
Preface

When character theory was developed at the end of the 19th century and in
the early years of the 20th, it was viewed primarily as a powerful technique
for proving theorems about finite groups. For example, Burnside’s paqb-
theorem and Frobenius’s theorem on the existence of what we now call
Frobenius kernels were early triumphs of the use of character theory as a
tool for proving group-theory theorems. Indeed, characters continued to
play an essential role in proving theorems about groups for another 50 years
or so, culminating in the Feit–Thompson odd-order theorem.

Another thread in the development of character theory is the establish-
ment of connections between the characters and the subgroup structure of a
group. Examples of this are Brauer’s theorem on induced characters, which
asserts that every character of G is a Z-linear combination of characters
induced from certain nilpotent subgroups, and also the Itô–Michler theo-
rem, which gives a necessary and sufficient condition in terms of irreducible
character degrees for G to have a normal abelian Sylow p-subgroup.

Research on the connections between characters and subgroups continues
unabated, and there are still a number of intriguing open questions in this
area. For example, consider the still-unresolved McKay conjecture, which
posits that for each finite group G and each prime number p, the numbers
of irreducible characters with degrees not divisible by p of G and of the
normalizer of a Sylow p-subgroup of G are equal.

Within the last half century or so, there has been considerable atten-
tion paid to the character theory of groups such as solvable and p-solvable
groups that have an abundance of normal subgroups. One reason for this is
that groups of this type often serve to motivate and to “test” more general
questions. For example, the Itô–Michler theorem was initially proved (by
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Itô) for solvable groups; it was easily generalized to p-solvable groups, and
then it was proved by Michler for arbitrary finite groups. Another exam-
ple is provided by the McKay conjecture. I gave the first proof of a case
of this conjecture by establishing it for solvable groups of odd order, and
more generally, the conjecture was proved by Okuyama and Wajimais for all
p-solvable groups. Other outstanding general problems, such as the Alperin
weight conjecture and the Feit question on fields of character values, have
also been settled for solvable groups.

In addition to its role in testing conjectures, there is another aspect of the
many-normal-subgroups branch of character theory that I find fascinating.
There are a number of surprising theorems that hold for such groups that
are simply false in the general case. For example, if H is a subgroup of G
and θ is an irreducible character of H, an obvious necessary condition for θ
to be the restriction of a character of G is that θ(x) and θ(y) must be equal
whenever x and y are elements of H that are conjugate in G. Remarkably, if
H is a Hall subgroup and G is solvable, this condition is also sufficient, but
if G is not solvable, the sufficiency can fail even if H is a Sylow subgroup
of G. Another example is this: if H is an arbitrary subgroup of a group G
and χ is an irreducible character of G, there is little that can be said about
the degrees of the irreducible constituents of the restriction of χ to H. If
G is solvable of odd order, however, there is always some constituent of the
restriction with degree dividing the degree of χ.

Despite its title, this book is not exclusively about solvable groups.
When discussing this material informally, I often write “solvable groups” as
a convenient (but not necessarily accurate) shorthand for the more awkward
and less precise phrase “many-normal-subgroups groups”. But of course in
formal settings such as the statements of theorems, the assumptions are
specific and precisely stated.

For many years, most of my research has been in solvable group character
theory. My work, together with that of many others, has resulted in a
substantial accumulation of theory and theorems, very little of which has
previously appeared in book form. My goal in this text is to provide the
student and researcher with enough of the theory to demonstrate its power
and beauty and to provide a foundation for further study. In order to keep
the exposition as accessible as possible, however, I was forced to omit some
important and interesting results.

I have included a number of applications, including proofs of solvable-
group cases of various outstanding general conjectures. Perhaps this is a
good place to explain my belief that one test of a theory is that it should
have the power to answer questions that it did not ask. By an “application”,
therefore, I mean a result that is external to the theory. For example, in
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Chapter 2, factorization theory and π-special characters are used to prove
the solvable case of the Feit conjecture, although on its face the Feit conjec-
ture has no connection with factorization or with π-special characters.

I mentioned that I have tried to keep the exposition in this book ac-
cessible, but some preparation is certainly necessary. I expect that readers
will be comfortable with basic group theory and character theory: the group
theory that might be acquired in a strong first-year graduate algebra course
and the character theory in the first half of my character theory book should
be sufficient. I prefer to explain as much as possible in the text without in-
voking external references, but occasionally I do refer to one of my earlier
books: [CTFG], Character theory of finite groups, AMS Chelsea Publish-
ing, Providence, RI, 2006; [FGT], Finite group theory, Graduate Studies in
Mathematics, 92, American Mathematical Society, 2008; and [AGC], Alge-
bra: A graduate course, Graduate Studies in Mathematics, 100, American
Mathematical Society, 2009. There are also numerous external references
at the end of each chapter in the Notes and References sections. In those
sections, I have attempted to document the history of the material in the
chapter, but let me take this opportunity to apologize to anyone who feels
that I have not sufficiently acknowledged his or her contribution; any such
omissions were inadvertent.

Several mathematicians have contributed to this effort. First, I want to
thank my friend and frequent collaborator Gabriel Navarro. Not only did
he point out numerous typographical errors and unclear presentations as he
read through each chapter, but also, and much more importantly, Gabriel
is responsible for a number of the ideas in this book, ideas that came from
his work or that were inspired by our collaboration and by his frequent
email communications with me. I also want to thank my former student,
Mark Lewis. Mark independently started working on a book on solvable
group character theory, and he was kind enough to share a preliminary
manuscript with me. A number of the ideas in that document influenced
my thinking, especially on the character-correspondence material. Finally,
I offer thanks to Ping Jin, who found an embarrassingly large number of
typos in the chapters he read. Of course, none of these people is responsible
for any of the typographical or mathematical errors that may remain.
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