
CHAPTER 1

Overview

1.1. Introduction

A Shimura variety of orthogonal type arises from the Shimura datum consisting
of the orthogonal group SO(LQ) of a quadratic space LQ of signature (l− 2, 2) and
the set

D := {N ⊆ LR | N oriented negative definite plane}
which has the structure of an Hermitian symmetric domain and can be interpreted
as a conjugacy class of morphisms S = ResCR Gm → SO(LR). For any compact open
subgroup K ⊆ SO(LA(∞)) we can form the Shimura variety

[SO(LQ)\D× SO(LA(∞))/K]
in which we always consider the quotient as an orbifold. It is a smooth manifold for
sufficiently small K, and it always has an algebraic model MK , in general a smooth
Deligne–Mumford stack.1

For simplicity we assume for the moment that there is an integral lattice LZ ⊂
LQ with cyclic discriminant group L∗

Z/LZ of square-free order ε. Let K be the group
of those integral isometries that induce the identity of the discriminant group. It
goes back to Siegel [60] that in this case
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where χ is the associated quadratic character (possibly trivial), Φp is the Hasse
invariant at p, and where the volume is understood w.r.t. to a natural volume form
(highest power of the Chern class of a canonical ample automorphic line bundle).
This volume is in fact an intersection number and should therefore be a rational
number. Inserting the well-known formulas
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we see that the quantity (1.1) is indeed a rational number. It is also (up to a
factor 2) the proportionality factor that occurs in the famous proportionality prin-
ciple of Hirzebruch and Mumford [55] (cf. 2.6.22) applied to this case. For l = 2,

1defined over Q for l > 2
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2 1. OVERVIEW

equation (1.1) is nothing but the classical analytic class number formula for defi-
nite binary quadratic forms. There exist formulas of similar shape for all locally
symmetric spaces (see, e.g., [47] for the case of Chevalley groups). In the special
case considered here MK is, in fact, canonically defined over2 Z[ 12 ]. Therefore, using
Arakelov theory, one obtains an analogous arithmetic ‘volume element’ (the highest
power of the arithmetic Chern class of the same automorphic line bundle). To com-
pute its Arakelov degree, which naturally is called the arithmetic volume of MK , is
the main objective of this book. The result is (in the special case considered here):

(1.2) xvol(MK) ≡ vol(MK)
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modulo rational multiples of log(2) (see B.1.3 for missing definitions).

We observe, of course, an apparent similarity between the formulas (1.1) and
(1.2), and in fact, we have:

vol(MK) = 4λ̃−1(LZ; 0) xvol(MK) ≡ 4 d
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The function λ−1(LZ; s) has, however, an intrinsic and much more general definition
in terms of representation densities. Its study was the main subject of the paper
[26] by the author. Formula (1.2) had been known only in some cases for l ≤ 4,
and was conjectured in some cases for l = 5.

Our proof uses only information from the “Archimedean fibre,” that is, we
do not need explicit computations of local intersection numbers. We generalize
work of Bruinier, Burgos, and Kühn [10] which dealt with the case of Hilbert
modular surfaces. Borcherds’ construction of orthogonal modular forms [2], and a
computation of the integral of their norm [11,35] are used.

2and conjecturally over Z
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The orthogonal Shimura varieties are interesting in particular because they con-
tain special algebraic cycles of arbitrary codimension whose arithmetic, respectively
geometric volumes are conjectured to be encoded as a special value, respectively
derivative of Fourier coefficients of Eisenstein series. This relation, in turn, has deep
arithmetic consequences, including for example the formula of Gross and Zagier [21]
and vast generalizations of it. It is also the key to the calculation of geometric and
arithmetic volumes.

More precisely, these cycles are constructed as follows: For an isometry x : M ↪→
L, where M is positive definite consider the subset

Dx := {N ∈ D | N ⊥ x(M)}
of D. If (K-stable) lattices LZ and MZ or more generally a K-invariant Schwartz
function ϕ ∈ S(M∗

A(∞) ⊗ LA(∞)) is chosen, we define cycles Z(L,M,ϕ;K) on the
Shimura variety by taking the quotient of the union of the Dx over all integral
isometries (respectively all isometries in the support of ϕ in a weighted way). See
Section 3.1 for the precise definition. For singular lattices M analogous cycles
can be defined. Consider a model M(KΔO(L)) of a toroidal compactification of the
Shimura variety (the notation will be explained below). We consider the generating
series

Θm(L,ϕ; τ ) =
∑

Q∈Sym2((Zm)∗)

[Z(L, 〈Q〉, ϕ;K)] exp(2πiQτ)

with values in its algebraic Chow group CHm
(
M
(
K
ΔO(L)

)
C

)
⊗C. Assume now that

M
(
K
ΔO(L)

)
is even defined over Z in a “reasonably canonical” way. Kudla proposes

a definition of arithmetic cycles pZ(L,M,ϕ;K, ν), depending on the imaginary part
ν of τ , too, and also for singular and for indefinite M , such that

pΘm(L,ϕ; τ ) =
∑

Q∈Sym2((Zm)∗)

[pZ(L, 〈Q〉, ϕ;K, ν)] exp(2πiQτ)

should have values in a suitable Arakelov Chow group yCH
m(

M
(
K
ΔO(L)

))
⊗C. He

proposes specific Green’s functions which have singularities at the boundary.
The orthogonal Shimura varieties come equipped with a natural Hermitian

automorphic line bundle Ξ∗E whose metric also has singularities along the bound-
ary. This provides us (via multiplication with a suitable power of its first Chern
class and taking pushforward) with geometric (respectively arithmetic) degree maps
deg : CHp(· · · ) → Z (respectively ydeg : yCH

p
(· · · ) → R). Assuming that an Arakelov

theory can be set up to deal with all different occurring singularities, Kudla conjec-
tures (for the geometric part this goes back to Siegel, Hirzebruch, Zagier, Kudla–
Millson, Borcherds, etc.)3:

(K1) Θm and pΘm are (holomorphic, respectively nonholomorphic) Siegel mod-
ular forms of weight l/2 and genus m.

(K2) deg(Θm) and ydeg(pΘm) are equal to a special value (respectively the special
derivative at the same point) of a normalization of the standard Eisen-
stein series of weight l/2 associated with the Weil representation of L
[26, Section 4].

3If l − r ≤ m + 1, the statement has to be modified. Here r is the Witt-rank of L.
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(K3) Θm1(L,ϕ1; τ1) · Θm2(L,ϕ2; τ2) = Θm1+m2

(
L,ϕ1 ⊕ ϕ2, ( τ1

τ2 )
)

and simi-
larly for pΘ.

(K4) pΘl−1 can be defined with coefficients being zero-cycles on the arithmetic
model, and it satisfies the properties above.

Kudla shows (see [36] for an overview) that this implies almost formally vast gen-
eralizations of the formula of Gross–Zagier [21]. In full generality the conjectures
are known only for Shimura curves [44]. Section 1.3 contains a brief overview on
what is known in other special cases.

(K2) is closedly related to the calculation of geometric and arithmetic volumes
because the cycles in question consist themselves (for sufficiently good reduction)
of models of orthogonal Shimura varieties of smaller dimension.

We are thus able to obtain partial results towards the arithmetic part of (K2)
for all Shimura varieties of orthogonal type. More precisely, we prove the following:

3.5.5. Main Theorem. Let LZ ⊂ LQ be an integral lattice in a quadratic
space of signature (l − 2, 2). Let K be its discriminant kernel. Let D′ be the
product of the primes p such that p2 | D, where D is the discriminant of LZ. We
have

(1) volE
(
M
(
K
ΔO(LZ)

))
= 4λ̃−1(LZ; 0),

(2) xvolE
(
M
(
K
ΔO(LZ)

))
≡ d

ds4λ̃
−1(LZ; s)|s=0 in R2D′ .

Let MZ be a lattice of dimension m with positive definite QM ∈ Sym2(M∗
Q).

Let D′′ be the product of the primes p such that MZp
� M∗

Zp
or M∗

Zp
/MZp

is not
cyclic. Assume

• l −m ≥ 4, or
• l = 4, m = 1, and LQ has Witt rank 1.

Then we have for each κ ∈ Z[(L∗
Z/LZ)⊗M∗

Z ]:
(3) volE

(
Z(LZ,MZ, κ;K)

)
= 4λ̃−1(LZ; s)μ̃(LZ,MZ, κ; 0),

(4) xvolE
(
Z(LZ,MZ, κ;K)

)
≡ d

ds4
(
λ̃−1(LZ; s)μ̃(LZ,MZ, κ; s)

)∣∣
s=0

in R2DD′′.

Here RN is R modulo rational multiples of log(p) for p | N , and the λ̃ and
μ̃ are functions in s ∈ C, given by certain Euler products (3.2.12) associated with
representation densities of LZ and MZ. The function μ̃ appears as the “holomorphic
part” of a Fourier coefficient of the standard Eisenstein series associated with the
Weil representation of L. Moreover K is the discriminant kernel and M(KΔO(LZ)) is
any toroidal compactification of the orthogonal Shimura variety (see below). Finally
E is the integral tautological bundle on the compact dual equipped with an equi-
variant metric on the restriction of its complex fibre to D; the geometric/arithmetic
volumes are computed w.r.t. the associated arithmetic automorphic line bundle
(Definition 2.6.4) Ξ∗E on M(KΔO(LZ)).

In view of the Main Theorem it seems plausible that, if L∗
Z/LZ is cyclic, the

function 4λ̃−1(L; s) is always the correct normalizing factor in (K2).4 This is in ac-
cordance with the observations of Kudla–Rapoport–Yang [42] in the case of Shimura
curves.

4Of course this is only a statement about its first 2 Taylor coefficients.
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For a more detailed introduction to the method of proof, we refer the reader to
Section 1.4. An overview on known results in the direction of the conjectures will
be given in Section 1.3.

In Chapter 2 up to Section 2.5 we recall the functorial theory of

• canonical integral models of toroidal compactifications of mixed Shimura
varieties of Abelian type,

• their arithmetic automorphic vector bundles,

developed in the thesis of the author [25]. This theory, for general Hodge or even
Abelian type, relies on an assumption regarding the stratification of the compacti-
fication (2.5.6) which was recently proven by Madapusi [49] and previously for the
orthogonal Shimura varieties—spin-version—for l ≤ 5 by Lan [46], (the Shimura
varieties are of P.E.L. type in that case). The theory is crucial even for the pre-
cise formulation of our main result mentioned above. The reader is assumed to
be familiar with the theory of rational Shimura varieties as developed by Deligne
[16, 17] and to some extent with Pink’s thesis [58] which extends the theory to the
mixed case and contains the construction of rational canonical models of toroidal
compactifications.

Our models are constructed locally (i.e. over an extension of Z(p)). Input
data for the theory are p-integral mixed Shimura data (abbreviated p-MSD) X =
(PX,DX, hX) consisting of an affine group scheme PX over Spec(Z(p)) of a certain
rigid type (P) (see 2.1.6) and a set DX which comes equipped with a finite cov-
ering hX : DX → Hom(SC, PX,C) onto a certain conjugacy class, subject to some
axioms, which are roughly Pink’s mixed extension [58] of Deligne’s axioms for a
pure Shimura datum. Consider a compact open subgroup K ⊆ PX(A(∞)) of the
form K(p)×PX(Zp) for a compact open subgroup K(p) ⊆ PX(A(∞,p)) (we call those
admissible). For the toroidal compactification a certain rational polyhedral cone
decomposition Δ of a natural conical complex CX associated with X is needed.
We call the collection KX (respectively K

ΔX) extended (compactified) p-integral
mixed Shimura data (abbreviated p-EMSD, respectively p-ECMSD). These form
categories where the morphisms K

ΔX → K′

Δ′ Y are pairs (α, ρ) of a morphism α of
Shimura data and ρ ∈ PY(A(∞,p)) satisfying compatibility conditions with the K’s
and Δ’s. The construction of the models defines a functor M from p-ECMSD to the
category of Deligne–Mumford stacks over reflex rings (above Z(p)). The functor,
base-changed to C and restricted to p-EMSD, becomes naturally isomorphic to the
one given by the construction of the analytic mixed Shimura variety. It is character-
ized uniquely by: Deligne’s canonical model condition; Milne’s extension property
(integral canonicity); a stratification of the boundary into mixed Shimura varieties,
together with boundary isomorphisms of the formal completions along these strata
with similar completions of other (more mixed) Shimura varieties. These boundary
isomorphisms, for the case of the symplectic Shimura varieties, are given by Mum-
ford’s construction [19, Appendix]. There is also a functor M∨ (‘compact’ dual)
from p-MSD to the category of schemes over reflex rings. The duals come equipped
with an action of the group scheme PX, and we have morphisms of Artin stacks

ΞX : M(KΔX) → [M∨(X)/PX,OX
].

Those constitute a pseudonatural transformation of functors, are a model of the
usual construction over C if Δ is trivial, and are compatible with the boundary
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isomorphisms. This is the theory of integral automorphic vector bundles. For more
information on the ‘philosophy’ of these objects in terms of motives see Section 1.5.

In particular this enables us to do the following construction: Let X be, for
simplicity, a pure Shimura datum with reflex field Q, and let E be a PX-equivariant
vector bundle on M∨(X) equipped with a PX,R-equivariant Hermitian metric hE
on its restriction to the image of the Borel embedding hX(DX) ↪→ M∨(X)(C). The
above morphism of stacks and its 2-isomorphism over C with the analytic period
construction allows us to obtain a well-defined Arakelov vector bundle (Ξ∗E ,Ξ∗hE).
The metric Ξ∗hE , however, has (rather mild) singularities along the boundaries of
toroidal compactifications (see below). Without the existence of this canonical
pullback, it would not even make sense to speak of arithmetic volumes.

The remaining sections of Chapter 2 are completely revised with respect to
[25]: In Section 2.6 we define integral Hermitian automorphic vector bundles and
the notions of arithmetic and geometric volume. Furthermore we set up an Arakelov
theory which has enough properties to deal with singularities of the natural Her-
mitian metrics on “fully decomposed” automorphic vector bundles. This uses work
of Burgos, Kramer, and Kühn [14, 15] but the arithmetic Chow groups are defined
using a technically simpler method.

In Sections 2.7 and 2.8 a precise general q-expansion principle is derived from
the abstract properties of Section 2.5.

Chapter 3 is concerned entirely with the theory of orthogonal Shimura vari-
eties: In Section 3.1 the structure of the models of orthogonal Shimura varieties is
investigated and special cycles are defined.

In Section 3.2 we use the general q-expansion principle to prove that Borcherds
products with their natural norm yield integral sections of an appropriate integral
Hermitian line bundle. Among other things the product expansions of Borcherds’
are adelized and their Galois properties investigated.

In Section 3.3 we prove that the bundle of vector valued modular forms for the
Weil representation (which appear as input forms in the construction of Borcherds
products) has a rational structure. Then we use this to construct input forms with
special properties which will be needed later.

In Section 3.4 we relate Borcherds’ theory and Arakelov geometry on the or-
thogonal Shimura varieties. Its main result is an (averaged) arithmetic Siegel–Weil
formula which will be crucial for the proof of the Main Theorem.

In Section 3.5 the Main Theorem is proven. An overview on the proof may be
found in Section 1.4.

In Appendix A additional material on quadratic forms, on “lacunarity of mod-
ular forms,” and on semilinear representations is provided which will be needed
in the proofs in Section 3.5. Appendix B contains a continuation of the calcula-
tion in [26] of the function λ(LZ; s) for the special case of lattices with square-free
discriminant.

Finally, it is a pleasure to thank the Department of Mathematics and Statistics
at McGill University and especially Henri Darmon, Jayce Getz and Eyal Goren,
for providing a very inspiring working environment during the preparation of this
book.
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1.2. A brief introduction to Siegel–Weil theory

1.2.1. Consider two lattices LZ
∼= Zl, and MZ

∼= Zm with integral and pos-
itive definite quadratic forms QL, and QM . It is a classical problem, to which
already Gauss, Euler and in particular Siegel devoted themselves, to determine
the representation number, that is, the number of elements in the set of isometric
embeddings

I(LZ,MZ) = {α : MZ ↪→ LZ | α is an isometry}.
It includes (for m = 1) questions like: “In how many ways can an integer be
represented as a sum of l squares?”.

If MZ = Zm then QM is given by an element in Sym2((Zm)∗
)
. We write 〈Q〉

for the lattice Zm with quadratic form given by Q. The generating series, the theta
series of LZ,

(1.3) Θm(LZ; τ ) =
∑

Q∈Sym2((Zm)∗)

# I(LZ, 〈Q〉) exp(2πiQ · τ ),

(here τ is an element in Siegel’s upper half space Hm ⊂ (Cm ⊗Cm)s, the subset of
elements with positive definite imaginary part) is a Siegel modular form of weight
l/2 for a certain congruence subgroup of Sp′

2m (the symplectic or metaplectic group,
according to the parity of l). For example Θ1(〈1〉; τ ) is just the classical theta
function.

Under some conditions on the dimensions, a certain weighted sum of these
theta functions over all classes L

(i)
Z in the genus L

pZ
is an Eisenstein series (cf. [26,

Section 4] for details):

1.2.2. Theorem (Siegel–Weil). If l > 2m + 2, we have∑
i

ciΘm(L(i)
Z ; τ ) = Em(Φ; τ, s0).

The additional parameter s0 indicates that this Eisenstein series is in fact the
(holomorphic) special value of a nonholomorphic Eisenstein series Em(Φ; τ, s) at
s = s0 := (l−m+1)/2. The Fourier coefficients of the series are given by a product
formula

(1.4) μ(LZ, 〈Q〉; s, y) = μ∞(L, 〈Q〉; s, y)
∏
p

μp(LZp
, 〈Q〉; s).

Here y is the imaginary part of τ—its appearance indicates that this series is non-
holomorphic for general s. At s = 0 the μp are just the p-adic volumes of the
‘spheres’ I(L, 〈Q〉)(Zp), classically called representation densities. For almost all
p, the functions μp are very simple polynomials in p−s (see, e.g., [26, Theorem 8.1]).
Otherwise they may be computed by determining sufficiently many representation
numbers of the congruences modulo pn.

Essentially, the Siegel–Weil formula (1.2.2) is valid, if and only if l > m + 1,
but if l ≤ 2m + 2, the value of the Eisenstein series has to be defined via analytic
continuation in s and the theta function has sometimes to be complemented by
indefinite coefficients.

The mere fact that the representation numbers (in an average over classes)
should be given by a product over local volumes or densities can be explained
easily in the adelic language:
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1.2.3. Let LZ ⊂ LQ now be an integral lattice in an arbitrary quadratic space
(not necessarily definite) and MQ a positive definite quadratic space. Assume l −
m ≥ 3, for simplicity, for the rest of the discussion. On the adelic points SO(LA) of
the special orthogonal group of LQ, there is a canonical measure μ. It is a product
over local measures μν on the various SO(LQν

), constructed by any algebraic volume
form defined over Q [65]. The product μ is independent of the choice of this
form. The volume of SO(LQ)\ SO(LA) which turns out to be finite, is called the
Tamagawa number, and we have

1.2.4. Theorem ([65]). For l ≥ 3
vol
(
SO(LQ)\ SO(LA)

)
= 2.

From this the fact that the representation numbers (in an average over classes)
should be given by a product over local volumes already follows, as we will explain
now (in a slightly broader context):

1.2.5. Let ϕ ∈ S(LA(∞) ⊗M∗
A(∞)) be a Schwartz-Bruhat function (i.e., locally

constant with compact support). Let K =
∏

p Kp be a compact open subgroup
of SO(LA(∞)) which stabilizes ϕ. For example, K could be the stabilizer of the
lattice L

pZ
and ϕ the characteristic function of L

pZ
. Let K∞ be a maximal compact

subgroup of SO(LR). (If L is definite, this will be equal to SO(LR).)
From 1.2.4 we may infer that the volume of the real analytic orbifold

[SO(LQ)\(SO(LA)/K∞K)],
induced by the quotient of μ∞ and some measure on K∞, is:

(1.5) 2
∏
ν

vol−1
ν (Kν).

We have a finite disjoint decomposition

I(L,M)(A(∞)) ∩ supp(ϕ) =
⋃
i

Kαi

If this set is nonempty, we have by Hasse’s principle an α′ ∈ I(L,M)(Q) and
hence gi ∈ SO(LA(∞)) with g−1

i α′ = αi. There is a lattice L
(i)
Z ⊂ LQ satisfying

L
(i)
pZ

= g−1
i L

pZ
. We denote by abuse of notation by α⊥

i the lattice im(α′)⊥ ∩ L
(i)
Z .

We have α⊥
i ⊗ pZ ∼= im(αi)⊥. However, only the genus of α⊥

i is well-defined, but we
will use the notation only for objects which depend only on this genus.

Consider the symmetric space5

D(L) = {maximal negative definite subspaces of LR} = SO(LR)/K∞.

We have an embedding D(α⊥
i )× SO

(
(α⊥

i )A(∞)
)
↪→ D(L)× SO(LA(∞)), given by the

natural inclusion of D(α⊥
i ) ↪→ D(L) and multiplication of the adelic part by gi from

the right.
We form the special cycle Z(L,M,ϕ;K), the following formal sum (with real

coefficients):∑
i

ϕ(αi)
[
SO((α⊥

i )Q)\D(α⊥
i ) × SO

(
(α⊥

i )A(∞)
)/(

giK ∩ SO
(
(α⊥

i )A(∞)
))]

5Caution: This definition differs from the later definition of DO(L) in case that L has signature
(l − 2, 2)
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which we consider, by means of the embeddings above, as a formal sum of real
analytic suborbifolds of [SO(LQ)\D(L) × (SO(LA(∞))/K)]. It does not depend on
the choices made above.

The canonical measures [26, 2.4] on SO(LQ), SO(α⊥
i ) and I(L,M) over any Qν

are related by an orbit equation [26, 5.6]—an equation of the shape:

‘volume of space’ =
∑

orbits

‘volume of group’
‘volume of stabilizer’

,

similar to the corresponding formula for actions of finite groups on sets.
From this and (1.5) above

(1.6) vol(Z(L,M,ϕ;K))
vol(SO(LQ)\D(L)× SO(LA(∞))/K)

= vol(K∞)
vol(K ′

∞)

∫
I(L,M)(A(∞))

ϕ(α)μ(α)

follows immediately. K ′
∞ is any maximal compact subgroup of any of the SO(α⊥

i,R).
We define μ∞(L,M) to be the quantity vol(K∞)/ vol(K ′

∞) (computed w.r.t. the
canonical measures). If L is definite, it is equal to:

vol(I(L,M)(R)) =
l∏

k=l−m+1

2 πk/2

Γ(k/2)
.

Observe that

[SO(LQ)\D(L)× (SO(LA(∞))/K)] =
⋃
j

[(SO(LQ) ∩ gjK)\D(L)],

with respect to a set {gj}j of representatives of SO(LQ)\ SO(LA(∞))/K, i.e., of the
classes of SO(LQ) with respect to the compact open group K. (If K is the stabilizer
of a lattice L

pZ
, this coincides with the classical notion of classes in the genus L

pZ
.)

Similarly, we have

(1.7) Z(L,M,ϕ;K) =
∑
i,k

ϕ(αik)
[(

SO
(
(α⊥

i )Q
)
∩Kgik

)
\D(α⊥

i )
]
,

where {gik}k is a set of representatives of the classes of SO
(
(α⊥

i )Q
)

w.r.t. giK ∩
SO
(
(α⊥

i )A(∞)
)
.

Let now K be the stabilizer of L
pZ

and ϕ the characteristic function. We have
the following easy

1.2.6. Lemma. There is a bijection{
class L

(j)
Z in the genus L

pZ
,

SO(L(j)
Z )-orbit SO(L(j)

Z )α in I(L(j),M)(Z)

}
∼−→
{

SO(L
pZ
)-orbit SO(L

pZ
)α in I(L,M)(pZ),

class in SO(α⊥
Q )\ SO(α⊥

A(∞))/K ∩ SO(α⊥
A(∞))

}
.

We have, of course, a similar statement for any K.
We denote the cycle in this case by Z(LZ,MZ) and it is, according to the lemma

and (1.7), equal to:

Z(LZ,MZ) =
∑
j

∑
SO(L(j)

Z
)α⊂I(L(j),M)(Z)

[(
SO(α⊥

Z ) ∩ SO(L(j)
Z )
)
\D(L)

]
.
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1.2.7. Now, if the form QL is positive definite, the quotient of volumes (1.6)
has an interpretation as a global representation number. For this observe that in
this case

vol
(
SO(LZ)\D(L)

)
= 1

# SO(LZ)
and similarly

vol
(
(SO(α⊥

Z ) ∩ SO(L(j)
Z ))\D(α⊥)

)
= 1

#
(
SO(α⊥

Z ) ∩ SO(L(j)
Z )
) .

Furthermore, we have by the set theoretical orbit equation,
# I(L(j),M)(Z)

# SO(L(j)
Z )

=
∑

SO(L(j)
Z

)α∈I(L(j),M)(Z)

1
#
(
SO(α⊥

Z ) ∩ SO(L(j)
Z )
) .

Hence we get

vol
(
Z(LZ,MZ)

)
vol(SO(LQ)\D(L)× SO(LA(∞))/K)

=
∑

j # I(L(j)
Z ,M)(Z)/#SO(L(j)

Z )∑
j 1/#SO(L(j)

Z )
which is precisely a weighted sum over the representation numbers. Combined with
(1.6), we get Siegel’s formula. The deep part, of course, is hidden in Theorem 1.2.4.

1.2.8. If the quadratic form on L is indefinite, say of signature (p, q), then
these representation numbers do not make sense because there are always infinitely
many isometries. However, equation (1.6) tells us, what the correct analogue in the
indefinite case is: the quotient of volumes

vol
(
Z(L,M,ϕ;K)

)
vol([SO(LQ)\D(L)× (SO(LA(∞))/K)])

.

For every cohomology theory H (in a very broad sense) one might in addition
consider the classes [Z(L, 〈Q〉, ϕ;K)]H of these cycles and define their generating
theta series:

ΘH
m(L,ϕ; τ ) =

∑
Q∈Sym2((Zm)∗)

[Z(L, 〈Q〉, ϕ;K)]H ∪ em−r(Q)
q exp(2πiQ · τ ),

where eq is a certain Euler class, and r(Q) is the rank of Q. One always expects
modularity of this function and a relation to Eisenstein series.

Kudla and Millson [37, 38] have shown (generalizing work of Hirzebruch and
Zagier [24]) that the generating series

ΘB
m(L,ϕ; τ ) =

∑
Q∈Sym2((Zm)∗)

[Z(L, 〈Q〉, ϕ;K)]B ∪ em−r(Q)
q exp(2πiQ · τ ),

with values in the Betti cohomology groups
H(p−m)q([SO(LQ)\D(L)× (SO(LA(∞))/K)],C)

is a modular form. Under certain conditions on l, m and the Witt rank of L, its
‘degree’ is the special value of an Eisenstein series:

〈ΘB
m(L,ϕ; τ ), el−m

q 〉 = voleq([SO(LQ)\D(L)× (SO(LA(∞))/K)])Em(Φ; τ, s0).
The latter equation follows essentially again from the Siegel–Weil formula (in its
full generality) or the Tamagawa number result, respectively. If LQ is anisotropic,
the locally symmetric space is compact and the pairing on the left is the degree of
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the product in cohomology (Poincaré duality pairing). If LQ is isotropic, the locally
symmetric space is noncompact but the expression still makes sense, because the
natural forms defining el−m

q are integrable on the special cycles. For details see [36].
The ΘH

m(L,ϕ; τ )’s are also always expected to satisfy a product relation like:

(1.8) ΘH
m1

(L,ϕ1; τ1) ∪ ΘH
m2

(L,ϕ2; τ2) = ΘH
m1+m2

(
L,ϕ1 ⊗ ϕ2;

(
τ1

τ2

))
.

1.2.9. The above theory is particularly interesting if the signature is (l− 2, 2).
As mentioned in the beginning, the locally symmetric orbifold

[SO(LQ)\D(L)× (SO(LA(∞))/K)]

has, in this case, a complex structure and is associated with an algebraic Deligne–
Mumford stack M

(
KO(L)

)
, a Shimura variety of orthogonal type. In particular,

the special cycles may be considered as algebraic cycles on M(KO(L)) and we have
the following theta function:

ΘCH
m (L,ϕ; τ ) =

∑
Q∈Sym2((Zm)∗)

[Z(L, 〈Q〉, ϕ;K)]CH ∪ c1(Ξ∗E)m−r(Q) exp(2πiQ · τ ),

with values in CHm
(
M(KΔO(L)

)
C
)⊗C, where M

(
K
ΔO(L)

)
is a toroidal compactifi-

cation of M
(
KO(L)

)
.

Ξ∗E is a certain ample (automorphic) line bundle on M
(
K
ΔO(L)

)
. It is equipped

with a Hermitian metric Ξ∗hE (singular along the boundary of the compactifica-
tion), whose associated Chern form is (roughly) e2 above (see 3.2.5). The series is
therefore a ‘lift’ of ΘB

m with respect to the cycle class map.
The only known fact, however, in the direction of modularity in arbitrary

dimensions is the following theorem:

1.2.10. Theorem. For m = 1, 2, ΘCH
m (L,ϕ; τ ) is a modular form of weight

l/2.

This was proven by Borcherds [3] for m = 1, and for m = 2 independently by
Martin Raum and by Bruinier [8] (using results of Wei Zhang).

The theta functions ΘB
m, in this case, do satisfy the relation (1.8) [32]. An

analogue of this for ΘCH
m is not known in general.

1.3. Known results

1.3.1. In this section, some of the recent developments in the direction of
Kudla’s conjectures will be presented with no aim whatsoever towards completeness.

For lattices of small dimensions the associated Shimura varieties are of P.E.L.
type and were already subject to a variety of classical work of Gross, Heegner,
Hilbert, Hirzebruch, Riemann, Shimura, Siegel, Zagier and many others. The cases
are listed in Table 1.1.

Modularity of ΘyCH
m is widely unknown, especially for higher-dimensional vari-

eties with nonempty boundary which requires the use of extended Arakelov theories
like, e.g., defined in Section 2.6. Modularity was obtained so far only for the cases II
and III above—for II, by work of Kudla, Rapoport and Yang [42,43] culminating in
their recent book Modular forms and special cycles on Shimura curves [44]. They
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obtained modularity of ΘyCH
1 and ΘyCH

2 , as well as their relations to the correspond-
ing special derivatives of Eisenstein series of genus 1, respectively 2 and of weight 3

2 .
Also the formula (K3) was established, yielding inner product formulas. This com-
pleted earlier work started by Kudla in the 90s [31, 33, 34] and [40]. We mention
also related work of Liu for higher-dimensional unitary Shimura varieties [48].

To obtain results (at least) about the equality of heights with the ‘nonholomor-
phic’ part of the special derivatives of Eisenstein series, there are in principle two
approaches:

(1) The first approach is by comparison of direct calculations of the finite
intersection numbers of the cycles pZ(L,M,ϕ;K, y) and of the special derivative of
the Eisenstein series, respectively. These lines have been followed predominantly
in the above mentioned work. In these cases, the equality of the ‘nonholomorphic
part’ of the special derivative with the integral of the corresponding Kudla-Millson
Green’s functions has also been verified.

Evidence in higher dimensions had been provided so far only by work of Kudla
and Rapoport, [39] for Hilbert–Blumenthal varieties (V), and [41] for Siegel modular
varieties (VII, VIII). These approaches rely heavily on explicit use of the underlying
moduli problem. In particular, the special cycles are defined algebraically via a
submoduli problem involving additional special endomorphisms.

(2) The second approach which is used in the main part of this book, is an
inductive method, generalized from Burgos, Bruinier and Kühn [10], who investi-
gated a special case of (V) above. However, for cycles of codimension n > 1, it
seems to be restricted to the case of indices QM , where QM has ‘good shape’ at all
primes p considered, at least such that M∗

Zp
/MZp

is at most cyclic (i.e., essentially
the codimension one case). Otherwise it seems to require at least as much knowl-
edge about bad reduction as a direct computation of finite intersection numbers in
the first approach requires.

This method has, however, the advantage of giving results in arbitrary dimen-
sion, even for non-P.E.L. type Shimura varieties, and with boundary, too—cases
which only recently seem to come within reach of the first method. It uses modular
forms on these Shimura varieties, constructed by Borcherds [2] by purely analytic
means, using ideas from physics. They have a divisor consisting precisely of the
codimension one cycles Z(L, 〈q〉, ϕ;K) and have integral Fourier coefficients. A
computation of the integral of their norm is needed. This was accomplished before
independently by Kudla [35] and by Bruinier and Kühn [11].

Table 1.1

signature Witt rk. classical name
I (0,2) 0 Heegner points (compact)

II (1,2) 0 Shimura curves (compact)
III (1,2) 1 modular curve (moduli space of elliptic curves)
IV (2,2) 0 Shimura surfaces (compact)
V (2,2) 1 Hilbert–Blumenthal varieties

VI (2,2) 2 product of modular curves
VII (3,2) 1 twisted Siegel modular threefolds

VIII (3,2) 2 Siegel modular threefold
(moduli space of Abelian surfaces)
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In this book, using the second approach, we compute the respective arithmetic
volumes for all Shimura varieties of orthogonal type and all cycles Z(L,M,ϕ;K)
on them, but only up to contributions (multiples of log(p)) from primes p, where
the above requirement of ‘good shape’ is violated and up to contributions from
p = 2, due to the still incomplete theory of good reduction of integral models of
Shimura varieties of non-P.E.L. type. In case m = 1 (codimension 1) the heights of
the special cycles can be computed for all M = 〈q〉, q > 0 only up to contributions
from bad reduction of the surrounding Shimura variety.

For the modular curve, Yang [66] verified the modularity of ΘyCH
1 and the iden-

tity of 〈ΘyCH
1 , ĉ1(Ξ∗E)〉 with the special derivative of an Eisenstein series, using

Chow groups of an extended Arakelov theory as in [14,15] which, however, for the
case needed here (arithmetic surfaces) had already been constructed long before
by Kühn [45] and by Bost [4], independently. It should be mentioned that the
equality of deg(ΘB

1 ) with the special value of the same Eisenstein series in this case
is more difficult because the modular curve is, in a sense, an extremal case. One
has to introduce also negative, nonholomorphic Fourier coefficients. The positive
ones here are given by the class numbers of binary quadratic forms (the Z(LZ, 〈q〉Z)
consist of special points in this case). This special value of the Eisenstein series
which is accordingly also nonholomorphic, is Zagier’s famous Eisenstein series [67]
of weight 3

2 . The other conjectures have not been verified so far in this special case,
but Bruinier and Yang succeeded in obtaining the formula of Gross and Zagier and
generalizations directly, also using Borcherds products [12].

1.4. An overview on the proof

1.4.1. Let LZ ⊂ LQ be a lattice of signature (l − 2, 2) and let D be the dis-
criminant of LZ. Let K ⊆ SO(LA(∞)) be its discriminant kernel. Let M(KO(LZ))
be a global canonical model of the Shimura variety

[SO(LQ)\DO(L) × SO(A(∞))/K].

We want to prove the assertion

(1.9) xvol
(
M
(
KO(LZ)

))
≡ 4 d

ds
λ̃−1(LZ; s)

∣∣∣∣
s=0

(up to some contributions of the form Q log(p), but with control over these primes!).
To illuminate the main ideas we ignore here completely the issue of compactification.
This is legitimate insofar as the arithmetic volume will be shown to be independent
of the choice of toroidal compsactification. The idea is to prove (1.9) first up to
rational multiples of log(p), where p is either 2 or such that the Shimura variety
has bad reduction there, i.e., for p | 2D. This will be done by induction on l, the
dimension of L, using codimension 1 cycles. We are immediately reduced (using
(1.11) below) to show for each prime p � 2D the statement

(1.10) xvol
(
M
(
KO(LZ)

))
≡ vol

(
M
(
KO(LZ)

))
· d log λ̃−1(LZ; s)

ds

∣∣∣∣
s=0

up to rational multiples of log(q) for all primes q �= p. Here we gain the flexibility
of taking any K of the form SO(LZp

)K(p), where K(p) ⊂ SO(LA(∞,p)) is arbitrary,
and to work with the local canonical model of the Shimura variety over Z(p). In
certain cases (e.g., if L∗

Z/LZ is cyclic), we will be able to show (1.9) a posteriori
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merely up to Q log(2), where M
(
KO(LZ)

)
has to be interpreted as a model induced

by an embedding into a nonsingular M
(
K′O(L′

Z)
)

for bigger L′. It seems that, at
least if L∗

Z/LZ is cyclic of square-free order, such a model is still canonical at all
p �= 2 in a way similiar to our notion of canonical for p of good reduction.

We will reprove along the way also the statement:

(1.11) vol
(
M
(
KO(LZ)

))
= 4λ̃−1(LZ; 0)

where K is the discriminant kernel.

1.4.2. Let q ∈ Q, q > 0 be given such that |q|p = 1. Let κ be (the char-
acteristic function of) a coset in L∗

pZ
/L

pZ
and assume that K fixes κ, e.g., let it be

contained in the discriminant kernel. First we observe that, by definition, the arith-
metic/geometric volume of the special cycle Z(L, 〈q〉, κ;K) (here understood to be
the Zariski closure of those defined in the introduction, see 3.1.7 for the precise
definition) is

vol
(
Z(L, 〈q〉, κ;K)

)
=

∑
Kα⊂I(L,〈q〉)(A(∞))∩κ

vol
(
M(KαO(α⊥

Z )
))

(1.12)

xvol
(
Z(L, 〈q〉, κ;K)

)
=

∑
Kα⊂I(L,〈q〉)(A(∞))∩κ

xvol
(
M(KαO(α⊥

Z )
))

(1.13)

ignoring the problem of compactifications here for simplicity. The sums run over
K-orbits in the adelic sphere I(L, 〈q〉)(A(∞)) of radius q, more precisely, over those
lying in κ. In other words, the decomposition of the special cycles into sub-Shimura
varieties is governed by these orbits. We have furthermore:

(1.14) λ−1(LZ; s)μ(LZ, 〈q〉, κ; s) =
∑

Kα⊂I(L,〈q〉)(A(∞))∩κ

λ−1(α⊥; s)

by [26, Theorem 5.10]. Here μ(LZ, 〈q〉, κ; s) is (part of) the qth Fourier coefficient
of the Eisenstein series of genus 1 associated with the Weil representation of L,
cf. [26, 10.2, Equation (18)].

1.4.3. Taking the value of (1.14) at s = 0 and inserting (1.11), we get for K,
respectively Kα being the respective discriminant kernels:

vol
(
M
(
KO(LZ)

))
μ̃(LZ, 〈q〉, κ; 0) =

∑
αK⊂I(L,〈q〉)(A(∞))∩κ

vol
(
M
(
KαO(α⊥

Z )
))

= vol
(
Z(L, 〈q〉, κ;K)

)
.

(1.15)

This is just a version of the Siegel–Weil formula for the indefinite case and can
be seen directly in several ways. For example, using Borcherds theory, see 1.4.5
below, or using the original version of the Siegel–Weil formula and Kudla–Millson
theory. Hence equation (1.11) is true for M(KO(LZ)) if and only if it is true for all
M(KαO(α⊥

Z )). The result follows by induction.

1.4.4. Taking the derivative of (1.14)

d
ds

λ−1(LZ; s)μ(LZ, 〈q〉, κ; s) + λ−1(LZ; s) d
ds

μ(LZ, 〈q〉, κ; s)

=
∑

αK⊂I(L,〈q〉)(A(∞))∩κ

d
ds

λ−1(α⊥
Z ; s)
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at s = 0 (which remains true [26, Theorem 10.5] up to Q log(q) for primes q �= p, if
we replace λ by λ̃ and μ by μ̃) and inserting (1.10), we get:

(1.16) xvol
(
M
(
KO(LZ)

))
μ̃(LZ, 〈q〉, κ; 0)

+ vol
(
M
(
KO(LZ)

)) d
ds

μ̃(LZ, 〈q〉, κ; s)
∣∣∣∣
s=0

=
∑

Kα⊂I(L,〈q〉)(A(∞))∩κ

xvol
(
M
(
KαO(α⊥

Z )
))

= xvol
(
Z(L, 〈q〉, κ;K)

)
.

As soon as we are able to show this relation directly, too, we get that (1.10) holds for
M
(
KO(LZ)

)
if and only if it holds for all M

(
KαO(α⊥

Z )
)
. Again, the result follows

by induction.
To show (1.16) is the main step of the proof. In fact a certain average of it

(cf. Theorem 3.4.2) will be sufficient. In its proof Borcherds’ theory enters.

1.4.5. Recall from [2] that a Borcherds product is a meromorphic modular
form F on M

(
KO(LZ)

)
C

having singularities precisely at the (codimension m = 1)
special cycles. It is a multiplicative lift of an integral vector valued modular form f
of weight 1− l/2, holomorphic in H, and meromorphic in the cusp i∞ for the Weil
representation of Sp′

2(Z) restricted to C[L∗
Z/LZ]. Here Sp′

2(Z) is Sp2(Z) = SL2(Z)
if l is even and Mp2(Z) if l is odd. Such an f has a Fourier expansion

f =
∑

k∈Q�−∞

akq
k,

where only ak‘s with k having bounded denominator actually occur and ak ∈
Z[L∗

Z/LZ]. The divisor of F (on the uncompactified Shimura variety) is given by∑
k<0 Z(LZ, 〈−k〉, ak;K) and its weight is equal to a0(0). Assume for the moment

(for simplicity) that an f can be found such that ak = 0 for k < 0 except a−q = κ
for some q > 0.

Using the corresponding meromorphic function F , Theorem 3.4.2 precisely gives
relation (1.15), by an argument involving Serre duality already used by Borcherds
[3] to show modularity of the Chow-group-valued theta function. However, we
obtain relation (1.16), too, by a calculation in Arakelov theory, using a calculation
of the integral of the Hermitian norm of F . This however requires the solution of
additional problems:

(1) Need to prove that F is an integral and ‘monic’ modular form. This fol-
lows from an application of the q-expansion principle to Borcherds’ famous product
expansion of F . This implies that also its arithmetic divisor (away from the bound-
ary) is precisely

∑
k<0 Z(LZ, 〈−k〉, ak;K), i.e., that no vertical components occur.

(2) Need to show that the boundary divisor of F does not contribute. This
requires rather hard estimates on the occurring Green’s functions.
Another issue concerns the induction process itself. Since many of the low-di-
mensional orthogonal Shimura varieties are compact, the here described method
(q-expansion principle) cannot be used for them. Hence we start with the modular
curve (the variety associated with a lattice of dimension 3 and Witt rank 1) and
then for lattices of dimension ≥ 4 ensure that all components in the divisor of F
have good reduction at p and are not compact. This yields the result for all non-
compact orthogonal Shimura varieties. The compact case is obtained by exploiting
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the opposite implication of 1.4.4. Consequently, we need to design modular forms f
prescribing their negative Fourier coefficients to some extent. This involves showing
that the space of input forms f has a rational structure, and Serre duality like ar-
guments to reduce to showing that modular forms with sparsely occurring Fourier
coefficients (lacunary modular forms) vanish. This idea of designing appropriate f
appears in principle already in [10].

In the same way, exploiting the opposite implication of 1.4.4, we finally also
get equation (1.9) only up to contributions of the form Q log(2) for an ample class
of orthogonal Shimura varieties.

1.5. The philosophy of Shimura varieties

1.5.1. Even to define an intrinsic notion of arithmetic volume for an orthogonal
Shimura varieties in higher dimensions, canonical integral models are necessary.
To apply Arakelov theoretical methods in a reasonable way, the models have to
be compactified, too. The arithmetic special cycles pZ (good reduction case) on
them are built from models of this kind themselves. Furthermore the Hermitian
line bundle Ξ∗(E , h), involved in the definition of the arithmetic theta function and
used to compute the ‘degree’ of this function, has to be defined as a ‘canonical
integral model’ of an automorphic line bundle. In addition, to be able to work
with Borcherds products as sections of them, one needs a ‘q-expansion principle’ to
establish its integrality. The best and broadest context for all of these considerations
is a fully functorial theory of canonical integral models of toroidal compactifications
of mixed Shimura varieties, of the standard principal bundle on them, and of their
‘compact’ dual.

Consider a p-integral mixed Shimura datum X = (PX,DX, hX), where: PX
is a group scheme PX over Z(p) of a certain rigid type which we will call type
(P) (see Section 2.1); DX is a generalized Hermitian symmetric space (a principal
PX(R)UX(C)-space, where UX is a certain subgroup of the unipotent radical of PX);
hX : D → Hom(SC, PX,C) is an equivariant morphism. The data is subject to the
condition roughly that (PX,Q,DX, hX) satisfy Pink’s axioms for a mixed Shimura
datum [58].

To understand why analytic locally symmetric varieties (or orbifolds) of the
form

[PX(Q)\DX × (PX(A(∞))/K)]
should have canonical algebraic models defined over number fields (or even rings
of integers) at all, and where this structure is supposed to come from, one should
bear in mind the following philosophy:

Let LZ(p) be free Z(p)-module of finite rank with a faithful representation (closed
embedding) ρ : PX → GL(LZ(p)), fixing some weight filtration {Wi}, Wi ⊂ LZ(p)

and polarization. There is always a finite set of tensors v1, . . . , vn, vi ∈ L⊗
Z(p)

such that the image of ρ (in the stabilizer of the weight filtration in the similitude
group of the polarization form) is precisely the stabilizer of these tensors. The
complex manifold DX can be seen as an open PX(R)UX(C)-orbit in the parameter
space of (polarized) mixed Hodge structures (w.r.t. the filtration {Wi}) on LC,
having the property that all vi lie in (L⊗)(0,0). Furthermore there is a category
(groupoid) of families of mixed Hodge structures on arbitrary local systems over a
base analytic space B. It is convenient to take local systems of Q-vector spaces and
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equip the families with a K-level structure (for a compact open K ⊂ PX(A(∞))).
This groupoid is denoted by [

B-KX-L-loc-mhs
]
.

In fact, these groupoids (with varying B) form a category fibered in groupoids
which is an analytic orbifold represented by the quotient

[PX(Q)\DX × (PX(A(∞))/K)]

i.e., the analytic mixed Shimura variety associated with X.
If the group PX and DX form a p-integral Shimura datum (2.2.3) one ex-

pects that over any base scheme S over O (a reflex ring of X) there is a category
(groupoid) of mixed motives [

S-X-L-mot
]

which should (very roughly) be seen as the category of those polarized mixed mo-
tives M of fixed weight filtration type with morphisms v′i : Z(0) → M⊗ which have
the following property: etale locally, there is an isomophism (respecting weight fil-
tration and polarization) of some realization (Het or HdR, say) with L that maps
H(v′i) to vi for every i. This will be made precise for certain Shimura data and
certain associated standard representations—corresponding to 1-motives—in Sec-
tion 2.7. It can be made precise for all ‘P.E.L. situations’ (pure weight 1 and all vi
endomorphisms) and we refer to [30] or [46] for this. For Hodge-type Shimura data,
the truth of the Hodge conjecture would as well allow to pose a moduli problem
involving the existence of certain algebraic cycles.

Furthermore, one expects (functorial) maps

(1.17)
[
S-KX-L-mot

]
→
[
San-KX-L-loc-mhs

]
,

if S is of finite type over C, which are equivalences for S = Spec(C). Here, on
the left hand side, we consider now motives up to Z(p)-isogeny with a K(p)-level
structure (on the etale realization in A(∞,p)-vector spaces), too. (Assume that K
is admissible, i.e., of the form PX(Zp)×K(p), in particular, hyperspecial.)[

S-KX-L-mot
]

should be (represented by) an algebraic smooth Deligne–
Mumford stack M(KX) over Spec(O), which would be a model of the analytic
Shimura variety because (1.17) is an equivalence for S = Spec(C).

It is also important to look at the categories of motives, like above, equipped
with a trivialization of Het (with values in A(∞,p) vector spaces, say), HdR, and, in
the analytic setting, of HB—in each case respecting the PX-structure (given by the
tensors, polarization and weight filtration). These groupoids should be represented
by . . .

• in the etale case:

(1.18) Mp(X) := lim←−
K ⊂ PX(A(∞)) admissible

M(KX),

• in the de Rham case:

(1.19) P(K(1)X),

which is a right PX-torsor on M(K(1)X), called the standard principal
bundle,



18 1. OVERVIEW

• in the Betti case:
(1.20) DX

itself, as mentioned above.
Analytic comparison isomorphisms should give embeddings DX ↪→ (Mp(X)C)an

and DX ↪→ (P(K(1)X)C)an. An equivariant embedding DX ↪→ (P(K(1)X)C)an trivi-
alizes P(K(1)X)anC locally up to translation by PX(Z). The image of a point under
this trivialization followed by ρ would be precisely a period matrix of the corre-
sponding motive. The standard principal bundle therefore is sometimes also called
‘period torsor’ because it encodes (when the above philosophy can be realized)
relations between periods.

The main point, which makes it possible to approach the theory of these models
without having an appropriate theory of mixed motives, is that all objects M(KX),
P(KX), DX, etc. should be independent of the representation ρ. Moreover, it is
possible to characterize models intrinsically, which we call canonical. These should
always represent the corresponding moduli problem, if an appropriate one in terms
of motives can be posed. The intrinsic characterization of the models is as follows:

(1) DX is seen as a certain conjugacy class of morphisms in Hom(SC, PX,C)
(defined over R modulo UX(C), a part of the unipotent radical). If a representa-
tion ρ is chosen, composition with it yields morphisms SC → GL(LC) which are
splittings for the corresponding mixed Hodge structures. In particular, this deter-
mines already an intrinsic complex analytic structure (via Borel embedding) of the
Shimura variety.

(2) The characterization of the projective limit of the rational models M(KX)E
is reduced, requiring functoriality in Shimura data, to the case where PX is a torus
and accordingly the analytic Shimura variety is 0-dimensional. The characterization
in that case is in terms of class field theory and is motivated by the theory of complex
multiplication of Abelian varieties. This marvelous idea is due to Deligne [16, 17]
and was extended to the mixed case by Pink [58]. The characterization of the
integral model M(KX) itself is as follows. One requires the limit Mp(X) to satisfy
an extension property very similar to the Neron property6. This idea appears first
in [50, 51].

(3) The characterization of P(KX) can be reduced via functoriality, at least
for a wide class of (mixed) Shimura data, to the case of the symplectic Shimura
data, where a moduli problem in terms of 1-motives is available. It is then possible
to show independence of an embedding into a symplectic Shimura datum directly.
The author does not know of a better characterization which works in the integral
case, too.

If a faithful representation ρ : PX ↪→ GL(LZ(p)) is given, the objects (1.18)–
(1.20) yield an l-adic sheaf (for every l �= p), a vector bundle with connection, and
a local system (in the analytic case), respectively, on the Shimura variety. Whenever
it is possible to precise the moduli problem determined by this representation, these
objects should be equal to the corresponding realizations of the universal mixed
motive.

However, it should be possible to recover the filtration steps of the de Rham
bundle and tensor constructions of them, too. This is seen as follows: If a moduli
problem exists and P(KX) represents motives together with a trivialization of the

6in fact this is the Neron property for the first step in an unipotent extension
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de Rham realization, the filtration on the realization yields a filtration on LS ,
compatible with the PX-structure (determined by the tensors, polarization and
weight filtration). Filtrations of this type on LS with varying S are represented
by a quasi-projective (projective, if X is pure) variety M∨(X), called the ‘compact’
dual. It is defined over O and independent of ρ, too. Hence we get a PX-equivariant
morphism P(KX) → M∨(X), or, in other words, a morphism of Artin stacks
(1.21) Ξ: M(KX) → [M∨(X)/PX].

This allows to associate with every PX-bundle E on M∨(X) a bundle Ξ∗E on
M(KX) called an (integral) automorphic vector bundle. (In particular this holds
for the bundles in the universal filtration associated with ρ.) The integral structure,
however, is of course not pinned down by considering Ξ∗E as an abstract sheaf. The
analytic comparison isomorphism, however, allows to compare this map with the
Borel embedding

DX ↪→ M∨(X)(C).
Therefore, if EC|DX

is equipped with a PX(R)UX(C)-invariant Hermitian metric h,
we may define Ξ∗(E , h) (by slight abuse of notation). It is a well-defined Hermitian
arithmetic vector bundle on M(KX).

For many purposes, in particular for the main purpose of this book, this is not
sufficient because M(KX) is not proper. Desirable are toroidal compactifications
M(KΔX), depending on a rational polyhedral cone decomposition Δ of the conical
complex CX associated with X. Furthermore, an extension P(KΔX) of P(KX), or
equivalently of the morphism (1.21), is needed to extend automorphic vector bun-
dles. This would yield proper varieties and Hermitian automorphic vector bundles
Ξ∗(E , h) on them. It turns out that there is only one meaningful way to extend
P(KX), forced by the structure of Abelian unipotent extension as a torus torsor.
In fact, this structure trivializes the standard principal bundle along this unipo-
tent fibre and since the compactification along the unipotent fibre is defined by
a torus embedding of the corresponding torus, the trivialization defines a ‘trivial’
extension of the bundle. This pins down the extensions in general, if one requires
functoriality with respect to boundary maps (which are, in the algebraic setting,
maps between formal completions). This functoriality also yields a ‘q-expansion
principle’ for integral automorphic forms.

The extension of P(KX) determines canonical extensions of all automorphic
vector bundles. In the rational case these are the same as described before by
Mumford [55] (for fully decomposed bundles) and Deligne (for local systems).

The corresponding theory, developed in Part I of the thesis of the author [25],
is presented in Sections 2.1–2.5.


