
Contents

Preface ix
§0.1. Prerequisites ix
§0.2. What kind of book this is ix
§0.3. The nominal goal x
§0.4. The true goal x
§0.5. The content x
§0.6. Anything new in this book? xii
§0.7. Standard notation xiii
§0.8. Acknowledgments xiv

Chapter 1. Fields 1
§1.1. Some fields arising in classical number theory 1
§1.2. Cr fields 3
§1.3. Galois theory 8
§1.4. Cohomological dimension 12
§1.5. Brauer groups of fields 16
Exercises 27

Chapter 2. Varieties over arbitrary fields 31
§2.1. Varieties 32
§2.2. Base extension 32
§2.3. Scheme-valued points 37
§2.4. Closed points 45
§2.5. Curves 47

v



vi Contents

§2.6. Rational points over special fields 49
Exercises 53

Chapter 3. Properties of morphisms 57
§3.1. Finiteness conditions 57
§3.2. Spreading out 60
§3.3. Flat morphisms 66
§3.4. Fppf and fpqc morphisms 68
§3.5. Smooth and étale morphisms 69
§3.6. Rational maps 92
§3.7. Frobenius morphisms 95
§3.8. Comparisons 97
Exercises 97

Chapter 4. Faithfully flat descent 101
§4.1. Motivation: Gluing sheaves 101
§4.2. Faithfully flat descent for quasi-coherent sheaves 103
§4.3. Faithfully flat descent for schemes 104
§4.4. Galois descent 106
§4.5. Twists 109
§4.6. Restriction of scalars 114
Exercises 116

Chapter 5. Algebraic groups 119
§5.1. Group schemes 119
§5.2. Fppf group schemes over a field 125
§5.3. Affine algebraic groups 130
§5.4. Unipotent groups 131
§5.5. Tori 134
§5.6. Semisimple and reductive algebraic groups 136
§5.7. Abelian varieties 142
§5.8. Finite étale group schemes 150
§5.9. Classification of smooth algebraic groups 151
§5.10. Approximation theorems 154
§5.11. Inner twists 155
§5.12. Torsors 156
Exercises 164



Contents vii

Chapter 6. Étale and fppf cohomology 169
§6.1. The reasons for étale cohomology 169
§6.2. Grothendieck topologies 171
§6.3. Presheaves and sheaves 173
§6.4. Cohomology 178
§6.5. Torsors over an arbitrary base 182
§6.6. Brauer groups 190
§6.7. Spectral sequences 196
§6.8. Residue homomorphisms 200
§6.9. Examples of Brauer groups 203
Exercises 207

Chapter 7. The Weil conjectures 209
§7.1. Statements 209
§7.2. The case of curves 210
§7.3. Zeta functions 211
§7.4. The Weil conjectures in terms of zeta functions 213
§7.5. Cohomological explanation 214
§7.6. Cycle class homomorphism 222
§7.7. Applications to varieties over global fields 226
Exercises 229

Chapter 8. Cohomological obstructions to rational points 231
§8.1. Obstructions from functors 231
§8.2. The Brauer–Manin obstruction 233
§8.3. An example of descent 240
§8.4. Descent 244
§8.5. Comparing the descent and Brauer–Manin obstructions 250
§8.6. Insufficiency of the obstructions 253
Exercises 258

Chapter 9. Surfaces 261
§9.1. Kodaira dimension 261
§9.2. Varieties that are close to being rational 263
§9.3. Classification of surfaces 271
§9.4. Del Pezzo surfaces 279
§9.5. Rational points on varieties of general type 290



viii Contents

Exercises 293

Appendix A. Universes 295
§A.1. Definition of universe 295
§A.2. The universe axiom 296
§A.3. Strongly inaccessible cardinals 296
§A.4. Universes and categories 297
§A.5. Avoiding universes 297
Exercises 298

Appendix B. Other kinds of fields 299
§B.1. Higher-dimensional local fields 299
§B.2. Formally real and real closed fields 299
§B.3. Henselian fields 300
§B.4. Hilbertian fields 301
§B.5. Pseudo-algebraically closed fields 302
Exercises 302

Appendix C. Properties under base extension 303
§C.1. Morphisms 303
§C.2. Varieties 308
§C.3. Algebraic groups 308

Bibliography 311

Index 331


