the square vertices. No member of
one of these sets can be translated by a symmetry to a member of the other.

• The 180-degree centers at midpoints of sides of square are also divided into two
disjoint sets by translation.
This explains the color coding in the figures that we have seen so far in the chap-

ter. The points of the same color are the ones that can be translated to each other by
translation symmetries of the pattern.

This description so far has a flaw: it distinguishes the role of𝐴90 at the center from
𝐵90 on the corner. But if one looks again atℒ in Figure 6, one sees that the𝐴-translates
are also arranged into the corners of a square tiling with the 𝐵-translates at the center.
This new tiling is congruent to ℒ since the translation 𝒯𝐴𝐵 maps the new tiling to ℒ.

If we combine these two sets of lines together into a new figureℳ, we have a new
model of a square tiling by squares of half the side length of the ℒ tiles. So now we
have two examples of square tilings of the plane that have 𝑝4 rotational symmetry:

• the model ℒ with one set of 90-degree rotations at the center of the squares and
generating translations 𝑇1 and 𝑇2 with displacement distance equal to the side of
a square,

• the modelℳ with all 90-degree rotations at the vertices of the squares and gen-
erating translations 𝑇1 and 𝑇2 with displacement distance equal to twice the side
of a square.

Example 10.6. To make ℳ more concrete, return to Figure 1. Each square of this
figure has 90-degree rotations at two corners and two 180-degree centers at the other
corners, one from each of the separate sets of each type. We can see this easily if we
look at the face designs in the tile.

Using the notation of Figure 5, in any tile in which the face is right-side-up, the 𝐴
center is in the upper-right corner and the 𝐵 is in the lower left; the 𝐶 translate is in the
upper left and the𝐷 translate is in the lower right. The translations that are symmetries
will onlymap a tile to another tile with the faces looking in the same direction, so these
translations will not map a tile to an adjacent tile.

But one can see the ℒ figure in this example also. Instead of thinking of a tile as
being a square with a face, now let a tile be a 2 × 2 square arrangement of tiles with
four faces, each looking in a different direction. Then a tiling by translating all these
tiles is exactly model ℒ.

Line Reflections and 𝑝4 Symmetry. Since the products formed from two 90-
degree rotations with distinct centers must include all the translations and rotations
described above, any design on the plane with two 90-degree rotations with distinct
centers as symmetries must include the same arrangement of centers and translations
described above.

In addition, there may be line reflection symmetries as well. One example is the
figure ℒ itself. The lines of symmetry are shown in Figure 7. Reflection in any of the
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Figure 7. Lines of Symmetry in 𝑝4 Pattern and 𝑝4 Centers for ℒ

lines making up the figure ℒ itself is a symmetry. But the parallel lines through the 𝐴
centers (the lines inℳ) are also lines of reflection. And the lines that are diagonals
of the tiles of ℒ are lines of symmetry as well. In fact, the lines of symmetry of each
square tile are also lines of symmetry of ℒ.

Example 10.7. A more visually interesting example of reflection symmetries in a 𝑝4
pattern of rotational symmetries is Figure 8. Find the rotation centers and the transla-
tion symmetries, and observe how the mirror lines intersect at the rotation centers (as
they must, since the product of two reflection symmetries is a rotation symmetry).

Figure 8. A Pattern from a Cathedral

Again, to speak of 𝑝4 we imagine tiling the plane by translations of this figure.
This pattern has the horizontal, vertical, and diagonal lines of symmetry just de-

scribed. The rotation centers are the intersection points of these lines thatmeet at 45 or
90 degrees (as theymust be, since the product of two reflection symmetries is a rotation
symmetry).
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There are two repeating shapes in the design. Any shape can be mapped to a con-
gruent shape by translations. The 𝐴-centers are at the centers of symmetry of one of
these shapes and the 𝐵 centers are at the centers of symmetry of the others. The half-
turn centers are the points where four shapes come together.

Figure 9. Some Tiles for the Cathedral Pattern

Naming Symmetry Patterns: 𝑝4, 𝑝4𝑚, 𝑝4𝑔. Can a figure with 𝑝4 rotational
symmetry have more lines of symmetry than this? Can it have fewer?

Figure 10. Reflections Plus 𝑝4 Rotational Symmetry

Since the reflection of a tile in a line of symmetry must be another tile, a line of
symmetry of the whole figure must either be a line of symmetry of square tiles that it
intersects or it must reflect the tile to another tile. This rules out any lines beyond those
already mentioned.

As to whether there can be fewer lines of symmetry, that question is partially an-
swered by the Reflection-Rotation Pairing Theorem, Theorem 5.13. If a line of sym-
metry passes through a center of rotation symmetry, the number of lines of symmetry
must equal the number of rotational symmetries centered at the point. Thus, if a line
of symmetry passes through 𝐵90, then the product of the line reflection with the four
distinct powers of 𝐵90 produces four line reflections. So if one of the edge lines or diag-
onal lines of a square passes through corner 𝐵, then both edge lines and both diagonal
lines at 𝐵 will be lines of symmetry. But one of the diagonal lines passes through 𝐴,
so there are now four lines of symmetry through 𝐴. So all the lines of symmetry must
be present if any are, since the translation lines through any tile translate to lines of
symmetry in any of the other tiles.

Therefore, a pattern with 𝑝4 rotations and fewer lines of symmetry different from
those ofℒ can only have lines that intersect at half-turn centers at the midpoints of the
edges of the tiles. This is in fact possible.

The example in Figure 11 has the same 𝑝4 pattern of rotation centers as ℒ but
also reflection symmetries at lines through the midpoints of the tiles that do not pass
through the center or vertices. In this figure the mirror lines are horizontal or vertical
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Figure 11. An Example of 𝑝4𝑔

and the square tiles are at a 45-degree angle from the horizontal. The points are colored
by the same color scheme as in the previous figures.

There are other figures with symmetries of this type that are not so complicated.
One example is in Figure 10. Remember that the squares formed by the reflection lines
are midpoint squares of the ℒ tiling.

Wewill be leaving this lengthy exploration of the𝑝4 pattern of rotational symmetry
and moving on to other relationships. But before we do, we need to say something
about names. The symmetry groups of such repeating patterns that cover the plane
are called wallpaper groups or crystallographic groups. We will say more about them
later in the chapter. But these groups have names (sometimes more than one name,
unfortunately).

We have talked about 𝑝4 rotational symmetry, but to be clear, here are the names
of the symmetry groups we have seen.

• Type 𝑝4: The symmetry group of a figure consisting of only rotations generated
by two 90-degree rotations at two centers 𝐴 and 𝐵.

• Type 𝑝4𝑚: The rotational symmetries of a figure are a 𝑝4 but there are also line
reflection symmetries through all centers of rotation.

• Type 𝑝4𝑔: If the rotational symmetries of a figure are a 𝑝4 but there are also line
reflection symmetries that do not pass through the 90-degree centers of rotation.

Triangles and 60 Degrees of Rotation

Another important special case of the product of two rotations is 𝐵60𝐴60 = 𝑃120. Figure
12 shows an equilateral triangle with its center and midpoints. The product

𝐵60𝐴60 = ℛ𝐵𝐸ℛ𝐴𝐵ℛ𝐴𝐵ℛ𝐴𝐷 = ℛ𝐵𝐸ℛ𝐴𝐷 = 𝑃120.
Also, 𝐶60𝐵60 = 𝑃120, so 𝐶60 = 𝑃120𝐵−60.
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Figure 12. Product of 𝐴60 and 𝐵60 is 𝑃120

Another product to note is
𝐶120𝐵120𝐴120 = 𝐼

for an equilateral triangle oriented counterclockwise as△𝐶𝐵𝐴. Since the angle sum
is 360, this product is either a translation or the identity. It is easy to see that 𝐶 is
a fixed point, so the product is 𝐼. Equivalently, starting from scratch with a segment
𝑍𝑌 , 𝑍120𝑌120 = 𝑋−120 where the center 𝑋 is the third vertex of an equilateral triangle
△𝑍𝑌𝑋 .

If we tessellate the plane with congruent equilateral triangles by extending the
pattern in Figure 13, the centers of 60-degree rotational symmetry are at the vertices of
the triangles, and the centers of the triangles are centers of 120-degree rotation. Since
3 × 60 = 180, the vertices such as 𝐴 are also half-turn centers: 𝐴360 = ℋ𝐴. In addition,
the midpoints of the sides are centers of half-turn symmetry. For example, 𝑃120𝐴60 =
𝐸180 = ℋ𝐸 .

Figure 13. Part of Triangular Tessellation with Symmetry Lines

Such a tessellation by triangles will also have reflection symmetries, with some
lines of symmetry being the sides of triangles and others the perpendicular bisectors of
sides. Translation symmetries will take any triangle vertex to any other; e.g., 𝒯𝐴𝐵 =
ℋ𝐹ℋ𝐴. In contrast, the 120-degree centers in the middle of the triangles are not
all translation symmetries of each other; the centers of upward pointing triangles are
translates of each other, as are the centers of the downward pointing triangles. In Fig-
ure 13 the lines of symmetry through the triangle centers are dashed lines.
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In the triangular tessellation in Figure 13, if one glues together six triangles at a
time, one can also have a tessellation by hexagons sharing edges. Or one can leave tri-
angular spaces between hexagons and get a tessellationmade of hexagons and triangles
sharing edges as in Figure 46 in the exercises.

Napoleon’s Theorem. One of the most striking examples showing the tight re-
lationships among rotations and their products is a theorem attributed (probably not
very accurately) to Napoleon Bonaparte.

Theorem 10.8 (Napoleon’s Theorem). Let△𝐴𝐵𝐶 be any triangle. Construct on each
side of the triangle an equilateral triangle that shares that side and label the centers of
these triangles 𝐴′, 𝐵′, 𝐶′. Then△𝐴′𝐵′𝐶′ is an equilateral triangle.

B'
C'

A'
C

B

A

Figure 14. Napoleon’s Theorem

The triangles for Napoleon’s Theorem are shown in Figure 14. The proof will use
the labels there.

Proof. Consider the central rotations in each equilateral triangle. Starting with 𝐴 in
the figure, 𝐵′120(𝐴) = 𝐶 and then 𝐴′120(𝐶) = 𝐵.

The product 𝐴′120𝐵′120 = 𝑃240 = 𝑃−120 for some point 𝑃, with 𝑃−120(𝐴) = 𝐵. As
was noted above, this means 𝑃 is the third vertex for an equilateral triangle oriented as
△𝐴′𝐵′𝑃.

But 𝐶′
−120 also maps 𝐴 to 𝐵. We claim 𝐶′

−120 = 𝑃−120 so 𝐶′ = 𝑃.
This is true because 𝑃−1−120𝐶′

−120 = 𝑃120𝐶′
−120 is either the identity 𝐼 or a translation,

since 120 − 120 = 0. But this transformation fixes 𝐴, so it cannot be any translation
except 𝐼. Therefore, 𝐶′

120 = 𝑃120. □

Fermat Point. While we are examining the figure of a triangle with equilateral
triangles on the sides, there is another feature of this figure that we should mention. It
is illustrated in Figure 15. The segments 𝐴𝐴∗, 𝐵𝐵∗, 𝐶𝐶∗ from a vertex of△𝐴𝐵𝐶 to the
farther vertex of the opposite equilateral triangle are concurrent at a point. This point
is called the Fermat point of the triangle. It has a number of remarkable properties.
But first, we must prove that these segments are concurrent.
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Figure 15. Concurrence of Segments at the Fermat Point

Theorem 10.9. In any triangle△𝐴𝐵𝐶 with each anglemeasure less than 120, construct
on each side of the triangle an equilateral triangle that shares that side. Label the three
unnamed vertices𝐴∗, 𝐵∗, 𝐶∗ on the sides opposite𝐴, 𝐵, 𝐶, respectively. Then the segments
𝐴𝐴∗, 𝐵𝐵∗, and 𝐶𝐶∗ are congruent and are concurrent at a point 𝐹, each pair of segments
meeting at an angle of 60 degrees.

Proof. Orient the triangle as in Figure 16. Each segment such as 𝐴𝐴∗ is a diagonal of
a convex quadrilateral formed from two triangles, in this case 𝐴𝐵𝐴∗𝐶. Therefore, 𝐴𝐴∗
intersects the other diagonal 𝐵𝐶 at an interior point. An application of the Crossbar
Theorem shows that any of the segments 𝐴𝐴∗, 𝐵𝐵∗, 𝐶𝐶∗ intersects each of the others
at a point interior to△𝐴𝐵𝐶. These three intersection points are not yet known to be
the same.

Consider the rotation 𝐴−60. The vertex 𝐶 = 𝐴−60(𝐵∗) and 𝐶∗ = 𝐴−60(𝐵). There-
fore, 𝐶𝐶∗ ≅ 𝐵𝐵∗. Let 𝐹 be the intersection of 𝐶𝐶∗ and 𝐵𝐵∗. The lines are not parallel
because one is the rotation image of the other. In fact the lines form an angle of 60
degrees at 𝐹 by Theorem 7.36.

Let 𝑐1, 𝑐2, 𝑐3 be the circumcircles of the equilateral triangles, labeled as marked in
Figure 16. Applying the Angle Arc Locus corollary to the Inscribed Angle Theorem,
Theorem 8.34, we will see that 𝐹 is on each of these circles.

Each side of an equilateral triangle divides its circumcircle into amajor arc of mea-
sure 240 and a minor arc of measure 120. Since 𝑚∠𝐵∗𝐴𝐶 = 𝑚∠𝐵∗𝐹𝐶 = 60, the two
points 𝐴 and 𝐹 are on the major arc of 𝑐2 defined by 𝐵∗𝐶 since the two points are on
the same side of 𝐵∗𝐶. Likewise, 𝐴 and 𝐹 are on the major arc of 𝑐3 defined by 𝐵𝐶∗.

In addition, since𝑚∠𝐵𝐹𝐶 = 120, the point 𝐹 is on the minor arc of 𝑐1 defined by
𝐵𝐶. Thus 𝐹 is the point of concurrence of these three circles.

But this shows the segments𝐴𝐴∗ and 𝐵𝐵∗ also intersect at 𝐹. If we start afresh and
repeat the same reasoning, we conclude that the intersection point of these segments
is the point of concurrence of the same three circles and so must also be 𝐹. Thus 𝐹 is
on all three segments and is a point of concurrence as claimed. □
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Figure 16. Concurrence of Circles at the Fermat Point

One consequence of this theorem is that the three segments 𝐹𝐴, 𝐹𝐵, and 𝐹𝐶 meet
symmetrically at angles of 120 degrees. Such an equiangular picture is associated with
minimization and in fact the point 𝐹 is the point that minimizes the sum of the dis-
tances to each vertex of △𝐴𝐵𝐶. This will be left to the exercises, with a figure that
gives a big hint.

Translations and Symmetry

In the examples with 90-degree and 60-degree rotations, we were led to consider un-
bounded symmetric repetitions of the pattern. Such repeating symmetric patterns over
the whole plane are commonly called wallpaper patterns. Symmetric patterns that
are unbounded but extend only in one direction, like the one in Figure 17, are called
frieze patterns.

Figure 17. A Frieze Pattern

In either case, an essential ingredient in such a pattern is a collection of transla-
tions. When repeated, translations move points farther and farther in an unbounded
way. This is not true of a single rotation or reflection. It is true of glide reflections, but
since the square of a glide reflection is a translation, this means that any unbounded
symmetric pattern will still include a group of translations among the symmetries.

But there are restrictions on a set of translations for it to be in the symmetry group
of such a pattern. To begin with, there must be a minimum displacement distance
for the translations. If a figure has arbitrarily small translation symmetries, then the
pattern will not be the repeat of a reasonable figure in a region but will be a dense set
akin to all the irrational numbers sitting inside the real numbers.



Translations and Symmetry 193

T4v(A)T3v(A)T2v(A)Tv(A)T(A)AT-2(A) T-1(A)
S(A)

Figure 18. 𝑇𝑣 as a Generator of Translations in One Direction

Theorem 10.10 (Frieze Translation Symmetries). Given a wallpaper or frieze pattern,
suppose that 𝑉 is a translation among the symmetries with minimum displacement, 𝑑 =
‖𝐴𝑉(𝐴)‖ > 0 for any 𝐴. Then any translation symmetry with direction parallel to 𝑉 is
equal to 𝑉𝑛, a power of 𝑉 .

Since all of the powers 𝑉𝑛 are symmetries, the set of all translation symmetries
with direction parallel to 𝑉 is just the set of the 𝑉𝑛. For a frieze pattern, when all
translation symmetries have the same direction, these powers are all the translation
symmetries.

Proof. To see this, suppose that 𝑆 is another translation with direction parallel to 𝑉 .
Then, taking any point𝐴, the points 𝑉𝑛(𝐴) are equally spaced points in both directions
on a line 𝑚𝑉 . This is shown in Figure 18, using the vector notation 𝑉𝑚 = 𝒯𝑚𝑣. If 𝑆 is
not a power of𝑉 , then the point 𝑆(𝐴)will also be on this line between two of the points,
𝑉𝑘(𝐴) and 𝑉𝑘+1(𝐴), so 𝑆(𝐴) is closer than 𝑑 to 𝑉𝑘(𝐴). But then 𝑉−𝑘𝑆(𝐴) is a transla-
tion symmetry with smaller displacement than 𝑉 , for ‖𝐴 𝑉−𝑘𝑆(𝐴)‖ = ‖𝑉𝑘(𝐴) 𝑆(𝐴)‖ <
‖𝑉𝑘(𝐴) 𝑉𝑘+1(𝐴)‖ = 𝑑. This contradicts the assumption that 𝑑 is the shortest displace-
ment. Therefore, all the translation symmetries with the direction parallel to the di-
rection of 𝑉 will be powers of 𝑉 . In other words 𝑉 will generate the translations with
direction parallel to𝑚𝑉 . □
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Figure 19. A Lattice Defined by 𝑉 and𝑊

If there are other translation symmetries which are not powers of 𝑉 , let𝑊 be any
such translation. Then 𝑊 maps the line 𝑚𝑉 to a parallel line as shown in Figure 19.
In this figure there are shown some images of a point 𝐴 by the powers 𝑉𝑘𝑊 ℎ(𝐴) using
vector notation, with 𝑉 = 𝒯𝑣 and𝑊 = 𝒯𝑤. Then 𝑉𝑘𝑊 ℎ = 𝒯𝑘𝑣𝒯ℎ𝑤 = 𝒯𝑘𝑣+ℎ𝑤.

Now among all the translations that do not map𝑚𝑉 to itself, choose one𝑊 so that
the distance from𝑊(𝑚𝑉 ) to𝑚𝑉 is minimum. As one can see from the figure,𝑊 is not
a unique choice because any𝑊𝑉𝑘 = 𝒯𝑤+𝑘𝑣 will map𝑚𝑉 to the same line.
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After choosing one𝑊 , then all the points𝒯𝑘𝑣+ℎ𝑤(𝐴) for integers 𝑘 and ℎ formwhat
is called a lattice. The points form the vertices of a tessellation by parallelograms. Any
other translation 𝑆 must be a product of powers of 𝑉 and 𝑊 . If not, then 𝑆(𝐴) is not
in the lattice defined by 𝑉 and 𝑊 , so it must be interior to one of the parallelograms
with 𝒯𝑘0𝑣+ℎ0𝑤(𝐴) as a vertex. Then𝑊−ℎ0𝑉−𝑘0𝑆(𝐴) must be in one of the four paral-
lelograms with vertex 𝐴. And so𝑊−ℎ0𝑉−𝑘0𝑆 maps𝑚𝑉 to a line closer to𝑚𝑉 than the
image of𝑊 , which contradicts the choice of𝑊 .

Each of these parallelograms is a fundamental parallelogram of the symmetry
pattern. For a wallpaper pattern, the entire design can be obtained by covering the
plane with translated copies of what is in a fundamental parallelogram. However, if
there are rotations or other symmetries in the pattern, some choices of parallelogram
may be preferred because they fit well with the other symmetries.

This appears in the examples so far. In Figure 1 with the faces, any one of the 2×2
arrangements of 4 small squares would be a fundamental parallelogram. But this is not
the only choice. A nonrectangular parallelogram with a horizontal bottom edge of 2
units and height of 2 units would also be a fundamental parallelogram. However, such
a parallelogram would not interact well with the rotations. In this case a small square
is a fundamental domain for the pattern since the rotation symmetries can map it to
fill out a 2 × 2 fundamental parallelogram.

The example in Figure 8 has the same 𝑝4𝑚 rotation symmetries and reflections.
The small tile on the left in Figure 9 is a fundamental domain for the𝑝4 rotation pattern
while the large tiles are fundamental parallelograms. When reflections are included, a
fundamental domain for 𝑝4𝑚 is a right triangle obtained by dividing the small tile by
its line of symmetry.

For the triangular example in Figures 12 and 13, a fundamental parallelogram that
fits with the rotations would be a rhombus formed by joining two adjacent equilateral
triangles at a common edge, since two generators of the lattice are translations from
one triangle vertex to another, e.g., 𝒯𝐴𝐵 and 𝒯𝐴𝐶 .

Tessellations and Symmetric Wallpaper Designs

This section will offer a small sample of tessellations and symmetric wallpaper pat-
terns, with an emphasis on how the product rules of rigid motions constrain the possi-
ble symmetric patterns that cover the plane in a periodic way, i.e., can be built from one
basic tile that can be translated to cover the plane. Interested readers are encouraged to
explore more in the exercises but also in the extensive literature on the subject. Grün-
baum and Shephard [9] is the definitive work on tessellations (including much more
general types than our wallpaper patterns). Schattschneider [16] combines a mathe-
matic treatment of wallpaper and other patterns with an analysis of the mathematics
in the art of Maurits Escher. Sykes [18] offers a collection of examples of design from
architecture, especially medieval cathedrals. Stevens [17] also offers examples from
design and architecture arranged by symmetry pattern.

The fundamental underpinnings of these designs are based in a small number of
tessellations by simple or regular objects. More elaborate schemes are constructed on
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these foundations, but the relationship among symmetries remains among a limited
number of possibilities, in fact among 17 possibilities, for it has been proved that there
are only 17 crystallographic groups that can be symmetry groups for such wallpa-
per patterns. Proofs and the classification of these symmetry patterns can be found in
Barker and Howe [1, Chapter 8] and Martin [12, Chapter 11]. A key idea in the proof
is that a rotation 𝐴360/𝑛 can be a symmetry of a wallpaper pattern only if 𝑛 = 2, 3, 4, 6.
The reasons for this are explored in the exercises.

We have already encountered tessellations by congruent triangles and parallelo-
grams of any shape, as shown in Figure 7.14 and Figure 19 of this chapter. Various
tessellations by rectangles are exhibited by brick walls. The tessellations by a single
congruent regular polygon are very important.

Figure 20. Tessellations by Regular Polygons

There are only three: triangles, squares, and hexagons, as in Figure 20. That these
are the only tessellations by regular polygons can be seen from their vertex angle mea-
sure. At least three polygons have to fit together at a common vertex; if the angles are
equal, then each angle must be no greater than 360/3 = 120 degrees. This rules out
all regular polygons with more than seven sides. The only other possibility would be
regular pentagons, with a vertex angle of 108. However three times this angle is less
than 360 and four times the angle is greater than 360; these do not fit together to form
a tessellation.

A Two-Square Tessellation. The tessellation in Figure 21 is frequently encoun-
tered in tile floors. Besides providing an attractive design, it also illustrates the Pythag-
orean Theorem!

Figure 21. Tessellation by Squares of Two Sizes
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If this pattern is repeated over the whole plane by translation, it seems clear that
there are centers of 90-degree rotation at all the centers of the squares. But this means
this symmetry pattern is the pattern called 𝑝4. We know then that one fundamental
parallelogram is a square with corners at the centers of adjacent large squares and an-
other is a square with vertices at the centers of the small squares. The midpoints of the
sides of either set of fundamental squares are the same points; they are the centers of
180-degree rotational symmetry.

B
C

A

Figure 22. Tessellation with Fundamental Parallelograms

Figure 22 shows squares with vertices at the centers of the larger squares. The
translation symmetries of the tessellation that define this fundamental parallelogram
are translations that map any large square tile to any other large square, at the same
time mapping every small square tile to another small one. Centers are mapped to
centers and vertices are mapped to vertices. One map of vertices is pointed out as the
translation 𝒯𝐵𝐴 in the lower left part of the figure.

The segment 𝐵𝐴 is part of a right triangle△𝐴𝐵𝐶. If we denote the side length of
the larger squares in the tessellation as 𝑎 and the side length of the smaller ones as 𝑏,
then ‖𝐴𝐵‖ = 𝑐 is the length of the hypotenuse. And the length of the hypotenuse is
also the length of the side of a square that is a fundamental parallelogram.

This seems to be another area proof of the Pythagorean Theorem. Since this tes-
sellation is made up of repeating translation units made of two squares, of total area
𝑎2 + 𝑏2, the area should equal the area 𝑐2 of the other set of units, the fundamental
parallelograms. Indeed, in looking at a square of side 𝑐, it is dissected into one square
of side 𝑎 and four congruent quadrilaterals. One can see that the quadrilaterals can be
assembled to make a square of side 𝑏, proving the Pythagorean Theorem. In fact this
is exactly the dissection for the area proof of Perigal in Figure 9.11!

When the Perigal dissection was introduced, it seemed rather hard to imagine how
one would think of cutting up a square in such a manner. Perhaps it still seems that
way, but interesting dissections can result from taking a fundamental parallelogram of
a tessellation made of multiple shapes.

In fact, in Figure 21, the dissection that results from taking a fundamental paral-
lelogram with corners at the centers of the small squares will give another dissection
of a square of side 𝑐 that looks quite different.
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Napoleon Tessellation. Here is another tessellation that is connected to an ear-
lier theorem. If we take the figure for the Napoleon Theorem, Theorem 10.8, and ex-
tend it by rotating shapes by 120 degrees with centers at the centers of the equilateral
triangles, the result is a tessellation, part of which is shown in Figure 23 along with
some of the underlying centers of rotation.

Figure 23. Napoleon Theorem Tessellation

There are several interesting things to note. The angles do, in fact, add up to 360
degrees at each vertex, half from the shaded triangle and half from three 60-degree
contributions from the equilateral triangles.

The 120-degree rotations centered at the centers of the three sizes of Napoleon
equilateral triangles are symmetries of the tessellation. The product of two 120-degree
rotations at adjacent centers is a 240-degree rotation at a third such center point, so
these rotations are the only symmetries except for the translations that are products of a
120-degree rotation and a 120-degree rotation. There are no line reflection symmetries
and no 60-degree or 180-degree rotational symmetries.

Each translation symmetry for this 120-degree rotation pattern takes one of the
Napoleon equilateral triangles to a congruent one with corresponding sides parallel.
Looking at the figure to see parallel sides, we observe that these triangles are divided
by parallelism into three distinct sets. The translations will map a center to another
center in the same set. The same translation will take a shaded nonequilateral triangle
to a triangle with corresponding sides parallel.

The rotation centers form the vertices of a regular tessellation by equilateral tri-
angles like the one in Figure 20. However, these vertices are not 60-degree centers,
but 120-degree centers. Each triangle in this tessellation has one vertex from each of
the three kinds of centers. Two triangles that share an edge will form a rhombus. The
endpoints of the longer diagonal of the rhombus will be centers of the same kind, so
there is a translation from one endpoint to the other.

This figure was generated by taking the Napoleon figure and rotating it. Another
way to arrive at this figure would be to start with three rotation centers at the vertices
of an equilateral triangle△𝑋𝑌𝑍.
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Pick any point 𝐴 in△𝑋𝑌𝑍 and let 𝐵 = 𝑍120(𝐴) and 𝐶 = 𝑌120(𝐵). Then 𝑋120(𝐶) =
𝐴, since 𝑋120𝑌120𝑍120 = 𝐼, by the remarks pertaining to Figure 12. This then produces
the same family of tessellations starting from the rotation centers.

Quadrilateral Tessellations. Unless one has seen it before, it is surprising to
learn that every quadrilateral tessellates the plane. It is an interesting classroom or
workshop activity to take cut-outs of a general quadrilateral (especially if it is not con-
vex) and invite participants to cover part of a table with these shapes. It is even better
to do it with dynamic geometry software so that one can vary the shape in real time.
But setting up the software first requires understanding the relationships among the
quadrilaterals in order to connect them.

Figures 24 and 25 show two examples of quadrilateral tessellations. Based on our
experience so far, it makes sense to look for rigid motions that are symmetries. One
can see pretty clearly that there are translations present in each case. Why should they
be there?

Figure 24. Convex Quadrilateral Tessellation

Figure 25. Nonconvex Quadrilateral Tessellation

In looking at the tessellations in Figures 24 and 25, one sees that each quadrilateral
is attached to its neighbor with a shared side by a half-turn centered at the midpoint
of the common side. Therefore, if one goes from a quadrilateral to a neighbor and
then to a second neighbor, one has moved the quadrilateral by the composition of two
half-turns which is a translation. So there are these translations in the tessellations.
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But this reasoning so far would also be true if one tried to tessellate by adjoining
general pentagons in the sameway. But the pentagons will overlap and not fit together.
Why do the half-turns and translations for quadrilaterals create a lattice, when those
for a pentagon would not?

The answer is that themidpoint figure of a general quadrilateral is a parallelogram,
as we learned in Theorem 7.19.
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Figure 26. Quadrilateral Midpoints

Since the midpoints of a single quadrilateral 𝐴𝐵𝐶𝐷 form a parallelogram 𝐽𝐾𝐿𝑀,
a half-turn centered at a vertex of the parallelogram will map the original midpoint
parallelogram to a congruent midpoint parallelogram in a quadrilateral with a shared
side with 𝐴𝐵𝐶𝐷. The half-turn productsℋ𝐾ℋ𝐽 = 𝒯𝐴𝐶 andℋ𝑀ℋ𝐽 = 𝒯𝐵𝐷 will map
a vertex of 𝐴𝐵𝐶𝐷 to the opposite vertex by a diagonal translation. Therefore, they will
map the midpoint quadrilateral to the midpoint parallelogram of a quadrilateral with
a shared vertex, not a side.

This is visible in Figure 27, where the midpoint parallelograms are shaded. The
gray parallelograms are related to the green parallelograms by half-turns. All the gray
ones are related by translation symmetries, as are the green ones. The lattice of trans-
lations is generated by 𝑇𝑣 = 𝒯2[𝐽𝐾] = 𝒯𝐴𝐶 and 𝑇𝑤 = 𝒯2[𝐽𝑀] = 𝒯𝐵𝐷 as in Figure 19. A
fundamental parallelogram contains four parallelograms, one gray parallelogram and
one green one and also two unshaded parallelograms congruent to the midpoint par-
allelogram. A fundamental domain for the entire symmetry group of translations and

Figure 27. Midpoint Parallelograms in Convex Quadrilateral Tessellation
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half-turns could be one quadrilateral or could consist of one shaded and one unshaded
parallelogram. A fundamental domain for the translation symmetries alone can be two
quadrilaterals that share an edge.

Because of the segment pattern inside, it is easy to see which unshaded parallelo-
grams are related by translation and which by half-turns. In this convex case, the four
triangles in the original quadrilateral that do not belong to the midpoint parallelogram
can be assembled into one of the unshaded parallelograms.

This concludes a brief taste of the vast subject of tessellations and wallpaper pat-
terns. Some additional examples are in the exercises.

Translations and Frieze Symmetry

Recall that a frieze pattern is a figure on the plane that has one translation and its pow-
ers as symmetries but no other translations. Such a pattern was illustrated in Figure
17, in a section where possible translation symmetries were discussed. As for the 17
crystallographic groups, the rules for forming products of rigid motions limit the num-
ber of possible symmetry groups for frieze patterns. For frieze patterns the number of
possible symmetry groups is seven. In this section we will prove this and see howwhat
we have learned about products allows us to analyze all these possible symmetries.

Theorem 10.11 (Seven Frieze Patterns). Given a figure on the plane whose translation
symmetries consist of the powers 𝑇𝑛 of a single translation 𝑇, the symmetry group of the
figure is one of seven groups listed in the cases below.

The proof will be spelled out as the various possible cases are explored in detail in
the next pages.

As we have already seen in Theorem 10.10, if all the symmetry translations of a
figure in the plane have parallel direction, they are all powers of a single generating
translation 𝑉 = 𝒯𝑣 with the minimum displacement 𝑑 = ‖𝐴𝑉(𝐴)‖. Based on what
we have learned about products of rigid motions, we can now say what other kinds of
symmetries may be present in a frieze pattern.

Case 1 — Translations Only. The simplest pattern is one with no other symme-
tries besides translations. One example of such a pattern is shown in Figure 28. This is
also true of Figure 29. Even though the individual stars that are design elements have
rotational symmetry, these rotations are not symmetries of the whole design.

Figure 28. Frieze with Translation Symmetry Only

Note. In this figure and in all the figures illustrating frieze patterns, the frieze con-
sists of the finite pattern shown extended infinitely in two directions by powers of the
fundamental translation symmetry 𝑉 .
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Figure 29. Another Frieze with Translation Symmetry Only

Symmetry Group for Case 1:
• 𝑉𝑛, powers of translation 𝑉 .

Rotations and Reflections. In order to consider what rotations and reflections
may possibly be symmetries of a frieze pattern, one should note that such a symmetry
will not be alone. For a pattern, assume that the translation 𝑉 = 𝒯𝑣 generates all the
translation symmetries of the figure, with 𝑑 = ‖𝐴𝑉(𝐴)‖ for any𝐴. Then𝑉 relates other
symmetries by conjugation, as in the corollary on page 181.

• For a rotation symmetry 𝐴𝛼, the product 𝑉𝐴𝛼𝑉−1 = 𝑉(𝐴)𝛼 is a second rota-
tion symmetry with the same rotation angle. Therefore, the product of rotations
𝑉(𝐴)−𝛼𝐴𝛼 is a translation symmetry. By Theorem 10.2, the direction of this trans-
lation is not parallel to 𝐴𝑉(𝐴) unless 𝛼 = ±180. In other words, 𝐴𝛼 = ℋ𝐴 is the
only possible rotation symmetry at 𝐴.

• For a reflection symmetryℛ𝑎, the product𝑉ℛ𝑎𝑉−1 = ℛ𝑉(𝑎) is a second reflection
symmetry in a line parallel to or equal to the first. If the line 𝑎 is not parallel to the
direction of 𝑉 , the product of reflections ℛ𝑉(𝑎)ℛ𝑎 is a translation symmetry with
direction perpendicular to the two lines. For this translation to have the same
direction as 𝑉 , the line 𝑎must be perpendicular to the direction of 𝑉 .

• There is one other possibility. If the line 𝑎 is parallel to the direction of 𝑉 , then
the line is mapped by 𝑉 to itself, and the product 𝑉ℛ𝑎𝑉−1 = ℛ𝑉(𝑎) = ℛ𝑎, so no
new reflection is introduced. Thus, reflection in such a line can be a symmetry of
the frieze pattern. However, there can be only one such line. If 𝑎 and 𝑏 are lines
parallel to the direction of 𝑉 , the product ℛ𝑏ℛ𝑎 is a translation with direction
perpendicular to the direction of 𝑉 . Therefore, both these reflections cannot be
symmetries of a frieze pattern.

Case 2 — Half-turns and Translations. The only possible rotation symmetries
are half-turns. Ifℋ𝐴 is a symmetry of a frieze pattern, then all the products 𝑉𝑛ℋ𝐴𝑉−𝑛

are also half-turn symmetries with centers at all𝑉𝑛(𝐴), a set of equally spaced collinear
points.

But there is a second set of half-turns that must be symmetries as well. Let 𝐵 be the
midpoint of 𝐴𝑉(𝐴). Thenℋ𝐵ℋ𝐴 is a translation that maps 𝐴 to 𝑉(𝐴), so 𝑉 = ℋ𝐵ℋ𝐴.
Therefore, the productℋ𝐵 = 𝑉ℋ𝐴 must be a symmetry also.

Then, as for𝐴, all the translates 𝑉𝑛(𝐵)must also be centers of half-turn symmetry.
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So, starting with a single half-turn symmetryℋ𝐴 and the translation 𝑉 , we have a
line containing an infinite set of half-turn centers spaced evenly in a pattern 𝐴𝐵𝐴𝐵𝐴𝐵,
with the distance between centers equal to 𝑑/2. And the𝐴 points are translates of each
other by powers of 𝑉 , as are the 𝐵 points.

Some examples of frieze symmetry with only translations and rotations are shown
in Figures 17 and 30. The centers of rotation are indicated in the latter figure; they are
visibly spaced apart one-half the distance of the translation displacement. The figure
has the same symmetry if those points are not visible.

Figure 30. Translation and Rotation Symmetry

Symmetry Group for Case 2:
• 𝑉𝑛, powers of translation 𝑉 with displacement distance 𝑑.
• Half-turnsℋ𝐴, with centers spaced at distance 𝑑/2 on a line parallel to
direction of 𝑉 .

Case 3 — Reflections in Lines Perpendicular to Translation Direction. As-
sume that ℛ𝑝 is a symmetry of a frieze pattern, with 𝑝 perpendicular to the direction
of 𝑉 . Then all the products 𝑉𝑛ℛ𝑝𝑉−𝑛 are line reflection symmetries with mirror lines
𝑉𝑛(𝑝), a set of equally spaced parallel lines.

The story for these perpendicular mirrors is much like that for half-turns. If 𝐴 is a
point on 𝑝, then 𝑉 = 𝒯𝐴𝑉(𝐴) and also 𝑉 = ℛ𝑞ℛ𝑝, where 𝑞 is the perpendicular bisector
of 𝐴𝑉(𝐴) and also the midline of 𝑝 and 𝑉(𝑝). So, again, ℛ𝑞 = 𝑉ℛ𝑝 is a symmetry, and
the lines are spaced at distance 𝑑/2 apart, with a set of 𝑝 lines being translates by 𝑉 at
distance 𝑑 apart and the same for the translates of 𝑞.

Figure 31. Translation and Perpendicular Mirror Symmetry

An example of frieze symmetry consisting of translations and perpendicular re-
flections is shown in Figure 31. This figure can be interpreted several ways. It can be
viewed as two separate examples of this kind of frieze symmetry separated by a hori-
zontal line. Or the entire figure can be taken as a single example of such symmetry.
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Symmetry Group for Case 3:
• 𝑉𝑛, powers of translation 𝑉 with displacement distance 𝑑.
• Reflectionsℛ𝑝 in lines perpendicular to direction of𝑉 withmirror lines
spaced 𝑑/2 apart.

Case 4 — Reflection in Line Parallel to Translation Direction. If a reflection
symmetry ℛ𝑚 is parallel to the direction of 𝑉 , there is only one such line. The frieze
pattern looks like a pattern of translations alone but with the addition of a reflection of
the whole pattern in a line parallel to the direction of 𝑉 . Two such patterns are shown
in Figures 32 and 33.

This reflection also adds a new symmetry as well. The product 𝑉ℛ𝑚 is a glide
reflection.

The second figure differs from the first in that the reflection line is a line of sym-
metry for the arrow polygon, so the reflection maps the polygon into itself rather than
to a second disjoint polygon.

Figure 32. Frieze with Parallel Mirror Symmetry

Figure 33. Frieze with Parallel Mirror Symmetry: Symmetric Motif

Symmetry Group for Case 4:
• 𝑉𝑛, powers of translation 𝑉 with displacement distance 𝑑.
• 𝐺𝑛, powers of glide reflection 𝐺 with 𝐺2 = 𝑉2.
• Line reflection ℛ𝑚.

Case 5 — Glide Reflection and Translation. These figures from Case 4, most
visibly Figure 32, show a new rigid motion in the roster of possible symmetries: the
glide reflection.

Glide reflections were defined at the end of Chapter 7. Here we will repeat the
definition with some useful notation.
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Figure 34. Glide Translation Symmetry as Footprints

Definition 10.12. The glide reflection 𝒢𝐴𝐵 is the product ℛ𝐴𝐵𝒯𝐴𝐵.

This glide reflection can be written as a product in a couple of other useful ways.
To see this, let𝑚 = 𝐴𝐵. Then𝒯𝐴𝐵 = ℛ𝑞ℛ𝑝, where 𝑝 and 𝑞 are lines perpendicular to𝑚
at 𝑃 = 𝐴 and 𝑄 the midpoint of 𝐴𝐵. Since reflections in perpendicular lines commute,
we can write the glide reflection as a triple reflection in several ways:

𝒢𝐴𝐵 = ℛ𝑚(ℛ𝑞ℛ𝑝) = (ℛ𝑚ℛ𝑞)ℛ𝑝 = ℛ𝑞(ℛ𝑚ℛ𝑝) = (ℛ𝑞ℛ𝑝)ℛ𝑚.

These grouped products show the glide reflection in a variety of guises:
𝒯𝐴𝐵 = ℛ𝐴𝐵𝒯𝐴𝐵 = ℋ𝑄ℛ𝑝 = ℛ𝑞ℋ𝑃 = 𝒯𝐴𝐵ℛ𝐴𝐵.
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Figure 35. Glide Reflection 𝐺 as Product of Half-turn and Line Reflection

Figure 35 illustrates these three mirrors and how a glide reflection𝐺 can beℛ𝑞ℋ𝑃
and can also be 𝑇ℛ𝑚 = ℛ𝑚𝑇, where the translation 𝑇 = ℛ𝑞ℛ𝑝.

For future use, we will capture some of this information in a theorem.

Theorem 10.13 (Half-turn Reflection Product). If 𝑛 is a line and 𝐴 is a point, let 𝐵 =
ℛ𝑛(𝐴). If 𝐴 is not on 𝑛, these products are glide reflections: ℛ𝑛ℋ𝐴 = 𝒢𝐴𝐵 andℋ𝐴ℛ𝑛 =
𝒢𝐵𝐴. If 𝐴 is on 𝑛, then these products are reflections in the line through 𝐴 perpendicular
to 𝑛.

All this was proved in the formulas and discussion above.
One important well-defined feature of a glide reflection is its invariant line. This

is a line, 𝑚 in Figure 35, that is mapped into itself: 𝐺(𝑚) = 𝑚. For a translation, any
line parallel to its direction is an invariant line, but a glide reflection has only one. The
invariant line of𝐺 is the line that contains themidpoint of the segment𝐸𝐺(𝐸) for every
point 𝐸. This midpoint is the point 𝐸′ in the figure. It is the midpoint of the diagonal
of a rectangle, so it is clearly on line𝑚. No other line can be an invariant line, for if 𝐸
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is not on𝑚, then 𝐺(𝐸) is in the opposite half-plane yet 𝐸𝐺2(𝐸) is a segment parallel to
𝑚. These three points cannot be collinear, so 𝐸 cannot be on an invariant line.

From the commutativity ℛ𝐴𝐵𝒯𝐴𝐵 = 𝒯𝐴𝐵ℛ𝐴𝐵, it follows that the square of a glide
reflection is a translation: 𝒢2𝐴𝐵 = 𝒯𝐴𝐵ℛ𝐴𝐵ℛ𝐴𝐵𝒯𝐴𝐵 = 𝒯2

𝐴𝐵 = 𝒯2[𝐴𝐵]. And if the glide
reflection is a symmetry of a frieze pattern, then this translation must be a power of 𝑉 ,
so 2[𝐴𝐵] = 𝑘𝑣 for some integer 𝑘.

Figure 36. Glide Translation Symmetry Only

If 𝑘/2 is an integer, then 𝑉−𝑘/2𝒢𝐴𝐵 = ℛ𝐴𝐵. So the reflection in the line 𝐴𝐵 parallel
to the direction of 𝑉 is a symmetry. Thus, if 𝑘/2 is an integer, the symmetry group is
the group of Case 4.

The translation𝒯𝐴𝐵 can equal𝑉 . This is the case in Figures 32 and 33. In each case,
the product of 𝑉 with the reflection in line𝑚 is a glide reflection, so the square of the
glide reflection is 𝑉2. In Figure 32, if we number the faces from left to right, the glide
reflection takes an even-numbered face on the top and moves it to an odd-numbered
face on the bottom. At the same time, an even-numbered face on the bottom ismapped
to an odd-numbered face on the top. In Figure 33, the symmetric arrows are reflected
onto themselves. The glide reflection is present but harder to see.

Therefore, the only new cases will be when 𝑘/2 = 𝑝 + (1/2) where 𝑝 is an inte-
ger. In this case, 𝑉−𝑝𝒢𝐴𝐵 = ℛ𝐴𝐵𝒯𝑣/2 is a glide reflection symmetry with translation
displacement 𝑑/2. The square of this glide reflection is 𝒯𝑣 = 𝑉 .

In Case 5, we assume that 𝑉 is the same translation symmetry and that there is a
glide reflection 𝒢𝐴𝐵 with ‖𝐴𝐵‖ = 𝑑/2. Products of the glide reflection and the trans-
lations are either translations of the form 𝑉𝑛 or glide reflections of the form 𝑉𝑛𝒢𝐴𝐵.
Two examples are the footprint track of Figure 34 and the faces of Figure 36.

It should be mentioned here that if two glide reflections 𝐺1 = 𝑇1𝑅𝑛1 and 𝐺2 =
𝑇2𝑅𝑛2 are symmetries of a frieze pattern, then the two invariant linesmust be the same:
𝑛1 = 𝑛2. If not, then 𝐺1𝐺2 = 𝑇1𝑅𝑛1𝑅𝑛2𝑇2 = 𝑇1𝑆𝑇2, where 𝑆 is a translation in a
direction perpendicular to the direction of 𝑉 , which is not allowed as a symmetry. So
the invariant lines are the same. With the same invariant line, all the glide reflections
must be of the form 𝑉𝑛𝒢𝐴𝐵.

Symmetry Group for Case 5:
• 𝑉𝑛, powers of translation 𝑉 with displacement distance 𝑑.
• 𝐺𝑛, powers of glide reflection 𝐺 with 𝐺2 = 𝑉 .



206 10. Products and Patterns

Case 6 — Half-turn and Reflection in Line Perpendicular to Translation
Direction. Suppose the symmetries of a frieze figure include both half-turns and re-
flections in lines perpendicular to the direction of 𝑉 but no other reflections.

What was proved in Cases 2 and 3 still holds; the half-turn centers are spaced at
distance 𝑑/2 apart on a line 𝑚. The lines of reflection perpendicular to 𝑚 are also
spaced at distance 𝑑/2 apart. If any reflection line 𝑝 contains a half-turn center𝐴, then
the product ℋ𝐴ℛ𝑝 = ℛ𝑚 which is not a reflection allowed in this case. Therefore,
given the distances of the spacings, between any adjacent half-turn centers 𝐴 and 𝐵,
there must be a reflection line 𝑝.

The line 𝑝 must be the perpendicular bisector of 𝐴𝐵. The product ℛ𝑝ℋ𝐴ℛ𝑝 =
ℋ𝐴′ , where 𝐴′ = ℛ𝑝(𝐴). Thisℋ𝐴′ is a symmetry since it is the product of symmetries.
But also, 𝐴′ is on the same side of 𝑝 as 𝐵. Since the distance from 𝐴 to 𝑝 is less than
𝑑/2, then ‖𝐴𝐴′‖ < 𝑑. The only possible center of half-turn symmetry at this distance
is 𝐵, so 𝑝 is the perpendicular bisector of 𝐴𝐵, at a distance of 𝑑/4 from 𝐴 and from 𝐵.

From Theorem 10.13, we know that ℛ𝑝ℋ𝐴 = 𝒢𝐴𝐵. So this glide reflection is a
symmetry, with the displacement of 𝒯𝐴𝐵 equal to 𝑑/2, so 𝒢2𝐴𝐵 = 𝑉 .

Thus, the symmetries of Case 6, assuming half-turns and reflections in perpendic-
ular lines, also include a glide reflection 𝐺 whose square is 𝑉 . If at the outset we had
assumed the existence of a glide reflection 𝐺 and a half-turn symmetry, a product of
the two would be a reflection in a line perpendicular to the invariant line of 𝐺. Or if
one assumed the existence of𝐺 and a reflection in a line perpendicular to the invariant
line of 𝐺, then a product of the two would be a half-turn symmetry.

So given any two among half-turn symmetries, perpendicular line reflections or
glide reflections, the third type of symmetry will also be present.

All this can be seen in Figure 37. The frieze pattern is supplemented with red lines
and points indicating the symmetries. The points are half-turn centers such asℋ𝐴 and
the vertical lines indicate the reflections such asℛ𝑞. The horizontal line is the invariant
line𝑚 of 𝐺. For this figure, reflection in the line𝑚 is not a symmetry.

In the figure, a face and its 𝐺-images and its 𝑉 -images are looking in the same
direction, but the half-turns and line reflections reverse the direction of a face. The
glide reflection translates an image in the horizontal direction by the distance between

Figure 37. Face Frieze with Half-turns and Line Reflections
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half-turn centers or the distance between mirror lines, which is 𝑑/2. The translation 𝑉
moves an image twice as far.

Figure 38. Flag Frieze with Half-turns and Line Reflections

Figure 38 shows the same symmetry pattern without the centers and lines drawn
in. This contrasts with Figure 30, which has half-turns but not the mirrors.

Symmetry Group for Case 6:
• 𝑉𝑛, powers of translation 𝑉 with displacement distance 𝑑.
• 𝐺𝑛, powers of glide reflection 𝐺 with 𝐺2 = 𝑉 .
• Half-turnsℋ𝐴, with centers spaced at distance 𝑑/2 on a line parallel to
direction of 𝑉 .

• Reflections ℛ𝑝 in mirror lines that are perpendicular bisectors of adja-
cent half-turn centers.

Case 7. The last pattern of the seven symmetry patterns or symmetry groups for
friezes is obtained by adding reflection ℛ𝑚 in the invariant line 𝑚 to the previous set
of symmetries.

Ifℛ𝑝 is a symmetry that is reflection in a line perpendicular to𝑚 at𝐴, thenℛ𝑝ℛ𝑚 =
ℋ𝐴, so ℋ𝐴 is also a symmetry. By the same equation, if 𝐴 is a center of half-turn
symmetry, then the line ℛ𝑝 is a symmetry. So unlike Case 6, in this case the centers of
half-turn symmetry will be on the perpendicular lines of reflection symmetry.

In fact, if one considers all the lines of reflection symmetry — the line 𝑚 and the
lines perpendicular to𝑚 spaced at distance 𝑑/2 apart — then all the other symmetries
are products of reflections in these lines.

Figure 39. Face Frieze with All Possible Symmetries
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Wealready observed that the half-turns are products of the formℛ𝑝ℛ𝑚 andℛ𝑞ℛ𝑚.
The translation 𝑉 = ℛ𝑞ℛ𝑝, and the glide reflection 𝐺 = 𝑉ℛ𝑚.

Such a frieze pattern is illustrated in Figure 39, where the mirrors are very clearly
included in the figure. This contrasts with Case 5, the other case that includes ℛ𝑚 as
a symmetry. One sees in Figure 32 a string of translated figures and their reflection𝑚,
all facing the same direction. In this case the glide reflection symmetry is present but
not half-turns or reflections in lines perpendicular to𝑚.

Figure 40. Circle Pattern with All Possible Frieze Symmetries

In contrast to Figure 39, Figure 40 has the same reflection pattern, but the lines and
points of symmetry are not shown. However, they can be located using intersection
points of the circles.

Symmetry Group for Case 7:
• 𝑉𝑛, powers of translation 𝑉 with displacement distance 𝑑.
• 𝐺𝑛, powers of glide reflection 𝐺 with 𝐺2 = 𝑉2.
• Line reflection ℛ𝑚 in 𝐺-invariant line𝑚.
• Half-turnsℋ𝐴, with centers spaced at distance 𝑑/2 on𝑚.
• Reflections ℛ𝑝 in mirror lines that are lines through half-turn centers
perpendicular to𝑚.

This completes the survey of the seven frieze symmetry patterns. These frieze sym-
metries were first encountered in Chapter 7 as the symmetries of a pair of parallel lines.
But for a pair of parallel lines, no separation of half-turns or line reflections is required.

Triple Line Reflection Products

Earlier in the chapter, all the possible products of orientation-preserving rigid motions
were described. Since every rigidmotion is the product of atmost three line reflections,
the orientation-reversing rigidmotions are either line reflections or the product of three
reflections. We have named two kinds of orientation-reversing rigid motions: the line
reflections and the glide reflections. The main aim of this section is to prove that every
such rigid motion is one of these two kinds.

This will complete the work of classifying rigid motions: any rigid motion is a line
reflection, a translation, a rotation, a line reflection, or a glide reflection.
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Theorem 10.14 (General Triple Reflections). Let 𝑎, 𝑏, and 𝑐 be three lines, and let 𝑆 =
ℛ𝑐ℛ𝑏ℛ𝑎.

(1) If 𝑎, 𝑏, and 𝑐 are concurrent at 𝑂, then 𝑆 is reflection in a line through 𝑂.
(2) If each pair of 𝑎, 𝑏, and 𝑐 is either parallel or the same line, then 𝑆 is reflection in a

line parallel to these lines (or equal to one of them).
(3) In all other cases, 𝑆 is a glide reflection.

Note: The glide reflection cases are these: the set of all intersections of pairs of lines
consists of either three points (the vertices of a triangle) or two points (the intersection
of a transversal with two parallel lines).

Proof. Wewill prove that the triple intersection is the product of a half-turn and a line
reflection; this is a glide reflection by Theorem 10.13.

Either 𝑎 and 𝑏 intersect or 𝑏 and 𝑐 intersect in a point (or both).
If 𝑎 and 𝑏 intersect at a point 𝑃, the rotation ℛ𝑏ℛ𝑎 can be written as a different

productℛ𝑏′ℛ𝑎′ , where 𝑏′ is perpendicular to 𝑐 at a point 𝐶. Then 𝑆 = ℋ𝐶ℛ𝑎′ is a glide
reflection since 𝐶 is not on 𝑎′.

If 𝑏 and 𝑐 intersect, by applying the same approach to the rotation ℛ𝑐ℛ𝑏, we can
write 𝑆 = ℛ𝑐′ℋ𝐴, also a glide reflection. □

Abundance of Glide Reflections. There is implicit in this theorem an interest-
ing point about what is common and what is rare in the world of rigid motions.

The glide reflections are the least familiar and least transparent of the rigid mo-
tions. The Common Core decided not to mention them by name at all. But what may
seem surprising is that almost all orientation-reversing rigid motions are glide reflec-
tions, in some probabilistic sense. If you pick three lines in a truly random way, your
probability of picking concurrent or parallel lines is zero. So glide reflections are very
common.

Another way of seeing the same thing is to cut out an asymmetrical shape, like
one resembling a letter F, and tracing it on a piece of paper. Then flip it over and toss it
randomly onto the piece of paper. You will surely not get a line reflection connecting
them. What is left is a glide reflection.

Figure 41. Midpoints from Shapes with Opposite Orientation
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Try connecting corresponding pointswith segments andmark themidpoints. They
will be collinear. This is the invariant line of the glide reflection. This experiment is
illustrated in Figure 41.

Invariant Glide Reflection Lines in a Triangle. Glide reflections are not too
hard to visualize if they are presented as translation in a direction with a reflection
in a parallel line. But given a triangle with sides 𝑎, 𝑏, 𝑐, how does one visualize 𝐺 =
ℛ𝑐ℛ𝑏ℛ𝑎?

Suppose these lines are the extended sides of△𝐴𝐵𝐶, with 𝐴, 𝐵, 𝐶 being the ver-
tices opposite 𝑎, 𝑏, 𝑐. In the proof of Theorem 10.14, the triple reflection was proved to
be a glide reflection by writing it as the product of a half-turn and a line reflection. For
example (with a change of label),𝐺 = ℋ𝐹ℛ𝑎′ , where 𝐹 is the foot of the perpendicular
to 𝑐 through 𝐶. In other words, 𝐹 is the foot of the altitude of the triangle through 𝐶.
In the same way, 𝐺 = ℛ𝑐′ℋ𝐷, where 𝐷 is the foot of the altitude through 𝐴.

But this tells us two points on the invariant line of 𝐺. When a glide reflection is
written as a product in the formℋ𝑃ℛ𝑚 or ℛ𝑛ℋ𝑃 , the point 𝑃 is on the invariant line,
as shown in Theorem 10.13 and illustrated in Figure 35. Therefore, we know that the
invariant line is 𝐷𝐹.
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Figure 42. Invariant Line 𝐷𝐹 of Product of Three Reflections

It only remains to find the translation parallel to the invariant line. But this figure
may start to look familiar. Since the feet of two altitudes play such an important role,
the point𝐸 on 𝑏, the foot of the third altitude, is a key to the translation. Let𝐸0 = ℛ𝑎(𝐸)
and let 𝐸1 = ℛ𝑏(𝐸). Then

𝐺(𝐸0) = ℛ𝑐ℛ𝑏ℛ𝑎(𝐸0) = ℛ𝑐ℛ𝑏(𝐸) = ℛ𝑐(𝐸) = 𝐸1.

This is what is needed to identify 𝐺 provided that 𝐸0 is on 𝐸𝐹. But we know this figure
because we have seen it before. It is the unfolding of the orthic triangle that was the
solution of Fagnano’s problem, shown in Figure 6.15 of Chapter 6! The orthic triangle
is shaded in Figure 42. When two sides of the orthic triangle are unfolded by reflection
in the sides of△𝐴𝐵𝐶, the images of the altitude feet lie on a line, the line known to be
the invariant line of 𝐺.

Therefore, 𝐺 = 𝒢𝐸0𝐸1 .
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It must be confessed that in Chapter 6 this unfolding was only justified for acute
triangles, so we have not proved this is a way to find this translation vector for all tri-
angles, though it is true. Another way is to notice that when we write 𝐺 = ℋ𝐹ℛ𝑎′ , the
line 𝑎′ is a line through 𝐶 perpendicular to the invariant line 𝐷𝐹. Therefore 𝐺 = 𝒢𝐹𝐹′ ,
where 𝐹′ = ℛ𝑎′(𝐹).

For the case when the three lines are two parallels and a transversal, similar rea-
soning applies.

Exercises and
Explorations

1. (Direction of a Translation). For distinct points 𝐴 and 𝐵, the product of rotations
𝑇𝛼 = 𝐵−𝛼𝐴𝛼 is a translation. The segment 𝐴𝑇𝛼(𝐴) shows the displacement by this
translation.
(a) Draw 𝐴 and 𝐵 and the segments 𝐴𝑇𝛼(𝐴) for 𝛼 a multiple of 60: 60, 120, 180,

240, 300. This shows directions of translations produced with 60-degree cen-
ters of rotation at 𝐴 and 𝐵.

(b) Draw another figure with 𝐴 and 𝐵 and repeat the same exercise but for 𝛼 a
multiple of 72: 72, 144, 216, 288.

(c) Note the differences in these examples for rotation by 360/𝑛, with one example
𝑛 being even and the other with 𝑛 odd. State what differences you can see will
exist between even and odd examples of 𝑛.

2. (Checkerboard). We have analyzed the symmetries of a square tiling with all tiles
the same. What are the the symmetries of a chessboard made of alternating black
andwhite squareswhen the symmetries donot send black squares towhite squares.
(If you are uneasy about color in geometry, you can put a point at the center of the
black squares but not the white squares and then ignore color). Do we know a
name for this symmetry group?

3. (Example of 𝑝4𝑔). Make a copy of Figure 10. Mark all the centers of rotational
symmetry and the lines of reflection symmetry and indicate the translation sym-
metries. Also, draw a square tile that will cover the plane when translated by sym-
metries.

4. (Rotating a Rotation). Let 𝐴𝛼 and 𝑃𝜃 be rotations. The goal of this problem is
to show in general that the product 𝑃𝜃𝐴𝛼𝑃−𝜃 = 𝑃𝜃(𝐴)𝛼. In other words, this pre-
multiplication by 𝑃−𝜃 and post-multiplication by 𝑃𝜃 (an example of the conjugation
introduced on page 181) relocates 𝐴𝛼 by “rotating” this rigid motion by 𝑃𝜃.
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Figure 43. Rotating a Rotation

(a) Before tackling the general case, verify this relation for the example in Fig-
ure 43. In this case, 𝐶 = 𝐴45(𝐵) and△𝐴′𝐵′𝐶′ is the 𝑃120 image of△𝐴𝐵𝐶.
Compare the images of 𝐴′𝐵′ by the rigid motions 𝐴′60 and 𝑃120𝐴60𝑃−120.

(b) Prove the relationship in general. One knows the product is a rotation, and
one knows its angle. So all one needs to do is find the center of the rotation.

5. (Reflecting a Rotation). A second example of conjugation would be to take the
same rotation 𝐴𝛼 as in the previous problem and consider the product ℛ𝑚𝐴𝛼ℛ𝑚.
This is a rotation, but the relationship is not quite the same as in the previous
problem. State what this rotation is and prove it.

6. (Rotations Not in Wallpaper Groups). One can use the results about conjugation
in Exercise 4 to see why most rotations cannot belong to a wallpaper symmetry
group.
(a) In Figure 44, 𝐶60 and 𝐷60 are rotations. Use conjugation to show that all the

other points of the hexagon are also centers of 60-degree rotation that are prod-
ucts of 𝐶60 and 𝐷60. How do the lengths of the edges of the hexagon compare
with the length of 𝐶𝐷?

(b) In the same figure, 𝐴360/7 and 𝐵360/7 are rotations. Use conjugation to show
that all the other points of the heptagon are also centers of 360/7-degree rota-
tion that are products of 𝐴360/7 and 𝐵360/7. How do the lengths of the edges of
the heptagon compare with the length of 𝐴𝐵?

(c) If a rotation 𝐴𝛼 is a symmetry of a wallpaper pattern, there must be a mini-
mumdistance between centers of rotation centers by the same angle. Suppose
that 𝐴360/7 is such a symmetry and that 𝐴360/7 and 𝐵360/7 are chosen to be this
minimum distance. Why does this lead to a contradiction?

(d) Generalizing the case of 360/7, why is it not possible for a rotation by 360/𝑛 to
be a symmetry of a wallpaper pattern for 𝑛 > 6?

A B C D

Figure 44. Centers of Rotation Products of Two Rotations
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A B

Figure 45. 72-degree Rotation Centers

7. (Rotations by 72Not inWallpaper Groups). For𝐴𝛼 to be a symmetry of a wallpaper
pattern, theremust be aminimumdistance between all centers of rotation by𝛼 that
are also symmetries. In Exercise 4, it was shown that this excludes all rotations by
360/𝑛 for 𝑛 > 6. In this problem, the case 𝑛 = 5 will also be excluded. This leaves
only 360/𝑛 for 𝑛 = 2, 3, 4, 6 as possible rotation symmetries for wallpaper patterns.
(a) In Figure 45, the points 𝐴 and 𝐵 are centers of 72-degree rotation. Use the

conjugation method of Exercise 4 to show that all the points in the figure are
centers of 72-degree rotation.

(b) Explain why Figure 45 shows that no 72-degree rotation can be a symmetry of
a wallpaper pattern.

8. (Tessellation with triangles and hexagons). Find the centers of rotational symme-
try and the lines of symmetry in Figure 46 and compare with the centers and lines
in Figure 13. Can you draw a picture in which the two figures are overlaid with
matching center patterns?

Figure 46. Tessellation by Hexagons and Triangles

9. (Parhexagon). A parhexagon is a hexagon with opposite sides that are parallel
and congruent.
(a) Prove that one can tile the plane with any parhexagon.
(b) For a general parhexagon (i.e., no extra congruences or symmetries that are

not present in every parhexagon), describe the group of symmetries of the
tessellation.

(c) What tessellation described in the text has symmetries most like those of a
parhexagon tessellation? Is there a visible reason for this?
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10. (Frieze Symmetry Analysis 1). Tell what case of frieze symmetry applies to Figure
47. Draw your own version and indicate all the lines of symmetry, half-turn centers
of symmetry, as well as the glide reflections and translations.

Figure 47. A Frieze XOXOXOX

11. (Frieze Symmetry Analysis 2). In Figure 48, two triangular friezes are shown, one
of which has shaded triangular interiors.
(a) What case number applies to the upper frieze? What is the displacement dis-

tance for the fundamental translation 𝑉?
(b) Consider color symmetries of the lower frieze, meaning symmetries of the

frieze that map shaded triangles to shaded triangles. What case corresponds
to this group of symmetries? What is the shortest displacement distance of
the translations that are color symmetries?

Figure 48. Triangular Friezes

12. (Design from a Right Triangle). Starting with an isosceles right triangle, the plane
can be tessellated by reflecting the triangle in its sides and then continuing to re-
flect the images in their sides. If there is a design in the triangle, such as that in
Figure 49, a wallpaper pattern is created.
(a) Using computer software or a cut-out triangle, make an example of such a

wallpaper pattern (with enough repeats to see the overall symmetry pattern).
(b) What are the rotation centers and where are they located? What size square

is a fundamental parallelogram?
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Figure 49. Right Isosceles Triangle with Design

13. (Distance-Minimizing Fermat Point). Show that in Figure 50 the Fermat point
minimizes the distance sum ‖𝑃𝐴‖ + ‖𝑃𝐵‖ + ‖𝑃𝐶‖ among all points 𝑃 in the acute
triangle△𝐴𝐵𝐶.

Big Hint: In the figure, 𝑃′ is𝐴60(𝑃). The key is to explain why the length of the
broken path 𝐵∗𝑃′𝑃𝐵 equals ‖𝑃𝐴‖ + ‖𝑃𝐵‖ + ‖𝑃𝐶‖. That suggests why the distance
sum would be smaller if 𝑃 and 𝑃′ were on 𝐵𝐵∗. Once this is established, why does
placing 𝑃 on 𝐵𝐵∗ in this way show that 𝑃 is the Fermat point?
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Figure 50. Minimizing the Sum of the Distances to the Vertices

14. (Glide ReflectionMidpoint Experiment). Cut out an asymmetrical shape and carry
out themidpoint experiment pictured inFigure 41. Trace the shape, flip it over, and
reposition it in no special way. Find themidpoints of several pairs of corresponding
points and identify the glide reflection thatmaps the first trace to the second. Then
use this information to construct the glide reflection image of some point not on
either shape. Repeat the experiment a few times to develop more insight into the
behavior of glide reflections.
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