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Q(Y ), partial inverse, 117

A, Wiener algebra, 96

E , restriction of E to quasiperiodic
profiles, 307

Eα(ξ), spectral projection for αth sheet,
95

E, 267–275

E, projection onto kernel for
trigonometric series, 306

F , Fourier transform, 45

Hs(Rd), Sobolev space, 46

Hs
ε , ε∂ Sobolev space, 278–282

Hs(y), local Sobolev space, 134

Hs(y, η), microlocal Sobolev space, 137

Lq
tL

r
x, Strichartz norms, 111

Op(σ, ∂x), order σ differential
operators, 50

PCk, piecewise smooth functions, 11

Q, restriction of Q to quasiperiodic
profiles, 307

Q(y), partial inverse of L1(y, dφ(y)),
155

Q(α), partial inverse of L1(α), 306

Q, partial inverse for trigonometric
series, 307

Sm(Ω× RN ), classical symbols, 181

WF , wavefront set, 139

WFs, H
s wavefront set, 137

xξ, 19

π(y, η), spectral projection on
kerL1(y, η), 71

σ-admissible, for Strichartz inequality,
112

Ωt, 271

Ω(t), 271

bicharacteristic

and Hamilton-Jacobi theory, 210

and propagation of singularities,
188–195

and stabilization, 201–205

and transport, 151, 165–166

Borel’s theorem, 128, 151, 229, 270, 313

boundary layer, xv

breakdown/blow up, 224–227, 237–238,
325, 330

Brenner’s theorem, xii, 12, 102–104

Burgers’ equation

breakdown, 237

dependence on initial data, 241

Liouville’s theorem, 238

method of characteristics, 237

time of nonlinear interaction, 303

Cauchy problem, xiv

fully nonlinear scalar, 206–214

linear, 43–90

nonlinear, 215–257

quasilinear, 230–242

small data, 242–246

subcritical, 246–257

characteristic curves, 2, 13

and breakdown, 237–238

and finite speed, 58–59

fully nonlinear scalar, 206–214

method of, 2–16
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characteristic polynomial, 65
Euler’s equations, 334
Maxwell’s equations, 67, 72

characteristic variety, 65, 163
curved and flat, 95

commutator, 8, 233–235, 281–282
E, 271

computer approximations, xv, xvii, 166
conservation of charge, 44
constant rank hypothesis, 154–155
continuity equation, 44
controlability, xviii, 195
corrector, 26, 126, 310
curved sheets, of characteristic variety,

95

D’Alembert’s formula, 3, 13, 253
diffractive geometric optics, xii, 25
dimensional analysis, 221
dispersion, 92, 111

dispersive behavior, 91–117, 149
relation, 14, 23, 34, 36, 78, 92

Schrödinger equation, 150
dispersive geometric optics, xii, xvii,

261
domains of influence and determinacy,

58–59, 70–71
Duhamel’s formula, 57

eikonal equation
and constant rank hypothesis, 178
and Lax parametrix, 177
and three wave interaction, 292–294
for nonlinear geometric optics, 266
Hamilton-Jacobi theory for, 206–214
Schrödinger equation, 150–151
simple examples, 152–155

elliptic operator, xiv, 79
elliptic regularity theorem, 132–140

elliptic case, 6
microlocal, 136–140

emission, 79–83
energy

conservation of, 13, 14, 45, 147,
169–177, 246

method, 29–30, 36–38
energy, conservation of, 78
Euler equations

compressible inviscid, 310
dense oscillations for, 333–350

Fermat’s principle of least time, xvi
finite speed, xiv, 10, 29, 38, 58–83

for semilinear equations, 224
speed of sound, 341

flat parts, of characteristic variety, 95
Fourier integral operator, xii, 177,

180–188
Fourier transform, definition, 45
frequency conversion, 302
fundamental solution, 13–15, 20

geometric optics, xi, xv, xvi
cautionary example, 27
elliptic, 123–132
from solution by Fourier transform,

20–27
linear hyperbolic, 141–177
nonlinear multiphase, 291–350
nonlinear one phase, 259, 277–289,

310
physical, 1, 16
second order scalar, 143–149

Gronwall’s Lemma, 50
group velocity, 34, 36

and decay for maximally dispersive
systems, 111

and Hamilton-Jacobi theory, 210
and nonstationary phase, 16–20
and smooth variety hypothesis, 163
conormal to characteristic variety,

71–78
for anisotropic wave equation, 27
for curved sheets of characteristic

variety, 100
for D’Alembert’s equation, 23
for scalar second order equations,

145–149
for Schrödinger’s equation, 149

Guoy shift, 173

Haar’s inequality, 7–12
Hamilton–Jacobi theory

for hyperbolic problems, 152–155
Schrödinger equation, 150–151

Hamilton-Jacobi theory, 206–214
harmonics, generation of, xviii, 260–263
homogeneous Sobolev norm, 112
hyperbolic

constant coefficient, 84–89
constant multiplicity, 89, 178
strictly, xiv, 6, 89

second order, 146
symmetric, 44–58, 88, 151–195

definition constant coefficients, 45
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definition variable coefficient, 47

images, method of, 30–33
inequality of stationary phase, 106
influence curve, 79–83
integration by parts, justification, 61
inviscid compressible fluid dynamics, xv

Keller’s blowup theorem, 249
Klein–Gordon equation, 14, 19, 73, 78,

146, 246–257
Kreiss matrix theorem, xii, 88

lagrangian manifold, 213
Lax parametrix, 177–195
Liouville

Liouville number, 312
Liouville’s theorem, 238, 311

Littlewood–Paley decomposition, 109,
115, 222, 254

maximally dispersive, 92, 104, 242–246
Maxwell’s equations, xiv

characteristic variety, 67
circular and elliptical polarization, 73
eikonal equation, 154
introduction, 44–46
plane waves, 72
propagation cone, 68
rotation of polarization, 288–289
self phase modulation, 287–288

microlocal
analysis, xi, xviii
elliptic regularity theorem, xviii,

136–140
propagation of singularities theorem,

177–195
applied to stabilization, 195–205

Moser’s inequality, 224, 325
Hs

ε , 284

nondegenerate phase, 182
nondispersive, 99
nonstationary phase, xii

and Fourier integral operators,
180–188

and group velocity, 16–20
and resonance, 293, 324
and the stationary phase inequality,

121–122

observability, xviii
operator

pseudodifferential, xii, 136, 186

transposed, 134

oscillations

creation of, 310

homogeneous, 302, 336–338

oscillatory integrals, 180–188

partial inverse

for a single phase, 155

multiphase

on quasiperiodic profiles, 307

on trigonometric series, 306

of a matrix, 117

perturbation theory, 239

for semisimple eigenvalues, 117–119,
164

generation of harmonics, 262–263

quasilinear, 239

semilinear, 227–230

small oscillations, 259–262

phase velocities, 74, 145

piecewise smooth

definition d = 1, 10

function, wavefront set of, 140

solutions for refraction, 38

solutions in d = 1, 11

plane wave, 17, 142–143

polarization

in nonlinear geometric optics, 268

linear, circular, and elliptical, 73

of plane waves, 72

rotation of axis, xviii, 288

polyhomogeneous, 182

prinicipal symbol, 64

profile equations

quasilinear, 302–314

semilinear, 265–275, 314–315

projection (a.k.a. averaging) operator
E, 267–275

propagation cone, 64–71, 75

propagation of singularities, xviii, 1

d = 1 and characteristics, 10–11

d = 1 and progressing waves, 12–16

using Fourier integral operators,
177–195

pulse, see wave

purely dispersive, 99–100

quasiclassical limit of quantum
mechanics, xvii, 149–151, 160–161,
278
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ray cone, 77, 78
ray tracing algorithms, 166
rays, 144–145

and conormal waves, xviii
spread of, 25
transport along, 2, 23, 161–177,

285–289
tube of, 26, 34, 100, 147, 148, 288

rectilinear propagation, xvi, 20–27
reflection

coefficient of, 32, 35, 36
law of, xvi, 28
operator, 30
total, 42

refraction, Snell’s law, xvi, 36–42
resonance, xviii

collinear, 341
examples of, 291–302, 317–332
introduction to, 291–294
quadratic, definition, 341
quasilinear, 302–314, 327–332
relation, 292
relations for Euler equations, 341–342
semilinear, 291–302, 314–315,

321–327
Römer, xvi

Schauder’s lemma, 217–222
Schrödinger’s equation, 149–151
self phase modulation, 287, 288
semiclassical limit of quantum

mechanics, 278
semisimple eigenvalue, 117
short wavelength asymptotic analysis,

xvi
singularities

(microlocal) of piecewise smooth
functions, 140

and the method of characteristics,
10–11

for progressing waves, 12–16
propagation for piecewise smooth

waves, 10–11, 194
propagation global in time, 192–195
propagation local in time, 188–191
propagation of, xiv, xviii
propagation of and stabilization,

195–205
slowly varying envelope approximation,

287
small divisor, 310–313

hypothesis, 312, 318

for Euler equations, 339

smooth characteristic variety
hypothesis, 163–178, 286–289

smooth points, of the characteristic
variety, 76–78

Snell’s law, see refraction

Sobolev embedding, 216, 220

space like, 146

spectral projection, 117

spectrum

of a periodic function, 309

of F (V ), 315

of principal profile, 309

stability

Hadamard’s notion of, 43

theorem, quasilinear, 314

theorem, semilinear, 283

stationary phase, 210

stationary phase inequality, 120–122

stationary point, nondegenerate, 120

stratification theorem, 76, 94, 99

Strichartz inequalities, xii, 111–117,
251–257

three wave interaction

infinite system, 337

ode, 298–302, 330–332, 336

pde, 294–298, 322–327

resonance of order three, 341

time of nonlinear interaction

quasilinear, 303

semilinear, 262

time-like, 146

cone, 64–71

transport equation, 144, 146

wave

acoustic, xiv, 341

conormal, xviii, 16, 194

plane, 14, 33–34, 71–79, 150

progressing, 12–16

shock, xv, 12

short pulse, xvi

spherical, 32, 171–173

vorticity, 341

wave packet, xiv, 1, 22–28, 34–36, 142

wave train, 1, 291

wave number, good and bad, 93–96

wavefront set, 136–140, 186–195,
201–204

Wiener algebra, 96
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WKB
from Euler’s method, 123–127
from iterative improvement, 125–127
from perturbation theory, 131–132
from solution by Fourier transform,

20–27

Young measure, 293


