Chapter 1

Some Background
and Preliminaries

In that it is an attempt to model mathematically a phenomenon that may
or may not actually exist, probability theory is a rather peculiar subject.
If two people play a game of dice and one of them repeatedly wins, is the
explanation that the winner is “a chosen of the gods” or is there something
more that can be said? Until the late Middle Ages, most of the Westerners
who gave it any thought interpreted luck as a manifestation of an individ-
ual’s standing with whatever divinity or divinities were in vogue. Since
other inexplicable phenomena were also assumed to have divine origins, this
interpretation was reasonable. On the other hand, like the biblical account
of the origins of life, attributing luck to divine sources leaves little room for
further analysis. Indeed, it is a prerogative of any self-respecting deity to be
inscrutable, and therefore one is rude, if not sinful, to subject the motives
of one’s deity to detailed analysis.

Simply abandoning a divine explanation of luck does not solve the prob-
lem but only opens it to further inquiry. For instance, if one believes that
all experience is a corollary of “the laws of nature,” then there is no such
thing as luck. One person wins more often than the other because “the laws
of nature” dictate that outcome. From this hyper-rational perspective, the
concept of luck is a cop-out: a crutch that need never be used if one is suf-
ficiently diligent in one’s application of “the laws of nature.” Although its
origins may be strictly rational, this reason for denying the existence of luck
does little to advance one’s understanding of many phenomena. Even if one
accepts Newton’s laws of motion as sacrosanct, it is unlikely that one will
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ever to able to solve his equations of motion for Avogadro’s number of par-
ticles, and, if one could, there is considerable doubt that one would be able
to extract useful information from the solution. Thus, replacing a divine
with a mechanistic explanation of luck only substitutes one imponderable
by another.

In the 17th century, a few Europeans introduced a wholly new way of
thinking about [uck. Even the idea of thinking about [uck instead of just
accepting it as a phenomenon incapable of analysis requires an entirely new
mindset. Spurred by questions posed by Chevalier de Méré (a nobleman
with a more than passing interest in gambling), Blaise Pascal (of triangu-
lar fame) and Pierre de Fermat (of conjectural fame) began formulating a
mathematical model which can be seen as the origins of what we now call the
theory of probability. Loosely speaking, their thinking was based on the idea
that, even if one cannot predict the particular outcome of something like a
game of chance, one nonetheless knows all the possible outcomes. Further,
one often has reason to believe that one knows with what probability each
outcome will occur. Hence, one can compute the probability of an event
(i.e., a collection of the possible outcomes) by adding the probabilities of
the individual outcomes making up the event. For instance, if a fair (i.e.,
unbiased) coin is tossed two times, then it is reasonable to suppose that each
of the four outcomes (H, H) (i.e., heads on both the first and second tosses),
(H,T) (i.e., heads on the first and tails on the second), (T, H), and (T, T)
is equally likely to occur. That is, each of these outcomes has probability
i, and the probability of the event that one T" and one H occur is therefore
i +i = % Alternatively, if one knows that the coin is biased and that heads
occur twice as often as tails, then one assigns the preceding list of outcomes
probabilities %, %, %, and %, and therefore the event one H and one 1" has
probability %.

During the period since their introduction, Pascal’s and Fermat’s ideas
have been refined and applied in venues which their authors could not have
anticipated, and the goal of this book is to provide an introduction to some
of these developments.

1.1. The Language of Probability Theory

Like any other topic in mathematics, probability has its own language. Be-
cause the terminology is chosen to reflect the role of probability theory as a
model of random phenomena, it sometimes differs from the choice made else-
where in mathematics. Thus, although I assume that my readers are familiar
with most of the concepts discussed in this section, they may not immedi-
ately recognize the terminology that probabilists use to describe them.
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1.1.1. Sample Spaces and Events. I assume that my readers are familiar
with the rudiments of naive set theory and therefore, except for the notation
and terminology, will find here very little that is new.

Before one does anything of a set-theoretic nature, one has to specify the
universe in which one is working. In probability theory, the role of universe
is played by the sample space, often denoted by 2, which is a non-empty
set that should be thought of as the space of all possible outcomes of the
experiment or game under consideration. An element w of Q (abbreviated
by w € ) is called a sample point, and a subset A of Q (abbreviated by
A C Q) is called an event.

Events are usually described in terms of some property that sample
points may or may not possess. To wit, if P is a property, then one writes
{w € Q: w has property P} to denote the event that the observed outcome
has property P. To simplify the description of events, it is important to make
a judicious choice of the sample space. Above, I took the sample space for
two tosses of a coin to be {H,T}? = {(H,H),(H,T),(T,H),(T,T)}, the
set of ordered pairs whose components are either H or T, and considered
the event A determined by the occurrence of one H and one T. For many
purposes, a more clever choice would have been the set of ordered pairs
{0,1}2 = {(1,1),(1,0),(0,1),(0,0)}. With the latter choice, the event that
one head and one tail occur would have been {w = (wi,ws2) € {0,1}2 :
w1 +wy = 1}. More generally, what one looks for is a sample space on which
there are functions in terms of which interesting events are easily described.
That is, it is often useful to describe an event as {w : F(w) € I'}, where F
is a function on € and I' is a subset of its possible values. In the future, I
will usually remove the w from such a description and will abbreviate it by
{FeTl}.

Very often, one describes an event in terms of other events. Thus, if A
and B are events, then their union {w € Q: w € A or w € B}, denoted by
AU B, is the event that the outcome has either the property P4 determining
A or! the property Pp determining B. More generally, if {4; : i € T} is a
family of events indexed by the index set Z, then

UAi:{wGQ: w € A; for some i € 7}.
€L

The intersection {w € Q: w € A and w € B} of A and B, denoted by
AN B, is the event that the outcome has both properties P4 and Pg. Just as

in the case of unions, this operation can be applied to a family {A4; : i € Z},
and one writes (,.7 A; to denote the event

{weQ:we A, foralliecT}.

1The “or” here is non-exclusive. That is, A U B includes w’s that are in both A and B.
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When the properties P4 and Pp are mutually exclusive and therefore ANB =
(), where () denotes the empty set (the set having no elements), one says
that A and B are disjoint.

Writing w ¢ A to mean that the sample point w is not an element of the
event A, one defines the complement of A to be the event {w € Q: w ¢ A},
denoted by AC, consisting of those outcomes for which property P4 fails to
hold. In this connection, the difference, denoted by A\ B, between events
A and B is the event AN BC = {w € A: w¢ B}. Thus, AC=Q\ A.

Exercises 1.1.8 and 1.1.10 are about various more or less obvious rela-
tionships between these set-theoretic operations.

1.1.2. Probability Measures. Sample spaces and events have no value
unless one has a way to assign probabilities to them. Indeed, the goal of
probability theory is to provide a rational way to compute the probability
of events. Thus, there is a third, and essential, ingredient. Namely, one
wants a function P that assigns to an event the probability that it occurs.
There are three basic requirements that the function P must satisfy. First,
the probability of any event must be non-negative. Second, since 2 con-
tains all the possible outcomes and some outcome must occur, one requires
that € have probability 1. Third, when events A and B are disjoint, one
requires that the probability of their union be the sum of their individual
probabilities. Thus,

P(A) > 0 for all events A, P(Q) =1,

(L.1.1) and P(AU B) = P(A) + P(B) it AN B = 0.

Several additional properties follow immediately from (1.1.1). For in-
stance, because QU ) = Q and QN () = (), one has that

1=P(Q)=P(QUD) =PQ)+P(0) =1+P(0),
and therefore P() = 0. Also, if A C B, then,
P(B) =P(AU (B\ A)) =P(4) +P(B\ A),
and so 0 < P(B\ A) = P(B) — P(A). As an application, since AU B =
AU (B\ (AN B)), we have that
P(AUB) =P(A) +P(B\ (AN B)) =P(A) + P(B) - P(AN B)
for any events A and B. Summarizing, we have shown that
P(0)=0, ACB = P(A)<P(B) and P(B\ A)=P(B) —P(A),
(1.12) and P(AU B)=P(A) +P(B)-P(AN B).
All these properties should be seen as consistent with our goal of mea-

suring the probability of events. In that some outcome must occur, it is
clear that the null event must have probability 0. When event B contains
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event A, it should be the more probable of the two, and the event that B
occurs but not the event A should equal the difference between the proba-
bilities of B and A. Finally, when AN B # (), then P(A) +P(B) fails to take
into account that the sample points in both are getting counted twice and
therefore must be corrected by subtracting off P(A N B) in order to arrive
at the probability of AU B.

In addition to the preceding, one needs an extension of the additivity
property for disjoint events. Namely, by induction on n > 2, one can easily
check that

(1.1.3) P(A1U---UA,) =P(Ay) +---+P(4,) if AxnAg=0 for k # L.

However, one wants to know that the same additivity property holds for a
countable number of mutually disjoint events. That is, if {A; : k> 1} is a
sequence of events, then one wants to know that

(1.1.4) }P’(U Ak> = P(Ay) if Ay Ag =0 for k# L.
k=1 k=1

Equivalently, one is insisting that P be continuous under monotone conver-
gence. To be precise, say that the sequence of events { By, : n > 1} increases
to the event B, denoted by B,, /' B, if B,, C B,+1 and B =, B,. Then
(1.1.4) is equivalent to

(1.1.5) P(B,) /' P(B) if B, /'B.

To check this equivalence, suppose B, B, and set Ay = By and Ay =
By \Bj—1 for k > 2. Then the Aj’s are mutually disjoint, B,, = (J;_; Ak, and
B = Up2, Ag. Hence, since by (1.1.3), P(By) = > ;_; P(Ag), (1.1.5) holds
if and only if (1.1.4) does. Similarly, say that {B, : n > 1} decreases
to B and write B, N\, B if B, 2 Bpy1 and B = (2| B,. Then, since
B,\\.B = B,0 7 B,

1-P(B,) =P(B,C) "P(BC)=1-P(B),
and therefore
(1.1.6) P(B,) \\P(B) if B, \, B.

Finally, observe that, even if the Ay’s are not mutually disjoint, nonetheless

(1.1.7) P (G Ak> < i]P’(Ak).

To see this, take C1 = Ay and C = Ag \ Uf;ll Aj for k > 2. Then the Cj’s
are mutually disjoint, and their union is the same as the union of the Ay’s.
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Hence, by (1.1.4),
[o¢] (e.)
]P’(UAk> Z]P’ Ct) gz
k=1 k=1 k=
since Cj, C Ay and therefore P(Cy) < P(Ay) for all £ > 1.

A function P on events that possesses the properties in (1.1.1) and (1.1.4)
is called a probability measure on (). It turns out that, when € is un-
countable, there are logical obstructions? to constructing probability mea-
sures which are defined for all events, and, to overcome these obstructions,
one usually has to settle for a probability measure that is defined only on a
carefully specified class of events. However, in this chapter we avoid these

problems by restricting our attention to countable sample space, where these
technicalities do not arise.

Exercises for §1.1

Exercise 1.1.8. Here are a couple of elementary exercises in set theory.

(i) One of Norbert Wiener’s least renowned contributions to mathemat-
ics was his set-theoretic formulation of an ordered pair. Namely, given a and

b, define the ordered pair (a,b) = {{a}, {a,b}}, and show that (a,b) = (c,d)
if and only if « = ¢ and b = d.

(ii) Let Z # () be an index set, and show that ({J;cz Ai) C = ;7 4iC.
This equality is sometimes called De Morgan’s Law.

Exercise 1.1.9. Given a probability measure P on a sample space 2, N > 2,

and events Aj, ..., Ay, use (1.1.2) and induction on N to show that
P(A U---UAy) == (~1)@4OP(Ap),
F

where F' runs over non-empty subsets of {1,..., N} and Ap = (\;cp A;3

Exercise 1.1.10. Given a sequence {A,, : n > 1} of events, define
_ e} o0
nh—>n<>10A": ﬂ U A, and nh_)IgOAn— U ﬂ A,.
m=1n=m m=1n=m

Show that lim,,—~ A, is the set of points that are in infinitely many A,,’s and

that lim_, A, is the set of points that are in all but a finite number of A4,,’s
and therefore that lim, . A, C lim, ., A,. One says that lim, ., A,
exists if limy,_yo0 Ay = lim, . Ap.

2See, for example, Theorem 2.2.18 in [10].
3card(F) is the number of elements in the set F.
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Exercise 1.1.11. Notice that the preceding are natural, set-theoretic ver-
sions of the corresponding notions for real numbers, and show that

(1.1.12) IP(li_m An> < lim P(A,) and Tim P(A4,) < P(m An>,

n—o0 n—o00 n—oo n—00

and therefore
lim A, exists = P ( lim An) = lim P(A4,).
n—oo n—oo n— o0
Finally, show that, as a consequence of (1.1.7) and (1.1.6),

(1.1.13) i}P’(An) <oo => P ( Tim An) = 0.
n=1

n—oo

This last statement, which is attributed to E. Borel, has many applications.

1.2. Finite and Countable Sample Spaces

The technicalities alluded to at the end of §1.1.1 do not arise when the sam-
ple space (2 is finite or countable, and therefore we will begin by considering
examples of such sample spaces.

1.2.1. Probability Theory on a Countable Space. To get started, I
need to specify what we will mean when we sum over a countable index set
Z. The definition that we will adopt looks a little cumbersome at first, but
it is the one which corresponds to Lebesgue’s theory of integration (cf. §2.4)
and is therefore the natural one for our purposes.

Let Z be a finite or countable index set and let {a; : i € Z} C (—o0, 0]
be given. If 7 = ), we will take >, ;a; = 0, and if it is non-empty but
finite and {a; : ¢ € I} C R, the meaning of ), ;a; is unambiguously
defined by ordinary arithmetic. When 7 is finite and a; = oo for some ¢ € 7,
we will say that ) ;7 a; = co. Finally, assume that 7 is infinite, and write
F CC I when F is a finite subset of Z. We will say that ), ; a; converges
to s € R if and only if for each € > 0 there is a finite F, CC Z such that
‘s — D ier ai‘ < e whenever F, C F' CC Z, in which case I will use ) .7 a; to
denote s. Finally, say that )., a; converges to co and write ) ;.7 a; = oo if
for all R € (0, 00) there exists an Fr CC Z such that ) .. a; > R whenever
FrCFccl.

In the following, and elsewhere, for a € (—oo, 00| I will use a™ to denote
the positive part a V 0 and a~ to denote the negative part —(a A 0) =
(—a)*t of a. Obviously, la| =at +a~ anda=a™ —a~.
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Lemma 1.2.1. Assume that T is infinite and that {a; : i € I} C (—o0, o0].
If a; > 0 for alli € T, then

Zai converges to sup {Zai : FCccC I}.

1€L iEF

More generally, if Y ,.7a; < 0o, then

Z a; converges to Z aj - Z a; -

i€ i€ i€
In fact, if a; € R for alli € Z, then ), 7 a; converges to some s € (—00, 00]
if and only if Y-,y a; < 0o, and Y. ra; converges to some s € R if and
only if 3 ;c7 lai| < oo. Finally, if {i : k > 1} is an enumeration of T (i.e.,
k € ZT — iy € T is one-to-one and onto) and Y ,.7 a; converges to some
s € (—o0, 00], then the sequence {Y ,_, a; : n > 1} converges to s.

Proof. To prove the first assertion, set s = sup {ZzeF a;: FFCC I}. Since,
s > > . cpa; for all F CC Z, what we must show is that for each s’ < s
there is an Fy CC T such that Y, pa; > s’ for all Z DD F O Fy. But,
by definition, there exists an Fy CC T such that ), F, @i > s, and so,
because the a;’s are non-negative, > . pa; > s for all Z DD F D Fy.

Next, suppose that v = ), 7a; <oo. If Y7, 7 a;-" = o0 and R < oo,
then there exists an Fr CC 7 such that ZZEFR a;r > R + u, and therefore,
forany Fr CF CCZ,) ;cpai > R+u—) ;.pa; > R. Thus, in this case,
> ez @i converges tooo = >, cral =Y era; . Hv =374 <ocoande >
0, then there exists an F, CC Z such that [v — Y, cpaf|+|u— Y ,cpa; | <e
and therefore ’v —u— ZieF ai‘ < eforall F, C F CcC Z. Thus, in this case
also, 3,7 a; converges to ..y al =3, .7 a; . Hence, Y-, .7 a; < oo always
implies that Y, 7 a; converges to >,y al — >, .7 a; .

Now suppose that {a; : i € Z} C R and that ) ,.;a; converges to
5 € (—00,00]. To see that ) ;.7 a; < oo, choose some t € (—o0, s) and note
that there exists an I' CC 7 such that ZieH a; > t whenever F C H CC T.
Thus, if G cC {i € T\ F: a; <0}, then

t < Z ai:Zai—Za;,
i€ FUG i€F ieG

and so ) ;. a; <Y icpai—t, which means that, forany H CC Z, ), a;
< 2% icplai] —t and therefore ), ;a; < co. Hence, we now know that
when {a; : i € T} CR, ), 7 a; converges to some s € (—o0,00] if and only
if Y icra; < oo.

If Y ic7 lai| < oo, then we already know that ), 7 a; converges to some
s € R. Conversely, suppose that ) .., a; converges to some s € R. Then
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a; < oo for all 4 € 7. Indeed, if a;, = oo for some ig € Z, then ), pa; = o0
for any F© CC Z with ig € F. Thus, by the preceding, we know that
Y icr @; < 0o. Applying the same reasoning to {—a; : i € I}, we see that
ez @i < oo and therefore Y, 7 |a;| < oco.

Finally, suppose ), 7 a; converges to some s € (—00,00] and that {i, :
k > 1} is an enumeration of Z. Set s, = Y ;_; a;,. Assuming that s < oo,
for a given ¢ > 0, choose F, CC Z accordingly, and choose N, > 1 so that
F D {i1,...,in.}. Then |s, — s| < € for all n > N.. The argument when
s = oo is essentially the same. O

Remark 1.2.2. Given {a; : k € Z*} C R, in calculus one says that
> peq ax converges to s € (—oo,00] if the sequence of partial sums s, =
> h—1 ax converge to s. The final part of Lemma 1.2.1 says that if >~, ;1 ax,
converges, then » 7, aj does as well. However, the converse is not true.

k
Indeed, > 77, (_]1) converges in the calculus sense to —log?2, whereas

Y okezt # does not converge. The point is that the convergence or diver-
gence of Y77 | ai depends on the order in which the aj’s are added, whereas
the convergence or divergence of >, _,+ a; does not depend on how one
orders the summands. In the future it will be important to distinguish be-
tween these two notions of summation, and for that reason I will continue
to reserve Y _p-; ay for the standard calculus notion.

Suppose that {a; : t € Z} U{b; : i € T} C (—00,0]. Then it should be
clear that
Y ay <ooanda; <b; foralliel
i€l
= sz_ < oo and Zai < Zbi'
i€ i€ i€

Equally clear should be the fact that

> o=Yar Yo
1IeJUK ieJ 1€

if Z a; <ooand J and K are disjoint subsets of Z.
1I€EJUK

(1.2.3)

(1.2.4)

With the preceding at hand, we can now discuss probability measures
on a finite or countable sample space Q. Indeed, if (1.1.4) is going to hold,
then a probability measure P is completely determined by the probability it
assigns to events consisting of precisely one sample point. That is, once one
knows p(w) = P({w}) for each w € €, one knows that

(1.2.5) P(A) = p(w)

wEA
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for every A C Q. Obviously, p(w) > 0 and 1 = P(Q) = > .qp(w). Con-
versely, if p: Q@ — [0,1] and 1 =} g p(w), then there is a unique prob-
ability measure on 2 such that p(w) = P({w}) for all w € Q. Namely, one
simply defines P(A) by (1.2.5). Thus, there is a one-to-one correspondence
between functions p : @ — [0,1] satisfying 1 = Y  _q p(w) and probability
measures P on €2. A non-negative function p on € satisfying ) .o p(w) =1
is sometimes called a probability function, and the associated probability
measure P given by (1.2.5) is called the probability measure determined

by p.

1.2.2. Uniform Probabilities and Coin Tossing. Perhaps the most
easily understood examples of the preceding are those in which € is finite
and each of its elements occurs with the same probability. That is, there is

a p > 0 such that P({w}) = p for all w € Q. Because 1 = Y _oP({w}) =

card(Q)p, it is clear that p must be equal to WI(Q). When this is the case,

P is said to be the uniform probability measure on 2. Obviously, when P
is the uniform probability measure,

card(A)
2. = c Q.
(1.2.6) P(A) card() for all A C Q

Thus, the computation of P(A) comes down to the combinatorial problem
of determining how many elements A contains.

Modeling a fair coin tossing game of length N (i.e., the coin is unbiased
and the game ends after the Nth toss) is a good example of the preceding.
In this model, one takes Q = {0,1}*, the set of all maps w: {1,..., N} —
{0,1}. The map w records the history of the game: w(n) =1 or w(n) =0
depending on whether the coin came up heads or tails on the nth toss. If
the coin is unbiased, then it is reasonable to expect that any history is just
as likely as any other, in which case P({w}) = 27V, since card(2) = 2".

It is important to observe that this model of coin tossing has a crucial
homogeneity property. Namely, given an M-element set S C {1,..., N} and
I C{0,1},

(1.2.7) P{we {0,1}V: w[SeT}) =P({we {0,1}": weTl}).

Indeed, there are 2V ~Mcard(I") elements w € {0,1}" such that w [ S € T,
and there are card(T') such w € {0,1}*. Hence, the left-hand side equals
2N_A;?rd(r) = Ca;iér), which is equal to the right-hand side. As a conse-
quence, when I' C {0,1}7, the number P({w € {0,1} : w | S € T'}) is the
same for all N such that S C {1,...,N}. In particular, by the preceding
considerations, if A C {0,1}* and N > M, then

P(A) =P({w e {0, 1}V s w [ {1,...,M} € A}).
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To develop some feeling for this model, consider the event consisting of
those games in which precisely m of the coins come up heads. Equivalently,
if

(1.2.8) Sp(w) = Z w(m),

m=1

then we are looking at the event {Sy = m}. Obviously, {Sy = m} =0
unless 0 < m < N. To compute card({Sy = m}) when 0 < m < N, observe
that Sy(w) = m if and only if there are precisely m tosses on which heads
occurred. Thus, the number of such w’s is the same as the number of ways
in which one can choose the m tosses on which the heads appeared. Since
there is a total of IV tosses, this is tantamount to counting the number of
ways of choosing m elements from a set of size N. Hence, card(A4,,) is the
binomial coefficient

(N) N(N=1)--(N—m+1) NI

m!  m!(N —m)!

m

which is sometimes called N choose m, and therefore the probability that,
when it is tossed N times, a fair coin will come up heads exactly m times
s
is

2_N(Z) for 0 <m < N,

0 otherwise.

(1.2.9) P(Sy =m) = {

As a consequence of the homogeneity property discussed above, we know
that if we replaced our sample space by {0, 1}N " for some N’ > N and did
the same calculation in the sample space {0,1}", (1.2.9) would still hold.
Now suppose that two players toss a fair coin N times and that player
1 wins a dollar from player 2 each time the coin comes up heads and he
pays player 2 a dollar each time a tail occurs. Given k € Z with |k| < N,
consider the event that, at the end of the game, player 1, depending on
whether £ > 0 or &k < 0, gains or loses |k| dollars. Equivalently, since
25:1 w(n) is the number of times player 1 wins and ZnNzl(l —w(n)) is the
number of times he loses, we are looking at the event {Wx = k} where

N N

N
(1.2.10) Wr(w)=) w(n)—> (1-w(n))=> (2w(n)—1)=2Sy(w)-N.

n=1 n=1 n=1

Since Sy = M and therefore {Wy = k} = {SN = %}, we conclude

4Here, and elsewhere, I will use P(F € T) to abbreviate P({w : F(w) € T'}).
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from (1.2.9) that

27N (W) i [k] < N and Y € 7,
2

(1.2.11) P(Wy = k) = {
0 otherwise.

For a more challenging example, consider the event C}, that player 1
ends up with a gain of ¢ dollars and that, at some time during the game, he
had a gain of k dollars. Before trying to compute P(Cj¢), it is helpful to
introduce a more dynamic formulation. Set Wy(w) =0 and, for 1 <n < N,
Wi(w) =>"0 _(2w(m)—1). Then W, (w) represents player 1’s net gain after
n tosses of the coin. Alternatively, one can think of {W,(w): 1 <n < N}
as an N-step random walk that starts at 0 and, at each time 1 <n < N,
moves forward or backward 1 step depending on whether the nth toss came

up heads or tails. Thus, if
]{\f}(w) =inf{l0 <n < N: Wy(w) =k},

with the understanding that the infimum over the empty set is 400, then
]{f}(w) is the first time that the walk {W,(w) : 1 < n < N} gets to
k. Equivalently, ]{\f}(w) = oo if Wy(w) # k for any 0 < n < N and
J{\f}(w) = n for some 0 < n < N if Wy(w) = k and W, (w) # k for
0 <m < n. In terms of these quantities, Cy, = {C]{Vk} < N and Wy = ¢}.
Because W, (w) — Wy_1(w) = £1 for all 1 < n < N, if Wy(w) = ¢, then
the walk {W,(w) : 0 < n < N} must pass through all the integers between
0 and ¢. That is, if Wy (w) = ¢, then C]{\f} (w) < N, depending on whether
£>0o0rf <0, forall0<k<florall/<k<0. Hence, if 0 < k </ or
{ <k <0, then Ck,g = {WN = 6}
In order to handle the cases when either £ > 0 and ¢ < k£ or £k <0 and
¢ > k, consider the map R® : {0,1}Y — {0,1}" given by

RWw(n) = w(m) if n < NAGEHw),
1w i) <n< N

Then, W,,(RFw) = W (w) — (Wy(w) — W ) (w)) when C]{\f}(w) <
N
n < N, and therefore "

: {k}
<n<
n(R(k)w) W (w) if O{;}n <NACY (w),
2k — Wy(w) if ¢y’ (w) <n < N.

Equivalently, thinking in terms of random walks, {W,,(R®w): 0 <n < N}
is the random walk obtained by reflecting {W,(w) : 0 < n < N} at time
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1{\;C }(W)- Here is a picture of a path and its reflection at level k:
(N .2k—0)
0,k)e— — — — — — — — /> S
" Ne (N,0)
(0,0

Original path —, Reflected path - - -

In particular, C]{Vk}oR(k) = C]{\f}, from which it is clear that R(¥) o R(¥) (W) =w
and therefore that R*) is both one-to-one and onto. In addition, for each
¢, R®) . Cre — Ck 2k—¢, and so, for each /, R™) is a one-to-one map from
Ce onto C oy

Now suppose that £ > 0 and that £ < k. Then, by the preceding,
card(Cy¢) = card(Cy 2x—¢), and, because 2k — ¢ > k,

Crok—t = {Wn =2k — (}.

Hence card(Cy ) = card({Wy = 2k — ¢}) when k > 0 and ¢ < k, and the
same reasoning shows that this equality holds as well when & < 0 and ¢ > k.
Summarizing these results, we have now shown that

P(Wy =) if k>0 & |k| <),

{k}
1.2.12) P(Cy" <N & Wy=0)=
( ) (G N={) {p(WN_Qk_g) otherwise.

Again, it is important to observe that, by the homogeneity property of coin
tossing,

P({we {0, 1}V : (W) < N & Wy(w) = })
—P({we {0, 1}V : (W) < N & Wy(w) = 6})
if N > N.

1.2.3. Tournaments®. Graph theory provides a rich venue in which to
think about coin tossing. A graph is a pair (V, E) consisting of a set V' of
points, known as the vertices v, and a set E of pairs {v, w}, called edges,
of not necessarily distinct vertices v and w. The edge {v,w} is thought of
as a bond or connection between v and w.

If V has M elements, then there are ( )
connecting distinct vertices and M +( 9 ) = M( 2 p0551ble edges if vertices
are allowed to be connected to themselves. A complete graph (V, F) is one
for which F contains all possible edges between distinct vertices and none
connecting a vertex to itself. Thus F has (]\24 ) elements if (V, E) is complete.

M(M D) possible edges

=

5The material in this subsection is derived from Alon and Spencer’s book [1].
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Given a complete graph (V, E), a tournament is an ordering of the vertices
in the edges. That is, starting from F = {{v, w}h, v # w}, one constructs a
tournament 7" by replacing each unordered pair {v, w} by either the ordered
pair (v,w) or by the ordered pair (w,v). The origin of the terminology
should be clear: V is thought of as the players in a competition in which
every player plays a game against every other player, and a tournament is
the record of which of the two players won in each of the games. With this
model in mind, we will say that v dominates w if (v,w) € T

Clearly, there are N = 2(%) tournaments. Moreover, there is a natural
isometry between Q = {0,1}" and the set of all tournaments. Namely,
assign each edge a number, and choose a reference tournament 7y. Then,
for a given w € Q, determine the tournament 7'(w) so that, for each n, its
nth edge has the same or opposite ordering as the nth edge in Tj according
to whether w(n) = 0 or w(n) = 1. Equivalently, thinking in terms of coin
tossing, T'(w) is constructed from Ty by keeping or reversing the order of
the nth edge depending on whether the nth toss comes up tails or heads.
Thus, one can create a random tournament by flipping a fair coin N times,
thereby putting the uniform probability on the set of tournaments. In other
words, the probability of a tournament having a certain property P is the
probability that the uniform probability measure P on {0, 1}V assigns to the
set of w € {0,1}" for which T'(w) has property P.

A powerful method for proving that there exist graphs possessing a par-
ticular property is to consider random graphs and show that a random graph
will have that property with positive probability. To see this method in ac-
tion, say that a tournament T has property Py if, for every subset S C V of
k vertices, there is a v € V' \ S such that (v,w) € T for all w € S. Phrased
more picturesquely, a tournament has property P if, for every k-member
subset of players, there is a player who beats all of its members. Put that
way, a natural question is how many players must there be in order for there
to exist a tournament with property Pj. Obviously, M must be larger than
k, but it is less clear how much larger it must be. Using random tourna-
ments, P. Erd6s showed that if (]I\f)(l — 27KYM=k < 1 then there ewists a
tournament with property Pj.

To carry out Erdds’s line of reasoning, let S be a k-element subset of ver-
tices. We begin by computing the number of tournaments with the property
Qs that no player beats all the players in S, or, equivalently, the number of
T’s such that, for each v ¢ S, (w,v) € T for some w € S. To do this, let Ny
be the number of tournaments with property Qs when d = M — k. When
d = 1, there are 2(2) orderings of the edges between elements of S. More-
over, there are 2F ways to order the edges between the v ¢ S to the w’s in S,
but only 1 of these orderings has the property that v dominates every w € S.
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Hence, N1 = 2(5)(2’“ —1). When d = 2, there are two elements v, and vy
which are not in S. To count the number of tournaments with property Qg,
first choose one of the N; tournaments with vertices S U {v;} having prop-
erty QQg. Next, complete the construction of a tournament having property
Qs with vertices S U {v1,v2} by choosing one of the two orderings of the
edges between v and vy and then choosing one of the 2 — 1 orderings of
the edges between vy and the w’s in S so that at least one w dominates vo.
Hence, Ny = N12(2% — 1). More generally, if V' \ S = {v1,...,v441}, there
are Ny tournaments having property Qg with vertices S U {v1,...,v4}, and
for each such tournament there are 2¢(2¥ — 1) orderings of the edges between
vg+1 and the vertices in SU{vy, ..., vg} which result in a tournament having
property Qg with vertices in V. Thus, Ny, = Ng2¢(2F — 1).

Starting from the preceding, an easy induction argument shows that,
when card(V) = M > k, there are 2(5)2211\21671]'(2’“ — 1)M=* tournaments
with property (Qs. Hence, the probability of such a tournament is

(S)ZW(T{: _ 1)M—k

Noting that w = (M;k) and that (1\24) - (g) - (M;k) is k(M —k),
we see that this probability simplifies to (1 —27%)M—k,

To complete Erdds’s argument, for each k-element S C V, let Ag be
the event that a tournament has property (Js. Then the event that a tour-
nament does not have property Pj is the union over S of the events Ag.
Since P(Ag) = (1 — 27F)M=F for each S and there are (A,f) S’s, it follows
from (1.1.7) that the probability of a tournament not having property Py
is less than or equal to (]I\f)(l —27F)M=k Hence, if (]I\f)(l — 2 MM—k <1,
then, with positive probability, there is a tournament with property Py, and
therefore there is at least one such tournament.

1.2.4. Symmetric Random Walk. As I said in §1.2.2, the sequence
{Wh(w): 0 <n < N} can be thought of as a random walk. In fact, because
we are dealing with fair coins, the random walk considered in §1.2.2 is said
to be a symmetric random walk because, at each step, it is equally likely
to move in either direction.

When one thinks in terms of random walks, a host of questions comes
to mind, an interesting one of which is with what probability a walk will
pass through k by time N. That is, one is asking what ]P’((]{Vk} < N) is. To
find the answer, first suppose that £ > 1. Since {Cj{\f} < N} is the union

over £ € Z of the mutually disjoint events {CJ{\;C} < N andWy = ¢}, we know
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from (1.2.12) that

Py < N) =Y Pl < N and Wy = 0)
l

=Y P(Wn=0+> P(Wy=2k—0)=P(Wy >k)+P(Wy > k).
>k <k

Since P(¢L,H < N) = P(¢(P < N) and PWy = —k) = P(Wy = k), we
now know that

(1.2.13) PP < N) = P(Wy(w) > [k]) + P(Wy > [K]).

Because its derivation is an application of the reflection map R®*), equa-
tion (1.2.13) is often called the reflection principle for symmetric random
walks.

Starting from (1.2.13), one sees that, for £ > 1,
P(CF > N) = 1—P(Wy > k) = P(Wy > k) = P(Wy < k) — P(Wy > k).

Hence, since P( J{V_k} > N) =P( J{f} > N)and P(Wy > k) =P(Wy < —k),
we have the following corollary of (1.2.13):

(1.2.14) P(¢ > N) = P(—|k| < Wy < |K]).
It is interesting to know that a symmetric random walk will eventually
visit every integer point. That is,

- {k} _
(1.2.15) Jim P(Cy7 > N) =0 forall k €Z.

In view of (1.2.14), this comes down to showing that, for every 0 < k < N,

P(—k<Wy<k)= > PWy=0=2"" )" <N+Z>—>o

—k<t<k —k<t<k 2

as N — oo, and obviously this reduces to showing that 2= (]z ) — 0 for

every £ € 7. To check this, first note that, for any 1 <m < mn,

(1.2.16) (myi 1) < (:@) = m< n";l.

Hence, it suffices to show that 2~ 2N (2]<,V) and 272N- 1(2]<,V:11) tend to 0 as
N — oo. Furthermore, since 272N~ 1(2]<,V:11) < 272N (%{,V ), we need only

worry about 272V (2N ) Finally,
N N
9—2N 2N _ [[;=1(2m—1) _ H( _ L)
N 2NV N1 2m/e
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and so it remains to check that limy_,o H%Zl (1 — ﬁ) = 0. Equivalently,

we need to show that log H%:l (1- ﬁ) = Z%:l log (1 — ﬁ) tends to —oo
as N — oo. However, since log(1 — z) < —x for z € [0,1),

N
mZ:llogl—— §—§Z — —0

as N — oo, and so we have now proved (1.2.15).

1.2.5. De Moivre’s Central Limit Theorem. A second result about the
long-time behavior of a symmetric random walk is the one, proved originally
in the 17th century by A. De Moivre, which eventually led to what is now
called the central limit theorem (cf. Theorem 4.1.3). To understand his
result, one should first know that the approximate distance traveled by a
symmetric random walk after n steps is on the order of y/n. It is intuitively
obvious that, because of all its dithering back and forth, the walk will have
gone a distance significantly less than n, but it is not so obvious how much
less. A crude estimate can be obtained from the fact that

2
(12.17)  1P(|Wy| > N2R) =P(+Wy > N2R) <e~ 'z for R> 0.

One way to prove this is to note that, for any a € R,

N
> e P(Wy = Zea@k =2k — N) = e V) e P(Sy = k)
k k=0

_ 9—N,—aN Z 20k <];7> _ 2—Ne—aN(1 4 eQa)N — (cosh a)N < eo@TN7

since, for n > 1, (2n)! = 2"n![[;_,(2k — 1) > 2"n!, and therefore

o 2 o 2 2
cosh = nz:() (2n)! = ;:0 gnpl € :
Hence, for any o € R,
P(Wy > N%R) <e —aNZR Z CFP(Wy = k) — e_aN%RJrC“QTN_
k>N2ZR

2
By taking @ = N_Rl’ we get P(Wy > N%R) < eiRT, and, after combining
2

this with P(|[Wy| > N2R) = 2P(Wy > N2 R), one arrives at (1.2.17).
Knowing that, with probability close to 1, the size of |Wy| is no larger

than a large constant times N %, it is reasonable to look more closely and
v 1
to ask about the probability that Wy = N™2Wy lies in an interval. The
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answer to this question was found by De Moivre, who proved the following
theorem.b

Theorem 1.2.18 (De Moivre). Referring to the preceding,
v b 2
(1.2.19) P(a < Wy <b) — (2m) 2 / e de,
a
where the convergence is uniform with respect to a, b € [—o0, 00] with a < b.

The first step in our proof of (1.2.19) will be to show that
v £ 2
(%) lim P(0 < Won <z) — (27r)é/ e d¢,
N—oo 0

where the convergence is uniform with respect to x in bounded subsets of
(0,00). To this end, note that, for k > 1,

P(Wan = 2k) _ (N1)? LW —j+1)
P(Won =0) (N +E)I(N —E)! H?zl(N+j)
L 0-)
LK)
Write log(l —z) = —z — E(m) for |z| < 1, and observe that

B = |3 2| < 1 Zr e
n=2

In particular, |E(z)| < 22 for |z| < 3. Now let R > 0 be given. If N > 8R?
and 1 < k < (2N)2R, then

‘1 P(Woy =2k) k2

P(Wony =0) N =i N
where Cr = 4R3. Thus, since
PO<Won <z)= > P(Way =2k),
0<2k<(2N) 32
we have that
-1 2 P(0 < Wan < ac) -1 k2

~CrN~2 -5 < ( 2N = < oCrN 2 -5

e Z 16 = T P(Way = 0) =€ Z 16
0<2k<(2N)Zz 0<2k<(2N)2z

6In truth, De Moivre proved somewhat less. Specifically, he did not know the constant /27
that appears in the asymptotic formula for n!. Nonetheless, aside from that constant, in the course
of deriving his result, De Moivre derived what we now call Stirling’s formula. After looking at
De Moivre’s work, Stirling provided the missing constant. Although Stirling fully acknowledged
De Moivre as the formula’s discoverer, Stirling was the more renowned mathematician, and his
name has been attached to it ever since.
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for 0 < 2 < R and N > 8R?. At the same time,

/\/g(k+1 »:2 d£<\/ie__ /\/7 __dg,

and so we know that, for x € (0, R] and N > 8R?,

—Can-h / £ ke < (o<W2N<x) < (OnNh /“"e_g .
0

uniformly for 0 < 2 < R. Finally, by Stirling’s formula (2.5.12),”

VYB(Way = 0) = [2—2N<2N> \/12_+o()

and therefore we have now proved that (%) holds and that the convergence
is uniform in 0 < z < R.

The next step is to show that
x 2
() P(Wy <) — (277)_%/ e_%f
—00
uniformly with respect to « in bounded subsets of R. Because P(WQ N<0)=
]P(WQN < 0) = ]P(WQN > 0), 2P(W2N < 0) = ]P(WQN 75 0) = 1—P(W2N = O)
and therefore

1
(WQN <0) 2—|— ]P(WQN—O) 3 as N — oo.
Combining this with the preceding, we know that, for z > 0 (cf. (2.5.4)),
IPJ(VT/2N < 1’) = P(WQN < 0) —i—IP(O < Wan < x)
1 _1 r ,ﬁ _1 z 7&
— 5+ 2m)72 | eT T d{=(2n)" 2 e~ T de
0 —00
and therefore
P(Woy < —z) = P(Way > 2) = 1 — P(Way < )
1 0 2 1 —x £2
— 1 (277)—5/ e” 2 d¢ = (er)—i/ e~ 2 d¢

—00

uniformly with respect to x in bounded subsets of [0, 00). Since
P(WQN < .’/U) = P(WQN < .Cl?) + P(WQN = —x)

"Here, and elsewhere, O(t) is used to denote a function such that t~1O(t) stays bounded as
t tends to a limit. Thus here, NO(%) stays bounded as N — co.
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and

P(Wan = —(2N)2z) < P(Way = 0) — 0,
we now know that (xx) with N replaced by 2N holds uniformly for z in
bounded subsets of R. To remove the restriction to even N’s, note that
P(Wyn—1 < x) is bounded above by ]P(WQN < x4+ (2N)_%) and below by

]P)(WQ N <z—(2N )7%) Hence, by the preceding uniform convergence result,
it follows that (xx) holds and that the convergence is uniform with respect
to z in bounded subsets of R.

To complete the proof, let € > 0 be given, and choose R > 1 satisfying
2
e~ < §. Next, choose M € Z* such that

‘P(VT/N <z)- (2@—%/

—0o0

xT

£2
ez df‘ <€

for all || < R and N > M. If z < —R, then, by (1.2.17), P(Wy < z) <
P(Wy < —R) < § for any N. At the same time (cf. (2.5.6))

x 2 ] 2 e8] 2 2
IS IS 3 R €
/ e 2 d§ = e 2 d§ S / e 2 d§ S e 2 < -,

—0o0 —x R 2

and so
X

‘]P’(I/T/N <) - (271')_%/

52
ez df‘ <e.
2
If x > R, then, because (cf. (2.5.4)) (2#)_% e e d¢ =1, for any N,
Wy <) — —— ‘_d§’ ' (W >z
Py <a) - = [ )-

Hence, for all N > M and z € R,

1 —% dg‘ <
e €.
\/27r z

N

'IP’(I/T/N <z)—(2m)” /; % df‘ <e

Finally, simply note that P(a < Wy < b) = P(Wy < b) — P(Wy < a) in
order to get De Moivre’s result.

1.2.6. Independent Events. In that we have been dealing with uniform
probability measures, it is inevitable that all our computations have involved
combinatorics: the probability of an event is the ratio of its cardinality to
the cardinality of the sample space. Nonetheless, as we will see in this
subsection, some of our calculations would have been simplified if we had
made systematic use of the inherent independence properties possessed by
the structures under consideration.
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A pair of events A and B are said to be independent of one another if
P(AN B) =P(A)P(B). More generally, the events Ay, ..., A, are said to be
mutually independent if

(1.2.20) P <ﬂ A,-) = [[P4i) forall®+£FC{1,....0}.

i€l i€l

To understand the origin of this terminology, one should think about
spaces, like {0,1}", whose elements are built out of components and as-
sume that the choice of one component has no bearing on the choice of the
other components. For example, when = {0,1}" and S C {1,..., N},
specifying the restriction w [ S of w to S does not prejudice the properties
of w | SC. Thus, if M = card(S) and, for some choice of I's C {0,1}° and
Tgp € {0,1}5C, Ag = {w: w | § € I's} is an event which depends only on
properties of w | Sand Agp = {w: w [ S € I'sg} is an event which is entirely
determined by the properties of w [ SC, then card(Ag) = 2V "Mcard(I's),
card(Agp) = 2Mcard(Tgp), and card(AsN Agg) = card(I's)card(Tg). Hence,
when P is the uniform probability measure on this €2, then

card(I's)card(I'sg)  card(I's) card(I'sg)

P(As N Agp) = o =T oM 9N-M

= P(As)P(Asp),

and so Ag is independent of Agp. More generally, the same argument shows
that if {S1,...,S} is a partition of {1,..., N} (i.e., the S;’s are mutually
disjoint and their union is {1,...,N}), then, for any choice of T} C {0, 1},
the events Ag, = {w € {0,1}V : w | S; € I;} are mutually independent
under the uniform probability measure on {0, 1}N . On the other hand, when
A and B are events both of whose descriptions impose restrictions on w(n)
for some of the same n’s, then, even though they may be independent of each
other, there is no obvious reason for A to be independent of B under the
uniform probability measure. For example, take N =2, A = {w € {0,1}2:
w(1) = 0}, and, for k € {0,1,2}, By = {w € {0,1}? : w(1) + w(2) = k}.
Then, under the uniform probability measure, P(4) = 3, P(By) = % if
k € {0,2}, P(B1) = 3, P(ANBy) = 1 if k € {0,1}, and P(A N By) = 0.
Hence, A will not be independent of either By or B, but, by accident, it
will be independent of Bj.

The tournament question in §1.2.3 provides a typical example of the
power of independence considerations to facilitate computations. For each
pair of distinct vertices v and w, let A(v,w) be the event that v dominates
w. Then the A(v,w)’s are mutually independent and P(A(v,w)) = 3. Given
a subset S of vertices, the event Ag that no vertex dominates all vertices
in S is equal to (,ey\g Bu, Where By = [, es A(w,v), and so P(Ag) =
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[Toev\s P(By). Finally, since B, = (Nwes Alv,w)) C,

P(B,) =1- [[ P(A(v,w)) =1-27",
weS
and therefore P(Ag) = (1 — 27%)M=F as we saw before.

To describe a second, more interesting, example of the use of indepen-
dence, return to the setting in § 1.2.4, where we discussed symmetric random
walks. Set

AL ={we {0, 1}V £W,(w) > 0 for 1 <n < N}.

Obviously, P(Ay) = P(A}), and A} = {w € {0, 1}V : w(1) = 1} N BY_,,
where

B]J{[_lz{we{(),l}N: zn:(Zw(n)—l)ZOfor2§n§N}.

m=2

Since B]'\F_1 depends only on w [ {2,..., N}, it is independent of the event
{w e {0,1}" : w(l) = 1}, and so P(A}) = 3P(BY_;). In addition, if
Iy_1={we{0,1}V1: ji,ill}(w) > N — 1}, then
B ={we{0,1}N:wl{2...,N}eIn_1},
and so, by homogeneity and (1.2.14), IP(B;{,A) =P(0 < Wn_1 <1). Thus,
if
Av=AfLUAy ={W, #0for 1 <n <N},

then P(Ay) = P(0 < Wy_; < 1). If N is even, then, because Wyy1(w)
cannot be 0 and Wy (w) cannot be 1, Ay = Ay41 and so

P(Ay) =P(0 < Wy <1)=P(Wx =0).
If N is odd, then Ay = Any_1, and so in general we have the remarkable

equation®

N
(1.221) P(W, #0for 1 <n<N)=P(Wyn =0)= 2 <2LLN?JJ>’
2

where |t| = max{n € Z: n <t} is the integer part of t € R.

Another way to interpret (1.2.21) is in terms of the time of first return
pg\}) (w), given by (remember the infimum over the empty set is +00)
(1.2.22) pWV(w) =inf{l <n < N: Wy(w) =0},

8We take (8) =1.
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of the walk to 0. Obviously, if pg\lf)(w) < 00, then pg\l,) (w) is an even number.
In addition, if 1 < r < %, then {pg\lf) >2r} ={W, #0for 1l <n < 2r},
and therefore, by (1.2.21),

2
(1.2.23) P(py) > 2r) = P(W, = 0) =27 < ;).

In particular, since, as we have already shown, P(Wa, = 0) — 0 as r — oo,
1.2.24 lim P(pY < N) =1

( ) Jim Ppy’ < N) =1,

which, because it says that the walk will eventually return to the place where

it starts, is called the recurrence property of the symmetric random walk
on Z. In addition, since

]P’(pg\l,) =2r)= ]P’(pg\l,) >2(r—1)) — P(py S 2r),

1 . 272 (9 - P(WQT = 0)
(1.2.25) P(py’ =2r) = 5 1( ) = =51

Related to the preceding is another important relationship, known as a
renewal equation, between the time of first return and the probability that

the walk is at 0. Namely, suppose that Waps(w) = 0. Then pg\lf)(w) <2M

and, if piy (w) = 2r, then Wans (2M) — Wy (w) = Sy, cneans (20(m) —1) = 0.
Hence,

M
{WgMzo}:U{pg\l,):%}ﬁ w: Z (2w(m)—1) =0

r=1 2r<m<2M

Since {w : pg\lf)(w) = 2r} depends only on w [ {1,...,2r} whereas

w: > (2wim)—1) =0

2r<m<2M

depends only on w [ {2r 4+ 1,...,2M}, these events are independent. Fur-
thermore, by the same homogeneity argument as we used above,

Pl w: Z (2w(m) —1) =0 =P(Wanr—r) =0).
2r<m<2M
Hence
(1.2.26) P(Waar = 0) ZIP )P(Wanr—ry = 0).

The reason why (1.2.26) is called a renewal equation is that it reflects the
fact that, upon returning to its starting point, the walk begins again afresh.
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Of course, one can argue that, in view of (1.2.25), (1.2.26) is simply the
purely combinatorial identity

<2J\A44) - % 2r1— 1 (2:) <2(JJ\\44—_:)>‘

r=1

On the other hand, attempting to verify this identity by purely combinatorial
means may increase one’s appreciation of probabilistic reasoning.

1.2.7. The Arc Sine Law. Thinking of {Wy(w), ..., Wan(w)} as the dis-
crete time path of a random walk, construct the continuous time path
{Wi(w) : t € [0,2M]} by piecewise linear interpolation. That is,

Wi(w) = (n—t)Wh_1(w)+(t—n+1)W,(w) for n —1<t<n and 1<n<2M.

Next, set

2M
Toan(@) = /0 Loy (W) dt,

where, for any set S, I use 1g to denote the indicator function of S. That
is, 1g(x) = 1if z € S and 15(z) = 0if 2 ¢ S. Since, t ~ 1y o)(Wi(w))
has at most a finite number of discontinuities in the interval [0,2M], the
preceding integral is well-defined as a Riemann integral. In fact, for each
1 <n< M, We(w) > 0 for all ¢ € (2n — 2,2n) if Wa,_1(w) > 0 and
Wi(w) <0 for all t € (2n — 2,2n) if Wa,_1(w) < 0, and so

M
To.2m)(w) = 2 Z 1(0,00) (Wan—-1(w)),

n=1
twice the number of 1 < n < M for which Wa,,_1(w) > 0.

To understand why Tjg 2] (w) is a quantity of interest, think again about
a gambling game with two contestants who toss a fair coin 2M times, waiting
one second between tosses. Further, suppose that one of them wins a dollar
each time a head turns up and the other wins a dollar each time a tail turns
up. Then W, (w) represents the net gain or loss of the player who wins on
heads, and so Tjg 2n (w) represents the amount of time that that player is
not behind. Those who have not done a lot of gambling often believe that
the law of averages predicts that each player should be ahead about half the
time. In other words, their naive prediction is that, with high probability,
the value of Tjg22s)(w) will be in a neighborhood of M. On the other hand,
habitual gamblers know that this prediction is false and that acting on it
can lead to tragic consequences.

To show that our model of coin tossing reflects the experience of habitual
gamblers, set B2 = {w € {0,1}*M : Ty an(w) = m} for 0 < m < 2M.



1.2. Finite and Countable Sample Spaces 25

Because Tjp 21 is even, B2M = () when m is odd. Also, since
B — (¢ > oMy and B2M = () > 2m),
(1.2.14) implies that
(%) P(B§") = P(B3i;) = P(Wan = 0).
Now assume that 1 < m < M. Then B%n]\f C {pg\)/‘, < 2M}, and so
P(B3,) = Y P(RyxNB3)= ) PRLNABLN+ ) P(Ry,NB3),

1<r<M 1<r<M 1<r<M
where Ra, = {p2M = 2r} and R% = Ro, N{W (1) = £1}.
Observe that w € R} = Wa,(w) = 0 and 7’[0 27)(w) = 27, and there-

fore w € RS, N B3M if and only if 7 < m and w € Ry, 022(% T,)(2r), where

C2M(2r) is the set of w’s for which w | {2r+1,..., 2M} € B2(m_r)). Further,
c2M )(27“) is independent of Rj and, by homogeneity, IP’(C’QQ(%#) (T)) =

2(m—r

P(B, ((i‘n/[—:)) ). Hence

S 2(M—r
> P(RE N B3 =D P(RE)P(By ).
1<r<M r=1
Next observe that w € R;, = Wa,(w) = 0 and 7|y 2,)(w) = 0. Hence,

R; N B3M £ () if and only if r < M —m and R, N B%M R, N C3M(2r).
Starting from here and reasoning as in the preceding paragraph, we find

that
> P(R; N BRY) Z (R, B(By" 7).
1<r<M r=1

Finally, since
Ry = {£W, >0 for 1 <n < 2r and Wa, = 0},

P(R3,) = P(Ry,), and therefore 2P(RY) = P(R3,) + P(R;,) = P(Ray).
Putting this together with the results in the preceding paragraphs, we have
shown that, for 1 < m < M,

r) 1 — r
(**) Z]P RQr 2(77]\14 r) 5 Z R2r M ))

We can now show that
P(Tjo.2n) = 2m) = P(Wam = 0)P(Warr—m) = 0)

(1.2.27) Y (2m> (2(M - m))
m )\ M-m
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forall M > 1and 0 < m < M. Indeed, it is clear that (%) together with (xx)
completely determines the numbers ]P’(B%% YJforall M >1and 0 <m < M.
Thus, all that we have to do is verify that the numbers v} on the right-
hand side of (1.2.27) satisfy () and (xx). There is nothing to do when
m € {0,2M}. To prove it when 1 < m < M, observe that

{Wam =0& Wapr =0} = {Way,, =0} N {WQ(M_m) — Wom =0}

and therefore that u} = P(Ws,, = 0& Way = 0). Hence, by the same
reasoning as we used to derive the renewal equation (1.2.26),

m m

Upy = ZP(R%)P(WQ(m—r) =0& Wyy—ry = 0) = ZP(RQT)U%__:.

r=1 r=1
Similarly, because
Woar—my = 0 & Wan = 0} = {Wa(ar—m) = 0} N {Wans — Wyar—m) = 0},
uM = Zfi}m P(Ry)uM =", and so {ul : 1 < m < M} satisfies (+x).
Using the second equation in (1.2.27), one can easily check that

M+1
P(To2n) = 2(m — 1)) > P(Tjan) = 2m) <= m < S

Hence, the closer m is to M, the less likely it is that the amount of time
the player who wins on heads will be ahead for 2m seconds. Equivalently,

if 7_'[072M} (w) = ﬁT[ngM] (w) is the average time that he is ahead, then the

least likely values for 7_‘[0,2 w)(w) are those near %

As another application of (1.2.27) and Stirling’s formula, one can show
that

(1.2.28) A}im Pla < Tioam <b) = 2 (arcsin Vb — arcsin Va)
—00

for all 0 < a < b < 1, a famous result known as the arc sine law. Indeed,
by Stirling’s formula (2.5.12),

2n 1
9 n = —(1 oL )
()= =(ror
Hence, if 0 < a < b < 1, then, because B2 = () when m is odd, for
sufficiently large M

P(a < 7[0,2M] <b) = Z P(B3y)
aM<m<bM

1
=(1+0 (% S
(1+0(37)) aM%:@M IR

5| -



1.2. Finite and Countable Sample Spaces 27

Next write
1 _1
> =M > (Ha-)"
aM<m<bM V m( m) aM<m<bM

think of the right-hand side as a Riemann sum, and conclude that

lim dt

1 b
) Y —— / t73(1—t)"2
M=o vt oo VUM —m) - Ja
= 2(arcsin Vb — arcsin Va).

Thus (1.2.28) is proved for 0 < a < b < 1. To prove it when 0 =a < b < 1,
note that, for any 0 < € < b, by the preceding,

I < - < _2 . < E T - 2 . .
1\}13100“?)(0 < T2m < b) = arcsin \/5| < ]\}I—I)HOOP(T[OQM} < e)—i—w arcsin v/e
Hence, it suffices to show that

ll\I‘% ]\/}gnoop(T[O’QM] < 6) =0.

But
P(Tio.0m) <€) <P(Tpam < €or Tpam) > 1-¢)
=1- IP’(e < 7'[072]\/[} <1- e) — 1 - %arcsin\/l — €+ %arcsin\/g,

which tends to 0 as € N\, 0. The argument when b = 1 is essentially the
same.

1.2.8. Conditional Probability. A key concept in probability theory is
that of conditioning. Namely, knowing that an event A occurs, one wants
to compute the probability that an event B occurs. The mathematical
interpretation of such a computation is that the conditional probability
P(B|A) of B given A is the ratio ngzg‘;‘).g To understand the origin of
this interpretation, suppose that PP is the uniform probability measure on
some finite space Q. Then P(B|A) is the proportion of the set A which lies
in B. Equivalently, P(B|A) is the probability that the uniform probability
measure on A assigns to BN A, the portion of B inside A.

In order to be useful, the computation of a conditional probability must
be done without having to compute the ratio. That is, in most applications,
one wants to use conditioning to compute the probability of the intersection
of events A and B as the product P(B|A)P(A) of the conditional probability
of B given A and the probability of A. For example, in the derivation of
(1.2.26), we could have argued that the conditional probability of the event

9Until further notice, we will always condition with respect to events of positive probability.
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{Wan = 0} given the event {pg\)/[ = 2r} must be P(Wy/—,) = 0) since,

knowing that pg\)/[(w) = 2r, Wapr(w) = 0 is equivalent to saying that half

the tosses 2r 4+ 1 through 2M are heads, and that probability is the same as
the probability that half the tosses 1 through 2(M — r) are heads. Hence,

we have shown that P(Wapr = 0| pg\)/[ =2r) = P(Wy(pr—p) = 0), and so

P{pLY) = 2} 1 {Wans = 0}) = P(olY), = 20)P(Waar_r) = 0).
Equation (1.2.26) now can be viewed as an example of Bayes’s formula,

which is the simple observation that if {Ay,..., Ar} is a partition of the
sample space into events of positive probability, then for any event B

L
(1.2.29) P(B) = P(B|A,)P(Ay)

Indeed, (1.2.29) is nothing but P(B) = ZELZI P(B N Ay) written in terms of
conditional probabilities.

The art of successful conditioning requires that one make a judicious
choice of the event on which one is conditioning. In the preceding,

{p(l) = 2r} was a good choice because we can write
{obar =2r} N {Warr = 0}

as the intersection of {pzM = 2r} with a set, namely {Waps — Wa, = 0},
of which it is independent. More generally, if AN B = AN C, where C is
independent of A, then P(B|A) = P(C). To give another example of the
same reasoning, recall the argument which eventually led to (1.2.27). The
key step can be thought of as the computation of P(B2M|R,,). However,
Ry N B 5., cannot be written as the intersection of Ry, with an event of
which it is independent. For this reason, we chose to condition with respect

to Rétr instead. What we found is that R;r N BQM = R;LT N CZéM_S)(%) and

R, =R, N C’2<M T)(27“) and since C,,, 2(M T)(2r) is independent of R, and
C;T(nM r)(27“) is independent of R;,, thls means that

P(B3|RS,) = P(Cam)(2r)) and  P(B3M|R3,) = P(C3) (21)).

Finally, because P(RL) = IP(Ry,) and P(C2M(2r)) = IP’(B%M_T)), this
leads to P(R3.|Ray) = 1 and

P(B3n |Rer) = $B(B ) + $P(B3 )

2(m—r)
after one applies the easily verified equality
P(B|A) = P(B|A1)P(A1|A) + P(B|A2)P(A2|A)

1.2.30
( ) if AyNAs =0 and A= A U As.
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Exercises for §1.2%

Exercise 1.2.31. Although I have seldom had an occasion to use it in one of
my own classes, in probability classes that attract large audiences a standard
opening gambit is to find out if there are any students who share a birth
date. If the class has at least twenty-five students and they were all born in
the same year, then there is a surprisingly good chance that two or more of
them were born on the same date, and if there are fifty or more students,
then it is nearly certain that this will be the case. To understand why,
consider the space Q = {1,..., N} with the uniform probability measure.
Here N is thought of as the number of days (ignore leap years) in the year
and M as the number of students in the class. Then the quantity of interest
is the probability of the event B = {w : w(m) = w(n) for some m # n}. By
a trivial pigeonhole argument, P(B) =1 if M > N. If M < N, show that

M-—1
m _ M(M-—1)
PB)=1- [ (1_N) >1—e v,

m=1

Exercise 1.2.32. Suppose that an illiterate secretary is assigned the task
of putting N invitations into N envelopes. Each invitation is to a different
individual, and on each envelope is the address of the individual to whom
the corresponding invitation is to be sent. What is the probability that
no individual will receive the correct invitation? To model this problem
mathematically, let Iy denote the group of permutations of {1,..., N}, and
take P to be the uniform probability measure on IIy. Then the quantity
of interest is P({m : m(n) # n for any 1 <n < N}). To compute this, for
0+ FC{l,...,N}, set Ap = {r: ©(n) = n for n € F}, and show that
P(Ap) = (NA?!T)! if card(F') = r. Use this together with Exercise 1.1.9 to
show that

(="

N
P({m: m(n) =n for some 1 <n < N}) :_Z

1 7!
and therefore that
(-1
IP({W:ﬂ(n)#nforanylgnSN}):Z o
r=0 ’

Note that there are two rather surprising aspects of this result. Namely,
one might expect that this probability should decrease monotonically to 0
as N — oo. However, the result shows that the probability is larger for 2N
than it is for 2N — 1 and that, as N — oo, it tends to %, not 0.

10For a much more comprehensive and challenging list of exercises of this sort, see either [3]
or [8]. The second of these contains a helpful selection of worked problems.
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Exercise 1.2.33. Let P be the uniform probability measure on {0, 1}".
(1) If (cf. (1.2.8))
op(w) =inf{n: 1 <n < N and Sp(w) =k} for1 <k <N,
show that P(op =n) =2""(}7]) for L<k<n < N.
(ii) Show that, for 1 <k </ < Nand k<m <n <N,
P(oy = nloy, =m) =P(oy_, =n —m),

and use Bayes’s formula together with (i) to conclude that

n—1 " m -1\ fm—1
(2—1) =2 (Z—k—l)(kz—l)’
m=k
Exercise 1.2.34. Refer to §1.2.3. Given a complete graph (V| E) and two
colors (e.g., blue and yellow), a two-coloring of its edges is any coloring of
its edges with the two colors. That is, each edge is assigned one of the
two colors. Say that a coloring is monotone if all the edges are assigned
the same color. Assuming that all colorings are equally likely and that
1 <k < N = card(V), show that with probability no more than

(- (e

will the coloring of some k-vertex subgraph be monotone. Use this to con-
k(k—1)
clude that if (]IX ) <2 = 7! then there will exist a coloring of (V, E) for

which the coloring of no k-vertex subgraph will be monotone.

Exercise 1.2.35. Again take P to be the uniform probability measure on
{0,1}¥. Assume that N = 2M, and define

Loy (w) = max{n: 0 <n < 2M and Way,(w) = 0}

to be the last time the random walk visits 0 before or at time 2M. Show
that

P(Lay = 2m) = P(Wam = 0)P(pl), ) > 2(M —m))

Conclude that P(Lay = 2m) = P(Tp2n) = 2m) and therefore that, as
M — o0, P(Loy < 2Mx) — 2 arcsin /z for z € [0, 1].

Exercise 1.2.36. Consider a coin tossing game in which two coins, C; and
(5, are used. ' comes up heads with probability p; and Cy with probability
p2 # p1. On the first toss, C; is used. Thereafter, if a head comes up on
toss n, then C7 is used on toss n + 1, and if tails comes up on toss n, then
C5 is used on toss n + 1. Let P, be the probability of a head coming up
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on toss n. Show that P,+1 = p1 P, + p2(1 — P,), and use this to see that
P, = ﬁ—QA + <p1 — ﬁzA) (—A)" 1, where A = py — p1.

Exercise 1.2.37. Consider the network

Assume that each switch closes with probability p € (0, 1) and remains open
with probability (1—p) and that the switches are independent of one another.
What is the probability that a signal will pass through the network? Also,
what is the conditional probability that switch 5 is open given that a signal
passes through?

Exercise 1.2.38. Let P be a probability on €2, and suppose that Ay, ..., Ay
are events.

(i) If the A,’s are mutually independent, show that P(B1N---NBy) =
12, P(B,) if B, € {A,, A,C,Q} for each 1 <n < N.

(ii) If the A,,’s form a partition of 2 and each one has positive proba-
bility, show that for any B of positive probability,
P(B[Am)P(Am)

S onet P(BIAn)P(Ay)
Like the one in (1.2.29), the expression in (1.2.39) is called Bayes’s for-
mula.

(1.2.39) P(An,|B) = for 1 <m < N.

(iii) Assuming that P is the uniform probability measure on {0, 1}2M
show that, for 0 < m < M,

_ 2(M —m)
(Wanr = 0[Wayp, = 0) = P(Wapr—m) = 0) ( M —m )

(o) (o)
and P(Wa,, = 0|Wap =0) = .
Exercise 1.2.40. If Kk > 1 and N > k with W € 7, show that
P =N =P > N-1&Wy 1 =k—1)
—PWn1=k—1) PP <N-1&Wy_ 1 =k-1)
=PWn_1=k—1)—P(Wn_1 =k+1),
and use this to show that P(CJ{\;C} =N)= &NIIP’(WN =k) forall 1 <|k| < N.
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Exercise 1.2.41. Say that a sequence of events {A,, : n > 1} are mutually
independent if {A1,..., Ay} are mutually independent for all N € ZT.
Assuming that the events {4, : n > 1} are mutually independent events,
show that, for each 1 < m < N,

N N
P ( U An> =1-JJ1-PA4,) >1 — e Xnem P(An)

n=1

and conclude that (cf. (1.1.11)) P (im0 A,) = 1if 300 | P(4,) = co. In
conjunction with (1.1.13), this proves that if {A, : n > 1} is a sequence of
mutually independent events, then

- 0 if 32°°, P(4,) < %
P ( lim 4, ) = et ’
(i, 4) {1 it %0 P(A,) = oo,

That is, P (En_)oo An) is either 0 or 1 according to whether Y 7 | P(A,) is
finite or infinite. This dichotomy is known as the Borel-Cantelli lemma.

1.3. Some Non-Uniform Probability Measures

As I said in the introduction to §1.2.1, if € is finite or countable, then any
probability function p : @ — [0, 1] determines a probability measure P on
Q by the prescription P(A) = > . 4 p(w). Thus, even when € is finite, there
is no need to take P({w}) to be the same for all w. On the other hand, if one
is going to have a chance of computing probabilities of non-trivial events,
then the assignment of P({w}) had better possess some structure, and, as
we will see, independence is the sort of structure for which one should be
looking.

1.3.1. Random Variables and Their Distributions. As we are about
to see, we already have a ready source of non-uniform probability measures.
Namely, suppose that €2 is a finite or countable sample space. Then any
function X on 2 is called a random variable no matter where it takes
its values. Because ) is at most countable, so is the image Image(X) =
{X(w) : w e Q} of X. Moreover, if P is a probability measure on £ and
px(x) = P(X = z) for x € Image(X), then px is a probability function on
Image(X) and, as such, determines a probability measure px, known as the
distribution of X under P, on Image(X). Clearly,

(1.3.1) pux(I)=P(X €I') for I' C Image(X).

The considerations in §§1.2-1.3 give us several examples of random vari-
ables whose distributions arise again and again.
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Bernoulli Distribution: Recall from §1.2.2 the random variable S,, in (1.2.8),
which is the number of heads when a fair coin is tossed n times. The dis-
tribution of S,, under the uniform probability measure is the probability
measure on {0,...,n} that assigns probability 27" (") to each 0 < m < n.
For historical reasons, this probability measure is called a Bernoulli mea-
sure.

Discrete Arcsine Distribution: In §1.2.7 we discussed the random variable
T2, which was the amount of time that a symmetric random walk spends
above 0 during the time interval [0, 2M/]. What we showed there is that the
To,201) takes its values in {2m : 0 <m < M} and, in (1.2.27), that

P(Tjo,200) = 2m) = P(Wap = 0)P(Wypr—pm) = 0).
Hence, there is a probability measure on {2m : 0 < m < M} which assigns
probability 4™ (2::) (2(]\])[/[:72”)) to 2m. For reasons that are made clear by
(1.2.28), this probability measure is sometimes called the discrete arcsine
measure. In Exercise 1.2.35, it was shown that Lsjs, the last time the walk

visits 0 at or before time 2M, also has the discrete arcsine measure as its
distribution.

Hitting Distributions: Again refer to §1.2.4, and, for N > k > 1, consider
the random variable C]{Vk}, which is the first time that a random walk of
duration N hits k. By the homogeneity property of coin tossing, we know
that, for given k € Z and n > k, IP(C]{\f} = n) is the same for all N > n.

Thus, by Exercise 1.2.40, P(Cy 1 g n) = %P(Wn = k). Furthermore,
Z]P’ M —n)=1-P(H > N) forall N >k,

and, by (1.2.15), ( ]{f} > N) — 0 as N — oo. Hence, for each k € Z7,
there is a probability measure on {k: + 2n : n € N} that assigns probability

27k72nk k+2n
k+2n (n—l—k) to k + 2n.

First Return Time: A similar example is provided by the time pg\lf) that a
random walk of duration N first returns to 0. For a symmetric random walk

(cf. (1.2.23) and (1.2.25)), we know that ]P’(pg\l,) =2r) = 52— (*) and that

IP’(pg\l,) > 2r) =47 (2:) for N > 2r. Since, as we saw in the derivation of
(1.2.24), 47" (2:) — 0 as r — o0, the same reasoning as we used in the
preceding shows that there is a probability measure on {2r : r € Z*} that

4-T

assigns probability By ( ) to 2r.

1.3.2. Biased Coins. A quite different source of non-uniform probability
comes from replacing the fair coin in §1.1.1 with a biased one.
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Again take the sample space to be {0,1}". In §1.1.1, we modeled
N tosses of a fair coin by putting the uniform probability measure on
{0, I}N . However, we could have chosen a different description of that model.
Namely, we could have said that the tosses are mutually independent and
that, on each toss, the chance of a head is the same as that of a tail. More
precisely, the uniform probability measure on {0, 1}N is the probability mea-
sure on {0,1}" with the properties that, for any choice of {n, : 1 < n <
N} C{0,1}, the events {w: w(l) =m},...,{w: w(N) =nn} are mutually
independent and that each of these events has probability % The advantage
of this description is that it lends itself to natural generalizations. To wit,
continue assuming that the tosses are mutually independent, but suppose
that, instead of a fair one, the coin being tossed may be biased so that on
each toss it comes up heads with probability p € (0, 1) and tails with proba-
bility ¢ = 1 — p. Then, unless p = %, the corresponding probability measure
P, on {0,1}" is no longer uniform. Indeed (cf. (1.2.8)),

(1.3.2) Py({w}) = pN g =Svle),
Of course, when p = %, P 1 is the uniform probability measure.

Even though P, is not uniform, it is locally uniform on sets of the form
{8, = m}. Indeed, if A C {0,1}" depends only on w [ {1,...,n} for some
1 <n <N and if Sy(w) =m for all w € A, then P(A) = card(A)p™q¢" ™.
In particular,

(1.3.3) P(S, =m) = (:)pmq”_m forn>1and 0 <m < n.

This distribution is called the binomial distribution with parameters
(n,p), and obviously the Bernoulli measures are binomial distributions cor-
responding to p = % A second way of expressing this local uniformity of P,
is in terms of conditional probabilities. Namely, if 1 <n < N and if A and
B are events that depend only on w [ {1,...,n}, then

card(BN A)

(L3.4) Bp(BIA) = — 297

= IP’%(B|A) if S,, is constant on A.

Another important fact about Py, is that it too has the same homogeneity
property that P 1 does. That is, (1.2.7) holds with P, replacing P, and so
for any M-element subset S C {1,...,N} and I' C {0,1}, P,, thought
of as a probability measure on {0,1}, assigns {w Twl S e F} the same
probability that P,, thought of as a probability measure on {0, 1} assigns
to I'. Finally, it is clear that, for any A C {0, 1}V,

Py(A) =P, ({w € {0,1}" : @ € A})

(1.3.5) N
where @ € {0,1}" is given by &(n) =1 —w(n) for 1 <n < N.
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Because of (1.3.4), many of the calculations that we made in §1.2 for
symmetric random walks transfer to biased random walks, a random walk
corresponding to a biased coin. To see how this is done, note that, since
Wno,=k < S, = "%"7, (1.3.4) implies that, for any B that depends only
onw [{l,...,n},

_ k) =P, _ oy BV = F)
g N URER) SRR =RE g
=Py (BN {W, = k})2"p"% ¢"F .

As an immediate applications of (1.3.6) and homogeneity, we have
P,(¢CH <n & W, =)
(1.3.7) P, (W, =) if k0 >0& |k| < |4,
N (g)gik P,(W,, =2k —{) otherwise
from (1.2.12),

(1.38)  Py(py =2r) = Ppy(Wor =0) _ (pg)" (2:

for N > 2
o — 1 2 — 1 > ora =

from (1.2.25),
(1.3.9) P, (W = 0) ZP (oY = 2r)Pp(Wagrs—py = 0) for N >2M

from (1.2.26), and from Exercise 1.2.38

I

(1.3.10) P, (¢ = n) = TP(Wa = k) for N =n > K.

It should be recognized that, because they involve events to which (1.3.4)
does not apply, results like (1.2.14) and (1.2.21) do not admit such simple
generalizations to random walks that are not symmetric.

Before closing this discussion, it seems appropriate to mention a famous
approximation procedure discovered by Poisson. Namely, given a number
a>0and an n > «a,

Pa (S =m) = a1 )

Hence

(1.3.11) lim Pa (S, =m) = for each m € N.
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This result is known as the Poisson apprOXImatlon and the limit measure

with rate a. Although a full explanatlon of the term “rate” will not come
until the end of §6.2.1, it should already be apparent what sort of phenomena
are modeled by Poisson measures. Namely, they arise when one has a large
number of rare, independent events and one is counting the number of events
that occur. For example, if one has a chunk of radioactive material and one
counts the number of particles that it emits over a long period of time,
then the distribution of that number will be well approximated by a Poisson
measure.

1.3.3. Recurrence and Transience of Random Walks. In §1.2.4
we showed that the symmetric random walk will eventually visit every
point in the sense that th_mO]P’l (CN} < N) =1 for every k € Z\ {0},
and then, in (1.2.24), we showed that it is recurrent in the sense that
th_mo]PH(ng) < N) = 1. We will now investigate the corresponding

properties of the random walk under P, when p # % One suspects that,
when p > %, it should be harder for a biased random walk to visit points to
the left of 0 and easier for it to visit points to the right. In fact, the same in-
tuition ought to make one think that such a random walk will, with positive
probability, drift off to the right and never return to 0. In this subsection,
we will verify both of these guesses.

By (1.3.10), with k = 1, and (1.3.3)

N
Pp(WQn-l-l - 1)

. {1} o o _
Z\}E;noo Pp (CN - N) ]\}gnoo g 2n+1 pu(pq),
where
=1 [2n+1\ , L
(1.3.12) u(x) :T;m(nH)x for z € (0,3].
Because

1
- o <D

we know that u(x) < 2. In order to get a closed form expression for u(z),
observe that

1 (2n + 1) (2n)! T, (2m — 1)

2n+1\n+1 nl(n+1)! (n+1)! (=4)

nH?n: l_m —4 ntl
=2(-4) (nO(+21)! - ; (n

iz —m)
(n+1)!

)

+ [N
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where, for r € R and m > 1,
-1
(1.3.13) ") = M
m/) m!

is the generalized binomial coefficient: the coefficient of €™ in the Taylor
expansion of £ ~» (1 +¢)" around 0. Hence,

u(r) = —5- :OO (2 ) =3 (2

n=1
and so
(1.3.14) u(z) = 1_2& for z € (0,1].
T

Noting that pg < i and that 1 —4pq = (p+q)? —4pg = (p— q)?, we see that

u(pq) = % = 1#(1 and therefore that

1 ifp>3
lim B,(c{ <Ny =L TP
N—oo pVgq Bifp <.

_

Further, since, by (1.3.5), IPp(C]{V_k} <N)= IPq(C]{f} < N), we also have that

—_

: 1
1fp§ 2

lim P, (¢t <Ny =L = .
p(N ) % 1fp>%.

N—oo pVyqg N
Hence, as predicted, when p > %, the biased walk will, with probability 1,

eventually visit 1, but, with positive probability, it will never visit —1.

Starting from the preceding, we can now show that (cf. (1.2.22))
(1.3.15) lim P,(ply) < N) =2(pAq)

N—oo

and therefore that limpy_ Pp(pg\l,) <N)<1lifp# % Indeed, if N > 2,
then

]P)p(/’g\lf) < N‘ Wi = i1) = Pp(cz{vﬂ} <N - 1)7

and so
_ 2
Pp(pg\lf) <N)= pPP(C]{V—ll} < N_1)+qPP(C]{Vli1 < N-1) _)2% = 2(pA\)-

In that this says that a biased (i.e., p # %) random walk will, with positive
probability, never return to the place where it starts, one says that biased
random walks are transient.

A similar argument allows us to compute limy_ o0 ]P’I,(g“]{f} < N) for all
k # 0. Namely, if £ > 1, then

Py(c Y < N[ ¢l =n) = By(cf, < v —m)
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forall N > k41 and k <n < N — 1. Hence, by Bayes’s formula,

P, (Y < N) = Z]P’ (W = n)p, (! <N —n).

Therefore, since P, (C,gl) <N - n) 7 for1<n<N,

p\/

N
P
dim B (¢F T <) < o z\}ﬂnoo P, (¢ =)

__P 5 {k}
_p\/ql\}g;noolP> (C <N)

and so

k p
lim Py < N) < g m Py L(C < ).

At the same tune, foreach k< M < N
Pp(ch T < N) > }:P (N = )Py (¢}, < N =),

and therefore

. [k}
Jm B <

L @mlsM—U

p\/q

“pva
for all K < M < N. Combining this with the preceding, we conclude that
. {k+1} < _ p . {k} <
i B <) = i el <

and therefore, by induction and (1.3.5), that
b\
(p—vq> for k > 1,

(ﬁ)qﬂ for k < —1.

(1.3.16) lim By (Cy) < V) =

Related to the preceding is the following strengthening of (1.2.24). Given
N, use induction to define the mth return time p%n) on {0, 1} for N> m> 2
by

mm»—fﬁm:N”WM<nSN&WMM—m-ﬁﬂ"%><N,

00 otherwise.

Then, Pp(p%n) < N|pm=N =n) = IP’p(pg\l,)_n < N —n), and so

N-1
By (ol < N) = 3 By = n)By(pfL, < N —n),
n=0
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from which, reasoning in the same way as above, we find that
1.3.17 lim P, (o™ < N Aq)"
(1.3.17) Jim P, (o ) =(2(pAq))

In particular, with probability 1, the symmetric random walk will eventually
return to 0 arbitrarily often.

Exercises for §1.3

Exercise 1.3.18. Assuming that k A¢ > 1 and N > k + ¢, show that
]P’p( ]{\ZCM} ZIP {k} ]P’(]{Véim:n—m) for N > n.
Similarly, show that

™ =) = SR =B =) o2

n

Exercise 1.3.19. If X and Y are independent random variables, show that

PX+Y=2)= > PY=z-2)PX=uz)
z€Image(X)

= ) PX=z-yPY =y).
y€lmage(Y)

Next, suppose that X and Y are independent, Poisson, random variables
with rates o and 8. That is, X and Y are N-valued and

577,
mlin!
Show that X + Y is a Poisson random variable with rate (o + f3).

PX=m&Y =n)= e—(e+B) L

Exercise 1.3.20. Show that

o
1 2
Z (r)xr—l—\/l—élx for:z:G[O,%].
= 2r—1\ r
Next show that, for z € [0, 1],
o
lim P ( @) _ 27‘)3:7":1—\/1—4])(]3:,
N—o0

r=1

and use the second part of Exercise 1.3.18 and induction to conclude that

E A}im ]P’p(p%n) =2r)z" = (1 — /1 —4pgz)™ for z € [0,1].
—00
r=0

Finally, use this to give another derivation of (1.3.17).
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Exercise 1.3.21. Show that
> 1= /1—Adpqx

lim P, (¢ = n)a" f 1].
i »(Cy =n)x % or x € [0,1]

n=0

Using this expression together with the first part of Exercise 1.3.18 and
induction on k£ > 1, show that

00
1-y1-4
i Byl = e = (LI

anN—)oo 2q

k
> for z € [0,1].
Finally, use these considerations to give another derivation of (1.3.16).

1.4. Expectation Values

In §1.3.1 we used random variables as a source of non-uniform probability
measures. In this section we will take their expectation values, and again we
will restrict our attention to sample spaces which are finite or countable. To
carry out this program, it will be useful to have the following results about
series.

Lemma 1.4.1. Let Z be a finite or countable index set and let
{a; 1€} U{b;: i €T} C (—o0,00],

and assume that Y, 7(a; +b;) < oo. If either a, B € [0,00) or o, € R
and ) ;7 (la;| + [bi|) < oo, then

Z(aai + Bb;) = aZai + szi'
i€ i€ i€l

Proof. When 7 is finite, there is nothing to do. Thus, assume that 7 is
infinite. In addition, in either case, ) ;.7 aa; = a) ;.7 a; and Y, 7 Bb; =
B> ez bi, and so it is suffices to handle o = 1 = 3.

First suppose that a; A b; > 0 for all ¢« € Z. Then, for any F CC Z,
S0 = Yo s S
icF icF icF i€l i€l
and so Y . r(a;i +b;) < > icrai + Y ;crbi. At the same time, if F CC T
and G CC Z, then

Zai ‘|’Zbi < Z (@i +b;) < Z(ai + b;),
ieF ieG iE€FUG ieT

and therefore Y ;7 a; + ;o7 b <> icr(a; +b;).
Having handled the case when the a;’s and b;’s are non-negative, the
other cases can be handled as follows. Set Tt = {i € Z: a; + b; > 0} and
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Z- =ZI\ZI". Since a; +b] = (a; + b;) + (a; +b; ), the preceding implies

that
Y o(af +65) = (ai+b)+ Y (a; +57)
ieT+ ieT+ ieT+
and therefore that
Sarh= Y e Y0 Y- Y
€Lt €Lt €Lt €Lt €Lt
The same line of reasoning shows that
NURISED SRS SITED P o
€T ieZ- i€z €T €T
Hence, by Lemma 1.2.1, when we add these two and apply (1.2.4), we get
the desired result. (I

Lemma 1.4.2. Suppose that T and J are finite or countable index sets, and
let{a;;: (i,j) € I x T} C (—o0,00|. If either a; j >0 for all (i,5) € I x J
or ;i jyezx.7 @iz < 0o, then both

DD aij | and Z(Zaw—)

i€l \jeJ JEJ \i€Z
converge and are equal to E(ij)eIxJ ajj.

Proof. There is nothing to do when Z and J are both finite. In addition,
by reversing the roles of ¢ and j, one can reduce the problem to showing

that > . 7 (Zjej am-) has the asserted properties.

Now assume that the a;;’s are non-negative. Then, for each FF CC T
and G CC J,

Yooain = D aupy =D ai

(,1)EIxT (i,))€FXG ieF \jeG

Thus, - jyerxs Uij) = 2oicr (Zjej ai,j) for all F' CC Z, and therefore

E(i,j)elx]a(iJ) > ZieI <Zjej aiyj). At the same time, if H CC Z x J
and FF CC Z and G CC J are chosen so that H C F' x GG, then

Z Zai,j ZZ Zai,j = Z ai,jZ Z Qj 5,

€T \jeJ ieF \jed@ (i,j)eFxG (i,5)eH

and therefore ), 7 (Zjej ai,j) > D (.5)eTxT B
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Finally, assume that Z(i,j)elx] la; j| < co. Then, by the preceding,

D laigl | < oo,

i€l \jeJ
and 50 3 ; ey 7 @iy converges to some s € R, 3¢ 7 a;; converges to some

u; € R for each i, and ), 7 |u;| < co. Hence, by the preceding and Lemmas
1.2.1 and 1.4.1, the following equalities are justified:

o + _ -
E: @iy = E: @; Z @;

(i,§)ETXT (1,5)EIXT (4.))EIXT
=D DI D DLy
i€l \jeJ i€l \jeJ
P DILHED I ED DI DI B =
i€ \jeJ JjET €L \JjET

Now let P be a probability measure on a finite or countable sample space
Q. Given a random variable X : Q — [0, 00}, the expected value EF[X]
of X with respect to Pis > .o X(w)P({w}). Given a random variable X :
Q0 — (—00, 0], define the non-negative random variables X* by X*(w) =
X(w)* and |X| = X* + X~. Then we say that the expected value
of X exists if E¥[X~] < oo, in which case we define its expected value
EP[X] = EF[X*] — EF[X~]. Notice that, by Lemma 1.2.1,

(1.4.3) EF[X] = Z X (w)P(w) when EF[X 7] < oo.
we

Thus, when Q is finite and P is uniform, EF[X] is precisely the ordinary
average value of X on Q. When EF[|X|] < oo, we say that X is integrable.

Starting from (1.4.3) and applying the facts that we already have about
series, it is clear that

(1.4.4) EF[X] <EF[Y] #fE[X7]<ooand X <Y,
and, for a, 8 € R,
(1.4.5) Ef[aX + BY] = oEF[X] + BEF[Y]

if either aAB > 0 and EF[X "] VEF[Y ] < oo or EF[| X|]VEF[|Y|] < co. Note
that if A C Q is an event, then 1,X* < X* and so, by (1.4.4), EF[1,X]
exists if EP[X] does, and 14X is integrable if X is. In the future, when EF[X]
exists, I will use the notation EF[X, A] to denote EF[14X]. Obviously,

EF[X, Al = ) X(w)P({w}) when EF[X"] < oc.
w€eA
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By using Lemma 1.4.2, we see that

EF[X]=) X (W) 1y (X (@) P({w})

we \ z€lmage(X)

= > x| > P{uh.

z€lmage(X)  \{w: X(w)=z}
and so
(1.4.6) EF[X]= > aP(X=2) whenEF[X ] <oc.
z€lmage(X)
In other words, when it exists, EF[X] is the weighted average of the values

of X, the weight assigned to each value being the probability that X takes
that value; and, for this reason, EF[X] is often called the mean value of X.

Equation (1.4.6) generalizes in the following way. Suppose that X is a
random variable with values in some space E and that f : E — [0,00),
and set Y = f o X, the composition of f with X. Then, by (1.4.6), EF[Y]

equals

Yo Py =y = > >yl (f@)P(X =)

y€lmage(Y) y€lmage(Y) \z€lmage(X)

= Y. @ X 1y(W)|PE =g

z€lmage(X) y€Image(Y)
= ) f@PX=2)
z€lmage(X)

More generally, if f : E — (—o0, 0], then, by applying the preceding to
(foX)T and (f o X)~, we have that

147)  EFfffoX]= >  f@PX=1) HE'[(foX)]<oo.

z€lmage(X)

As a weighted average of the size of X, one should expect that EF[|X]]
can be used to estimate the probability that |X| is large. To see that this
is the case, note that, for any R > 0, Rljx>pr} < lix>pX < [X]| and
therefore, by (1.4.4), that

1 1
(1.4.8) P(X > R) < E]EP[X, X >R] < EEPUX]] for R > 0,

an inequality which is known as Markov’s inequality. Simple as it is,
Markov’s inequality is the origin of a great many estimates in probability
theory. In fact, although we did not say so at the time, we used Markov’s
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inequality in our derivation of (1.2.17). Namely, in the language of expecta-
tion values, if Q = {0,1}" and P = P, is the uniform probability measure
2

on {0,1}", then, for o € R,
N N
E]P’ aWn] —aNE]P’ 2aSN] 2—N —aN 2an
e |=e e | e ngl )€

=9 Ne=alN (620‘ + 1)N = (cosh a)N
Hence, if a > 0 and R > 0, then, by Markov’s inequality,
]P’(WN > R) = IP’(eO‘WN > eO‘R) < e REP [eO‘WN] < e*O‘R(cosh a)N,
and it was from this inequality that (1.2.17) was an easy consequence.

Closely related to the preceding are the following considerations. Sup-
pose that X is an R-valued random variable for which X? is integrable.

Since |X| < 1+2XQ, X is also integrable. For any o € R,

0 <EP[(X — a)?] = EF[X?] — 2aE[X] + o

In particular, because the right-hand side achieves its unique minimum at
o = EP[X], we see that

(1.4.9) Var(X) = EF [(X — EF[X])?] = EP[X?] — EF[X]?

is the minimum value of a ~ E¥[(X — «)?]. In other words, when one uses
EP [(X — oz)Q] to measure the difference between the random variable X and
the constant «, EF[X] is the one and only choice of o which is closest to X.
Thus, in this sense, Var(X) measures how much X differs from a constant,
and for this reason it is called the variance of X. Notice that, by Markov’s
inequality, for any R > 0,

P(|X - EF[X]| > R) = P(|X — E¥[X]|” > R?) < R2E7[(X - EF[X])%],

and therefore

Var(X)

T2 for R > 0.

(1.4.10) P(|x —EF[X]| > R) <

Inequality (1.4.10) is called Chebychev’s inequality.

Before completing this introduction to expectation values, it should be
pointed out that there is an alternative way to think about the “expected
value” of an R-valued random variable X. Namely, if one interprets “ex-
pected” as being synonymous with “typical,” then one might say that an
equally good candidate would be a number v € R such that X is equally
likely to be larger or smaller than v. That is, P(X > v) = £ = P(X < 7).

n the following and elsewhere, if o € R, then I will use a to denote the random variable
alq.
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However, after a moment’s thought, one realizes that there either may be
no such v or that there may be more than one such . For example,

Pi($227)23 = 7<1 = Pi($227) > 1§,

whereas P1(S1 > ) = % =P.1(S; <) for all v € (0,1). To eliminate the
2 2
existence problem, one looks for a v € R such that

—_

(1.4.11) P(X =) AP(X <9) 25

and calls such a v a median of X.

That every R-valued random variable has a median is easy to check.
Indeed, define

a=inf{z: P(X <z)> and B=sup{z: P(X >2)>1}

1
5} 2
Because P(X € R) = 1, (1.1.6) implies there exists an R > 0 such that
P(X > —R) > 1 and P(X > R) < i. Hence o, 3 € [-R, R]. Furthermore,

since {X < a+ 1} \ {X <o}, (1.1.5) implies that
— 1 1
P(X < a) —nh_>nrololP>(X§a—|—H) > 5.

Similarly, since {X > o — 1} " {X < a},

IN

P(X <o)= lim P(X >a—3) <3,

and therefore P(X > a) = 1 — P(X < ) > 1. Hence, a is a median of X.
The same sort of reasoning shows that S is also a median of X. In addition,
since P(X > ) > 3, we also know that v < 3. Finally, it is obvious that
any median must lie between o and 3, and knowing that o and 8 are both
medians, it is clear that every v € [a, ] is a median. In other words, X
always admits a median, but, in general, it will admit an entire, non-trivial
interval of them. See Exercise 1.4.22 for a variational characterization of
medians.

1.4.1. Some Elementary Examples. There is no universally applicable
procedure for computing expectation values any more than there is one for
computing probabilities. Indeed, the probability of an event A is the expec-
tation value of its indicator function 14, and so any universal technique for
computing expectation values would be a technique for computing proba-
bilities. Nonetheless, as is often the case, there are advantages to thinking
in terms of the more general problem, the one of computing expectation
values, even if our primary goal is to compute probabilities.

We will devote this subsection to a few elementary examples, and we
begin by taking a hands-on approach. Our first example is the computation
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of (cf. (1.2.8)) EFr[S,] and Var,(S,), the variance of S,, under P,. From
(1.3.3) and (1.4.6),

n

N\ m n—m - n—1 m—1_n—m
EP[S) =) m(m>p ¢ = npmzﬂ (m } 1)19 'q

m=0

- n—1 m n—1l—m
=mp ) ()" = np.
m=0

Similarly, from (1.4.3), if n > 1,

E]P’p [STQL] — Z m2 (;) pmqn—m

m=0
" n " n
=>_ m(m- 1)( >pmqn_m + m( >p’”q”‘m-
m m
m=0 m=0

We already know that the last of these sums equals np. If n = 1, the second
to last sum is 0, and if n > 2, it equals

n n—2

n—2 o n—2 o

n(n—1)p* ) (m_2)pm 2" = n(n — 1)p? Z( . )p’”q" B
m=0

m=2

= n(n —1)p°.
Hence
E*?[S2] = n(n — 1)p* +np = np(np — p + 1) = npg + (np)?,

and so Vary(Sy,) = npq.

In the preceding computation, we took minimal advantage of structure.
In particular, we did not take any advantage of the fact that S, is a sum
and apply (1.4.5). If we had, we would have immediately seen that

n N
E7[Sp] = Y B [w(m)] = Y Bp(w(m) =1) =np
m=1 m=1

and that, because w(m1) is independent of w(mz) when m; # mao,

n

EP [S,ZL] = Z EF» [w(m)Q] + Z EF» [w(ml)w(mg)]

m=1 1<mi#ma<n
= Z IP’p(w(m) = 1) + Z ]P’p(w(ml) = 1)Pp(w(m2) = 1)
m=1 1<mi#mao<n

= np +n(n — 1)p* = npq + (np)*.
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On the basis of these computations, we can easily compute the expected
value and variance of W,, under P,. Indeed, W, = 25, —n, and so, by
(1.4.5), EF»[W,] = 2np —n = np — ng = n(p — q) and

EF» [W2] = 4E» [SZ] — 4nE*?[S,] + n? = dnpq + 4(np)* — 4n’p + n?
2
= dnpq +n*(1 — dpq) = 4npq + (n(p — q))".
Hence, Var,(W,) = 4npq.

1.4.2. Independence and Moment Generating Functions. Although
hands-on procedures work, one suspects that there must be more clever
approaches. Ome such approach is to begin by computing the moment
generating function

(1.4.12) gx(\) =EF[eM] for AeR

Of course, in general, gx (\) will be infinite for all A # 0. On the other hand,
if X is non-negative, it will be finite for A € (—o0, 0], and it will be finite for
all A € R if X is bounded (i.e., P(|X| < R) = 1 for some R € (0,00)).

To understand the virtue, as well as the origin, of the name of moment
generating functions, again consider S, under P,. Obviously

Ef? [e*n] = Zn: e <:L>pmq”_m = zn: <n> (peM)™g" ™ = (pe + )"

m

Hence, EF? [e}7] is a smooth function of A and'?

n
8'§]EPP [e)\sn] — Z mEerm <TZ> PG = EP» [Sfbe)\Sn] )
m=0

In particular,

E [Sfb] =03 (pe)\ + q)n’)\zo’
from which it is an easy exercise to recover the results proved in § 1.4.1. More
generally, because EF[X*] is called the kth moment of X and since, under

appropriate conditions, these moments can be computed by differentiating
gx at 0, it is reasonable to think of gx as generating them.

Of course, moment generating functions are no deus ex machina. Aside
from technical questions (addressed in Theorem 1.4.16) about justifying the
differentiation of them to compute moments, there is a more basic problem:
that of computing them at all. To understand why moment generating func-
tions are often easier to compute than the moments themselves, we will re-
peat the preceding calculation, this time taking advantage of independence.

121 use 9, to denote differentiation with respect to .



48 1. Some Background and Preliminaries

Namely,

EF» [eASn] _ Z 6)\ St w(m {w} Z H eAw (m) w(m 1—w(m)

we{0,1}n wef0,1}n m=1

= [T E 7 [X07] = (pe* + )",

the point being that, because the events {w(1) = £1},...,{w(n) = £1} are
mutually independent,

Pp({w}) = H Pp({wl s wW'(m) = w(m)}) — H pe(m) gl—w(m)
m=1

and therefore

EF»

ﬁ Aw( m)] H EIP )xw(m
m=1

To generalize the above line of reasoning, let P be a probability mea-
sure on a finite or countable sample space ). We will say that the random
variables X1,..., X, on  are mutually independent under P if, for all
Z1,...,Tn € R, the events {X1 = z1},...,{X, = x,} are mutually inde-
pendent under P. Hence, if X1,..., X,, are mutually independent random
variables with values in some space E and if fi,..., f, are non-negative
functions on FE, then, by (1.4.7),

E]P

II 7= oXm] = > I fol@m)P(Xm = 2m)
m=1

(®15005n) m=1

m=1 Tm

and so

(1.4.13) EF

H fmoXm] = H Ep[fm(X
m=1 m=1

Starting from (1.4.13), it is clear that for any fi,..., f, on F into R such
that f1 o X1,..., fn 0 X, are integrable, []"" _; fm o X, is again integrable
and (1.4.13) continues to hold.
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As an immediate consequence of (1.4.13), we see that if X5,..., X, are
mutually independent, (—oo, co]-valued random variables, then

(1.4.14) 9s(N) = ] 9x.,(\) where S =" Xin,
m=1

m=1

and this important fact is one of the major reasons why moment generating
functions are often easier to compute than one might expect.

1.4.3. Basic Convergence Results. For many applications, it is impor-
tant to know under what conditions one can say that EF[X,] — EF[X]
when one knows that X, (w) — X(w) for each w € Q. For instance, one
needs such results when one attempts to justify the interchange, used in the
computation of moments from the moment generating function, of differen-
tiation with the taking of expectation values.

Theorem 1.4.15. Let P be a probability measure on a finite or countable
sample space Q, and let {X,, : n > 1} be a sequence of (—oo,oc]-valued
random variables on Q with E¥[X] < oo for alln > 1.

(i) If 0 < X, (w) 7 X(w) for each w € Q, then EF[X,,] 7 EF[X].
(ii) If X;, > 0 for alln > 1, then

E* [h_m Xn} < lim E'[X,].

n—o0 n—oo

(iii) If there exists an integrable random variable Y such that X, <Y
for all n > 1 and lim,_., X,, is integrable, then

Iim EF[X,] <EF|Tim X,

(iv) If there exists an integrable random variable Y such that | X, | <Y
for alln >1 and X, (w) — X (w) for each w € Q, then X is integrable and

EP[X,] — EP[X]( <E*[|X, — X|] — 0.

Proof. (i) First note that, by (1.4.4), 0 < EF[X,] < EF[X, 1] < EF[X]
for all n > 1. Thus L = lim,_, EF[X,] exists in [0, 0] and is dominated
by EF[X]. To complete the proof, note that, for any A cC Q, EF[X, A] =
lim,, 00 E¥[X,,, A] < L, and therefore (cf. Lemma 1.2.1)

EF[X] = sup EF[X, A] < L.
ACCQ
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(ii) Set Y, (w) = inf{X,,(w) : m > n} for n > 1. Then, X,, > Y, ~
lim X, and therefore, by (i) and (1.4.4),

———Mn—00

lim EF[X,] > lim EF[Y,] =E" [h_m Xn} .

n—00 n—00 n—00
(iii) Set Z, =Y — X,,. Then, by (ii) applied to {Z,, : n > 1},

EP[Y] + EP [— Tim Xn} — EP [Y— Tim Xn} — P [h_m Zn]
n—oo n—oo n—oo
< lim EF[Y — X,,] = EF[Y] — Tim EF[X,].
n—+00 n—00
Hence, lim, .. EF[X,] < —EF [— limy,—y 00 Xn], and so lim,, . EF[X,] <
EF [Timp o0 Xp)-

(iv) Since | X| < |Y|, it is clear that X is integrable. In addition, since
+(X, — X) < |Xn — X| and therefore +EF[X,, — X] < EF[|X,, — X|], we
know that |EF[X,,] —EF[X]| < EF[|X,,— X|]. Now set Z,, = |X,, — X|. Then
0<Z, <2Y and Z,(w) — 0 for all w € Q2. Hence, by (iii), we know that
limy, 00 EY [| X, — X[] = 0. 0

The results in Theorem 1.4.15 are the countable sample space version of
three famous convergence results (cf. Theorem 2.4.12) in Lebesgue’s theory
of integration. The result in (i) is known as the monotone convergence
theorem, those in (ii) and (iii) are called Fatou’s lemma, and the one in
(iv) is Lebesgue’s dominated convergence theorem.

As an application of these, we give an important result about computing
moments from moment generating functions. Here and elsewhere, e~ is
taken to be 0.

Theorem 1.4.16. If —co < a < b < o0 and gx(\) < oo for X € (a,b), then
(cf. (1.4.12)) gx is smooth (i.e., infinitely differentiable) on (a,b) and

EF [X*er] = 05gx(\)  for k €N and X € (a,b).
In addition, if X is bounded below (i.e., P(X > —R) = 1 for some R €
(0,00) ), then

EP[X’@, X <o0] = )1\%8’;\79)(()\) for each k € N.

Proof. To prove the first assertion, we will work by induction on k € N,
and when k = 0 there is nothing to do. Now let £ > 1, and assume the result
for k — 1. Given X € (a,b), choose 0 > 0 satisfying [\ — 25, A + 26] C (a, ).
Then for any h € [—24, 24],

N tgx (A + h})l -0 tgx (V) _ P [Xk /1 cOFth) X dt] .
0
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Since, for any h € R with |h| < 4,

s
(k[T < || o=lal Aa+20le] < (%) (P29 4 (B-20)2),
e

1 k
Xk/ LX< (F (29X | (A-20)X)
0 - 6(5
for such h. Hence, by Lebesgue’s dominated convergence theorem,

lim A lgx(A+h) = gx(N)
h—0 h

= EF [ XM,

Given the first part, the second part comes down to showing that
EF [XkeAX] — EP [Xk, X< oo] as A 0. To this end, write

EF[X*erM] = EF [ X7, X € [-R,0)] + EF [X"eM, X € [0,00)].

By Lebesgue’s dominated convergence theorem, the first term on the right
tends to EP [X kX < 0] and, by the monotone convergence theorem, the
second term tends to EF [Xk, X €0, oo)] as A 0. Thus, the sum tends
toEP[Xk,X<oo]. (I

Exercises for §1.4

Exercise 1.4.17. If X takes its values in N, show that

EF[X] = ip(x >n) and EF[X? = i(Zn + 1DP(X > n).
n=0 n=0

Exercise 1.4.18. If X is a Poisson random variable with rate « (i.e., X
is N-valued and P(X =n) = an;i;a for n € N), show that gx(\) = ea(€*=1)
and conclude that EF[X] = o = Var(X).

Exercise 1.4.19. Let p € (0,1) and ¢ = 1 — p, suppose that X is a Z*-
valued random variable with P(X = n) = gp" ! for n € Z*, and show that

gx(A) = 132; for A < —logp, EF[X] = %, and Var(X) = L. Also, show

that such a random variable arises when one asks what the probability is
that a tail occurs for the first time on the nth toss of a coin.

Exercise 1.4.20. Assume that X is an R-valued random variable for which
there exists a 0 > 0 such that gx(\) < co whenever A € (—=4,9). If Ax(\) =
log gx(A), show that

dAx
EP[Xx] = —=
[X]=—

More generally, the derivatives of Ay are called the cumulants of X.

2
(0) and Var(X)= %(O)
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Exercise 1.4.21. It should be clear that a major difference between a me-
dian of a random variable and its expected value is that a median ignores
“outliers” whereas the expected value can be influenced by them. Thus,
one should expect that the difference between a median and the expected
value can be estimated in terms of the variance. To verify this, let X be an
R-valued random variable for which X? is integrable, and suppose that v is
a median of X. Show that, for any = € R, (v — 2)? < 2EF[(X — z)?], and

conclude that |y — EF[X]| < /2Var(X).

Exercise 1.4.22. Suppose that X is a Z-valued random variable.

(i) Show that if &« € R\ Z is a median of X and if m € Z is determined
by m < o <m+ 1, then P(X <m) =1 =P(X > m+1) and therefore, for
every 8 € [m,m+ 1], P(X < 8) = 3 = P(X > $3). In particular, conclude
that there exist integers m; < mo such that, for any a € R, « is a median
of X if and only if m; < a < ma.

(i) Assume that X is integrable and let m € Z. If m < o < m+1, show
that

E[|X — o] —EF[|X —m|] = (e —m) (1 — 2P(X >m + 1)).
If m —1 < a < m, show that
EP[|X — o] —EF[|X —m|] = (a —m) (1 — 2P(X > m)).

(iii) Again, assume that X is integrable, and let m; and mg be as in (i).
Using (ii), show that

EP[|X — o] > EF[|X —my|] forallaeR

and that equality holds if and only if o € [m1, ms]. Conclude from this that
a € R is a median of X if and only if

E*|[X — a|] = min{EF[|X — B|] : B € R}.

It can be shown (cf. Exercise 1.4.3 in my book [9]) that this variational
characterization works for general R-valued random variables, not just for
integer-valued random variables.

Comments on Chapter 1

As I have said, when the sample space is finite, the engine behind probabilis-
tic computations is combinatorics. Nonetheless, when these computations
are phrased in probabilitic terms, many techniques for solving them become
more transparent and better motivated. In addition, because it does not
require the sometimes cumbersome machinery required to do probability
theory in uncountable sample spaces, finite and countable state spaces pro-
vide a testing ground for results that one would like to prove. To wit, people
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working in statistical mechanics or quantum field theory make systematic
use of finite analogs of the physical situations in which they are interested.
In fact, they sometimes are able to prove the results they want by making
finite approximations and then passing to a limit. Three of the most intrigu-
ing examples of this procedure are percolation theory, the Ising model, and
Euclidean quantum field theory. Also, results are often first discovered in a
finite setting and only later are shown to be more general. Both De Moivre’s
theorem and the arc sine law are examples.



