
Chapter 1

Introduction

Quantum dynamics is famously described by a unitary evolution in the
Hilbert space of states. Among the solvable classes of models, for which
a qualitatively complete theory could be obtained, is the the Bloch-Floquet
theory of periodic operators. The structure of periodic operators’ eigenfunc-
tions has long provided the basic reference point for condensed matter the-
ory. However, our luck with the availability of explicitly analyzable models
starts to run out once disorder (and particle interactions) are incorporated.

As it turns out, a certain amount of disorder in condensed matter is
hard to avoid and for some purposes is also advantageous. The spectral
and dynamical effects of disorder have attracted a great deal of attention
among physicists, mathematicians, and those who enjoy working at the fer-
tile interface of the two subjects. Along with a rich collection of results,
their research has yielded a number of basic principles, expressing physics-
style insights and mathematically interesting theory in which are interwoven
elements from probability theory, functional analysis, dynamical systems,
topology, and harmonic analysis (not all of which are fully covered in this
book). Yet deep challenges remain, and fresh inroads into this territory are
still being made.

The topics presented in this book are organized into interlinked chapters
whose themes can be read from their titles. The goal of this introduction
is to sketch the central mathematical challenge concerning the effects of
disorder on quantum spectra and dynamics and to mention some of the
concepts which play an essential role in the theory which is laid down here.
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2 1. Introduction

Admittedly, at first reading the concepts mentioned below may not be
clear to readers who are new to the subject. In that case the reader is en-
couraged to skip the text and return to it after gaining some familiarity with
the relevant sections in the book.

1.1. The random Schrödinger operator

The quantum state of a particle moving in d-dimensional space is described
by a wave function ψ ∈ L2(Rd). It evolves in time under the unitary group
of operators exp(−itH/�) generated by the Schrödinger operator

(1.1) H = − �2

2m
Δ + V (x)

with Δ the Laplacian and V : Rd �→ R the external potential.

Disorder may be incorporated into quantum models through the addi-
tion of random terms in the potential, possibly as an addition to a periodic
potential which represents an underlying lattice structure. Models incorpo-
rating such terms have appeared in the discussions of substitutional alloys,
of metals with impurities, and also in the theory of normal modes of large
structures.

Somewhat similarly, the positions of electrons in a metal are described in
terms of lattice sites which represent the Wigner-Seitz cells. Simplifying this
further by restricting to one quantum state per cell (the tight-binding ap-
proximation), allowing as elementary moves only nearest-neighbor hopping,
and pretending that the electron-electron interaction is sufficiently repre-
sented by an effective one-particle potential, one is led to a one-particle
Hamiltonian for the system in the form of a discrete random Schrödinger
operator

(1.2) H = −Δ + λV on �2(Zd).

Here Δ is the second difference operator (defined in (2.3) below). As will be
done subsequently, the physical constants which appear in (1.1) are dropped;
their value in this context being a matter of phenomenology. The operator
V acts as multiplication by random variables (ω(x)), which are often taken
to be independent and identically distributed (iid). We shall not discuss the
validity of the approximations which were made in formulating this model
but rather focus on their implications.

In other examples of Schrödinger operators with random potential the
operator is of the form

(1.3) H = −Δ + V0(x) + λ
∑
α

ωα u(x− xα)



1.2. The Anderson localization-delocalization transition 3

Figure 1.1. A disordered lattice system; the dots representing the on-
site potential.

where Δ is the regular Laplacian on Rd, V0 is a periodic potential, and the
sites xα may range over either the lattice Zd or a random discrete subset
of Rd generated through a Poisson process of constant intensity. In the lat-
tice case, the disorder is incorporated by taking the coefficients ωα to be iid
random variables. In the second case, disorder is already present in the lo-
cation of the scatterers, but a further modeling choice can be made with ωα

either iid or constant. The formulation of the model over the continuum is
not expected to make an essential change in the basic phenomena discussed
here. These concern the long scale behavior of the eigenfunctions and of
the dynamics. Yet the analysis would require addressing a number of issues
related to the unboundedness (at short distances) of the kinetic term (−Δ).
Omitting randomness in (ωα) one would also give up random parameters on
which the dependence of H is monotone. The monotonicity is a convenient
feature which we shall adapt for this presentation.

To summarize the point let us restate that our main goal here is not to
cover all the variants of random Schrödinger operators but rather to focus
on the qualitative spectral and dynamical implications of disorder in the
context of the relatively simpler versions of such random operators. And
since in the discrete version of (1.2) one avoids a layer of difficulties which
may be skipped in the first presentation of the main issues discussed here,
we will restrict the discussion to the discrete models.

1.2. The Anderson localization-delocalization transition

It is instructive to note that the operator in (1.2) is a sum of two terms
with drastically opposed spectral properties (terms which are explained in
Chapter 2 and Appendix A).

The kinetic term −Δ: It is of absolutely continuous spectrum. The
plane waves (eik·x) provide for it a spanning collection of generalized
eigenfunctions which are obviously extended, and the evolution it
generates is ballistic in the sense that for a generic initial state
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ψ0 ∈ �2(Zd) as t→∞,

(1.4) 〈ψ0, e−itΔ |x|2 eitΔ ψ0〉 ≈ 2d ‖ψ0‖2 t2ν

with ν = 1.

The potential V : It acts as a multiplication operator on �2(Zd) and
has a pure-point spectrum which consists of the countably infinite
collection of its values which densely cover the support of the prob-
ability distribution of the single-site potential. Its eigenfunctions
are the localized delta functions (δx) and the corresponding dynam-
ics exhibit an extreme form of localization (in particular (1.4) holds
with ν = 0).

λ (disorder)

ac spectrum
diffusive transport
RMT level stats

pp spectrum
dynamical localization
Poissonian eigenvalue stats

E (energy)4d0
spec(−Δ)

Figure 1.2. The predicted shape of the phase diagram of the Anderson
model (1.2) in dimensions d > 2 for site potentials given by bounded iid
random variables with a distribution similar to (1.5).

In his seminal work P. W. Anderson posited [27] that under random
potential there would be a transition in the transport properties of the model
which heavily depend on the dimension d of the underlying lattice, the
strength λ ∈ R of the disorder, and the energy. The term mobility edge
was coined for the boundary of the regime at which conduction starts.

Subsequent works [132, 1] have led to the current widely held, but not
proven, conjecture that such phase transitions would be seen in dimensions
d > 2, where operators such as (1.2) may have phase diagrams as depicted
in Figure 1.2, which for the sake of concreteness is sketched having in mind
the iid random variables with the uniform distribution in the unit interval:

(1.5) ρ(dv) = 1[|v| < 1/2] dv .
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The diagram’s essential features are [27, 307]:

1. For λ > 0 the particle’s energy ranges over the set sum of the spectra of
the two terms in H, which here is the interval

[
−1

2λ, 1
2λ + 4d

]
.

2. For small values of λ > 0, a pair of mobility edges separates the outer
regimes of localized states from the intermediate energy regime which is
conjectured to correspond to diffusive transport (ν = 1/2).

3. At high disorder, i.e., for all λ exceeding some critical value, the spec-
trum is completely localized.

Disorder has a particularly drastic effect in one dimension, where it
produces complete localization at any strength λ 
= 0, as was first pointed
out by N. F. Mott and W. D. Twose [306]. The localization theory for d = 1
was further expanded by R. E. Borland [64] and others and established
rigorously in the works by K. Ishii [200] (absence of absolutely continuous
spectrum) and I. Goldsheid, S. Molchanov, and L. Pastur [176] (proof that
the spectrum is pure point).

One-dimensional systems can also be regarded as quantum wires and
from this perspective it is natural to approach the conductive properties
through reflection and transmission coefficients. Such an approach was
championed by R. Landauer [280]. The two approaches, through spectral
characteristics and/or reflection coefficients, are nicely tied together in the
Kotani theory [263, 349] (which seems to be largely unknown among physi-
cists). It yields the general statement that for one-dimensional Schrödinger
operators with shift-invariant distribution absolutely continuous spectrum
is possible only for potentials which are deterministic under shifts, and it
occurs only if the wire is reflectionless. The discrete version of the Kotani
theory, which was formulated by B. Simon [349], is presented in Chapter 12
and used there as the lynchpin for the proof of complete localization for one-
dimensional random Schrödinger operators. (Our presentation differs in this
respect from the more frequently seen approaches to the one-dimensional
case.)

The first rigorous proofs of Anderson (spectral) localization for d > 1
relied on the multi-scale method of J. Fröhlich and T. Spencer [165]. The
method drew some inspiration from the Kolmogorov-Arnold-Moser (KAM)
technique for the control of resonances and proofs of the persistence of in-
tegrability. It is of relevance and use also for quasi-periodic systems such
as quasi-crystals. The fractional moment method, which arrived a bit
later [8], was more specifically designed for random systems. It allows an
elementary proof of localization, which we present in Chapter 6 and in more
detail in Chapters 10 and 11. Through the relations which are derived in
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Chapter 7, it also yields estimates on the eigenfunction correlator and
hence allows to prove also dynamical localization with simple exponential
bounds [5].

The localization-delocalization transition has been compared to phase
transitions in statistical mechanics. The analogy has inspired the renormal-
ization group picture suggested in [1], which is one of the arguments quoted
in support of the above dimension dependence. Other helpful analogies are
found in Chapter 9, where we present methods for establishing exponen-
tial decay of two-point functions and finite-volume criteria, which have also
played a role in the analysis of the phase transitions in percolation and Ising
systems.

The differences in the nature of the eigenfunctions in the regimes de-
scribed above are also manifested in the different degrees of level repulsion
and thus in differences in the spectral statistics on the scale of the typical
level spacing in finite-volume versions of the model.

As will be illustrated in Chapter 17, in the pure-point regime of localized
eigenstates the level repulsion is off, and the level statistics is that of a
Poisson process of the appropriate density. This was first proven for
one-dimensional systems by S. Molchanov [303] and for multi-dimensional
discrete systems by N. Minami [301] (under the assumption of rapid decay
of the Green function’s fractional moments).

An intriguing conjecture is that in the regime of extended states the
statistics may be close to those of the random matrix ensemble. Since
the randomness is limited in Schrödinger operators to just the diagonal part,
such a result does not yet follow from the recent results on classical matrices
ensembles [143, 374, 375, 144, 145] and this challenge remains open.

In Chapters 13 and 14 we discuss some of the implications of Ander-
son localization for condensed matter physics concerning the conduction
properties and the integer quantum Hall effect (IQHE). Disorder was
found to serve as an enhancing factor in the IQHE. The latter provides
an example of exquisite physics (allowing to determine e2/h experimentally
to precision 10−9 [253]) intertwined with mathematical notions of operator
theory, topology, and probability [282, 386, 38, 48, 41, 49].

1.3. Interference, path expansions, and the Green function

Localization in quantum systems is ultimately an expression of destructive
phase interference. However, the extraction of localization bounds through
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estimates relating directly to path interference is beyond the reach of avail-
able methods (though a certain success has been chalked up in [339]). In-
stead, typically the analysis proceeds through the study of the Green func-
tion:

(1.6) G(x, y; z) :=

〈
δx,

1

H − z
δy

〉
= −i

∫ ∞

0
〈δx, e−it(H−z) δy〉 dt .

Like the unitary operator to which it is related, the Green function’s
value is affected by the interference of path-dependent amplitudes, though
in this case over paths of varying time duration. While this point of view is
good to keep in mind, in practice the analysis is most often carried through
methods which are enabled by the Green function’s algebraic and analytic
properties. Altogether, the Green function provides a remarkable tool for a
number of reasons:

Informative: There is an easy passage from bounds and other qual-
itative information on G(x, y; E + i0) to a host of quantities of
interest about the model: the operator’s spectrum, the nature of
its eigenfunctions (Chapter 5), time evolution (Chapter 2), conduc-
tance (Chapter 13), the kernel of the spectral projection and hence
also the ground state’s n point functions for the related many-
particle system of free fermions (Chapter 13).

Algebraic relations: The Green function’s analysis is facilitated by
various relations that are implied by elementary linear algebra.
Among these are the resolvent identity, rank-one perturbation for-
mula, Schur complement or Krein-Feshbach-Schur projection for-
mulas (Chapter 5), and geometric decoupling relations (Chapter 11).

Path expansions: Resolvent expansions, an example of which can
be obtained by treating the hopping term in H as a perturbation
on the local potential, allows us to express G(x, y; E + i0) in terms
of a sum of path amplitudes, over paths linking the sites x and
y. Partial resummation of the terms, organized into loop-erased
paths, yields the very useful Feenberg expansion (Chapter 6). The
expansion was applied to the localization problem in Anderson’s
original paper [27], and it remains a source of much insight on the
Green function’s structure.

Locality: Underlying some of the relations discussed below is the
fact that the Green function is associated with a local operator.
In this regard, the two-point function G(x, y; E + i0) resembles
the connectivity function of percolation models and the correlation
function of Ising spin systems. This analogy has led to some useful
tools for the analysis of the localization regime such as finite-volume
criteria (Chapter 9).
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Herglotz property: In its dependence on the energy parameter
z, for any given ψ (element of the relevant Hilbert space)
〈ψ, (H − z)−1ψ〉 is a holomorphic function taking the upper half-
plane into itself and thus a function in the Herglotz-Pick class (Ap-
pendix B). Some of the general properties of functions in this
class are behind the success and relevance of the fractional moment
method (Chapter 8) which has yielded an effective tool for establish-
ing Anderson localization and studying its dynamical implications.

1.4. Eigenfunction correlator and fractional moment bounds

A good example of the utility of the Green function is its relation to the
eigenfunction correlator Q(x, y; I):

(1.7) Q(x, y; I) =
∑

E∈σ(H)∩I
|ψE(x)| |ψE(y)| .

written here for a matrix with simple spectrum, with the sum extending over
the normalized eigenfunctions of energies in the specified interval I ⊂ R. A
natural generalization of this kernel is presented in Chapter 7. One can learn
from it both about the dynamics and the structure of the eigenfunctions.
Its average E[·] over the random potential obeys for all s ∈ (0, 1)

E [Q(x, y; I)] ≤ Cs(ρ) lim inf
η↓0

∫
I
E [|G(x, y; E + iη)|s] dE ,(1.8)

with Cs(ρ) < ∞ for a broad class of distributions. A technically convenient
expression of localization is in bounds on the two-point function

(1.9) τ(x, y; E) := E [|G(x, y; E + i0)|s] ,

at some s ∈ (0, 1), e.g., an exponential bound of the form

(1.10)
∑

y:dist(x,y)≥R

τ(x, y; E) ≤ A e−R/ξ

at ξ < ∞ which depends on the energy and the distribution of the ran-
dom variables. Since for any spectral projection PI(H) (to the subspace of
energies in I ⊂ R) the time evolution operator satisfies

(1.11)
∣∣〈δx, PI(H) e−itHδy〉

∣∣ ≤ Q(x, y; I) ,

the fractional moments bound (1.10) if holding at some s ∈ (0, 1) implies,
through (1.8), exponential dynamical localization. Spectral localization, in
the sense of exponential localization of all the eigenfunctions for almost ev-
ery realization of the random operator, can then be deduced using other
standard tools which are discussed in Chapters 2 and 7. Fractional mo-
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ment techniques yield proofs of Anderson localization in various regimes in
the (E, λ)-phase space, starting with the high disorder regime for (regular)
graphs of a specified degree (Chapter 11).

1.5. Persistence of extended states
versus resonant delocalization

With the localization being now somewhat understood (though not com-
pletely, in particular in reference to two dimensions) the persistence of ex-
tended states, or delocalization, for random Schrödinger operators continues
to offer an outstanding challenge. The main case for which it has been es-
tablished rigorously is that of regular tree graphs, which are discussed in
Chapter 16. A lesson which can be drawn from the analysis of the Ander-
son model in that case is that there may be two different mechanisms for
extended states in the presence of disorder:

Continuity: For tree graphs, and some graphs close to those, there
exist continuity arguments which allow us to prove the persistence
of absolutely continuous spectrum at weak disorder, at least per-
turbatively close to the disorder-free operator’s spectrum [246, 14,
161].

Resonant delocalization: On graphs with rapid growth of the vol-
ume, as function of the distance, localization may be unstable to
the formation of extended states through rare resonances among
local quasi-modes. An argument based on this observation yields
for random Schrödinger operators on tree graphs a delocalization
criterion whose reach appears to be complementary to that of the
fractional moment localization criterion. And in case the random
potential is unbounded it implies absolutely continuous spectrum
even at weak disorder and well away from the �2-spectrum of the
free operator (i.e., the graph Laplacian) [21]. The consequences
are no less striking for the Anderson model on tree graphs with
bounded potential, for which it was proven that a minimal disor-
der threshold needs to be met for there to be a mobility edge
beyond which localization sets in [19].

Further implications of the second mechanism are still being explored. Among
the interesting questions are

1. its possible manifestation in many-particle systems, with implications for
conductance (regimes of “bad metallic conductivity”) [25, 44],

2. the nature of eigenstates, which may be delocalized in the sense of geomet-
ric spread yet also non-ergodic in the sense that they violate a heuristic
version of the equidistribution principle [318],
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3. spectral statistics (intermediate phase which neither shows Poisson nor
random matrix statistics [58]).

1.6. The book’s organization and topics not covered

Included in a number of chapters are methods which are of relevance beyond
the specific context of random Schrödinger operators. As can be seen in the
table of contents, the first four chapters present some of the core material on
the subject. These topics are also covered in other textbooks and extended
reviews on random operators, such as [228, 105, 82, 324, 367, 230].
The discussion in the remaining chapters centers on methods and results
which have so far been presented mainly in research papers and not much
in monographs on the subject. Included there are also some recent results
and comments on work in progress.

Let us conclude by noting that localization by disorder is a phenomenon
of relevance in the broad range of systems governed by wave equations. That
includes, beyond the Schrödinger equation, sound waves and normal modes
in vibrating systems and also light propagation in disordered medium; see
[85, 113, 152, 153, 24] and the references therein. In fact, since photons
even in non-linear optical media do not interact as strongly as electrons do,
direct observations of Anderson localization were purportedly first realized
in photonics systems; see [344] and also the overview [276] (which is regret-
tably short on mathematical references to the subject).

This book is far from being exhaustive in terms of the subjects and meth-
ods covered. For that, one may need to add a rich collection of topics, includ-
ing quasi-periodic operators [324, 68], the multi-scale method for establish-
ing localization [230, 367, 169, 170], the transfer-matrix approach to local-
ization in one dimension [66, 82], quantum graphs [266, 339, 15, 146, 262],
random network models and random quantum walks [31, 32, 212, 187,
213, 188, 214, 189], supersymmetric models of Wegner and their rela-
tives [120, 121, 119], random-matrix models of disordered systems [133],
and then of course disorder effects in non-linear dynamics, such as the non-
linear Schrödinger evolution, and the quantum kicked rotator [157, 68].
Also not discussed here are currently emerging questions and observations
concerning multi-particle systems [17, 88, 89, 90, 147] and many-particle
localization [198]. Further references to the above and to other topics are
made in remarks and in Notes which are included in many chapters. More
on the relevant physics concepts can be found in [289, 399, 61, 199].



Chapter 5

The Relation
of Green Functions
to Eigenfunctions

We now turn to some basic concepts and techniques for the analysis of op-
erators with random potential. The results presented include the following:

1. an important relation between eigenfunctions and the Green func-
tion, based on the first resolvent formula,

2. the spectral averaging principle for random operators,

3. Simon-Wolff criteria (boosted by a zero-one law) for pure-point and
for continuous spectra,

4. Schur complement and related finite-rank perturbation formulas,

5. simplicity of the pure point spectrum for operators whose random
potential is of conditionally continuous probability distribution.

The discussion in this chapter applies to general operators with random
potential, i.e., H = T +

∑
x∈G V (x) 1{x} , acting in the �2(G) space over a

countable set G, with T a bounded self-adjoint operator 1{x} = |δx〉〈δx| the
one-dimensional projections associated with sites x ∈ G, and V a random
potential. For the latter it will be assumed that the conditional distribu-
tions of V (x) conditioned on V�=x = {V (y)}y �=x are all continuous (i.e., their
probability measures have no atoms).

69
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5.1. The spectral flow under rank-one perturbations

The random operators in the class described above have a probability dis-
tribution which is unaffected when any of the potential values is redrawn
with its correct conditional probability. Important implications of that will
be arrived at by considering the evolution of the spectra of under rank-one
perturbations. For that we shall now focus on one-parameter families of
self-adjoint operators of the form

(5.1) Hv = H0 + v |δx〉〈δx| .

It is of pedagogical value to understand the questions discussed here
first in the context of finite graphs, and then to consider the extension of
the resulting theory to infinite dimensional spaces. As may be expected,
the first does serve as a guide to the second, but significant adjustments are
called for and are enabled through analytical tools which are of independent
interest. We start with a minor detour which is of help in clarifying the
significance of quantities which will be encountered next.

For an N × N matrix H, acting in CN , the cyclic subspace associated
with a vector φ ∈ CN is span{φ, Hφ, H2φ, ...} (where by a simple argument
it suffices to limit the above collection to the first N terms). For unbounded
operators one may use the following version.

Definition 5.1. For a self-adjoint operator H acting in a Hilbert space H
and a vector φ ∈ H, the associated cyclic space is span {(H − z)−1φ | z∈C\R}.
In case H = �2(G) and φ = δx for some x ∈ G, the corresponding cyclic
space will be denoted HH,x.

Of particular relevance for us are the following two properties of cyclic
spaces (where δx could be replaced by an arbitrary vector in the Hilbert
space).

Lemma 5.2. The spectrum of any self-adjoint operator H within any of its
cyclic spaces generated from a single vector is simple.

The cyclic space associated with a vector does not change under the rank-
one perturbation of H by a multiple of the corresponding projection operator.
In particular, for any x ∈ G and a family of operators of the form (5.1)

(5.2) HHv,x = HH0,x ,

for all v ∈ R.

Proof. The simplicity of the restricted spectrum can be seen through the
spectral representation (Proposition A.2) associated with the given vector.
Details of the argument are left as Exercise 5.1.
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For the second statement, by the first resolvent equation

(5.3)
1

Hv − z
=

1

H0 − z
− 1

Hv − z
v |δx〉〈δx|

1

H0 − z
.

Acting on the vector δx ≡ |δx〉 and gathering related terms, one obtains

(5.4)
1

Hv − z
δx =

[
1 + v 〈δx, (H0 − z)−1δx〉

]−1 1

H0 − z
δx .

In particular,

(5.5)
1

H + v |δx〉〈δx| − z
δx ∈ HH,x ,

from which (5.2) follows. �

It is of interest to know a number of key properties of the evolution in
v ∈ R of the spectrum of Hv within the cyclic subspace HHv,x = HH0,x. A
key role for that is played by the function

(5.6) Σ0(z) := −〈δx, (H0 − z)−1δx〉−1 , z ∈ C\R .

In the finite dimensional context it extends to a meromorphic function with
simple poles on the real axis, taking the value 0 for z ∈ σ(H0). The main
result is:

Theorem 5.3. Let G be a finite set, H0 a self-adjoint operator in �2(G),
and Hv the one-parameter family of operators defined by (5.1) with x ∈ G.
Then the spectra of Hv restricted to the cyclic subspace HHv,x are disjoint
for different values of v, and for v 
= 0 satisfy:

1. The spectrum of Hv within HHv,x consists of exactly those E ∈ R at which

(5.7) Σ0(E) = v .

2. The corresponding eigenvectors are proportional to

(5.8) φE,x :=
1

H0 − E
δx .

3. The spectral measure of Hv associated with the vector δx is the point
measure supported on the solutions of (5.7) assigning to each point of
Σ−1
0 ({v}) the mass

(5.9) μv,x({E}) =
|〈φE,x, δx〉|2
〈φE,x, φE,x〉

=
[
Σ′
0(E)

]−1
.

The last statement is more succinctly expressed in its distributional form:

(5.10) μv,x(dE) = δ(Σ0(E)− v) dE .
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The equivalence with (5.9) is based on the distributional relation

(5.11) δ(f(x)) =
∑
xn:

f(xn)=0

1

|f ′(xn)| δ(x− xn) .

Before we turn to the proof, it may be good to pause and note some key
features of the picture described by Theorem 5.3. Applying the eigenfunction
expansion one can see that the diagonal Green function has the following
structure, in its dependence on the complex spectral parameter z,

(5.12) Gv(x, x; z) := 〈δx,
1

Hv − z
δx〉 =

∑
n

pv,n
Ev,n − z

,

where pv,n := μv,δx({Ev,n}) for all v ∈ R. It readily follows that Σ0(z) is of
similar form, though of different behavior for z →∞. More explicitly,

(5.13) Σ0(z) =
∑
n

qn
un − z

+ z + C

with un ranging over the zeros of the function E �→ G0(x, x, E), qn > 0 and
C ∈ R. Most relevantly, the function is piecewise monotone, increasing from
−∞ to +∞ along a finite number of segment (as in the example sketched
in Figure 5.1).

× × × × × ×
En−1 En En+1 En+2 En+3 E. . .

Σ0(E)

E

v

Figure 5.1. Sketch of the graph of the function Σ0(E) and its relation
with the spectrum of Hv

One may therefore conclude the following:

i. For each v ∈ R, the solution set of (5.7) is a finite collection of points,
which by the first assertion of Theorem 5.3 form the spectrum of Hv
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withinHHv,x. These intersection points move upward with v but remain
intertwined with the eigenvalues of H0 (which form the zeros of Σ0).

ii. As v is varied from −∞ to +∞, exactly one spectral point will be
transported across any given E ∈ R; i.e., there is a single value of v for
which E ∈ σ(Hv).

iii. The eigenfunctions of Hv are sampled from a collection of functions
which is independent of v, and whose elements are generically associated
with the kernel of the resolvent operator (the kernel’s second coordinate
being fixed at δx).

iv. Since
∫∞
−∞ δ(Σ− v)dv = 1 for any Σ ∈ R, integrating (5.10) over v ∈ R

one gets:

(5.14)

∫
[μv,x(I)] dv =

∫
I
dE .

This is a useful spectral averaging principle.

It is a technically interesting task to work out the implications of the above
picture for infinite systems, where the spectral gaps vanish and the above
discussion does not apply. Among the simplest, and important, such gen-
eralizations is the spectral averaging principle. It is re-derived below by a
more stable argument.

Proof of Theorem 5.3. 1. The eigenvalues of Hv in HHv,x, which we
already know are simple, form the singularities (Ev,n) of Gv(x, x; z). By
Lemma 4.3, or alternatively (5.4) which is not restricted to finite dimensions,
this function bears the following relation to its unperturbed (v = 0) version:

(5.15) Gv(x, x; z) =
1

G0(x, x; z)−1 + v
= [v − Σ0(z)]−1 .

Inspecting the singularity of the resulting function, from (5.15) one may
conclude that the spectrum of Hv is given by (5.7).

2. For an energy E with 〈δx, P{E}(Hv) δx〉 
= 0 (and hence also Σ0(E) = v 
=
0), the function

(5.16) ψE,x := P{E}(Hv) δx
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forms a non-zero eigenvector of Hv within the cyclic space HHv,x. Applying
now (5.4) and elementary residue calculation, for any y ∈ G:

〈δy, ψE,x〉 = 〈δy, P{E}(Hv) δx〉 = Res
z=E

〈δy,
1

Hv − z
δx〉

= Res
z=E

[
Σ0(z)

Σ0(z)− v
〈δy,

1

H0 − z
δx〉
]

=
v

Σ′
0(E)

〈δy,
1

H0 − E
δx〉(5.17)

Thus ψE,x bears the following relation to the function φE,x of (5.8)

(5.18) ψE,x =
v

Σ′
0(E)

1

H0 −E
δx =

v

Σ′
0(E)

φE,x ,

which proves the second claim.

3. The properly normalized weight that the spectral measure associated
with δx has at energy E ∈ Σ−1

0 ({v}) is

(5.19) μv,x({E}) =
|〈φE,x, δx〉|2
〈φE,x, φE,x〉

,

with φE,x, given by (5.8). Thus

(5.20) μv,x({E}) =
|〈δx, [H0 − E]−1δx〉|2
〈δx, [H0 − E]−2δx〉|

=
1

Σ′
0(E)

.

as claimed in (5.9) (which, as explained, is a bit more transparent in its
distributional form (5.10)). �

5.2. The general spectral averaging principle

The extension of the rank-one perturbation theory of Theorem 5.3 to the
infinite dimensional setup raises a number of interesting technical challenges,
and opportunities for interesting math. To start, let us present a more
general proof of the spectral averaging principle, which extends (5.14) to
infinite graphs. The proof given above does not apply since the spectrum
ceases to be discrete (in the generic situation).

For infinite graphs the functions z �→ Gv(x, x; z) are generically no longer
meromorphic. Their singularities, though still concentrated along σ(Hv), are
not confined to isolated poles, and their limiting values along the real line are
not necessarily real. The more general result is obtained by focusing on the
values of the Green function not along the real line but rather throughout
the upper half plane, C+.
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Off the real axis, the diagonal elements of any self-adjoint operator’s
Green function belong to the Herglotz-Pick class – functions which are ana-
lytic throughout the upper half plane mapping C+ into itself. Such functions
admit the Herglotz spectral representation (Proposition B.1), which in this
case coincides with the one based on the operator’s spectral measure:

(5.21) Gv(x, x; z) =

∫
R

1

u− z
μv,δx(du)

The related theory (cf. Appendix B) allows the following more robust deriva-
tion of the spectral averaging principle.

Theorem 5.4 (Spectral averaging). Let G be a countable set, H0 a self-
adjoint operator in �2(G), and Hv the one-parameter family of operators
defined by (5.1) with x ∈ G. Then for any bounded Borel set I ⊂ R,

(5.22)

∫
R

〈δx, PI(Hv) δx〉 dv = |I| .

Proof. An equivalent formulation of the statement is the equality of∫
R

μv,x(·) dv with Lebesgue measure. By the Herglotz representation theo-
rem (Proposition B.1) this is equivalent to the equality for arbitrary z ∈ C+

of the integrals with respect to these measures of the functions

(5.23) Fz(E) = (E − z)−1 − Re (E − i)−1 .

Thus it suffices to show that for all z ∈ C+:

(5.24)

∫
〈δx, Fz(Hv) δx〉 dv =

∫
Fz(E) dE

Applying the rank-one perturbation formula (5.15) (whose given deriva-
tion is valid also in the infinite dimensional case) one gets

〈δx, Fz(Hv) δx〉 ≡ 〈δx, (Hv − z)−1 δx〉 − Re 〈δx, (Hv − i)−1 δx〉

=
1

v − Σ0(z)
− Re

1

v − Σ0(i)
(5.25)

Elementary integration shows that for any w1, w2 ∈ C+,

(5.26)

∫ (
1

v − w1
− Re

1

v − w2

)
dv = iπ .

Since both integrals in (5.24) are of this form, the claim follows. �

An immediate consequence of the spectral averaging principle, Theo-
rem 5.4, is the bound

(5.27)

∫
R

〈δx, PI(Hv) δx〉 �(v) dv ≤ ‖�‖∞ |I|
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for all � ∈ L∞(R) and all bounded Borel I ⊂ R. It reproduces the Wegner
estimate which was discussed in Chapter 4 in the context of finite systems.
No further input was required for the extension to the concentration function
bound of Theorem 4.6; hence this estimate is also valid for infinite systems.

5.3. The Simon-Wolff criterion

The challenge of extending the rank-one perturbation theory to infinite di-
mensional separable Hilbert spaces was addressed in the work of N. Aron-
szajn [30], building on the theory of Herglotz-Pick functions whose elements
we have just encountered. The implications for random Schrödinger opera-
tors were further clarified in the work of B. Simon and T. Wolff [363]. The
theory was shaped there into useful spectral criteria to which we now turn.

In order to extend the first part of Theorem 5.3 to countable sets G, we
start from the observation that the eigenvalues of any self-adjoint operator
H within the cyclic subspace HH,x are still characterized by the atoms of
its spectral measure μδx . These points relate to the boundary value of the
Green function through the relation :

(5.28) μδx ({E}) = lim
η↓0
−iη 〈δx, (H − E − iη)−1δx〉

for any E ∈ R. (The proof is left as Exercise 5.2.)

The rank-one formula (5.15) remains valid within the infinite-dimensional
setup. For H = Hv it allows to express the right side of (5.28) in terms of
the Herglotz-Pick function z �→ Σ0(z). However in the limit η ↓ 0 the func-
tion Σ0(E + iη) may now exhibit more varied behavior: i) the limit may
exist in R or diverge in modulus, as is the case in the finite-dimensional
situation, ii) limη↓0 Σ0(E + iη) = Σ0(E + i0) may exist but have a positive
imaginary part, or iii) Σ0(E + iη) may not have a limit even in the sense of
the one-point compactification of C. The next proposition shows that the
existence and real-valuedness of this limit at E ∈ R goes hand in hand with
the condition μv,δx ({E}) > 0.

A quantity which also plays an important role is

γ0(E) :=

∫
μ0,δx(du)

(E − u)2
(5.29)

which may be infinite. The condition γ0(E) < ∞ immediately warrants the
following two properties at the given E ∈ R:

i. The vector

(5.30) φE,x := (H0 − E)−1δx ∈ HH0,x
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is well defined, its spectral representation in L2(R, μ0,δx) being the
square integrable function u �→ (u− E)−1.

ii. The boundary value

(5.31) G0(x, x; E + i0) := lim
η↓0

G0(x, x; E + iη)

exists and is real (Exercise 5.3.)

The natural extension of part of Theorem 5.3 to countable sets G then reads
as follows:

Proposition 5.5. Under the same assumptions as in Theorem 5.4, for any
v 
= 0 and E ∈ R the following statements are equivalent:

i. μv,δx ({E}) > 0,

ii. γ0(E) < ∞ and G0(x, x; E + i0) = −v−1.

If the condition is satisfied then φE,x of (5.30) provides the unique (up to
normalization and phase) proper eigenfunction of Hv within the cyclic space
HHv,x.

A proof of the main part of this statement can be found in [363, Thm. 4].
It is left here as a pair of exercises (Exercise 5.4 and 5.5).

Proposition 5.5 yields the following characterization of the supports of
the continuous and pure-point parts of the spectral measure μv,δx .

Corollary 5.6. For any v 
= 0,

(5.32) μpp
v,δx

({γ0 = ∞}) = 0 , μc
v,δx ({γ0 < ∞}) = 0 .

Proof. The first statement is an immediate consequence of Proposition 5.5.
For a proof of the second, we note that γ0(E) < ∞ implies that limη↓0 G0(x, x;
E + iη) ∈ R exists and is real (Exercise 5.3) such that

(5.33) lim
η↓0

Im Gv(x, x; E + iη) = lim
η↓0

Im G0(x, x; E + iη)

|1 + vG0(x, x; E + iη)|2 = 0

for all E such that γ0(E) < ∞ and G0(x, x; E + i0) 
= −v−1. By Proposi-
tion 5.5 aside from the countable set of atoms of μv,δx , the set {γ0 < ∞}
coincides with such points. From the general characterization of the spectral
types (Proposition B.4) we then conclude that the continuous component of
μv,δx is for any v 
= 0 supported on the set {γ0 = ∞}. �
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Combining the characterizations (5.32) with the spectral averaging prin-
ciple (5.22) we obtain for any Borel set I ⊂ R∫

μpp
v,δx

(I) dv =

∫
μv,δx (I ∩ {γ0 < ∞}) dv = |I ∩ {γ0 < ∞}| ,(5.34) ∫

μc
v,δx(I) dv =

∫
μv,δx (I ∩ {γ0 = ∞}) dv = |I ∩ {γ0 = ∞}| .

This is known as the Simon-Wolff criterion [363]. An application to random
operators reads as follows.

Theorem 5.7 (Simon-Wolff criterion). Let H(ω) = T + V (ω) be a random
operator in �2(G) with a random potential whose conditional single-site dis-
tribution of V (x) at x ∈ G is absolutely continuous. Then for any Borel set
I ⊂ R:

1. If for Lebesgue-almost every E ∈ I and P-almost all ω

(5.35) lim
η↓0

∑
y

|G(x, y; E + iη; ω)|2 < ∞ ,

then the spectral measure of H(ω) associated with δx has empty continuous
component in I for P-almost all ω.

2. If for Lebesgue-almost every E ∈ I and P-almost all ω

(5.36) lim
η↓0

∑
y

|G(x, y; E + iη; ω)|2 = ∞ ,

then the spectral measure of H(ω) associated with δx has empty pure-point
component in I for P-almost all ω.

Proof. We apply the relations (5.34) for

H0 = H and Hv = H + (v − V (x)) 1{x},

in which the potential at x is set to v ∈ R. In this setting, γ0(E) coincides
with the limit on the left side of (5.35) and (5.36).

For a proof of the first assertion we note that by assumption |I ∩
{γ0 < ∞}| = 0 almost surely. Hence (5.34) implies that the spectral mea-
sure of H + (v − V (x)) 1{x} has almost surely no continuous component on
I for Lebesgue-almost all v. But since the conditional distribution of V (x)
condition on the values of V �=x = {V (y) | y 
= x} is absolutely continuous,
this implies the result for H.

The second assertion is proven analogously. �
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5.4. Simplicity of the pure-point spectrum

Non-degeneracy of the point spectrum is of intrinsic interest, but it will also
be of relevance in the discussions of eigenfunction correlators (Chapter 7)
and of spectral statistics. The theory of rank-one perturbations facilitates
the following result.

Theorem 5.8. Let H(ω) = T + V (ω) be a random operator on �2(G) with
T bounded and self-adjoint and V (ω) a random potential such that for any
x ∈ G the conditional distribution of V (x) conditioned on V �=x := {V (u)}u �=x

is continuous. Then the pure-point spectrum of H(ω) is simple for P-almost
all ω.

Our proof proceeds through:

Lemma 5.9. Let G be a countable set, H0 a self-adjoint operator in �2(G),
and Hv the one-parameter family of operators defined by (5.1) with x ∈ G.
Then for any countable subset S ⊂ R and any probability measure ρ which
is continuous

(5.37)

∫
μv,δx(S) ρ(dv) = 0 .

Proof. By the countable additivity of the measure
∫

μv,δx(·) ρ(dv) it suffices
to prove (5.37) for one-point sets S = {E}, at arbitrary E ∈ R. The
contribution to the integral of the case v = 0 vanishes since ρ({0}) = 0.
For v 
= 0, by Proposition 5.5, the integrand does not vanish only if v =
−G0(x, x; E + i0)−1. However, this point is also not charged, since ρ is a
continuous measure, and hence the integral vanishes. �

Proof of Theorem 5.8. For x ∈ G let

(5.38) Ωx :={
ω∈Ω | for some E∈R: dim range P{E}(H(ω)) ≥ 2 and P{E}(H(ω))δx 
= 0

}
.

Our goal is to prove that this set is of vanishing probability. To highlight
the dependence of the random operator H = H(ω) on V (x) we write it in
the form

(5.39) H =: H0 + V (x) 1{x} ,

where H0 is independent of V (x) and defined through the above equation.
The full Hilbert space may be presented as the direct sum of the cyclic
subspace HH,x = HH0,x and its orthogonal complement:

(5.40) �2(G) = HH0,x ⊕H⊥
H0,x .
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If the vector δx is cyclic for H, then H⊥
H0,x

consists of just the zero vector

and the pure-point spectrum of H is simple (Lemma 5.2). In the following
we therefore concentrate on the case that H⊥

H0,x

= {0}.

The operator H leaves bothHH0,x and its orthogonal complement invari-
ant. Its point spectrum is therefore the union of point spectra the operator
has in the two subspaces. Two notable features of this decomposition are:
i) the spectrum of H in HH0,x is non-degenerate, ii) the spectrum in H⊥

H0,x

does not vary with V (x).

Let Sx denote the set of eigenvalues of the restriction of H to H⊥
H0,x

. Its

independence of V (x) follows from the observation that the eigenfunctions
ψE in H⊥

H0,x
have to vanish at x, since for any ϕ = f(H)δx ∈ HH0,x

(5.41) 0 = 〈ϕ , ψE〉 = 〈δx , f(H)ψE〉 = f(E) ψE(x) .

This implies that ψE is also an eigenfunction of H0+V̂ (x) 1{x} for any other

V̂ (x) ∈ R with the same eigenvalue E.

Since the set Sx is independent of V (x), by Lemma 5.9 the conditional
expectation of μδx(Sx), conditioned on V�=x, is zero for each value of all the
other parameters. (In this argument μδx is the spectral measure associated
with H and the vector δx ∈ �2(G), and use is made of the continuity of the
conditional distribution of V (x).) Hence

(5.42) E [μδx(Sx)] = E
[
E
[
μδx(Sx)

∣∣V �=x

]]
= 0 .

This means that the point spectrum of H in HH0,x, which supports μδx ,
almost surely does not intersect Sx, or

(5.43) P(Ωx) = 0 .

Since countable unions of null sets carry zero probability, also Ω0 :=
⋃

x∈G Ωx

has this property.

On the complement of Ω0 for each E ∈ R the vectors P{E}(H(ω))δx and
P{E}(H(ω))δy at different x, y ∈ G are collinear, when non-zero. Since their

collection spans the full range of P{E}(H(ω)) in �2(G), the point spectrum
is simple for any ω in the complements of the null set Ω0. �

5.5. Finite-rank perturbation theory

Much of this chapter’s discussion, and some of the previous one, is built on
the rank-one perturbation formula (4.8) and (5.4). We shall subsequently
find use also for its finite-rank extensions.

One is often interested in the restriction of the resolvent of a self-adjoint
operator H to a low-dimensional subspace, and in particular on its depen-
dence on the operator’s local structure there. E.g., the Green function
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G(x, y; z) can be read from Px,y(H − z)−1Px,y where Px,y is the projec-
tion on span{δx, δy}. In such situations it is often convenient to consider the
dependence of the resolvent’s restriction on the values of the potential at
the two sites, at given values of the rest of the variables. For this purpose,
one may decompose the Hilbert space as

(5.44) H = PH⊕QH ,

with P the orthogonal projection on the finite-dimensional subspace of in-
terest and Q = (1 − P ) its complementary projection, and write H in the
corresponding block form as

(5.45) H =

(
HP T
T † HQ

)
=: PHP + Ĥ .

It is then of interest to have a simple picture of the dependence of
P (H − z)−1P on the parameters of H split into the two sets:

i. the few parameters which affect PHP , which form the local part of
the operator

ii. the multitude of the other parameters on which the operator H depends,

i.e. which affect Ĥ.

In such situations the following two useful identities hold, for any
z ∈ C\R:

P (H − z)−1 P =

[
HP +

[
P
(
Ĥ − z

)−1
P

]−1

P

]−1

P

(5.46)

=
[
HP − z − T (HQ − z)−1 T †

]−1

P
,

with the subscript on [. . . ]−1
P indicating that the inverse is on PH only.

The above expressions for P (H − z)−1 P are often found referred to, al-
ternatively, as the Krein, Feshbach, or Schur formula. It can be deduced
from the following theorem (Exercise 5.7).

Theorem 5.10. Let H be a self-adjoint operator in some Hilbert space H
and let P be an orthogonal projection onto a closed subspace on which we
define

(5.47) K(z) := P (H − z)−1 P , z ∈ C\R .
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Then for any z ∈ C\R and any bounded self-adjoint operator of the form
A = PAP ,

(1) the operator 1 + AK(z) is invertible on P H,

(2) on P H one has the identity

(5.48) (H + A− z)−1 P = (H − z)−1 P [1 + AK(z)]−1
P P .

Proof. Abbreviating R(z) := (H + A− z)−1 and r(z) := (H − z)−1, the
resolvent identity yields

(5.49) r(z) P =
[
R(z) + R(z) Ar(z)

]
P = R(z)P [1 + AK(z)] P ,

and, in particular, K(z) = PR(z)P (1 + AK(z)) P . As a consequence, any
vector ϕ ∈ P H in the kernel of (1 + AK(z)) is also in the kernel of K(z)
and hence ϕ = (1 + AK(z))ϕ = 0; i.e., 1 + AK(z) is injective on P H. To
establish surjectivity, let ψ ∈ P H and set ϕ = ψ − AR(z) ψ ∈ P H. The
resolvent identity then implies (1 + AK(z))ϕ = ψ; i.e., ψ is in the range of
1+AK(z) on P H. This concludes the proof of the invertibility of 1+AK(z)
on P H.

The identity (5.48) thus follows from (5.49) by multiplication with this
inverse from the right. �

In discussing (5.46), it is also useful to note that the function C\R � z �→
K(z) = P (H− z)−1P is a matrix-valued version of a Herglotz-Pick function
on the finite-dimensional space PH. Its restriction to C+ is analytic and
satisfies Im K(z) > 0 for all z ∈ C+.

Proposition 5.11. For any self-adjoint operator H on a Hilbert space H,
the operators K(z) = P (H − z)−1P , defined for z ∈ C\R on a finite-
dimensional subspace PH share the the following properties:

1. K(z) is invertible on PH for every z ∈ C\R and the negative inverse
−K(z)−1 has the Herglotz-Pick property, − Im K(z)−1 > 0 for all z ∈ C+.

2. The boundary values

(5.50) K(E + i0) := lim
η↓0

K(E + iη) , K(E + i0)−1 := lim
η↓0

K(E + iη)−1

exist and are finite for Lebesgue-almost all E ∈ R.

The first part of this proposition is left as an exercise (cf. Exercise 5.7).
In case PH is one-dimensional, the function z �→ K(z) is a Herglotz-Pick
function and the second claim above is the de la Vallée-Poussin theorem
(Proposition B.3). A proof of the second part of Proposition 5.11 in the
general case can be based on the polarization identity and the fact that for
any ψ ∈ PH and any matrix-valued Herglotz function K with Im K > 0,
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the function z �→ 〈ψ, K(z) ψ〉 is a Herglotz-Pick function. (For more infor-
mation, see [175].)

For the explicit implications of Theorem 5.10 for rank-one and rank-two
perturbations, it will be convention to change the notation slightly and in
each case apply the symbol H0 for that part of H which does not involve
the parameters under consideration.

I. Rank-one perturbation formula. For

H := H0 + V (x) 1{x} ,

the Green function at z ∈ G,

(5.51) G(x; y; z) := 〈δx, (H − z)−1δy〉

has the following dependence on V (x):

a. From x ∈ G to any other site y ∈ G,

(5.52) G(x; y; z) =
G0(x, y; z)

1 + V (x) G0(x, x; z)
=:

1

V (x)− Σ0(z)

G0(x, y; z)

G0(x, x; z)

(a special case of (5.48), with P = 1{x}).

b. For more general u, w ∈ G,

G(u, w; z) = G0(u, w; z)− V (x) G0(u, x; z) G(x, w; z)

= G0(u, w; z)− V (x)
G0(u, x; z) G0(x, w; z)

1 + V (x) G0(x, x; z)
(5.53)

(the first equality derives from the resolvent equation and the second one
is a consequence of (5.52)).

II. Rank-two perturbation formula. For

(5.54) H := H0 + V (x) 1{x} +V (y) 1{y} ,

the dependence of the 2 × 2 set of Green function elements on the pair of
potential values {V (x), V (y)} is of the form

(
〈δx, (H − z)−1δx〉 〈δx, (H − z)−1δy〉
〈δy, (H − z)−1δx〉 〈δy, (H − z)−1δy〉

)
=

(
V (x)− σ(x; z) −τ (x, y; z)
−τ (y, x; z) V (y)− σ(y; z)

)−1

(5.55)

where σ(·, z) and τ(·, z) do not depend on {V (x), V (y)}.
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5.6 *. A zero-one boost for the Simon-Wolff criterion

In the Simon-Wolff spectral criterion it is required to know that the relevant
event, (5.35) or (5.36), occurs with probability one. It is therefore useful
to know that in a broad class of models for almost every E ∈ R one of the
two conditions occurs with probability one. In such cases, to employ the
criterion it suffices to establish just non-zero probability for one of the two
complementary conditions, at specified E. The boost which this zero-one
law gives will be of help in our discussion of resonant delocalization in Chap-
ter 15.

Let V be a random potential, i.e., a stochastic process over the graph G.
For each Λ ⊂ G, we denote by BΛ the minimal σ-algebra of subsets A ⊂ Ω
for which ω �→ 1A(ω) is a measurable function of {V (y)}y∈Λ.

Definition 5.12. 1. A random variable F : Ω �→ R is measurable at
infinity if for each finite Λ ⊂ G, F is measurable with respect to BΛc .

2. A random potential over a graph G is said to have the K-property if
any random variable which is measurable at infinity is constant almost
surely.

The simplest example of potentials with the K-property are those for
which the {V (y)} are independent random variables.

The following result, which is proven in [23], is then of relevance.

Theorem 5.13 (Zero-one law). Let H(ω) = T + V (ω) be a self-adjoint
random operator on �2(G) with T bounded and V (ω) a random potential
with the K-property and such that for each x ∈ G, the conditional single-
site distribution of V (x) conditioned on V �=x = {V (y)}y �=x is continuous.
Then for Lebesgue-almost every E ∈ R,

(5.56) P

(
lim
η↓0

∑
y

|G(x, y; E + iη)|2 < ∞
)

equals either 0 or 1 .

Since the proof of Theorem 5.13, which can be found in [23], takes more
lines than is justified here, let us just outline the key steps of the argument.

As a preparatory step, one may note that for Lebesgue-almost every E
the quantity in (5.56) can be rewritten as

lim
η↓0

∑
y

|G(x, y; E + iη, ω)|2(5.57)

=

∣∣∣∣〈δx,
1

H(ω)− E − i0
δx

〉∣∣∣∣2 lim
η↓0

ImF(ω, E + iη)
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where F(ω, E + iη) := −1
η 〈δx,

1
H(ω)−E−iη δx〉−1 and

(5.58) ImF(ω, E + iη) =
〈δx, 1

(H(ω)−E)2+η2
δx〉∣∣〈δx, 1

H(ω)−E−iη δx〉
∣∣2 .

By a combination of the monotone convergence principle for the numerator
and the de la Vallée-Poussin theorem (Proposition B.3) for the denominator,
one checks that for each realization of the potential the last limit in (5.57)

exists (in Ṙ := [0, +∞]) for almost every E. The exceptional values of
(ω, E) ∈ Ω× R amount to a subset of zero (product) measure. By Fubini’s
theorem it follows that for a full (Lebesgue) measure of energies E the
collection of potentials at which E is exceptional is itself of zero measure with
respect to P. In proving Theorem 5.13 our analysis will now be restricted
to such a regular set of E ∈ R.

Based on the above considerations, Theorem 5.13 can be directly de-
duced from the following:

Theorem 5.14. Under the assumptions of Theorem 5.13, for each E ∈ R

the event
(5.59)

Kx(E) :=

{
ω ∈ Ω

∣∣ lim
η↓0

−1

η
Im

〈
δx,

1

H(ω)− E − iη
δx

〉−1

< ∞
}

where the existence of the limit should be taken as part of the condition is of
probability either 0 or 1.

A key ingredient for the proof is the following lemma.

Lemma 5.15 ([23]). Let

(5.60) Fn(V ) =
anV + bn
cnV + dn

be a sequence of Möbius functions with the property that for all V ∈ R,

1. ImFn(V ) ≥ 0 and

2. ImFn(V ) converges to a limit within [0,∞] (allowing the value +∞).

Then, lim
n→∞

Im Fn(V ) is finite or infinite simultaneously for all, except at

most one, value of V ∈ R.

From the rank-two formula (5.55) we learn that, for any specified y ∈ G,
in its dependence on V (y) = V the quantity F(ω, E + i/n) satisfies the
assumptions stated in Lemma 5.15. It then implies that when the potential
is regenerated through the refreshment of any single value of V the validity
of the event Kx does not change—except possibly over zero measure sets.
Using induction on the size, |Λ| < ∞, one can then conclude that for any
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finite subset Λ ⊂ G with x ∈ Λ the conditional expectations satisfy the
almost-sure equality

(5.61) E ( 1Kx | BΛc ) (ω) = 1Kx(ω) .

A notable implication is that 1Kx(ω) is measurable at infinity (in the Lebesgue
sense). Hence under the K-assumption (of Theorem 5.14) it is either almost
surely 0 or almost surely 1.

The boosted Simon-Wolff criterion implies that under the conditions of
Theorem 5.13:

1. The real line is covered up to a zero measure subset by the disjoint
union Cx ∪ Px of the non-random sets

Cx := {E ∈ R |P (γx(E) = ∞) = 1} ,(5.62)

Px := {E ∈ R |P (γx(E) < ∞) = 1} .

2. With probability one Cx serves as a support for the continuous spectrum
of H(ω), in the sense that

i. μpp
δx

(Cx; ω) = 0 for P-almost all ω,
ii. for any ε > 0 and Lebsgue-almost every E ∈ Cx,

(5.63) μc
δx((E − ε, E + ε); ω) > 0 for P-almost every ω.

3. Px supports the pure-point spectrum of H(ω) together with the real part
of the resolvent set. In particular,

(5.64) μc
δx(Px; ω) = 0 for P-almost all ω.

Furthermore, the condition limη↓0〈δx, 1
H(ω)−E−iη δx〉 > 0, in which ex-

istence of the limit is part of the statement, is also measurable at infinity
([205, Cor. 1.1.3]). Denoting

Ax :=

{
E ∈ R |P

(
Im 〈δx,

1

H − E − i0
δx〉 > 0

)
= 1

}
(5.65)

and observing thatAx ⊂ Cx (which follows from the spectral representation),
one may add the following to the above:

4. The support of the continuous spectrum also admits a non-random dis-
joint decomposition with

i. Ax providing an almost-sure support of the absolutely continuous
spectrum,

ii. Cx\Ax serving as an almost-sure support of the singular continuous
spectrum,

For point 4 we recall that the spectral measure’s absolutely continuous com-
ponent is μac

δx
(dE) = π−1 Im 〈δx, 1

H−E−i0 δx〉 dE.
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Thus, the boosted Simon-Wolff criterion implies a deterministic measure-
theoretic decomposition of the spectra into pure types. It should, however,
be appreciated that Cx and Px need not coincide with the topological def-
inition of the continuous and pure-point spectra, which were discussed in
Section 3.2, since these sets may not be closed.

Notes

The spectral averaging principle appeared, in slightly different forms, in the
work of S. Kotani [264] and more explicitly in [352].

An interesting implication of Theorem 5.3 on the spectral effects of rank-
one perturbations whose extension to the infinite dimensional setup was not
discussed here is the resulting spectral transport bound. A useful extension
of this notion to the infinite dimensional operators is found in the Krein
spectral shift function, which is discussed in [267, 57, 356] and references
therein.

Background on the expansions of self-adjoint operators in terms of gen-
eralized eigenfunctions, a topic which is not discusses here, can be found
in [53, 326]. For further applications of the rank-one perturbation theory
we refer to the review [354].

The simplicity of point spectrum was proven for the standard Anderson
model on Zd, with potentials with absolutely continuous conditional distri-
bution, in the work of B. Simon [352]. Further results in this vane were
derived by V. Jaksic and Y. Last in [206], where simplicity is established
also for more general singular spectra, in the context of general graphs. In
both works a key role is played by the analysis of the relation between cyclic
spaces. For finite systems simplicity of the spectrum can be established also
through the Minami estimate [301] (cf. Chapter 17). Additional results on
this topic were presented in [249, 308]. The proof given here (Theorem 5.8)
presents a different approach, and replaces the requirement of absolute con-
tinuity by just a continuity condition.

Among its many uses, the rank-two perturbation formula (5.55) is of
help also in the proof of the celebrated non-crossing rule which states that
the occurrence of spectral degeneracy for hermitian matrices of variable en-
tries requires the adjustment of more than one parameter. The rule was
noted by F. Hund and formulated by J. von Neumann and E. Wigner [393].
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The zero-one law boost for the Simon-Wolff criterion (whose input con-
ditions are required to hold almost surely) makes it applicable for proofs of
resonant delocalization, where the main argument initially yields only state-
ments which hold at positive probability. In this part of the presentation we
followed [23], where the omitted proof of Lemma 5.15 can be found.

The existence of a non-random set which almost surely serves as an
essential support of the absolutely continuous spectrum and which is almost
surely void of a singular spectrum was noted as a side result by V. Jaksic and
Y. Last [205]. Presented there as the main result are conditions allowing one
to conclude equivalence of the spectral measures associated with different
sites x ∈ G.

Exercises

5.1. Prove that for any energy E in the pure-point spectrum of a self-adjoint
operator H on �2(G) there is at most one eigenfunction within each of
the cyclic spaces HH,x.

5.2. Establish for any self-adjoint operator H on �2(G) the following rela-
tions:

μδx({E}) = lim
η↓0

η ImG(x, x; E + iη) , 0 = lim
η↓0

η ReG(x, x; E + iη)

for any E ∈ R.

5.3. Show that if γ0(E) =
∫
(u− E)−2μ0,δx(du) < ∞ at E ∈ R, then

G0(x, x; E + i0) = lim
η↓0

∫
μ0,δx(du)

u− E − iη

exists and is real valued.

5.4. Prove the first part of Proposition 5.5.
Hint: A possible path towards the proof, along the line of reasoning
in [354], is to use the rank-one relation (5.52) in order to show that for
any E ∈ R and v 
= 0:
a. μv,δx({E}) > 0 implies limη↓0 G0(x, x; E + iη) = −v−1 and γ0(E) <
∞.

b. limη↓0 G0(x, x; E + iη) = v−1 implies

lim
η↓0

η
Gv(x, x; E + iη)

G0(x, x; E + iη)
= iv μv,δx({E})
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and

lim
η→0

Im
G0(x, x; E + iη)

η Gv(x, x; E + iη)
= v γ0(E) .

c. If γ0(E) > 0 and Σ0(E + i0) = v, then

μv,δx({E}) =
1

v2 γ0(E)
> 0 .

5.5. Prove the second part of Proposition 5.5.

5.6. Give a direct proof of (5.52) (without invoking Theorem 5.10).

5.7. Let P be a finite-dimensional orthogonal projection on some Hilbert
space H on which H is an operator of block form (5.45) with self-adjoint
operators HP , HQ and a bounded operator T .

a. Show that P (Ĥ − z)−1P with Ĥ := H − PHP is invertible on PH
for all z ∈ C\R.

b. Show how (5.46) can be deduced using Theorem 5.10.



Chapter 7

Dynamical Localization
and Fractional Moment
Criteria

A quantity which is very convenient for expressing dynamical and spectral
localization is provided by the eigenfunction correlator. Its use in the con-
text of random operator theory dates back to [274] in the one-dimensional
situation and to [5] in the more general setup. The eigenfunction correla-
tor is defined for any self-adjoint operator H in �2(G) as the total variation
of the spectral measure associated with x, y ∈ G; i.e., for any Borel set
I ⊂ R,

(7.1) Q(x, y; I) = sup
F∈C(R)
‖F‖∞≤1

|〈δx, PI(H) F (H) δy〉| .

The name reflects this quantity’s relation to the normalized eigenfunctions
of H, which in case the operator has only pure-point spectrum in I is
(7.2)

Q(x, y; I) =
∑

E∈σ(H)∩I

∣∣〈δx , P{E}(H) δy
〉∣∣ =

∑
E∈σ(H)∩I

|ϕE,x(x)| |ϕE,x(y)| .

with ϕE,x the normalized eigenfunctions of H in HH,x, the cyclic subspace
associated with δx (Definition 5.1), or the zero vector in case there is no

101
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proper eigenfunction in this subspace:

(7.3) ϕE,x :=

⎧⎨⎩P{E}(H) δx
/√

〈δx , P{E}(H) δx〉 , if μδx({E}) > 0 ,

0 if μδx({E}) = 0 .

Clearly Q(x, y; I) ≤ 1, and in the cases of interest the diagonal terms are
not much smaller than this bound. Relevant information would be found in
the decay rate of the off-diagonal terms.

In this chapter we present the following:

The eigenfunction correlator as a tool: which is particularly use-
ful for the proof of dynamical and spectral localization.

Its relations to the fractionalmoments of theGreen function:
by use of which, dynamical localization may be established in suit-
able regimes.

A pair of cutoffs: which are used in analyzing operators in the infi-
nite-volume setup. These are (i) shifting the energy parameter
off the real axis and (ii) initial restriction of the analysis to finite
volumes.

As the main results let us highlight here the following two statements:
(i) for any s ∈ (0, 1) there is Cs < ∞, with which for any bounded open set
I ⊂ R,

(7.4) E [Q(x, y; I)] ≤ Cs lim inf
|η|↓0

∫
I
E [|G(x, y; E + iη)|s] dE

and (ii) for any sequence of finite subgraphs GL with GL ↗ G (i.e., which
in the limit cover the graph),

(7.5) E [Q(x, y; I, s)] ≤ Cs lim inf
L→∞

∫
I
E [|GL(x, y; E)|s] dE .

These are presented more completely in Theorem 7.7 and Theorem 7.11.

7.1. Criteria for dynamical and spectral localization

The significance of the eigenfunction correlator for dynamical localization is
immediate from (7.1) which in particular entails

(7.6) sup
t∈R

|〈δx, PI(H) e−itH δy〉| ≤ Q(x, y; I) .

For a quantum particle moving under the dynamics generated by a ran-
dom operator H(ω) on a graph G with metric d, exponential dynamical
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localization in I refers to a condition of the form

(7.7) sup
t∈R

∑
y∈G: d(x,y)≥R

|〈δx, PI(H(ω)) e−itH(ω) δy〉|2 ≤ Ax(ω) e−μR

on the quantum probability of finding the particle at any time outside a ball
of radius R about x, in case it was started there and then filtered by energy.

Definition 7.1. A random operator H is said to exhibit strong exponen-
tial dynamical localization in I if

(7.8)
∑

y∈G: d(x,y)≥R

E

[
sup
t∈R

|〈δx, PI(H) e−itH δy〉|2
]
≤ Ae−μR

at some μ > 0 and A < ∞.

The above condition readily implies that (7.7) holds with Ax(ω) almost
surely finite at the given inverse dynamical localization length μ > 0 (inde-
pendent of the realization of the potential and of the energy within the range
I). For random operators with sufficiently regular on-site randomness such
a condition was first established in [5] through control on the eigenfunction
correlator.

As is evident from (7.6), a sufficient condition for strong exponential
dynamical localization in I is

(7.9)
∑

y∈G: d(x,y)≥R

E
[
Q(x, y; I)2

]
≤ Ae−μR .

In the next section we will elaborate on how such a bound may be estab-
lished through suitable bounds on the Green function.

Spectral localization in a given energy regime I ⊂ R requires H to
almost surely have only pure-point spectrum in I. As is apparent from
the RAGE theorem, spectral localization may be deduced from dynamical
localization, and for that purpose it even suffices if (7.7) holds with μ = 0
(Exercise 7.1). Clearly, a sufficient condition for that may also be presented
in terms of the eigenfunction correlator.

Theorem 7.2 (Condition for spectral localization). Suppose the eigenfunc-
tion correlator Q corresponding to a self-adjoint operator H in �2(G) and a
Borel set I ⊂ R is square summable:

(7.10)
∑
y∈G

Q(x, y; I)2 < ∞ for all x ∈ G.

Then the spectrum of H within I is either empty or of pure-point type,
with eigenprojections satisfying the uniform bound:

∣∣〈δx0 , P{E}(H) δx
〉∣∣ ≤

Q(x0, x; I).
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Proof. We start from the RAGE representation of the projection onto the
continuous component of the spectrum of H within I (cf. Exercise 2.1):

(7.11) ‖P c
I (H) ψ‖2 = lim

L→∞
lim
T→∞

1

T

∫ T

0

∥∥1G\GL
e−itHPI(H) ψ

∥∥2 dt

with
(
GL

)
L∈N any sequence of finite subsets which exhaust G. Since the

vectors (δx)x∈G form a basis, it suffices to prove that the above quantity
vanishes in case ψ = δx for all x ∈ G:∥∥1G\GL

e−itHPI(H) ψ
∥∥2 =

∑
y �∈GL

∣∣〈δy, e−itHPI(H) δx〉
∣∣2

≤
∑
y �∈GL

|Q(x, y; I)|2 L→∞−→ 0 .(7.12)

The inequality is a consequence of (7.1) and the limit vanishes under the
square summability assumption.

The bound on the eigenprojections then follows from (7.2). �

Bounds on the eigenfunction correlator may be used to establish decay
properties of the eigenfunctions with energies in the specified range. The
discussion is simplified by the assumption that the point spectrum is simple.
It is therefore relevant to recall here that in Theorem 5.8 it was shown
that for a large class of random Schrödinger operators this condition is
satisfied. The eigenfunctions’ decay will be stated with the help of the
following terminology.

Definition 7.3. A weight function over a graph G is a function g : G→
[1,∞) for which

∑
x∈G g(x)−1 = 1. Given a weight function and a normal-

ized ϕ ∈ �2(G), a point xϕ ∈ G is said to be a localization center for ϕ if

(7.13) |ϕ(xϕ)|2 ≥ g(xϕ)−1 .

An example of a weight function for G = Zd is g(x) = Ng (1 + |x|)d+1

with Ng < ∞ the normalization constant. Any normalized ϕ ∈ �2(G) has
a localization center, since otherwise

∑
x∈G |ϕ(x)|2 <

∑
x∈G g(x)−1 = 1,

contradicting the normalization condition. For an explicit construction of a
localization center of ϕ, one may order the vertices G and choose the first
x ∈ G such that |ϕ(x)|2 ≥ g(x)−1.

Theorem 7.4 (Eigenfunction localization). Let H(ω) be a random operator
on �2(G) and I ⊂ R a Borel set over which

(7.14)
∑
x∈G

g(x)−1
∑
y∈G

eν d(x,y) E[Q(x, y; I)2] < ∞
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for some ν > 0. Then for P-almost every ω, for each of the simple eigen-
values E ∈ I of H(ω) there is a localization center xE(ω) ∈ G such that the
normalized eigenfunction ϕE(·; ω) satisfies, for all y ∈ G:

(7.15) |ϕE(y; ω)|2 ≤ A(I; ω) g(xE(ω))2 e−ν d(y,xE(ω))

with A(I, ·) ∈ L1(Ω,P).

One may note that the factor g(xE)2 superimposed on the exponential
decay somewhat degrades the bound for functions with distant localization
centers. Some form of such a correction (though perhaps milder) is neces-
sary, in order to account for the natural fluctuations which occur in random
systems [112, 111].

Proof of Theorem 7.4. Denoting

(7.16) A(I, ω) :=
∑
x∈G

g(x)−1
∑
y∈G

eνd(x,y)Q(x, y; I; ω)2

the assumption (7.14) implies that A(I, ω) < ∞ for almost every ω. By The-
orem 7.2 H has almost surely only pure-point spectrum in I. Furthermore,
for any simple eigenvalue E ∈ I the corresponding normalized eigenfunction
ϕE satisfies

(7.17) |ϕE(x; ω)|2 |ϕE(y; ω)|2 ≤ Q(x, y; I; ω)2 ≤ A(I; ω) g(x) e−νd(x,y)

for all x, y ∈ G. In particular this applies to x = xE(ω), the localization
center of the eigenfunction. With this choice, and the lower bound (7.13),
one obtains the claimed inequality (7.15). �

7.2. Finite-volume approximations

It is convenient to present an operator H in �2(G) as the limit of its finite-
volume restrictions HL = 1L H 1L in �2(GL), with 1L projections to a se-
quence of finite subgraphs GL which asymptotically cover G. A notion of
convergence which applies in such situations is

Definition 7.5. A sequence of operators HL on a common Hilbert space is
said to converge to H in the strong resolvent sense if for any ψ ∈ �2(G)
and any z ∈ C\R,

(7.18) lim
L→∞

∥∥(H − z)−1ψ − (HL − z)−1ψ
∥∥ = 0 .

Strong resolvent convergence is equivalent [331] to weak convergence of
the spectral measures associated with fixed vectors; i.e.,

(7.19) lim
L→∞

〈δx , F (HL) δy〉 = 〈δx , F (H) δy〉
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for bounded and continuous F ∈ C0(R) and all x, y ∈ G. That does not
imply the convergence of the eigenprojections (except under additional re-
strictions), let alone that of the eigenfunctions. It also does not exclude
the possibility that certain eigenvalues of HL with eigenfunction near the
boundary disappear in the limit L→∞. Nevertheless, one has the following
lower semicontinuity property.

Proposition 7.6. Let (QL) be a sequence of eigenfunction correlators cor-
responding to a sequence of operators HL in �2(G) which converge to H in
the strong resolvent sense. Then for any x, y ∈ G and any open set I ⊂ R,

(7.20) Q(x, y, I) ≤ lim inf
L→∞

QL(x, y, I) .

For random operators one may add that the above implies, by Fatou’s
lemma,

(7.21) E [Q(x, y, I)] ≤ lim inf
L→∞

E [QL(x, y, I)] .

Proof. If I ⊂ R is open, Lusin’s theorem (“every measurable function is
nearly continuous”, in Littlewood’s informal formulation) allows us to re-
strict the supremum in (7.1) to continuous functions, for which (7.19) holds.
Thus

Q(x, y; I) = sup
F∈Cc(I)
‖F‖∞≤1

|〈δx, F (H) δy〉| ≤ lim inf
L→∞

sup
F∈Cc(I)
‖F‖∞≤1

|〈δx, F (HL) δy〉|
(7.22)

≤ lim inf
L→∞

QL(x, y; I) . �

Consequently, one may employ the following strategy for a proof of
strong exponential dynamical localization, and by implication spectral lo-
calization with exponentially decaying eigenfunctions.

1. Establish that the finite-volume random operators HL satisfy uniformly
in L bounds of the form

(7.23) E
[
QL(x, y; I)2

]
≤ Ae−μ d(x,y) ,

with some A < ∞, μ ∈ (0,∞), which is exponentially summable in the
sense that for some 0 < μ′ ≤ μ,

(7.24) sup
x∈G

∑
y∈G

e−μ′d(x,y) < ∞ .

2. The inequality (7.21) allows us then to conclude that the limiting ran-
dom operator H(ω) satisfies (7.9) and hence exhibits strong dynamical
localization in I.
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3. The above also allows us to conclude that the spectrum of H in I is either
almost surely empty or of pure-point type. In case the latter is simple,
the corresponding normalized random eigenfunctions ϕE with E ∈ I sat-
isfy (7.15) with ν = μ− μ′.

An alternative strategy is to derive suitable bounds directly for the
infinite-volume operator H. For that, instead of the initial restriction to
finite volumes it is convenient to use the “cutoff” provided by considering
the Green function with the energy parameter shifted off the real axis. This
technique is described next.

7.3. The relation to the Green function

The correlator’s analysis is facilitated by the relations to the Green function
to which we now turn. The relations are presented in two forms, suit-
able to the alternative approaches to the proof of localization that are de-
scribed above. The one employing complex energy regularization of the
Green function is somewhat inspired by, yet different from, the arguments
in [371, 178]. The finite-volume regularization is similar to the one ini-
tially employed in [5]; however, the results are presented here in a further
streamlined form.

7.3.1. Complex-energy regularization. As was mentioned in (7.22), for
open sets I ⊂ R,

(7.25) Q(x, y; I) = sup
F∈Cc(I)
‖F‖∞≤1

|〈δx, F (H) δy〉| .

Since for any F ∈ Cc(I) and E ∈ R

F (E) = lim
η↓0

1

π

∫
F (E′) Im

(
E′ −E − iη

)−1
dE′ ,

we may conclude the bound

(7.26) Q(x, y; I) ≤ lim inf
η↓0

1

π

∫
I

∣∣〈δx , Im (H − E − iη)−1δy〉
∣∣ dE .

The fact that the integrand on the right is limited to just the imaginary
part of the resolvent is important. Without this restriction the limit will
(generically) diverge if there is an eigenvalue in I (for reasons which will be
further discussed in Section 8.1). However, one may relate the right side to
the Green function’s fractional moments.

Theorem 7.7 (Correlator bound I). Let H(ω) = H0 + V (ω) be a ran-
dom operator on �2(G) with a random potential whose conditional single-site
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distribution ρx(dv |V�=x) is absolutely continuous with a density �x(v |V �=x)
satisfying for some s ∈ (0, 1) and C < ∞
(7.27) sup

v∈R
(1 + |v|s) �x(v |V �=x) ≤ C

almost surely and for all x ∈ G. Then the averaged eigenfunction correlator
satisfies, for any bounded open set I ⊂ R,

E [Q(x, y; I)] ≤ Cs lim inf
|η|↓0

∫
I
E [|G(x, y; E + iη)|s] dE(7.28)

with a finite constant Cs < ∞.

Proof. Starting from (7.26) and applying Fatou’s and Fubini’s theorems we
have

(7.29) Q(x, y; I) ≤ lim inf
η↓0

1

π

∫
I
E
[∣∣〈δx , Im (H −E − iη)−1δy〉

∣∣] dE .

By the Cauchy-Schwarz inequality applied to the positive definite kernel of
Im (H − z)−1 ≥ 0, for every z ∈ C+,
(7.30)∣∣〈δx , Im (H − z)−1δy〉

∣∣ ≤√|〈δx , Im (H − z)−1δx〉| |〈δy , Im (H − z)−1δy〉| .

Splitting the integrand in (7.29) into powers (1 − s) and s and applying
(7.30) to just the s power we get

(∫
I
E
[∣∣〈δx , Im (H −E − iη)−1δy〉

∣∣] dE

)2

(7.31)

≤
∫
I
E

[∣∣〈δx , Im (H −E − iη)−1δx〉
∣∣1−s ∣∣〈δx , Im (H − E − iη)−1δy〉

∣∣s] dE

×
∫
I
E

[∣∣〈δy , Im (H − E − iη)−1δy〉
∣∣1−s ∣∣〈δx , Im (H − E − iη)−1δy〉

∣∣s] dE,

where we again applied the Cauchy-Schwarz inequality, but this time with
respect to the double integral over the probability space and the energy.
The two factors on the right side will now be treated similarly. Using (6.18)
for the first factor we estimate
(7.32)∣∣〈δx , Im (H − E − iη)−1δy〉

∣∣s ≤ 1

2s
(|G(x, y; E + iη)|s + |G(x, y; E − iη)|s)

and average with respect to the random variable V (x). The ratio G(x, y; z)/
G(x, x; z) is independent of V (x) for any z ∈ C\R. It therefore coincides
with the ratio

G(x, y; z)

G(x, x; z)
=

Gν(x, y; z)

Gν(x, x; z)
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of the Green function of the operator Hν := H + (ν − V (x))1{x}, in which
the potential at x is changed to the value ν. As a consequence, in its
dependence on V (x) the integrand in the first factor on the right in (7.31)
(after the application of (7.32)) is bounded by

(7.33)
|Im Γ(z)|1−s

|V (x)− Γ(z)|2−2s

|ν − Γ(z)|s
|V (x)− Γ(z)|s |Gν(x, y; z)|s

≤ (|ν|s + |Γ(z)|s) |Im Γ(z)|1−s

|V (x)− Γ(z)|2−2s

1

|V (x)− Γ(z)|s |Gν(x, y; z)|s

with Γ(z) the inverse negative Green function at x of the operator H in
which the potential V (x) is set to zero. Conditioning on all random variables
aside from V (x), the conditional expectation is estimated with the help of
Lemma 7.8 below, which, e.g., for the first term yields
(7.34)

E
[
|G(x, y; E + iη)|s

∣∣ {V (y)}y �=x

]
≤ Cs (|ν|s + 1) |Gν(x, y; E + iη)|s .

The resulting inequality may now be averaged over ν. For its probability
distribution we pick (|ν|s+1)−1�x(v |V�=x)/

∫
(|ν|s+1)−1�x(v |V�=x)dv as the

density. Note that the normalization is bounded away from zero. This yields
the claim for the first factor.

For an application of the above inequality to the factors involving E−iη,
we also note that

∣∣〈δx , Im (H − z)−1δx〉
∣∣ =

∣∣〈δx , Im (H − z)−1δx〉
∣∣ for any

z ∈ C\R. This concludes the proof of the assertion. �

The above proof relied on the following averaging bound.

Lemma 7.8. Let 0 ≤ � with supv∈R(1 + |v|s)�(v) < ∞ for some s ∈ (0, 1).
Then there exists some constant Cs(�) < ∞ such that for any γ ∈ C\R,

(7.35) max{1, |γ|s}
∫ |Im γ|1−s

|v − γ|2−2s

�(v)

|v − γ|s dv ≤ Cs(�).

Proof. We distinguish the cases |γ| ≤ 1 and |γ| > 1. In the first case, we
estimate ∫ |Im γ|1−s

|v − γ|2−2s

�(v)

|v − γ|s dv ≤ ‖�‖∞
∫ |Im γ|1−s

|v − γ|2−s
dv(7.36)

= ‖�‖∞
∫

dv

(v2 + 1)1−
s
2

< ∞ .
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In the second case, using the triangle inequality to estimate |γ|s ≤ |v−γ|s +
|v|s, we get

|γ|s
∫ |Im γ|1−s

|v − γ|2−2s

�(v)

|v − γ|s dv(7.37)

≤
∫ |Im γ|1−s

|v − γ|2−2s
�(v) dv +

∫ |Im γ|1−s

|v − γ|2−2s

|v|s �(v)

|v − γ|s dv .

The second term on the right side is estimated by pulling out

ρs := sup
v∈�

|v|s�(v) < ∞.

The remaining integral is then estimated as in (7.36). The first term on the
right side in (7.37) is upper bounded by

ρs

∫ |Im γ|1−s

|v − γ|2−2s

dv

|v|s ≤ ρs sup
α∈R

∫
1

[(v − α)2 + 1]1−s

dv

|v|s < ∞ .

This completes the proof (whose gymnastics may perhaps be justified by the
simplicity of the proven relation). �

7.3.2. Finite-volume regularization. To emphasize the naturalness of
the relation discussed in this section it may be good to point out that for
finite systems the eigenfunction correlator is a singular limit of fractional
moments of the Green function.

Proposition 7.9. Let H be self-adjoint on �2(G) with |G| < ∞. Then for
any bounded interval I ⊂ R,

(7.38) Q(x, y; I) = lim
s↗1

1− s

2

∫
I
|G(x, y; E)|s dE .

Proof. We decompose I =
⋃

n In into open non-intersecting intervals
(In) about each one of the eigenvalues (En). It suffices to show that the
right side in (7.38), when restricting the integration to In, converges to
|
〈
δx, P{En}(H) δy

〉
| as s → 1. Using the spectral representation for G this

follows from

(7.39) lim
s↗1

1− s

2

∫
In

dE

|Em − E|s = δmn ,

where the case m = n is derived by explicit calculation. �

In practice, the limit s ↗ 1 in (7.38) is hard to control. However, infor-
mation can be extracted through interpolation from bounds involving fixed
0 < s < 1. For that, it is fruitful to consider the following interpolated
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eigenfunction correlators for operators H on a finite-dimensional Hilbert
space. These are defined as

(7.40) Q(x, y; I; s) :=
∑

E∈I∩σ(H)

∣∣〈δx , P{E}(H) δx
〉∣∣1−s ∣∣〈δx , P{E}(H) δy

〉∣∣s
with I ⊂ R ranging over Borel sets and s ∈ [0, 1] serving as the interpo-
lation parameter. At the boundary points, the interpolated eigenfunction
correlator reduces to the previously defined quantity:

(7.41) Q(x, y; I; 0) = Q(x, x; I) and Q(x, y; I; 1) = Q(x, y; I) .

The following are further elementary properties:

1. In its dependence on s, the interpolated correlator is a log-convex func-
tion. I.e., for any λ ∈ [0, 1] and sλ := (1− λ)s0 + λs1,

(7.42) Q(x, y; I; sλ) ≤ Q(x, y; I; s0)
(1−λ) Q(x, y; I; s1)

λ

(as is implied by either Jensen or Hölder inequality).

2. For any 0 ≤ s ≤ β ≤ 1,

(7.43) Q(x, y; I; β) ≤ Q(x, y; I; s)
1−β
1−s ≤ 1

(a simple consequence of (7.42)).

3. The eigenfunction correlator is bounded by the one corresponding to any
fractional interpolation parameter s ∈ [0, 1]:

(7.44) Q(x, y; I) ≤
√

Q(x, y; I; s) Q(y, x; I; s) .

The latter relation is proven by making use of the Cauchy-Schwarz inequality
for the kernel of P{E}(H)

(7.45)
∣∣〈δx , P{E}(H) δy

〉∣∣ ≤ ∣∣〈δx , P{E}(H) δx
〉 〈

δy , P{E}(H) δy
〉∣∣1/2 ,

followed by another application of the Cauchy-Schwarz inequality with re-
spect to the summation on the spectral values (in which 〈δx , P{E}(H) δx

〉
is split into two factors and (7.45) is applied to only the (1 − s) power of
this kernel).

As a step towards the second correlator bound we have the following
identity for finite systems.
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Lemma 7.10 (Correlator identity). Let Hν := H + (ν − V (x)) 1{x} stand

for the one-parameter family of self-adjoint operators on �2(G) of a finite
graph, in which the potential at x ∈ G is changed to v ∈ R\{V (x)}. Then
for any s ∈ [0, 1] and any Borel set I ⊂ R,

(7.46) Q(x, y; I; s) =

∫
I

∣∣〈δx , (Hν − E)−1 δy〉
∣∣s |V (x)− ν|s μδx(dE)

where μδx is the spectral measure associated with H and δx.

Proof. For any finite system |G| < ∞, the integrals with respect to the
spectral measure are given by the sum∫

f(E)μδx(dE) =
∑

E∈σ(H)

f(E) 〈δx, P{E}(H)δx〉.

In that case, according to Theorem 5.3, for any E ∈ σ(H) with

〈δx, P{E}(H)δx〉 > 0

the eigenfunctions at x, y ∈ G are related to the Green function of Hv:∣∣〈δx , P{E}(H) δy〉
∣∣∣∣〈δx , P{E}(H) δx〉
∣∣ =

∣∣〈δx , (Hv − E)−1 δy〉
∣∣

|〈δx , (Hv −E)−1 δx〉|
(7.47)

= |V (x)− v|
∣∣〈δx , (Hv − E)−1δy〉

∣∣ .

Here the last equality results from the characterization of the spectrum of
H as provided in Theorem 5.3. The claim then readily follows. �

For the averaged quantity, the above enables the following analogue of
Theorem 7.7.

Theorem 7.11 (Correlator bound II). For operators of the structure de-
scribed in Theorem 7.7 on finite graphs, |G| < ∞, for any s ∈ (0, 1) there
exists Cs < ∞ such that

E [Q(x, y; I, s)] ≤ Cs

∫
I
E [|G(x, y; E)|s] dE(7.48)

for all x, y ∈ G and I ⊂ R.

It may be noted that through (7.44) (and an application of the Cauchy-
Schwarz inequality) the right side of (7.48) also bounds the regular mean
eigenfunction correlator.
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Proof. Conditioning on the values of the potential at all sites other than x,
the conditional average of the left side of (7.46) is bounded according to

E
[
Q(x, y; I; s)

∣∣V�=x

]
(7.49)

= E

[
|V (x)− ν|s

∫
I

∣∣〈δx , (Hν − E)−1 δy〉
∣∣s μδx(dE)

∣∣V�=x

]
≤ sup

u∈R
[(|u|s + |ν|s) ρ(u |V �=x)]

∫
I

∣∣〈δx , (Hν −E)−1 δy〉
∣∣s dE

≤ Cs (1 + |ν|s)
∫
I

∣∣〈δx , (Hν − E)−1 δy〉
∣∣s dE .

Here the second inequality is by Hölder inequality and the spectral averaging
principle (5.22). The resulting bound may now be averaged over ν. For its
probability distribution we again pick

(|ν|s + 1)−1�x(v |V �=x)/

∫
(|ν|s + 1)−1�x(v |V �=x)dv

as the density. Averaging over the remaining random variables yields the
claim. �

7.4. The �1-condition for localization

In summary, the relations presented here show that for a random operator
(of structure given in Theorem 7.7) a sufficient condition for exponential
dynamical localization in an open set I is that for some s ∈ (0, 1) one of the
following conditions holds:

1. sup
|η|>0

∫
I
E [|G(x, y; E + iη)|s] dE ≤ Ae−μ d(x,y) or

2. lim inf
L→∞

∫
I
E
(∣∣〈δx , (HL − E)−1 δy〉

∣∣s) dE ≤ Ae−μ d(x,y),

with a distance d(x, y) for which (7.24) holds. Since the parameter s ∈
(0, 1) can be taken arbitrarily close to 1, this condition is referred to as a
marginally-�1-criterion on the decay of the Green function.

In comparison, the Simon-Wolff criterion (Theorem 5.7) for spectral lo-
calization involves an �2-criterion. Another criterion for spectral localization
in which an �2-sum, rather than �1, is found in Theorem 7.2. In fact, to de-
duce localization it is not necessary to go via the eigenfunction correlator.
Rather, for random operators satisfying a Wegner estimate in the sense that
E[μδx(dE)] ≤ C dE for some C < ∞ and all x ∈ G, the almost-sure absence
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of continuous spectrum in an interval I is concluded by establishing that for
every x ∈ G,

(7.50)
∑
y∈G

lim sup
η↓0

η

∫
I
E

[∣∣〈δy , (H − E − iη)−1δx〉
∣∣2] dE < ∞ .

This follows by replacing the Cesàro average in (7.11) by an Abel average
for which (2.26) is readily available. For details, see Exercise 7.2 or [20].
This line of reasoning for a proof of spectral localization has been promoted
in [178].

Thus it is natural to wonder whether the marginally-�1-criterion is an
optimal test for localization. Our answer is yes—marginal-�1 is the correct
decay rate for the averaged Green function’s moments:

1. In the regime of localization the second moments diverge due to large
deviations. Since no average is involved in the Simon-Wolff criterion, the
effect is bypassed there. However, when the mean is taken at spectral
parameter off the real axis, i.e., η 
= 0 as in (7.50), the extra factor of η
which appears in the bound in effect reduces the summand’s power there.

2. The relevance of the �1-condition, versus other powers, is seen most clearly
in the analysis of the phase diagram of the tree graph, which is discussed
in Chapter 16. On trees and some related graphs, the failure of the �1+o(1)-
summability of the averaged Green function implies absolutely continuous
spectrum under weak disorder. The reason is related to the conditions
for resonant delocalization, a topic which is discussed is Chapter 15.

Notes

The approach to dynamical localization through eigenfunction correlators
which are estimated via fractional moments of the resolvent was introduced
in [5] and further elaborated upon in [11] and [9, 117], the latter for random
Schrödinger operators over the continuum Rd. This may be regarded as a
combination of the fractional moment method with the spectral averaging
principle which was highlighted in the Simon-Wolff criterion. The effective-
ness of the approach is related to the underlying Herglotz-Pick structure of
the resolvent as a function of both the energy and (separately) the values
of the potential, combined with some general properties of functions in this
class. The latter form an interesting subject of harmonic analysis. Some of
its directly relevant statements are discussed in the next chapter, in Section
8.2, and in Appendix B.
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The first proofs of localization for random Schrödinger operators in d > 1
dimensions were enabled by the multi-scale analysis which was introduced
to the subject by J. Fröhlich and T. Spencer [165]. Initially, the method es-
tablished the almost-sure uniform boundedness of the displacement’s second
moment Mψ(2, t) and the absence of absolutely continuous spectrum [293].
Proofs of pure-point spectrum emerged shortly, with different arguments all
empowered by the analysis in [165]: J. Fröhlich, F. Martinelli, E. Scop-
pola, and T. Spencer [164]; F. Delyon, Y. Lévy, and B. Soulliard [115]; and
B. Simon and T. Wolff [363].

The multi-scale method proceeds by iteratively establishing, under suit-
able initial conditions, rapidly decaying bounds on the probability distribu-
tion of the resolvent studied on a sequence of scales, whose size grows faster
than exponentially—a condition which plays a role in the analysis. That
approach is also applicable to quasi-periodic operators and is reminiscent of
the Kolmogorov-Arnold-Moser (KAM) method, which was actually devel-
oped in the context of perturbations of quasi-periodic dynamical systems.

A notable strength of the approach, which was simplified [126, 127]
and also applied in the continuum [94, 95, 152, 239, 240, 155] as well
as to Bernoulli potentials with a breakthrough result by J. Bourgain and
C. Kenig [69], is its robustness. The method’s initial limitations have been
related to the fact that by proceeding at rates faster than exponential, it
initially produced suboptimal bounds (with only stretched exponential de-
cay) for the behavior of the Green function on the localization-length scale
and for the probability estimates. Improvements which incorporated some
of the lessons of the single-scale analysis were made by F. Germinet and
A. Klein in [169, 170].

Textbook accounts, and surveys of the subject with further references,
may be found in [367, 68, 230, 247].

Exercises

7.1. Show that strong dynamical localization in I ⊂ R in the sense of (7.8)
with μ = 0 implies spectral localization in I.

7.2. Let H be a random operator in �2(G) satisfying a Wegner estimate in
the sense that E[μδx(dE)] ≤ C dE for some C < ∞ and all x ∈ G.
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i. Show that for any f ∈ L2(R) and any ψ ∈ �2(G)

lim
η↓0

η
∑
y∈G

∣∣∣∣ ∫ E

[∣∣((H − E − iη)−1f(H)ψ
)
(y)
∣∣2] dE

−
∫
|f(E)|2 E

[∣∣((H − E − iη)−1ψ
)
(y)
∣∣2] dE

∣∣∣∣ = 0 .

ii. Explain how (7.50) implies the almost-sure absence of continuous
spectrum in I.

iii. Show that under the conditions of Theorem 7.7 one also has

η E
[
|G(x, y; E + iη)|2

]
≤ Cs E [|G(x, y; E + iη)|s] .

Explain how the assumptions of Theorem 7.7 imply (7.50).

7.3. In the situation of Theorem 7.7 show that if ρ ∈ L∞(R) does not sat-
isfy (7.27), one nevertheless has

Q(x, y; I) ≤ Cs lim inf
|η|↓0

(∫
I
E

[
|G(x, y; E + iη)|s

|G(x, x; E + iη)|s
]

dE

)1/2

×
(∫

I
E

[
|G(x, y; E + iη)|s

|G(y, y; E + iη)|s
]

dE

)1/2

.

7.4. a. Show that the iterpolated eigenfunction correlators QL,v of the one-
parameter family of self-adjoint operators Hν := H +ν 1{x} is related
to the Green function G of H through∫

Qν(x, y; I; s)
dv

|v|s =

∫
I
|G(x, y; E)|s dE

for every s ∈ (0, 1).
b. In the situation of Theorem 7.11 suppose that the conditional single-

site distribution ρ satisfies

ρ ≤ γs

∫
ρ(·+ v)

dv

|v|s

for some s ∈ (0, 1) and γs ∈ (0,∞) instead of (7.27). Under this
condition derive a bound of the form

E [Q(x, y; I; s)] ≤ γs

∫
I
E [|G(x, y; E)|s] dE .
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