CHAPTER 2

The “Road Map”: The Concentration
Compactness/Rigidity Theorem Method
for Critical Problems I

In this chapter and the next, we will describe the concentration/compactness
rigidity theorem method introduced by Kenig-Merle [61],[62] in order to study
global well-posedness and scattering in critical problems. We will do so in the
context of the focusing, energy-critical non-linear wave equation. This method is
designed to address the large data/large time situation left out from the “local
theory of the Cauchy problem” discussed in Chapter 1. The proofs presented in
this chapter are from [61], [62], [59], [60]. See also the surveys [50], [51], [52],
[54]. We first discuss briefly the defocusing case.

Pu—Au=—u’zcRteR
(NLW,) uli—o = up € H'(R?)
atu|t:0 =uj € L2 (RS) .

In the focusing case of (NLW), the energy is

(2.1) E(ug,u1) = %/|Vuo|2 + (u1)? — = /ug.

From the identity
3
(2.2) Ore(u Z@x] (0, u(w,t) - Bpu(x, 1)),
j=1

with e(u)(z,t) = 4 (Byu)? (z,t) + z \Vu)? (z,t) — tuS(z,t), for smooth solutions of
(NLW) and Remark 1.15, we see that, if u is a solution of (NLW), ¢t € Inax(u),
(2.3) E (u(t), Opu(t)) = E(ug, u1).

For the defocusing (NLW_.), similar considerations, with

E. (ug,u1) /|Vu0\ +u1 /uo,

lead to the “a priori” bound
1
sSup 5 Vu(®)* + (@pu(t))* < O [[(uo, ua) [ -
t€Lmax(u)

The defocusing case was studied in the 80’s and early 90’s, in a series of works by
Struwe, Grillakis, Shatah-Struwe, Kapitanski, Bahouri-Shatah ([97],[46],[47],[92],
[93],[48],[5]) who established:

(2.4) Global Regularity and Well-Posedness Conjecture

17



18 2. THE “ROAD MAP” I

(For critical defocusing problems): There is global in time well-posedness and scat-
tering for arbitrary data in H*'x L2. Moreover more regular data keep this regularity
for all time. (This closes the study of the dynamics for defocusing (NLW)).

For the focusing problem (2.4) fails. In fact, H. Levine ([73]) showed that if
(ug,u1) € H' x L2, E(ug,u1) < 0, (ug,u) # (0,0). (H' x L? in the radial case),
then |7 (ug,u1)| < oo. This is done by an indirect argument (“an obstruction
argument”) that does not explicitly analyze the singularity formation.

Moreover, u(z,t) = (%)% (1- t)fé is a solution. It is not in H' x L2, but
we can truncate it and use finite speed of propagation to find data in H! x L2
such that limeq ||(u(t), Opu(t))|| g1y 2 = 00. (Type I blow-up, or ODE blow-up).
Also, W, which solves AW +W?° = 0 and is independent of time, is a global in time
solution, which does not scatter. (If a solution u scatters, flw\<1 |Vu(z,t)|>ds 2% 0.
This clearly fails for W). Moreover, Krieger-Schlag-Tataru ([71]), Krieger-Schlag
([70]) have constructed type II blow-up solutions, i.e., solutions with Ty < oo, and
suPo<ier, [(w(t), Oru(t))|| g1y 2 < 0o, which are radial. More on these solutions
later on. Also, Donninger-Krieger ([29]) have constructed radial, global in time
solutions, bounded in H' x L?, which do not scatter to either a linear solution or
to W.

In the rest of this monograph we will try to understand the focusing case. Here
the analog of (2.4) is

(2.5) Ground State Conjecture

(For critical focusing problems): There exists a “ground state”, whose energy is a
threshold for global existence and scattering.

In 2006-09, Frank Merle and I developed a program to attack critical dispersive
problems and establish (2.4) and, for the first time (2.5) in focusing problems.
We call this the “concentration-compactness/rigidity theorem method”, which was
partly inspired by the earlier elliptic problems. The method gives a “road map” to
attack both (2.4) and for the first time (2.5). The “road map” has already found
an enormous range of applicability, to previously intractable problems, in work of
many researchers. T will now describe the results on (NLW) in the last few years,
which we are going to be discussing in these two chapters, starting with the proof
of (2.5) for (NLW), via the “road map”.

THEOREM 2.6 ([62]). If E(ug,u1) < E(W,0) then

i) If [|Vuol| < [[VW||, global existence, scattering.
i) If [[Vuol| > [[VWI|, T, T | < oc.
iii) The case |[Vugl| = ||[VW|| is impossible.

(2.7) The road map: A quick summary

We next describe, in a schematic way, the “road map” for the concentration-
compactness/rigidity theorem method.

a) Variational arguments (Only needed in focusing problems). These are “static”
arguments, which exploit the variational characterization of the ground state W.
In our case, it is the extremal in the Sobolev embedding ||ul|zs®rs) < C3||Vul|L2(rs).
Combining these variational arguments with preservation of the energy and con-
tinuity of the flow, yields: if E(ug,u1) < E(W,0), ||Vuol < |[VW]|, then, for
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t €1 = (T-,T¢), E(ut),dpu(t)) = |[(u(t),du®)F:, 2 = (w0, u)ll%,, ., s0
that sup,c;||(u(t), Opu(t))| g1y 2 < 0o. Because of the Krieger-Schlag-Tataru [71]
example, this does not suffice.
b) Concentration-compactness procedure. Since in our situation, by a)
E(u(t), Ou(t)) ~ H(uo,ul)H%{lez, if F(ug,u;) is small, by the “local theory of
Cauchy Problem”, we have global existence and scattering. Hence, there is a critical
level of energy E., with
0<46 <E.<EW,DO0)

such that if E(ug,u1) < E, ||[Vuo|| < [[VW]|, we have global existence and scat-
tering, and E, is optimal with this property. i) in our Theorem is the statement

E.=E(W,0). If E. < E(W,0) we will reach a contradiction by proving:

ProPOSITION A (Existence of critical elements). 3(ug ¢, u1,c) with
E(ug,c,u1,c) = Ec, |Vuo,cl| < |[VW]|, such that either I is finite or if I is infinite,
u. does not scatter. u. is called a “critical element”.

PROPOSITION B (Compactness of critical elements). There exists A(t) € R,
z(t) e R® t € I, = IB[0,0) such that

h= {(A(i)% e <x ;(f)(t)’t> ’ A(i)% Ore (%:tr)(t)t)) e I+}

has compact closure in H' x L2 (non-dispersive property of u., “minimality”).
(Or corresponding proposition for I_).

¢) Rigidity Theorem. If K, corresponding to a solution u is compact, and
E(ugp,u1) < E(W,0), [Vuol|l < [[VW]|, then (ug,u1) = (0,0).

This gives a contradiction, since E(ug,c, u1,c)) = E. > 61 > 0.

We now proceed to the proof of Theorem 2.6, using the “road map”. The first
part of the proof is

-

a) Variational Estimates: Recall that W(z) = (1 + %>_2 is a stationary

solution which solves the elliptic equation AW + W?® = 0,W > 0 and is radi-
ally decreasing. By the obvious invariances of the elliptic equation W), ., (z) =

/\(%W (Mo (x — xp)) is still a solution. Aubin and Talenti ([3],[100]) gave the follow-
ing variational characterization of W: let C3 be the best constant in the Sobolev

1

embedding |jul| ;s < C3||Vul ., C3 = (3m) 2 (11:((2)))2 Then, if u is real val-
2

ued, |lull s = Cs||Vull2,u # 0, we have u = W), ,,. Note that by the elliptic

equation [ |[VW|> = [WS. Also, Cs |[VW| 2 = W], so that CF [VW|3. =
(f|VW|2>E Hence, [ |[VW|* = CLg Moreover, E (W,0)) = (5 — &) [IVW]? =
1

303
LEMMA 2.8. Assume that ||Vl < [[VW]], E(v,0) < (1 — do) E(W,0),00 > 0.
Then, 35 = 6(8o) such that
i) [Vol? < (1 =0)|VIW|?
i) [IVof? — [of > 8[|V

PROOF. Let f(y) = Ly — %gyS. Note that if 7 = ||v||?, f(¥) < E(v,0). Note
>

2
that fly) =0 y=0o0ry = y* = V3 — V3 [IVW? (for y > 0), so that
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fly) > 0,0 <y <y* Also, f'(y) =0,y >0 y=1y.= 03 = |[VW]]2. Also,
flye) = ﬁ = E(W,0), and f"(y.) # 0. Since 0 <7 < yc,f( ) < (1 —260)f(ye)
and [ is non-negative, strictly increasing in 0 <y < y., we obtain y < (1—08)y. =
(1—6)||[VW|?, that is i).

For ii), note that

/|w2 b > /|W|2 e (/|W|2>3 - /|W|2 -8 </W|2)2]
/|vu\2 1-C5(1-46 </|VW|2) ] :/\WF [1-(1-9)%],

which gives ii). O

COROLLARY 2.9. If ||[Vv||? < V3| VW|?, E(v,0) > 0.

(Follows from the proof above).

LEMMA 2.10. If [Vo| < [[VW], E(v,0) < E(W,0) = ||Vu||? < “VW”
= 3E(v,0).

E(v,0

=

‘E(W,0)

PROOF. Let f be as in previous lemma. Note that f is concave on R™, f(0)

0, f(IVW?) = E(W,0), f([Vv]?) < E(v,0). For s € (0,1), f(s|[VW|?) >
sf (IVW]]?) = sE(W,0). Choose s = |\HVVV1I)/H|T2 O

COROLLARY 2.11. E(v,0) < E(W,0), ||Vv| = |[VW]|? is impossible.

COROLLARY 2.12 (Energy trapping). (ug,u1) € H' x L? E(ug,u;) < (1 —
bo) E(W,0),
IVuol| < [VW||. Then, ifu is the solution with ma:m'mal interval I, 36 = 6(8y) such
that Wt € 1, |Vu(t)|| < (1=0) [VW|, [ [Vu(t)] —u®(t) = 8 [ [Vu(t)*, E(u(t),0) >
0, E (u(t), dpu(t)) = | (u(t),du(t) 2, ,, = ||<uo,u1>|\H1XL2, with comparability
constants depending only on §g.

REMARK 2.13. If E(uo,ul) < (1= 6)E(W,0),||[Vuo|® > |[VW|]?, then, for
te L||Vu(®)|® > (1+3)|[VW|?. This follows as in Lemma 2.8 i).

Let us now turn to the proof of Theorem 2.6, ii), having already dealt with iii).
We will do it in the case ug € L?. This additional assumption can be eliminated
easily using finite speed of propagation. (See [62]). The argument comes from [73].

Thus, assume ug € L2, E(ug,u1) < (1 —68) E(W,0),||[Vuel > [[VW].
want to show 7% < co. Assume not. By Remark 2.13, [ |Vu(t) |2 (1+3)f|VW|2,
t € I, E(W,0) > E(u(t),du(t)) + 0,¢t € I, so that lf > 2f (Opu(t)

L[ Vu) = E(W,0)+5 and so [u(t)® > 3 [ (dyu(t) +3f|vu )|? —6E(W 0)
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65. Let y(t = [u? =2 f atu . A simple calculation using the equa-
tion, mtegratlon by parts, gives y'(t) =2 [ [(%u(t)Q + u(t)S — |Vu(t)[*|. Thus,

(1) > 2/(8tu(t))2+6/(8tu(t))2+4/\Vu(t)|2 C12B(W.0) 45

/(Btu +4/|Vu )|? —4/|VW| +(5
8/(6tu( )2+ .

Since I N [0,00) = [0, 00), Jtg > 0 such that y'(tg) > 0,y ( > 0,t > tg. For t > tg,
&)y (1) > 8 ([ au(t)?) (fu?(t) > 2¢/(1)% so that L > 228 or y/(t) >
Coy(t)? for t > to, which leads to finite time blow-up for y(t), a contradiction.

We next turn to b) in the road map, namely the “concentration-compactness”
procedure, in order to establish i) in Theorem 2.6. Note that in the defocusing case,
the variational estimates are not needed. Note also that because of Corollary 2.12,
we already know that sup,¢; ||(u(t), du(t))]| < ||(uo, w1)|| g1« 2. However, because
of the Krieger-Schlag-Tataru [71] example, this does not suffice, and this is typical
of critical problems.

b) Concentration-Compactness Procedure.

We recall the norms, introduced in “the local theory of the Cauchy problem”,
%uH = HD%u‘ . Recall that if I is the max-
w(I) LA(R3xT)
imal interval, if T} < oo, |[ul[g(;,) = 0o. Also if T} = oo, u does not scatter, iff

||UHS(I) H“HLS (R3xI) >

lullg(z,) = oo. Because of a), if [Vuol|* < [VW|* and E(ug,u1) < no, 10 small,
then ||(uo,u1)|| g1y 2 is small, so that u exists globally in time and scatters, from
the “local theory of the Cauchy problem”. Consider now

G={F:0< E < E(W,0), with the property that if

[Vuo|® < [[VW|* and E(ug,u1) < E, then lullscry < oo}.

Let E, = sup G, so that 0 < ng < E, < E(W,0) and, if |Vuo|® < [|[VIW|?,
E(ug,u1) < E., I = (—00,400),u scatters and FE,. is optimal with this property.
Theorem 2.6 i) is the same as E, = E(W,0). Assume E. < E(W,0), to reach
a contradiction. Fix & > 0 such that E, = (1 — do)E(W,0). If |Vue|® <
IVW*, E(ug,u1) < E, with E < E, then [[ulg;) < oo, while if E > E,, E <
E(W,0), 3(uo,w), | Vuo|* < [VW|?, E. < E(uo,u1) < E and |lul|g(;, = 0. The
concentration - compactness procedure allows us to prove:

PROPOSITION 2.14. J(ug ,u1,c) € H' x L2 : |[Vug,||> < VW |?, E(uo.c,u1.c)
= FE,, ||“0HS(1) = 00, where u. solves (NLW) with data (uo,c,1.c), I = Imax(tc).

PROPOSITION 2.15. Let uc be as in Prop 2.14, with (say), [|Vuc|g;, ) = o0
with I, = IN[0,00). Then Jz(t) € R}, \(t) € Ry,t € I, such that

A= {(A(zle)% e <x ;(f)(t)’t> ’ A(i)% Oute (x;<—j)(t)t>> e I*}

has compact closure in H' x L2.
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The proofs of the propositions use our variational estimates and a “profile
decomposition” due to Bahouri-Gérard ([4]). A corresponding “profile decomposi-
tion” for NLS in the mass-critical case was obtained independently by Merle-Vega

([80]).

THEOREM 2.16 (Concentration-compactness, profile decomposition, Bahouri-
Gérard 99). Let {(von,v1,n)}e, € HY x L?, with ||(von, vin)ll gy e < A As-
sume that ||S(t) (UO,m’Ul,n)”s(foo 4oy = 0 > 0, where § = d(A) is as in “the
local theory of Cauchy problem”. Then, there exists a sequence {(Vp ;, Vl,j)};il mn
H' x L2, a subsequence of {(vo.n,v1n)} (which we still call (vo.n,v1.,)) and a triple
(Njns Tinitjn) € RT x R3 x R, with the orthogonality property:

Ajm At Ntim =il |2 = @
Nitm  Ajm Ajn Ajn
for § # j', such that
D (Vo Vi)l g2 > o(A4) > 0.
ii) If V) = S(t) (Vo,Vi,5)), then given o > 0, 3J = J(eq) such that

n—oo

—+o00.

J
1 T — T t;
/UO,n = Z 1 ‘/}l (—m7_ﬂ) +w6]’n
j=1 )\;n /\ja" /\j,"
J 1 T —T; t;
na = et (TR )
=1 )\J?n jn Jm
with ||S(t) (wi . wi,,) HS(_OO7+OO) < &g, forn large.
iii) o
J t; 2 2
I92vo0al’ = 32 [0 (=52 ) | + 9o+ o0
j=1 ;M
J t; 2 2
fonal = 3 Jouvy (=2 )|+ wdall + ot0)
=1 Aiin
i)y

B (o0, 010)) = EE (v (=52 ) av (-52) ) ) +£ (et ) +ot)

J,m

as n — 0.

A first consequence of the “profile decomposition”, which already appears in
Bahouri-Gérard [4] (implicitly, since they only treat the defocusing case) is the
following:

COROLLARY 2.17. There exists a decreasing function g : (0, E.] — [0,00), such
that for every (ug,uy) with |Vuo|® < |[VWI|*, E ((uo,u1)) = E. — 1, we have
||uHS(7oo,+oo) é 9(77)

REMARK. A precise form of g was obtained in work of Duyckaerts-Merle ([38]).

The proof of the Corollary also follows from the arguments that we will use in the
proof of Proposition 2.18 below.
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In order to apply the linear theorem above to the non-linear Propositions 2.14,
2.15, we need the notion of a “non-linear profile”. Thus, let (vy,v1) € H' x L2,
v(x,t) = S(t) (vo, v1), let {t,},—, be a sequence with lim, o t, =t € [—00, +x].
We say that u(z,t) is a non-linear profile associated with ((vg,v1), {tn},.,) if there
exists an interval I, with £ € I (if ¢ = +o0, then I = [a,00) or I = (—00,a])) such
that u is a solution of the Cauchy problem in I and

nh_)ngo ||(u(tn)>atu(tn)) ) (U(tn)a atv(tn))HHleZ =0.

There always exists a non-linear profile associated with ((vo,v1), {¢t,}). Indeed, if
t € (=00, 400), we solve (NLW) with data (v(z,?), ,v(z,7)) at £. If { = +oo (say),
we solve the integral equation

t—t)V=-A)

0 gin
u(t) = S(t) ((vo, v1)) +/t ( F(u)(t')dt',

VvV=A
using the fact that w(t) = [ Wh(t’ )dt' verifies the same Strichartz

estimates as before, working now on R?® X [t,,,+00), where ng is so large that

oo sin((t—t")v
||S(t)(v07vl)||S(tnO,+OO) < 5 Then, u(tn)—v(tn) tt ((7))F(u)(t/)dt/ N

0in H' x L? since D2 F(u) € L7 (t > tno)LgE%. It is easy to see that if u(V) u(?) are
non-linear profiles associated to ((vg,v1), {tn}), on I 37, u™) = u(? on I. Hence,
there exists a maximal interval I of existence for the non-linear profile. Note that
it might not contain 0. Near finite end-points of I, the S norm is infinite, while if
t = +oo (say), I = (a,+c0), the S norm is finite near +oco by construction. In order
to use these concepts to prove Proposition 2.14, Proposition 2.15, we will need:

PROPOSITION 2.18. Let {(20.n, 21.n)} € H' X L2, with |V zo,|> < [|[VW|* and
E ((zo,n,#1,n)) = Ec < E((W,0)). Assume that ||S(t)(zo0,n, 21,n) >0 >
0.

HS( 00,+00)

Let (Vo 4, W1, ]) 1 be as in the profile decomposition. Assume that one of

B0 () o] (+42) <5
by tim, 8 (1 (22 ) ok (~22))) = B ana

for s, = —;11 , after passing to a subsequence so that s, — 3 € [—00,+00] and

((V1 (— fin ) oV ( til))) — E., if Uy is the non-linear profile associated
((Vo,laVl,l)’{Sn}) then I = (—00,400), U1l g(_oo,+00) < O©-

Then, (after passing to a subsequence) if {z,} solves (NLW) with data (2o n, 21,n),
we have ||z g(_ oo 400y < 00 for n large (and in fact is uniformly bounded in n).

We first assume Proposition 2.18, and use it to prove Proposition 2.14, 2.15

PROOF OF PROPOSITION 2.14. Find (ug ,u1,) € H x L?, [ \VUO,nIQ <
f|VVV|2 s B ((wo.n,u1,n)) = Ee, HUnHS(I”) = 4o00,l, = max interval . We must
have

||S(t) (UO,TLyul,n)||S(7m7+oo) > o> O,

by “the local theory of Cauchy problem”. Since E. = (1 — 6o)E ((W,0)), for
n large E ((uon,u1,,)) < (1— %) E((W,0)). By energy trapping, 36 such that
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[Vun ()| < (1 =08)[[VW|?,t € I,. Fix J > 1, applying the profile decomposition
to {(uo,n,u1,n)}, after passing to a subsequence, we have

J 2
(2.19) 2=y |vv) (—;]—”) + ||V, ||* + o(1)
j=1 7
! t; 2 2
e20)  uaal® = oy ()| + el et
=1 o
(2.21)

E ((uon,u1n)) = i:E ((le (-iﬂ—") , V] (—ij—")»w (g prwi ) +0(1)

j=1 J,m J,m

From (2.21), for n large,

2

5 .
Vil < 1——)HVWH : <A-DIVWIF <<

l tjﬂ
% ( v

Hence, by energy trapping, for large n we have

(-4 () 2t

Thus, by (2.21), E ((Vll (— f\ll"n) OV} (— ;ﬁ"))) < E ((ug,n,u1,n))+o(1) and so,

i (1 (-42) o (42)) ==
n—00 >\1,n )\1,n

Assume first that we have strict inequality. Then, Proposition 2.18 a) gives a contra-

diction for large n. Thus, we must have lim, , F ((Vl (— tll “ ) OV (— ;11” ))):

E.. Let U; be the non-linear profile associated to {sn =— f\l - } ((Vo,1,V11), {sn})-

The first observation is that (Vg ;,V1 ;) = (0,0),7 > 1. Indeed, by (2.21) and
E ((won,w1n)) — Ee, E((Vi(sn),0:Vi(sn))) — E. (after passing to a subse-
quence), we see that E ((wg,,w{,)) — 0, and E ((le ( Sin 3tVl ( til))) —

0,7 > 2. Hence, using coercivity in the z variable, ii) in Lemma 2.8, we see that
2 2
J |2 J ! tjn J |2 J 1 tin
[ ol +5a [0V (=522 | = 0. But then, ud 555 vy (—522) |
2
8thl (__§\117:L>H , We

+ ||lenH2 — 0, so

2
— 0. Finally, since HVVo,j||2 + HVLsz = vajl (_f\j—n)H + ‘
conclude (Vp ;, V1) = (0,0),

that
1 Tr—T
l 1,n J
uO,n = 1 V] >S’n + w()’n
22 )\Ln
1,n
1 1 (%~ T1n J
U, = —30Vi | ———,sn ) twi,
A} Ain
\n
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with || (wo n> Wi n) — 0. Renormalize, setting

||H1 x L2
3 .

Vo = Al,nUO,n (A (T +71,0)) s V1,0 = AT pU1n (M n (T + 21,0)). By scaling, trans-

lation invariance, (vg n,v1,,) has the same properties as (ugn, u1,,) and

o0 = Vi (sn) + w(L)],n7 Uin = OV (s0) + @i],n

where ||(Wo,5, W1,n)| g1 2 —+ 0. Let I1 = max interval of U;. By definition of non-
linear profile, E(Ul(sn),atUl(sn)) = E ((V{(sn),0:Vi(sn))) + 0(1) = Ec + o(1),
IVUL(s)* = [[VVi(sn)||” + 0(1) = [[Vugnl® + o(1) < [|[VW]|?, for n large.
Fix 5 € I, then E ((U1(3),0:U1(3))) = E((U1(sn),0:U1(sn))) — E., so that

E (U1(5),8,U1(5))) = E.. Also, |VUy(sn)||”> < VW] for n large, so that, by
energy trapping, |[VUL(3)|* < |[VW|>. If VUil g1,y < +o0, Proposition 2.18 b)
gives a contradiction. Hence, [|U1]|g(;,) = +0o0, we take uc = Us. O

PROOF OF PROPOSITION 2.15. : (By contradiction). Let u(z,t) = uc(z,t). If
not, Iy > 0, {tn} — ,tn > 0 such that Vg € RT, zp € R3 we have (after rescaling)

n=1">

2 2
1 - 1 -
—Tu <$Ax0,tn> —’LL<)\ ’tn> + —Qatu (%,tn> —8tu (%,t;{)
)\3 0 0 i1 )\g 0 0 H1
Z To > 07
for n #n'.

After passing to a subsequence, ¢, — ¢ € [0, Ty (ug,u1)] so that by continuity
of the flow, ¢ = T (ug,u1). By the local theory of the Cauchy problem, we can
also assume [|S(t) (u(tn), dru(tn))ll g0, 400) = 6 > 0

We apply the profile decomposition to (v, v1,n) = (u(ts), Ou(t,)). We have
E ((u(t), du(t)) = E ((uo,e,u1.0)) = E. < E((W,0)), > < |[IVW|?, so that
[Vu(®)|* < (1=3) [VW|*,t € I,.. Then,

lim E ((Vl ( fim ) oV} ( tllﬂ )) < E.. If we have strict inequality, Propos-

itoin 2.18 a) gives a contradlctlon Hence we have equality and as in the previous

Nn—r 00

proof, (Vo ;,V1,;) =0,j > 1, H(wOn,w1 n)HH1><L2 — 0.
Thus,
1 Tr—x t
u(tn) = TVIZ (/\—an )\1 ) +w0Jn7
A2 1n 1n
1,n
1 1T — Tin t17n J
du(tn) = ——0Vi | ——=,—7— | twin.
A2 )\1,77, )\1,77,
1,n
H(wojn,wfn) HHlez — 0. Let s, = —f\lln We claim that s,, must be bounded.

In fact, if tll ~ < —(Cy, Cy a large positive constant, since for n large,

HS wO,L,wln HS( o0,400) < 5 and
1 — T1,n t_tl,n é
A V1< Mo A ) = Mlsccu s < 3

S5(0,400)
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we reach a contradiction by the Perturbation Theorem (Theorem 1.12). If on the
other hand, 1 - > Cy, Cyp large positive, for n large we have

1 — T1n t— tl n 5
V ) ) V _
NG ( Mn Mg ) < 1HS< —00,~Co) = 37
Ln S(~00,0)

for Cy S(t) (u(tn), Ou(tn))|lg(—oo,0) < 9,80
that Theorem 1.4 gives [Jul[g_ 4, ) < 26. But, ¢, T T4 ((uo, u1)), a contradiction.
Thus, after passing to a subsequence, ;11 — tg € (—00, +00). But then,

A

(2.22) [ (w6 ] ) || 12 = 0
gives that for n # n/, both large,
2
1 1 ! IK:O — Ti,n tin 1 1T —T1p t1,n/
— Vi S U W Vi b\ BB\
)\6’ )\12,n 1,n 1,n )\f,’ﬂ' 1,n’ 1,n’ i
2
1 1 I z;mo —Ti,n tin 1 [T — X1 t1n
ASAZ A A A2, Al Al ;
.
- 2
for all Ao, zg. After changing variables, this gives, for all \g, zg, that
2
)\ln’ )2 l(Aln’y ~ tln) l( tln’)
> V. > + F— T, — > -V ,— )
()\0>\1 n P\ oAin m 0 Ain 1\ At/ o
)\ln ()\1 n'Y ~ tln) 1 tl n’ Mo
AT : + Ty — To,——— | — OV, ,—— > —.
H /\0)\1 n t /\0)\1,n o >\1,n ¥ )\1,n’ 2

. ~ . - . . t
Choosing now Ao, Zg suitably, this is a contradiction, since
1

n’ t1n
» — t(), Ao — to.
O

PROOF OF PROPOSITION 2.18. Assume first, that

t t1
(o (). (42)) -
1,n 1,n

Fix J > 1 and note that, as in the proof of Proposition 2.14, we have (Vg ;, V1 ;) =
(0,0),5 > 1, || (wi s w! )| 1o o = O
1

3
Moreover, if von = A7 20 (M0 (T + T10)) s V10 = A 210 Mn(@ +21,0)),
L _ 3

wf)ln Af,nw({,n (An(z+210)) vwi],n = )\f,nwi],n Az +210)),

(@ @ )| g1 e = 0500 = Vi(sn) + @ 010 = 0 Vi(sn) + @7, with
E ((von,v1.)) = E. < E((W,0)), [[Vuon|® < [VW|*. By definition of non-linear
profile,

H(Vll (50) — U1(5n), 0 Vi (sn) — 8,U1(5y, )HHle2 — 0,
~J ~J  =J
so that v, = Ui(sn) + Wy, V1,0 = OU1(5n) + wl ns (woﬂl,wl,n) ’H1XL2

From this, we see that E((Ul,atUl)) = E, < E(W,0)), VU (s[> < [VW]?,

— 0.
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for n large, so that, by Lemma 2.8, sup;c, VUL ()| < [[VW]?. Since

~J ——J
Vwon,wln

that

— 0, Theorem 1.12 now gives the case b). Assume next
L2xL?

tin tin
(1) v (-£2) <=
1,n 1,n

and, passing to a subsequence, lim F (<V1 ( n) o,V ( 1’;))) < E.. We
next show that lim £ ((Vl ( 2 ”) ( Yin ))) <E.j=2,...,J. In fact,

_] n

J

1V 20,0 Z

+ ||V |I* + o(1),

J

oo 4]
-3

tin
athl <_J_’)
j=1 Ajin

and since E ((20,n,21.n)) = Ec < E((W 0)), for n large, E ((20,n, 21, n)) (1-—
80)E (W, 0)). > < |[IVW]]?, Lemma 2.8 gives that ||[Vzo,|* < (1 —

5) [VW|[®. Thus, for all n large, ; (—#)H < (1 — —) IVW|?. Corollary

2.9 now shows that E ((Vl (— t]") oV} ( t“;))) >0,E ((wf ,, wi,)) >0,

E (Vll(—sn)7 8,5Vll(—sn)) > Cag =@ > 0, for n large (this fact follows from Lemma
2.8 ii)). Thus,

bz o () (1) o

so our claim follows from F ((Zo,n, Zin)) = Ec.

Next, note that if U; is the non-linear profile associated to ((Vo Vi), {— ;jf" ,
i

+led]|* +0(1),

oo+o<>

< oo,1 < j < J. In fact, for n large, E((Vl (— t]") 8,5Vl( t”))) < E.,

1)
] n
<|[Vzo.nl® +0(1) < (1-73) VW] + 0(1), so by Lemma 2.8 we have HVUj( ) <
VW || ,Vt € I;. But then, by definition of E., I; = (o0, +00), HU]»||S(_OO too) <

oo. Next, note that 3jo such that for j > jo we have
\|Uj||25(7001+oo) <C H(VO,J" Vl,j)”?yl xL2*
In fact, for J fixed, choosing n large, we have
J

J
tin
ST Il = v (-32)
J,m

Jj=1 Jj=1

t.
+ 1|6,V (_ﬂ>
i >\j,n

Note that [|Vzon|® < VW, E (20.m, 21.m) < E((W,0)), so that the right hand
side < C|[VW|*>. Hence, for j > jo, HVVH?M + Vi lI? < &, where 4 is so small

(after passing to a subsequence in n), then Uj exists for all time and [|Uj|| 4 (-

so E ((U;,0.U;)) < E, by definition of non-linear profile. Moreover,

2

2
< ||(ZO,m Zl,n)||2 +o(1).
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that ||S(¢) (Vo,;, VL]—)HS( so,00) < 0. From the definition of non-linear profile, this
gives that [[Ujllg(_ o o0y < 20, and that
1
sup (U0, QU0 ez +||DAS] < OO0 Ve
But then, the integral equation for U; gives [|Ujllg_ o o0y < C (Vo5 Vi)l i 2
as desired. Next, for g > 0, to be chosen, define

J (o)
1 T—Tjn t—1tjn
Hneo = 2. 5 Uj( N )
j=1 )\;m Jsn Jn
Then, we claim that |\I1Tm€()||s(_OO ooy < Co, uniformly in &, for n > n(ep). In
fact,
J(g()) r—x t—t )
8 (T xjn i
HHn,EOHS(?OO’JFOO ‘[j )\], %Uj < /\j,n ’ /\j,n >
8
J (o)
1 T—Tjn t—1;
) (250, )
j=1 fj A2 Ajon Ajm
7
1 T—Tjn t—t; 1 T—x;n t—t;
+C;y —U; (7”,#> —U; < L2 J’”)
) ;;ﬂ Ajﬁn NN T A )\j‘%n NN T A
= I+1I

For n large, IT = 0 by orthogonality of (Ajns@jnstjn). Thus, for n large, IT < I.
But

)

J(=0)
I = Z”U IS(-oortory T D NUilS (<00 t00)
Jj=jo+1
J (o)
S Z”U HS( oo+oo)+c Z VO]vvlg HHle’z
Jj=jo+1
J(eo)
< Z 1U; Hs( sortoo) T ¢ SUP ||(%,J=V1,J)||Hle2 ) Z I %;WVLJ)”HIXLZ
J=1 3>7o
Co
S 5o
as desired.
J 7 T—Tjn t—tjn
Let now ngo H,SL €0 —Z (50) U;’n7 Where Uj77l = %Uj ( )\j,n , )\]—n) . We
1 n o
have HD%Rn,aO Lt‘%LE ~% 0. This uses orthogonality, the chain rule, |U; ||S —00,400)

< 00, < co. We now define @ = Hy,,, € = Ry ¢,. Choose

J W (—00,4+00)
J(go) so large, that for n large,

(t) (wo‘](z())jwl‘],(so))H o) < 2. Note that

by the profile decomposition, the definition of non-linear profile, we have, for n

large 20, = Hy,e,(0) + @(‘i(io),zl,n OrHy e, (0) + wy, (60), where, for n large
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0n71n

HS (NJ(EO) ;) )H ) < gp. Arguments similar to those above also
— 00,400

show that sup, ||(Hpe, (¢ ) OcH e (Ol i e < Co, uniformly in o, for n large,
and H (wo (£0) @i](ne(’)) < C'|[VW]|. Choose now eg < &g (CO,GO,C’ HVWH)

as in Theorem 1.12, and n so large that HD Ry e,

H1xL?

1 < gg. Then, Theorem
L3L3

1.12 gives Proposition 2.18 a). This concludes the Concentration - compactness
procedure. ([l




CHAPTER 9

Soliton Resolution
for Radial Solutions to (NLW), I

In this chapter, we start our discussion of the recent proof of the soliton reso-
lution conjecture for radial solutions of (NLW), by Duyckaerts, Kenig and Merle,
n [30] and [33]. The proofs in Chapters 9-11 are from [33]. Notice that we have
already had a preliminary discussion of soliton resolution in Remark 6.15.

For a long time there has been a widespread belief that global in time solutions
of dispersive equations, asymptotically in time, decouple into a sum of finitely many
modulated solitons, a free radiation term and a term that goes to 0 at infinity. Such
a result should hold for globally well-posed equations, or in general, with the addi-
tional condition that the solution does not blow up. When dealing with an equation
for which blow-up can occur, such decompositions are always expected to be unsta-
ble. So far, the only cases where results of the type have been proved are for the in-
tegrable KAV and NLS equations in one space dimension. For d;u+03u-+ud,u = 0,
for data with regularity and decay, this has been established by Eckhaus-Schuur
([40]). Corresponding results for the other integrable KdV equation, the modified
KAV, dyu+ 02u+u20d,u = 0, were also obtained by the same authors via the Miura
transform. Heuristic arguments for this conjecture, in the case of the cubic NLS in
1-d, i0;u+ 0%u+ |u|>u = 0, another integrable model, were given by Ablowitz-Segur
[91] and Zakharov-Shabat [103]. For a rigorous proof in this case, see Novoksenov
[86]. All of these equations are globally well-posed and so the decompositions are
expected to be stable, unlike the case of equations for which blow-up may occur.
For more general dispersive equations, so far results have only been found, for sub-
critical nonlinearities, for data close to the soliton. (Buslaev-Perelman [9], [10] for
NLS with specific nonlinearities in 1d, Soffer-Weinstein [96], in higher dimensions,
Martel-Merle for gKdV (generalized KdV equations) [76], ...). Corresponding re-
sults near the soliton, in the case of finite time blow-up for critical problems, are in
the works of Martel-Merle for gKdV [77], Merle-Raphael [78] for mass critical NLS,
etc. There have also been large solution results for critical equivariant wave maps
into the sphere, due to Christodoulou-Tahvildar-Zadeh, Shatah-Tahvilder-Zadeh,
Struwe,[11],[95] and [98]. These are results for finite time blow-up, which show
convergence along some sequence of times converging to the blow-up time, locally
in space-time, to a soliton (harmonic map). Recently, this has been strengthened
(with size restrictions) in works of Céte-Kenig-Lawrie-Schlag [14], [15] and by Céte
[13] without size restriction, but only for a sequence of times.

In the finite time blow-up case, for the 1-d nonlinear wave equation, Merle-Zaag
have obtained results of the “resolution” type, through the use of a global Lyapunov
functional in self-similar variables [82]. Also, in critical problems of elliptic type,

121



122 9. SOLITON RESOLUTION FOR RADIAL SOLUTIONS TO (NLW), I

there have been “towering bubbles” detected in asymptotic problems, where the
size of an excluded hole goes to 0, see [84], etc.

The first general results for radial solutions of (NLW), were obtained in [30].
They held for extended type II solutions, for a specific sequence of times. We now
have the full soliton resolution for radial solutions of (NLW), in the two asymptotic
regimes, finite time type II blow-up, and global in time. Our result here is, [33]:

THEOREM 9.1. Let u be a radial solution of (NLW). Then, one of the following
holds:

a) Type I blow-up: Ty < oo and
B 000, (9 .12 = o
b) Type II blow-up: Ty < oo and 3(vg,v1) € H' x L2, J € N\ {0} and
Vie{l,...,J},ij € {£1} and \j(t) > 0 such that 0 < A\ (t) < \a(t) <
- KA (t) K Ty —t, and (u(t), dyu(t)) = (Z‘.’_ i—f'%W (ﬁ) ,0> +

=
(vo,v1) +o(1) in H x L2
c) T+ = oo and 3 a solution vy, of (LW), J € N andfor allj e{l,....,J},i;

€ {£1},X(t) > 0 such that 0 < A\ () < Aa(t) < -+ < Ay(t) < t, and
(u(t), Dru(t)) = <zj_1 pyas. W (5% ). 0> + (vn(t), Bor (1)) + o(1) in
H' x L2

Here, a(t) < b(t) ast — T (T < oo, or T = £00) means lim;_,p % =0.

REMARK 9.2. When T < 00, a), b) imply that limyr, [|(u(t), Ou(t))|| gy 2 =
[ exist, [ € [||[VW||?, +00], i.e., solutions split into type I, IT, no mixed asymptotics
exist. Recall that both type I, IT blow-up exist. We expect that solutions as in b),
with J > 1, exist. For the 1-d nonlinear wave equation this has been shown by
Cote-Zaag [18].

As mentioned earlier, in the elliptic setting, “towering bubbles” do exist [84].

REMARK 9.3. When T} = oo, ¢) in particular implies that
supys | (u(t), Opu(t))l| g1 L2 < 00. More precisely, lim supyyo || (u(t), du(®)|1%,
=l and 2E(ug,u1) <1 < 3E(ug,uy). Also, J < E(q(“‘/’l}%l)).

In this case we also expect that solutions with J > 1 exist.

REMARK 9.4. It is known that the set S of initial data such that the corre-
sponding solution scatters to a linear solution is open. It is believed that the set So
of initial data leading to type I blow-up is also open. Theorem 9.1 gives a descrip-
tion of solutions whose data is in S3, the complement of S; U S5. We believe that
from Theorem 9.1 one can show that S3 is the boundary of S; U .S5. In particular,
we conjecture that the asymptotic behavior of data in Sz is unstable.

A fundamental new ingredient of the proof of Theorem 9.1 is the following
dispersive property that all global in time radial solutions to (NLW) (other than
0, +£W up to scaling) must have:

(9.5)

|Veiu(z,t)*de > n, for some R > 0,7 >0 and all t >0 or all ¢ < 0.
|z|>R+|t|
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We establish this only using the behavior of u in “outside regions”, |z| > R+|t|,
without using any global integral identity of virial or Pohozaev type. (This can
also be used to give a new proof of the results of Pohozaev (elliptic) and also of the
rigidity theorem, Theorem 4.17, in an important special case, as we will see).

REMARK. With Lawrie and Schlag [58], we have used these ideas to give a
soliton resolution in a stable situation, for 1-equivariant wave maps from R3\B;
into S3, thus establishing a conjecture of Bizon-Chmaj-Maliborski [7]. This shows
that the ideas in the proof of Theorem 9.1 can also apply to show stable soliton
resolutions. The extension to the general k-equivariant case has been recently
carried out by Kenig-Lawrie-Liu-Schlag [56], [57].

We now turn to the proof of Theorem 9.1.

We start with some notation and preliminary results. We will give the proof of
¢), the one of a), b) being similar.

Let (ug,u1) € H' x L2, R > 0, radial. We define

(96) (%; EI) = \IIR (Uo, ul)
by:

N uop(r) if r > R
uo(r) = u(R)if 0 <r <R

N ui(r)ifr >R
w(r) = 0if0<r<R

Note that (g, u;) € H' x L2, (uo(r),ui(r)) = (uo(r),ui(r)) for r > R and
||(%,1’71)Hipxm = f‘z|>R |Vuo|® + u2. We will need the following version of the
“local theory of the Cauchy problem”, involving potentials.

LEMMA 9.7. 3dp > 0 such that if 0 € I, V =V (x,t) € L? (R* x I) and

1
IVlsqgory + [ D2V]

1
P2

1
P2

8
LAR3XT L3 (R3xT L2(R3xT)

< 607 ||(h05 hl)HHlez < 50;

+[jpzve
LE®3xD) —

then 3! solution h of

0} — Ah = 50*h +100°h? + 100%h3 + B® 4 5h*0 = (v + h)® — 0P
(9.8) hleeo = ho
Ohli=0 = h1

with b = (h,0h) € C (I;Hl x L2) ho€ L3 (R x I). Also, letting hy, be the
solution of the (LW), we have

-

sup |[h(i) — he{t)

tel

1
< —

Ly < 10
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The proof ([33]) is the same as the one of the “local theory of the CP” of (NLW)
(See Theorem 1.4, Remark 1.6). In our applications, we will use the following
remark:

REMARK 9.9.
a) V(xz,t) = W(x). Then 3 small tg > 0 such that the conditions hold, with
I = (—2tg, 2tp).
b)

W (z), if |z| > Ro + |t
V(z,t) = .
W(Ro +[t]), if [z < Ro + [¢],
where Ry > 0. Then, for Ry large, the conditions hold with I =(—o0, +00).

Remark 9.9 is proved using the Leibniz rule for fractional derivatives (See [33],
Appendix A).

To motivate what follows, we start out by pointing out the following “dispersive
property” of non-zero solutions v to (LW): 3R > 0,7 > 0 such that for all ¢ > 0,
or for all ¢t <0,

/ [Vo(z, t)] + (Bv(z, t)* dz > 1 > 0.
[z]>R+]t|

Indeed, if [ |Vuo|® + v? # 0, since, as we saw earlier, this equals I [0, (rvo)]* +
(rvo)*dr # 0, we can find R > 0 such that [, [0,(rv0)]? + (rv1)2dr > 25 > 0.
By our outer energy lower bound, Corollary 7.6, for ¢ > 0 or for ¢ < 0, we have
flx\ZRHt\ [Vo(z, t)|* + (Bpv(z,t))*dz > 1 > 0, as claimed. We call this property
the “channel of energy” property. We will extend this property to non-zero radial
solutions of (NLW), which are global in time and which are not scalings of W, thus
providing a dynamical characterization of W.
We start out with two simple claims which will clarify the result.

CLAIM 9.10. Let u be a solution of (NLW), which exists for all time (positive).
Then, limp_y00 SUpP;+ fm>t+R [Vu(t)]? + |8u(t)]* = 0.

PRrROOF. Let n > 0 be given, choose Ry large such that fl:z:\>Ro Vuo|* +u2 < n2.
Let (w0, ro» U1, ko) = VR, (w0, u1). For n small, ug, exists for all time, scatters and

we have sup, HﬁRO (t) < Cn. But, finite speed of propagation shows that for

HixL?2
|z| > Ro + t,up,(z,t) = u(x,t), giving our result. O
CrLamM 9.11. Let u be a global in time solution of (NLW), such that for

some R > 0, limyjo flx\>R+t IVu()]® + [du(t)]* > 0. Then, Iy > 0 such that

Jioto e VU@ + [0u(t)* > 1,9t > 0.
PrOOF. If not, 3{¢t,},t, > 0 such that t,, 1 ¢ € (0, 00], and

lim \Vu(t,)” + |8su(tn))* = 0.

"0 J|x|>Rtty

Let u,, be the solution of (NLW) such that
(un(tn), Orun(tn)) = ¥R, (u(tn), Oru(tn)) -
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Then, limy, ||(wn(tn), Optn(tn))|l g1y 2 = 0. Thus, for large n, u, exists globally
and scatters. By the small data theory, if ¢ > 0 is given and n is chosen so large
that

[t (tn)l 12 < €5
then for all ¢, ||y, (t)|| g1, 2 < Ce. By finite speed of propagation, for all ¢, we have

Up(tn +1) = U(t, +t)

for |z| > R +t, + [t|. Hence, limtoo f|x\>R+t IVou(t))® + [0u(t)]® < Ce. Since
€ > 0 is arbitrary, we reach a contradiction. ([l

REMARK 9.12. Both claims are also valid for ¢ < 0.

PROPOSITION 9.13. Let u be a global in time, radial solution of (NLW) such
that for some R > 0,

lim [Vu(®))® + (Qu(t))? = lim [Vu())® + (Bu(t)? = 0.
tT+oo Jiz|> R+t =00 J|z|> R+t

Then, either (ug,u1) is compactly supported, or IX > 0,i € {£1} such that (ug, u1)
- ()\L%W (%) ,0) is compactly supported.
In order to prove Proposition 9.13, we need a couple of lemmas.

LEMMA 9.14. Let u be as in Proposition 9.13. Let v(r,t) = ru, vo = rug,v; =
rui. Then, there exists Cy > 0 such that if for some ro > 0 we have

/ [(8,«u0)2 + uf] r2dr < &y,
ro

where 0o 1s small, then

9] 10
/ [(0rv0)* + vi] dr < C’OM
o

o

Furthermore, for r,v’, ro <r <71’ < 2r, we have

VU
[vo(r) —vo(r')] < /C |O <VCO52|UO

PRrROOF. Assume first the first statement. We then show the second one. By
the fundamental theorem,

lvo(r) —vo(r’)| < vo(s)ds| < \/_\// [Orvo(s)]” ds
5
v 0
< \/a| o(o)\ :\/C_| 0(2)| .
ré o
Also, if 7 > 7y, %v%(r) =rud(r) < f [Osuo(s 2 $2ds < &, which gives the second

inequality in the last line of the statement

We now prove the first inequality. Let uy be the solution of (LW), with data
(ug,u1) and let vy, = ruy. By Corollary 7.6 (outer energy lower bound), for all
t >0, or for all t <0,

/T - [(<9,4LL(15))2 + (8tuL(t))2] r2dr > % / - (Oyv0)? + 2.

o+t To
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Let now (ug,u1) = W, (uo,u1),ur the solution of (LW) with data (ug,u1). By

assumption, [|(ug, TH)HiprQ < §p. If &g is taken small enough, the “local theory of
the Cauchy problem” (Theorem 1.4, Remark 1.6) gives that for all ¢t € R,

H (i - iL) (t)HHlxm

=C [/Oo ([&uo]z + uf) r2dr]

(5
< C|[(uo, u1)| 15 2

0
(integratio; by parts) C |:/ ([8{()0}2 —|—’U%) d?“-i—?"ou%(ro)] )
)
Hence,
[ (0aer+ pao?)da < 2 [ (aaor -+ pao?) s
ro+t] To+t]

+C [/Oo [(8TU0)2 + vﬂ dr + rou%(ro)] ’ .

To
By finite speed of propagation, @(r,t) = ﬁ(r, t) and 4r(r,t) = iL(r, t), for r >
ro + [t|. Thus,

/roo ([a’"uL(t)]Q"i'[atuL(t”Q) rdr < 2/

o+t ro+|t|

o0

([8ru(t)]2 n [Btu(t)]2) r2dr

+C {/OO [(&mo)Q + vf] dr + roug(ro)] ’ .

To

Combining this with our outer energy lower for uy, we see that, for all £ > 0, or for
all ¢t <0,

/OO [(By00)® +02]dr < 4 /OO ([&u(t)f—k[8tu(t)]2)r2dr

70 ro+|t|
) 5
+C {/ [(6rv0)2 + vﬂ dr + roug(ro)] )

Letting ¢ — 00, according to whether the above holds for ¢t > 0, or ¢ < 0 and
using our hypothesis, we obtain

/OO {(&«UO)Q + vﬂ dr <C {/OO {(GTUO)Q + vﬂ dr + rou%(ro)] 5.

To To

Since [ [(8,v0)® +vf] dr < [§7 {(&uo)z + uﬂ r2dr < 8o, if Jp is small we can

neglect this term in the right hand side. Noticing that rjud®(rg) = Uéi#, we
0

obtain

oo 10

/ [(374)0)2 + Uf] dr < CL(;O),
,

T0 0

as desired. (]

r2”

LeEMMA 9.15. The function vo(r) has a limit I € R as r — oco. Furthermore,
3C > 0 such that ¥r > 1,|vo(r) — 1| < &
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PROOF. First note that 3C' > 0 such that
|vo(r)| < Cro.
Indeed, by the second bound in the second line in Lemma 9.14,

|U0(2n+17”0) - 110(2"T0)| S \V 0058 |’UQ(2n7‘Q)‘

so that ’vo(2n+1ro| < [14VCo83] [vo(27rg)|. Tterating, we obtain |vg(2"r)| <
1+ \/0063]" |vo(ro)]. Choosing a smaller &y if necessary, we can assume that
(1 + \/6’053) < 2%, which then shows that

|vo(2"70)| < 270 [wg(ro)] -

This shows the inequality for » = 2"ry. The general case follows from the difference
estimate in the second bound in the second line in Lemma 9.14.
Next, we prove that

lim vo(r) =1 €R.

r—00
By the first inequality in the second line of the conclusion in Lemma 9.14, we have,
forn € N,

(2m
‘UO(Q”T’O) _ UO 2n+1 ‘ /CO |v0‘2n TO
To
Using our bound on |vg(r)|, we then obtain
[vo(2"70) — v0(2" o) | € ——% = &
[Qn]z 10 2%

Hence, Y, <o [v0(2"r0) — vo (2" rg)| < oo, which gives that lim, e vo(2"r) =1 €
R. Using again that |vo(r)] < Crio and our difference estimate, we conclude that

lim, 00 vo(r) = 1.
Now, since vo(r) converges as r — 0o, it is bounded. Thus, for r > ro,n € N,

n n c
|U0(2 +1T) —U0(2 7")| S W,

by the first estimate in the second line of Lemma 9.14. Adding, we get

)= |5 o) -] [ < ST A= 6
n>0

n>0

as desired. 0

We now conclude the proof of Proposition 9.13. We distinguish two cases, [ = 0
and [ #£ 0.

Case [ = 0: In this case we will show that (vg, v1) is compactly supported.
Fix a large r and use the second inequality in Lemma 9.14, together
with the smallness of dg, to see that

‘U0(2"+1'F) o(2"r ‘ \/Coéo\vo 2" < = |v0(2”7“)|

and hence, |vo(2"17)| > 2 |vo(2"r)|. Iterating, we get [vg(2"r )| >
(2)" Jvo(r)|. Since I = 0, Lemma 9.15 gives that |vp(2"7)| < 557 = 72

= Inp2-
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Hence for all n € N, |vg(r)] (2 ) < 4"02, which shows that vo(r) = 0 for
r > 1g. Since, by the first inequality in Lemma 9.14, we have

/oo [(‘)svo(s) + vf(s)] ds < COM,

r

we see that vy also has compact support.
Case [ # 0: In this case, we show that 3\ > 0 and sign + such that

(uo + /\%W (%) ,u1>

has compact support.

Note that, for large r,

1w (%) — @} < %, which follows from
A2

Wr) = (1+i2 T Hence, Lemma 9.15 implies that 3C > 0 such that
=
1 x C
‘igw (5) — )| < 5

where A\ = g, and the sign =+ is the sign of [ (by Lemma 9.15, |rug(r) — ] <
c
) T Z 1)
Rescaling u and possibly replacing u by —u, we can assume that
lug(r) = W(r)| < G,r>1. Let h=u—W,H =rh.
Claim: For a large Ry, Vrg > Ry, we have

= 1 Hi(ro)

orH Hi|dr < —

/TO[(”"O)“Ll T

where (Ho, Hy) = (H,0:H)|t=o. Let us assume the Claim, and conclude that
(Ho(r), H1(r)) = (0,0) for large . Indeed, the claim implies, for large r, n € N

that
ontl, 2
|Ho(2""'r) — Ho(2"r)| < 25/r (/ [8SH0(5)]2ds>
2’!L
< 2 \/—1 |H0(2 T’)‘ :1|H (2n7,,)|
- 4 257 470 ’
so that [Ho(2"*'r)| > (2) |Ho(2"r)| and hence,
n 3 "
o= (3) 1ol
Since |ug(R) — W (r)| < T%, > 1,|Hp (2"r)] < 4,?2, which letting n — oo

gives Ho(r) = 0. Thus, Hy is compactly supported and the claim shows that the
same holds for H;. It remains to show the claim.
To do this, let Ry be large,

Vit W(x) if |x| > Ro + ||
0 =\ W (Ro + 18]) i [2] < Ro+ 1t

as in Remark 9.9.
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Define (go,g1) = Uy, (ho, h1). Let gr be the solution of (LW) with this data.
Let g be the solution of
09 —Ag=(V+g)° -0
glt=0 = go
dtgli=0 = Q1
given by Lemma 9.7. Thus, g is globally defined and sup,cp Hg(_;f) — g1, (t)HH1 2 S
X
16 1090, 90l 1 12
Recall also from our outer energy lower bound (Corollary 7.6) that, for all ¢ > 0
or for all t <0,

[(0,Ho)? + Hi] dr.

1 o0
[ oaor + pener] = 5 [
|| >ro+]t] o

Hence, for all t > 0 or all t <0,

/oo [(0-Ho)* + Hi] dr

To

IN

? /|a:|2ro+|t| [‘VgL(t)‘z + (atgL(t))z}

IN

4/|$|ZTO+M [\Vg(t)l2 + (atg(t)ﬂ

tor [(@90)2 + gﬂ ridr.
2 J,,
By finite speed of propagation, g(r,t) = H(r, t),r > ro + [t|. Using that

lim 18, W|? r2dr = 0,
t—+oo ro+t]
and our hypothesis in Proposition 9.13, (h(r,t) = u(r,t) — W(r)) and letting ¢ —
400 or —oo, according to where the above holds, we obtain

/OO |:(8TH0)2+H12:| < !

o 25 Jrg
-1 w[(aH)2+H2}dr+iH2(r)
- 25 rL1(Q 1 To o\70 )

T0
since (Ho, Hy) = (rhg,rh1) = (rgo,rg1) for r > ro and where we have used integra-
tion by parts. This gives the Claim, and thus Proposition 9.13.

Before proceeding towards the proof of Theorem 9.1, we would like to point
out that Proposition 9.13 can be used to give a proof of the rigidity Theorem 4.17
(from [32]) which says that if a radial solution of (NLW) has the “compactness
property”, up to scaling , it must be 0 or +W. This proof comes from [34].

o0

A

[(@90)2 + Qﬂ r*dr

THEOREM 9.16 (Rigidity Theorem). Let u be a non-zero radial solution of
(NLW), K = {(A*%(t)u (ﬁt) A2 (ﬁt)) Tt € T (W), A(£) > o}.
Assume that for some \(t), with infre; A(t) > 0 K is compact in H' x L?. Then,

o > 0,ig € {£1} such that u(z,t) = +W ()%)
AG

Theorem 9.16 many times suffices. To obtain the full Theorem 4.17, extra work
is needed.
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It should be pointed out though, that Theorem 9.16, combined with the “no
self-similar compact blow-up” result in [62], Property 4.29 (if T4 = 1 and K =
{(1 — ) 2u (1 —t)z,t), (1 —t)2du (1 — t)x,t)} is precompact in H' x L2, then
u cannot exist) show that it suffices to prove the full Theorem 4.17, when I =
(—00, +00). This is a “general property” that can be found in [34]. In the radial
case, the proof of Property 4.29 simplifies considerably (see [34] for this). A proof,
also in the radial case, of Property 4.29 using the “channel of energy property” can
also be obtained, for this, see [30]. We will now sketch the proof of Theorem 9.16,
I = (—o0, +00), using Proposition 9.13. Let Ag = inf;c(_oo 400) A(t) > 0.

The pre-compactness in L?(R?) of

{U(t) = ()\(t)_%Vu (%t) YO (%t)) te (—oo,+oo)}

implies that, given € > 0, there exist Ry > 0, uniformly in ¢, such that
/ ()2 da < e,
|z|>R
for R > Ry, (and all t).

Changing variables, and using that Ay > 0, we see that HE) (: ﬁ—g) such that
if R > Ry, then
[ vu + ol <=
|

z|>Ro
As a consequence, for any R > 0, we have that
lim IVu(t))® + |0wu(t)” = 0.
t=£00 Jip|> R+t
Hence, Proposition 9.13 says that, either (ug,u;) has compact support, or IAg >
0,99 € (£1) such that (uo — LW (%) ,u1> has compact support. To continue
AG
with the proof, for (fo, f1) radial, (fo, fi) € H!' x L?, we denote p(fo, f1) =
inf{r>0:|[{s>r:(fo(s), f1(s)) # (0,0)}] = 0}. We make the convention p(fo, f1)
= oo if the set over which the inf is taken is (.

Assume first that pg = p(ug,u1) > 0,p9 < oo. (This means that (ug,u;)
has compact support, but is not = (0,0)). We will reach a contradiction. Let
€ = min (ﬁ,éo), where Cy,dp come from Lemma 9.14. Using the definition
of 7o and the continuity of wy outside the origin, we can choose 71 € (0,r9), 71
close to ro, such that ug(ri) # 0 and [ [(8ru0)2 + uﬂ r2dr + \”0(T+)\4 < &, where

1
vo(r) = ruo(r), vi(r) = rug(r).
By the estimate from Lemma 9.14, which says that, if f;o [(8Tu0)2 + uﬂ r2dr <

80, 0o small, then |vo(r) — vo(r')| < \/COWE—Q)P, when ro < r < r’ < 2r, we obtain

\/C_o\vo(91)|5

1

a contradiction since €y/Cpy < 1 and vo(p1) # 0.
Next, after rescaling and possible change of sign, we know that (ug— W (x),u1)
has compact support. Repeating the proof of Proposition 9.13, for each ¢, and

lvo(p1)| = [vo(p1) — vo(po)| < <V Coe lvo(p1)]
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noticing that the compactness property, with the lower bound on A(t), gives uniform
<Lr>
1 where [(t) is bounded in ¢t and C'is independent of ¢t. Moreover, our normalization
gives [(0) = §. We next show that I(t) is independent of . Fix ¢; < to. Then,
U(ta) = U(t1) = & [25 [u(r,ta) — u(r,t2)] rdr + O(R™2) as R — oco. Thus,

in t estimates, we see that Lemma 9.15 gives that, for each ¢, ‘u(r, t) — @

1 2R to
— Opu(r, t)yrdrdt
R \/1% t1 ‘

to 1 2R - 2 .
< / _/ Ou(r, )2 r2dr | dt + O(R-2)
t1 R R

< CR 7|ty — ts] + O(R™?),

so that I(t1) = I(t2) and hence, by our normalization at ¢ = 0, I(¢) = . Following
the proof of Proposition 9.13, we see that IRy such that supp (u(t) — W, du(t)) C
Bpg,, where Ry is independent of ¢.

For each t € R, we let p(t) = p(u(t) — W,0u(t)). We also let ppax =
supep p(t), 70 = £5=. By contradiction, assume that (ug,u1) # (W,0). Then,
Pmax > 0, and ppax < Ro. Let V(z,t) = W(z), choose ty as in Remark 9.9 a).
Choosing a smaller ¢ if necessary, we can assume that pp.. — t—ZQ > 0. Choose
t; € R such that p(t1) > pmax — %0 > 0. Translating in time, we assume t; = 0.

Choose r1 € (0, p(0)) such that 0 < % < %,Tl 4+ to > Pmax, and

|l(t2) —l(t1)| = +O(R72)

(o)

0< / [(a,_ho)2 + h‘ﬂ r2dr < o,
1

(where (ho, h1) = (u(0) — W, 8,u(0))). We now apply the argument in the proof of

Proposition 9.13, case | # 0, in the interval I = [—tg,%o]. Then, for all ¢ € [0, ¢o] or

all t € [—tp, 0], we have

/ N (010 + 12 <5 /

1
(Grg(r,0))* + (Drg(r )| r2dr + o H ().
r1 r1+|t| 10’1"1
(h=u—W,H =rh,g= Y, (ho, h1)).
Since 71 + tg > pmaxvflﬂt\ [(&g(r, t))2 + (04g(r, t))Q} r2dr = 0 at t = =+to.

r

o0

Hence,
/ﬁ (@t + 1 ar < (o)
1 p(0) 2
< m(/ |arHo|dr>
1 p(0) 9
< g0 =l [ om0 ar

Since 1017"1 [p(0) — 1] < 3, we see that f:lo {(8,«H0)2 + Hf} dr = 0. By the compact

support of Hy, it follows that frolo [(8rh0)2 + hﬂ r2dr = 0, which contradicts the
fact that 0 < fTOlO [(8rho)? + h3] r2dr. This completes the proof.
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We now return to the proof of Theorem 9.1. We will need two propositions:

PROPOSITION 9.17. Let u be a non-zero radial solution of (NLW) such that

A
there exist R > 0, n > 0 and U a globally defined solution of (NLW), such that u
scatters in both time directions and for all t > 0 or for allt <0

VA > 0 and all + signs, (uo + )\%W (E) ,ul) is not compactly supported. Then,
2

[ S + @) do >
|z|>R+|t|

and u(z,t) = u(x,t) for |z| > R+ [t].

PROOF. Assume first that (ug,u1) is not compactly supported. Let (ug,u7) =
Uk (uo, 1), where R > 0 is chosen so large that 0 < ||(@o, 1) || g1y 2 < 9, where ¢
is given by the Remark 1.6. By Claim 9.11, the conclusion is verified for u unless

it g0 oo g g [ Va0 +0T(0) = limyy oo [0 gy V2001 +(000(8)° =
0.

But, in this case, by Proposition 9.13, (ug, u1) is either compactly supported
(which is excluded since we assumed that (ug,u1) is not compactly supported), or
3N > 0,4 € {£1} such that (ug, ;) — ()\%W (%) 7O) is compactly supported, which

2
contradicts our hypothesis.

Thus, let us assume that (ug, u1) is compactly supported, and not (0,0). Thus,
0 < p(ug,u1) < co. Let 0 < R < p(ug,u1) and let (U, u1) = Yg (ug, u1). Choose
now R so close to p(ug,u1) that 0 < |[(do, 1) g1y 2 < 6, where § is given by
Remark 1.6. Let u be the corresponding solution of (NLW), which exists globally
and scatters, and @y, the solution of (LW). Thus, we have

—

() — i (1)

IN

H(a(),:dl)H 9

su —
P fixzz = 10

and for all ¢ > 0, or for all ¢t <0,

[IV7o? + i |* ~ Ri(R)] -

N | =

/ WAL + |0 >
|z|>R+]t|

But, since p (T, 41) = p (ug, u1), if R is close enough to p (i, @1), then R |tig(R)|* <
LIVl so that § [I1Vo]* + i |* = REZ(R)] = & [IIViio]* + |3 |*] - Combin-

ing our inequalities we obtain the “channel property” for u, as desired. O

PROPOSITION 9.18. Let Ry > 0 be a large constant to be chosen. Then, the fol-
lowing holds: let w be a radial solution of (NLW) such that (ho, h1) = (ug £ W, uy)
is compactly supported and not = 0. Then,

a) 3 a solution @ of (NLW), defined fort € [— Ry, Ro] and R' € (0, p(ho, h1))
such that
(o (r), 1 (r)) = (uo(r), ua(r))
for v > R/, and the following holds: for all t € [0, Rg] or for all t €
[—Ro, 0] N
p(a(t) £ W, du(t)) = p(ho, hy) + [t]-
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b) Assume further that p(ho,h1) > Ro. Let R < p(hg,h1) be close to
plho,h1). Then, In > 0 and a global radial solution u, which scatters,
such that

(Uo(r),ur(r)) = (uo(r),us(r)), forr >R
and for all t > 0 or for allt <0

/ Va®)P + aw)? = .
|z|>R+|t|

PROOF. We first prove a), by linearization around W. By assumption, up to
a sign change (ug,u1) = (W,0) + (ho, h1), where 0 < p(hg,h1) < co. Since W
is globally defined, Theorem 1.12 shows that e > 0 such that for any U with
1(,0) = (U, U) 5 1.2 < &, we have [~ Ro, Ro] € L (U).

Let (ho, h1) = ¥ g (ho, h1), where R’ < p(ho, h1) is chosen so close to p(hg, h1)
that 0 < | (ho, iLl)HHlez < e. Let @ be the solution of (NLW), with initial data
(W + ho, h1). Equivalently, b = @ — W solves

O*h — Ah = (W + h)® — W*
(h, 0:h) =0 = (o, ha) -

By finite speed, (h, d¢it) = (W,0), r > p(ho, ha) + [t|. Thus, p (h(t), d:h(t)) <
p(ho, h1) + [t|, for t € [=Ro, Rg]. We need to show that for all ¢ € [—Ry, 0], or for
all ¢ € [0, Rol,

(9.19) p(h(1), 0eh(1)) = plho, h) + It].

We first do this for a small time interval. We know that 3tg > 0, small, such that W
verifies Lemma 9.7, I = [—tg, to] (Remark 9.9 a)). In this step, we show that (9.19)
holds for all t € [—tg,0] or for all ¢ € [0,tg]. Indeed, let py be close to p(ho, h1)
such that R’ < po < p(ho,hl), and let (90791) = \pro (7107711). If p(ho,hl) — po is
small enough, ||(go, 1)l 712 < 00, where d is as in Lemma 9.7. By Lemma 9.7,
3! solution g to

g —NAg=(W+g)°-W°
(9,049) lt=0 = (90, 91) -
Also if gy, solves (LW) with the same initial data, sup_, <;<;, [|9(t) — gr(t)|| <

% (90, 91)|l g1 2~ By Corollary 7.6, for all t € [—t9,0], or all t € [0, o], we have
1 1
/ VgL ()] + (Drgr(t)* > 5/ [Vgol” + 9 = 505 (po)-
|| >po+|t| [z|>po

By the argument at the end of the proof of Proposition 9.17, if pg is close enough
to p(ho, k1), pogd(po) < 5 [Vgoll. Thus, for all ¢ > 0 or all t > 0, t € [—to, to],
1
[ veoP+aeerz 5 [ Vel a0
llzl>po+Itl 2> po

By finite speed, we can replace g by A in the left hand side. Hence, p (ﬁ(t), 8tﬁ(t)) >
potlt], ¥t € [—t,0] or Vt € [0,%0]. Letting po — p(ho, h1) we see that p (h(t), 9;h(t))
= p(ho,h1) + |t],t € [—t0,0] or ¢t € [0,t0]. It is now easy to conclude the proof.
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Assume, for instance that this holds, for t € [0, ¢y], we apply the previous argument
to h(t + to), to conclude that Vt € [—tg, 0] or V¢ € [0, min[tg, Ry — to]],

p (R(to +t), 0th(to + 1)) = p(ho, h1) + to + |t] .

If the above holds Vt € [—ty,0], we get a contradiction with p(h(0),d:h(0)) =
p(ho, hl) Thus, Vi € [0, HliIl(tO7 Ry — to)], p (k(to + t), 8til(t0 + t)) = p(ho, hl) +
to +t. Continuing we get the desired result.

To prove b), we use the argument in the proof of Proposition 9.17, (ug,u1)
compactly supported, using instead of (NLW) the equation in Lemma 9.7 with V/
as in Remark 9.9 b), which determines who Ry is. O
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