
Chapter 2

π-Special Characters

2A

If G is a π-group for some set π of primes, then for all irreducible characters
χ of G, it is clear that both χ(1) and o(χ) are π-numbers. It would be
pleasant if there were some sort of converse for this statement. In other
words, if χ ∈ Irr(G) and both χ(1) and o(χ) are π-numbers, we might hope
that χ would behave (in some respects, at least) as if its domain G were a
π-group. In fact, if G is π-separable, then under some additional hypotheses,
this is exactly what does happen.

For every π-separable group G, we will define a subset Xπ(G) of Irr(G)
such that the degrees and determinantal orders of all members of Xπ(G) are
π-numbers. In addition, we want our set Xπ(G) to “respect” the normal
subgroup structure of G. More precisely, we require that for every character
χ ∈ Xπ(G) and every normal subgroup N of G, the irreducible constituents
of the restriction χN should lie in Xπ(N).

By Clifford’s theorem, we know that if N � G and χ ∈ Irr(G), then the
degrees of the irreducible constituents of χN divide χ(1). If χ(1) is a π-
number, therefore, the degrees of the irreducible constituents of χN are also
π-numbers; so from the point of view of character degrees, the requirement
that the set Xπ(G) should respect the normal structure of G imposes no
additional burden.

In general, the determinantal order of an irreducible constituent of χN

need not divide o(χ), and for that reason it is necessary to impose additional
determinantal-order requirements on a character χ before we can admit it
to the set Xπ(G). In fact, it should be clear that not only must we consider
restrictions to normal subgroups of G, but also to their normal subgroups,
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26 2. π-Special Characters

and so forth. The requirement should thus be stated in terms of subnormal
subgroups.

If G is π-separable, we say that a character χ ∈ Irr(G) is π-special if
χ(1) is a π-number and o(θ) is a π-number for every irreducible constituent θ
of the restriction χS for every subnormal subgroup S �� G. (We stress that
we are defining π-special characters only for π-separable groups.) The set of
π-special characters of G is denoted Xπ(G), and it should be clear from the
foregoing discussion that if χ ∈ Xπ(G) and θ is an irreducible constituent of
χS , where S �� G, then θ ∈ Xπ(S).

We shall see that (as promised) the π-special characters of a π-separable
group G behave in some ways as though G were a π-group. (In fact, it is
tempting to say that a π-special character ofG “thinks” thatG is a π-group.)
We will mention just one example of this phenomenon now: the values of
a π-special character always lie in a field generated over the rationals by
π-roots of unity. (This is proved as Corollary 2.13.)

We begin our discussion of π-special characters with a few much more
elementary observations. First, it is clear that the principal character 1G
of a π-separable group G is π-special, and of course it is also π′-special. In
fact, 1G is the only character that is both π-special and π′-special. To see
this, consider a character χ ∈ Xπ(G)∩Xπ′(G). Then χ(1) is simultaneously
a π-number and a π′-number, and thus χ(1) = 1, and χ is linear. Also, o(χ)
is both a π-number and a π′-number, so o(χ) = 1, and since χ is linear, it
is principal.

Now let N � G be a π′-subgroup, so every irreducible character of N
is π′-special. If χ ∈ Irr(G) is π-special, then the irreducible constituents
of χN are π-special, and it follows that all of these irreducible constituents
are principal. Then N ⊆ ker(χ), and in particular Oπ′(G) is contained in
the kernel of every π-special character of G. Similarly, of course, Oπ(G) is
contained in the kernel of every π′-special character of G.

Next, recall that if N � G, it is customary to identify the members of
Irr(G/N) with the set of characters χ ∈ Irr(G) such that N ⊆ ker(χ). It
is easy to see that if G is π-separable, then under this identification, the
π-special characters of G/N correspond to those π-special characters of G
with kernels containing N .

Using this observation, we can characterize the π-separable groups for
which all irreducible characters are π-special.

Corollary 2.1. Let G be π-separable. Then all members of Irr(G) are π-
special if and only if G is a π-group.

Proof. If G is a π-group, then clearly, every irreducible character is π-
special. Conversely, we suppose that Xπ(G) = Irr(G), and we proceed by
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induction on |G| to show that G must be a π-group. We can assume that
|G| > 1, and we let N be minimal normal in G. Since all members of
Irr(G/N) are π-special, the inductive hypothesis implies that G/N is a π-
group, and thus it suffices to show that N is a π-group.

Recall that a minimal normal subgroup of Gmust be either a π′-group or
a π-group. If N is a π′-group, then N ⊆ ker(χ) for all χ ∈ Xπ(G) = Irr(G),
and since N > 1, this is a contradiction. It follows that N is a π-group, as
wanted. �

We turn now to some of the deeper properties of π-special characters.
Perhaps the most surprising fact about these characters is the following
product theorem of D. Gajendragadkar.

Theorem 2.2 (Gajendragadkar’s product theorem). Let G be π-separable,
and suppose that α, β ∈ Irr(G) are π-special and π′-special, respectively.
Then αβ is irreducible. Also, if αβ = μν, where μ is π-special and ν is
π′-special, then μ = α and ν = β.

We mention that it is an open question whether or not a product of
two faithful irreducible characters of a noncyclic solvable group can be ir-
reducible. In the situation of Gajendragadkar’s theorem, however, if G is
nontrivial, it is impossible for both α and β to be faithful because at least one
of Oπ′(G) or Oπ(G) must be nontrivial, and these subgroups are contained
in ker(α) and ker(β), respectively.

We begin work now toward a proof of Gajendragadkar’s product theo-
rem.

Lemma 2.3. Let χ ∈ Irr(G), where G is π-separable, and suppose that
χ(1) and o(χ) are π-numbers. Then χ is π-special if and only if the irre-
ducible constituents of χM are π-special for every maximal normal subgroup
M of G.

Proof. Suppose first that for every maximal normal subgroup M of G, the
irreducible constituents of χM are π-special. Since χ(1) is a π-number, we
see that to show that χ is π-special, it suffices to show that the determinantal
orders of the irreducible constituents of χS are π-numbers for all S �� G. By
hypothesis, o(χ) is a π-number, so there is nothing to prove if S = G, and
we need consider only proper subnormal subgroups. Each such subgroup S,
however, is contained in some maximal normal subgroupM of G, so if θ is an
irreducible constituent of χS , then θ lies under some irreducible constituent
ψ of χM . By assumption, ψ is π-special, and since S �� M , it follows that
o(θ) is a π-number, as required.
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Conversely, if χ is π-special, then the irreducible constituents of χM are
π-special for all subnormal subgroups M of G, and in particular, this holds
for maximal normal subgroups. �

We digress briefly to recall three basic facts about character induction
that will be needed in the proofs of the next few results. (They will also be
used frequently thereafter, often without explicit reference.) First, suppose
that H ⊆ G and that α and β are characters (or, more generally, arbitrary
class functions) of H and G, respectively. Then Frobenius reciprocity asserts
that [αG, β] = [α, βH ]. In this situation, we also have (αβH)G = αGβ.
Finally, suppose that G = HK, where K ⊆ G, and let D = H ∩ K. If
α is a class function of H, then (αG)K = (αD)

K . These three equalities
follow easily from the definition of an induced class function as given in
Chapter 5 of [CTFG]. (We should mention also that the third of these
formulas is perhaps the most useful special case of a more general result due
to G. Mackey.)

The following is our principal tool for proving that a character is π-
special.

Theorem 2.4. Let N � G, where G is π-separable, and let θ ∈ Irr(N) be
π-special.

(a) If G/N is a π-group, then every member of Irr(G|θ) is π-special.

(b) If G/N is a π′-group and θ is invariant in G, then θ has a canonical
extension χ ∈ Irr(G) and χ is the unique π-special character in
Irr(G|θ). If θ is not invariant in G, then no member of Irr(G|θ) is
π-special.

Proof. We proceed by induction on |G|. For (a), we assume that G/N
is a π-group, and we let χ ∈ Irr(G|θ). By hypothesis, θ is π-special, so
θ(1) and o(θ) are π-numbers, and since Theorem 1.15 guarantees that χ(1)
divides |G : N |θ(1) and o(χ) divides |G : N |o(θ), we see that χ(1) and
o(χ) are π-numbers. By Lemma 2.3, therefore, it suffices to show that the
irreducible constituents of χM are π-special for all proper normal subgroups
M of G. (Of course, we need only consider maximal normal subgroups M ,
but maximality contributes nothing to this part of the argument.)

Let D = M ∩ N , and let ϕ be an irreducible constituent of θD. Since
D � N and θ is π-special, we see that ϕ is π-special. Also, ϕ lies under
χ, so it must lie under some irreducible constituent ψ of χM . Now D � M
and M/D = M/(N ∩M) ∼= NM/N , which is a subgroup of G/N , and thus
M/D is a π-group. By the inductive hypothesis applied in the group M with
respect to the normal subgroup D and the character ϕ ∈ Irr(D), we deduce
that ψ is π-special. By Clifford’s theorem, all irreducible constituents of χM
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are conjugate to ψ, so they are all π-special, and this completes the proof
of (a).

For (b), we assume that G/N is a π′-group. By Clifford’s theorem, the
degree of every member in Irr(G|θ) is divisible by the π′-number |G : T |,
where T = Gθ is the stabilizer of θ. If one of these characters is π-special,
therefore, then |G : T | = 1, and θ must be invariant.

Now assume that θ is G-invariant. Since θ(1) and o(θ) are π-numbers,
Gallagher’s theorem applies, and we deduce that θ has a unique canonical
extension χ ∈ Irr(G|θ). We must show that χ is π-special and that no
member of Irr(G|θ) other than χ is π-special.

We handle the second of these tasks first, so suppose that ψ ∈ Irr(G|θ)
is π-special. Then ψ(1) is a π-number, and since |G : N | is a π′-number,
Corollary 1.16 tells us that ψN is irreducible, and thus ψN = θ. Then ψ is
an extension of θ, and since we are assuming that ψ is π-special, o(ψ) is a
π-number. By definition, therefore, ψ is the canonical extension of θ, and
hence ψ = χ, as required.

To prove that χ is π-special, suppose first that Oπ(G) < G, and write
M = Oπ(G). Then |G : M | is a π-number, and since |G : N | is a π′-number,
it follows that MN = G. Let D = M ∩N , so D � M and M/D ∼= G/N is
a π′-group.

Choose an irreducible constituent ϕ of θD, and note that ϕ is π-special
since θ is π-special and D� N . Now ϕ lies under χ, so it lies under some irre-
ducible constituent ψ of χM . Also, ψ(1) divides χ(1) by Clifford’s theorem,
so ψ(1) is a π-number, and thus ψD is irreducible by Corollary 1.16. We
conclude that ψD = ϕ, and thus ϕ is invariant in M . Since ϕ(1) and o(ϕ)
are π-numbers, Gallagher’s theorem guarantees the existence of a canonical
extension ξ of ϕ to M . (But note that we do not know that ξ = ψ.) By
the inductive hypothesis applied in the group M , we conclude that ξ is π-
special, and thus by part (a) of the theorem, all irreducible constituents of
ξG are π-special. We have

(ξG)N = (ξMN )N = (ξD)
N = ϕN ,

and since θ is an irreducible constituent of ϕN , it follows that θ lies under
at least one of the irreducible constituents of ξG. All of these constituents
are π-special, and yet we know that χ is the only member of Irr(G|θ) that
can possibly be π-special. It follows that χ is π-special, as desired.

It remains to complete the proof of (b) in the case where Oπ(G) = G.
To do this, we will appeal to Lemma 2.3, so we choose a maximal normal
subgroup M of G, and we let ψ be an irreducible constituent of χM . It
suffices to show that ψ is π-special.
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Since M is maximal normal in G, we know that G/M must be either a
π-group or a π′-group, but since Oπ(G) = G, it follows that G/M is a π′-
group. As before, let D = N∩M , so that D� G. Now |G : D| is a π′-number
since it divides |G : N ||G : M |, and thus χD is irreducible by Corollary 1.16,
and in particular χM is irreducible. Then χM = ψ, and we write ψD = ϕ,
so ϕ is irreducible. Also, ϕ lies under θ, and thus ϕ is π-special. Since
ψ = χM , we see that o(ψ) divides o(χ), which is a π-number, and thus ψ
is the canonical extension of ϕ to M . By the inductive hypothesis, ψ is
π-special, and the result now follows by Lemma 2.3. �

In order to prove Gajendragadkar’s theorem, we need a tool that can
show that a product of two characters is irreducible. The result we use is
the following generalization of the Gallagher correspondence (Theorem 1.7).
It appears as Theorem 6.16 of [CTFG].

Theorem 2.5. Let N � G, suppose ψ ∈ Irr(G), and suppose that ψN = θ
is irreducible. Let ϕ ∈ Irr(N), where ϕ is invariant in G, and assume that
ϕθ is irreducible. Then the map β 	→ βψ is a bijection from Irr(G|ϕ) onto
Irr(G|ϕθ).

Observe that if ϕ = 1N , then the assumptions in Theorem 2.5 that
ϕ is invariant and that ϕθ is irreducible are automatically satisfied. Also
Irr(G|ϕ) = Irr(G/N), so in this case the assertion of Theorem 2.5 is exactly
Theorem 1.7.

Proof of Theorem 2.5. Since ϕ is G-invariant, we have (ϕG)N =
|G : N |ϕ, and thus the irreducibility of ϕ and Frobenius reciprocity yield

[ϕG, ϕG] = [ϕ, (ϕG)N ] = [ϕ, |G : N |ϕ] = |G : N | .
Also ϕθ is invariant in G and irreducible, so exactly the same reasoning
yields

[(ϕθ)G, (ϕθ)G] = |G : N | .
Now write

ϕG =
∑
β

bββ ,

where β runs over Irr(G|ϕ) and the coefficients bβ are positive integers.
Observe that this yields∑

β

(bβ)
2 = [ϕG, ϕG] = |G : N | .

Next, we compute

(ϕθ)G = (ϕψN )G = ϕGψ =
∑
β

bββψ .
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Clearly, for β, γ ∈ Irr(G|ϕ), we have [βψ, γψ] ≥ δβ,γ , where the “Kronecker
delta” δβ,γ is 1 if β = γ and is 0 otherwise. Since the coefficients bβ and bγ
are positive, this yields∑

β

(bβ)
2 = |G : N | = [(ϕθ)G, (ϕθ)G] =

∑
β,γ

bβbγ [βψ, γψ]

≥
∑
β,γ

bβbγδβ,γ

=
∑
β

(bβ)
2 ,

and thus equality holds everywhere. In particular, [βψ, γψ] = δβ,γ , and thus
as β runs over Irr(G|ϕ), the characters βψ are distinct and irreducible, as
required. Finally, the equation

(ϕθ)G =
∑
β

bββψ

shows that every member of Irr(G|ϕθ) is one of the characters βψ, and so
our map is surjective. �

We can now prove Gajendragadkar’s product theorem.

Proof of Theorem 2.2. We can assume that G > 1, and we proceed by
induction on |G|. We will prove the two parts of the theorem simultaneously,
so we assume that both the irreducibility assertion and the uniqueness of
factorization hold for all smaller groups.

Let α, β ∈ Irr(G) be π-special and π′-special, respectively, and let N
be maximal normal in G, so that G/N is either a π-group or a π′-group.
Because of the symmetry between π and π′, we can assume that in fact G/N
is a π-group, and thus, since β(1) is a π′-number, Theorem 1.15 guarantees
that βN is irreducible. Write θ = βN , and let ϕ be an arbitrary irreducible
constituent of αN . Then ϕ is π-special and θ is π′-special, and so by the
inductive hypothesis on irreducibility applied in N , we see that ϕθ ∈ Irr(N).

Let T = Gϕ be the stabilizer of ϕ in G, and observe that T also stabilizes
ϕθ. In fact, T must be the full stabilizer of ϕθ in G because if g ∈ G and
ϕθ = (ϕθ)g = ϕgθg, then since ϕg is π-special and θg is π′-special, the
inductive hypothesis on uniqueness yields ϕg = ϕ, and thus g ∈ T , as
required.

Let η ∈ Irr(T |ϕ) be the Clifford correspondent of α with respect to ϕ, so
ηG = α. (See Theorem 1.18.) Also, let ψ = βT so ψN = θ, and in particular,
ψ is irreducible. We have

αβ = ηGβ = (ηβT )
G = (ηψ)G ,
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and we observe that ηψ ∈ Irr(T |ϕθ) by Theorem 2.5. (We definitely are not
appealing to the inductive hypothesis here to establish the irreducibility of
ηψ because we do not know that T < G.)

Since T is the stabilizer of ϕθ and ηψ lies over ϕθ, the Clifford corre-
spondence tells us that αβ = (ηψ)G is irreducible, as required.

Now suppose that αβ = μν, where μ is π-special and ν is π′-special.
Then the irreducible constituents of μN and νN are π-special and π′-special,
respectively, and by the inductive hypothesis on irreducibility, the product
of each irreducible constituent of μN with each irreducible constituent of νN
is irreducible. It follows that every irreducible constituent of (μν)N is one
of these products. Since μν = αβ lies over the irreducible character ϕθ, we
deduce that ϕθ must be a product of an irreducible constituent of μN with
an irreducible constituent of νN . By the inductive hypothesis on uniqueness,
it follows that ϕ lies under μ and θ lies under ν.

Since G/N is a π-group and θ is π′-special, it follows by Theorem 2.4(b)
that at most one π′-special character of G can lie over θ, and thus ν = β.
Since ϕ lies under μ, we can consider the Clifford correspondent ξ of μ with
respect to ϕ, so ξ ∈ Irr(T |ϕ) and ξG = μ. Reasoning as before, we see that
ξψ is the Clifford correspondent of μν = αβ with respect to ϕθ, so by the
uniqueness of the Clifford correspondence, we must have ξψ = ηψ. Finally,
by the injectivity of the correspondence in Theorem 2.5, we deduce that
ξ = η, and thus α = ηG = ξG = μ. �

If G is π-separable, we say that a character χ ∈ Irr(G) is π-factored
if χ = αβ for some π-special character α and π′-special character β of G.
Note that linear characters are automatically π-factored since every element
of an arbitrary finite abelian group can be decomposed as the product of a
π-element and a π′-element. Also, it is trivial that π-special and π′-special
characters are π-factored. (If χ is π-special, then χ = αβ, where α = χ and
β = 1G, and similarly if χ is π′-special.)

If χ ∈ Irr(G) is π-factored and S �� G, then every irreducible con-
stituent of χS is π-factored, and in fact if χ = αβ, where α is π-special and
β is π′-special, then each irreducible constituent of χS has the π-factored
form μν, where μ is an irreducible constituent of αS and ν is an irreducible
constituent of βS . This is clear since χS = αSβS , and by Gajendragad-
kar’s theorem, the product of each irreducible constituent of αS with each
irreducible constituent of βS is irreducible.

Lemma 2.6. Suppose that χ = αβ, where α and β are π-special and π′-
special characters, respectively, of a π-separable group G. Then ker(χ) =
ker(α) ∩ ker(β).
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Proof. If x ∈ ker(α) ∩ ker(β), then

χ(x) = α(x)β(x) = α(1)β(1) = χ(1) ,

and thus x ∈ ker(χ), and we have ker(α) ∩ ker(β) ⊆ ker(χ). To prove the
reverse containment, let N = ker(χ). Then the principal character 1N is
an irreducible constituent of χN , and thus by the remarks preceding the
statement of the lemma, we can write 1N = μν, where μ is a constituent
of αN and ν is a constituent of βN . It follows that μ and ν are linear,
and since they are inverses of each other in the group of linear characters
of N , they have equal orders. But o(μ) is a π-number and o(ν) is a π′-
number, so o(μ) = 1 = o(ν), and thus μ and ν are principal. It follows that
N ⊆ ker(α) ∩ ker(β), as needed. �

It is easy to see from Lemma 2.6 that if N � G and χ ∈ Irr(G/N), then χ
is π-factored when viewed as a character of G/N if and only if it is π-factored
when viewed as a character of G. This enables us to characterize those π-
separable groups G for which every irreducible character is π-factored.

Theorem 2.7. Let G be π-separable. Then every irreducible character of
G is π-factored if and only if G has a normal Hall π-subgroup and a normal
Hall π′-subgroup.

We need the following lemma, whose proof uses the elementary fact that
if C is a proper subgroup of a finite group H, then H cannot be the union
of the conjugates of C. (In fact, by Problem 1A.7 of [FGT], the number of
elements of H that are not in any conjugate of C is at least |C|, but that is
more information than we need.)

Lemma 2.8. Suppose that a π-group K acts via automorphisms on a π′-
group H, and assume either that every conjugacy class of H is K-invariant
or that every irreducible character of H is K-invariant. Then the action of
K on H is trivial.

Proof. Brauer’s permutation lemma (Theorem 6.32 of [CTFG]) guarantees
that each automorphism of H fixes equal numbers of irreducible characters
and conjugacy classes. If all irreducible characters of H are K-invariant,
therefore, then all classes of H are also K-invariant. We can thus assume
that in fact, all of the classes of H are K-invariant.

To show that K acts trivially on H, it suffices to prove that each Sylow
subgroup of K acts trivially, and thus it is no loss to assume that K is a
p-group for some prime p, where, of course, p does not divide |H|. Since
each class X of H is K-invariant, it is a union of K-orbits, and since K is a
p-group, each of these orbits has p-power size. Now |X| divides |H|, which
is not divisible by p, so some K-orbit in X has size not divisible by p. This
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orbit must have size 1, and hence the class X contains an element of the
subgroup C = CH(K).

Since every conjugacy class of H contains an element of C, it follows
that H is the union of the conjugates of C in H. This can only happen,
however, if C = H, and this means that K acts trivially on H. �

Proof of Theorem 2.7. First, suppose that H and K are a normal Hall
π-subgroup and a normal Hall π′-subgroup, respectively, of G. We can then
write G = H × K, and by general character-theoretic properties of direct
products, every irreducible character χ of G has the form χ = αβ, where
α ∈ Irr(G/K) and β ∈ Irr(G/H). Since G/K is a π-group, α is a π-special
character of G/K, and thus α is π-special as a character of G. Similarly, β
is a π′-special character of G, and thus χ is π-factored.

Conversely now, we assume that every member of Irr(G) is π-factored,
and we proceed by induction to show that G has a normal Hall π-subgroup
and a normal Hall π′-subgroup. We can assume G > 1, so we can choose a
minimal normal subgroup N of G, and since G is π-separable, N must be
either a π or a π′-group. By symmetry, it is no loss to assume that N is a
π-group.

The hypothesis that every irreducible character of G is π-factored is
inherited by G/N , so by the inductive hypothesis, G/N has a normal Hall
π-subgroup H/N , and we see that H is a normal Hall π-subgroup of G. Let
K be a Hall π′-subgroup of G, so K acts by conjugation on H. To prove
that K � G, it suffices to prove that this action is trivial, so by Lemma 2.8
it is enough to show that every irreducible character of H is K-invariant.

Let θ ∈ Irr(H), and let χ ∈ Irr(G|θ). By hypothesis, χ is π-factored, so
we can write χ = αβ, where α is π-special and β is π′-special. Since H is
a normal π-subgroup, H ⊆ ker(β), and thus χH = (αβ)H = β(1)αH . As
θ is an irreducible constituent of χH , we see that θ must be a constituent
of αH , and thus α is a π-special character of G lying over θ. Since G/H is
a π′-group, Theorem 2.4 guarantees that θ = αH , so θ is G-invariant, and
thus θ is K-invariant, as required. �

Next, we address the question of how rare π-factored characters are
among the irreducible characters of π-separable groups. We shall see that
they are common enough so that if χ ∈ Irr(G) where G is π-separable, then
although χ itself may not be π-factored, there necessarily exist a subgroup
H ⊆ G and a π-factored character ψ ∈ Irr(H) such that χ = ψG.

Recall that an irreducible character χ of a finite group G is said to be
primitive if there is no character η of a proper subgroup of G such that
χ = ηG. If χ ∈ Irr(G) is not primitive, therefore, it is induced from some
character η of a proper subgroup H. If η is not primitive, it is induced from
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some character ξ of a still smaller subgroup, and in that case χ = ηG =
(ξH)G = ξG. Continuing like this, we see that every irreducible character of
a finite group is induced from a primitive character of some subgroup, and
we will justify the assertion of the previous paragraph by showing that all
primitive characters of π-separable groups are π-factored.

Actually, more is true. An irreducible character χ of a finite group G
is quasi-primitive if for every normal subgroup N � G, the restriction
χN is homogeneous. (This means that χN is a multiple of an irreducible
character.) If χ is primitive, it is automatically quasi-primitive because if
θ is an irreducible constituent of χN , then by the Clifford correspondence,
χ is induced from some character of the stabilizer Gθ of θ, and by the
assumed primitivity of χ, we must have Gθ = G. Then θ is G-invariant, and
we see by Clifford’s theorem that χN = eθ for some integer e. Of course,
the assumption that χ is quasi-primitive says little if G has few normal
subgroups, but a theorem of T. Berger asserts that for solvable groups,
quasi-primitivity is actually equivalent to primitivity.

Theorem 2.9. Quasi-primitive characters of π-separable groups are π-fac-
tored. More generally, if χ ∈ Irr(G) and

1 = N0 ⊆ N1 ⊆ · · · ⊆ Nr = G

is any normal series such that each factor Ni/Ni−1 is either a π-group or a
π′-group and each restriction χNi is homogeneous, then χ is π-factored.

Proof. Since G is π-separable, G has a normal series {Ni} in which each
factor is either a π-group or a π′-group. Let χ ∈ Irr(G), and assume that
each restriction χNi is homogeneous. (In particular, this will be the case if
χ is quasi-primitive.)

Let θi be the unique irreducible constituent of χNi , so θi is invariant in
G. We show by induction on i that θi is π-factored, and it will follow that, in
particular, θr = χ is π-factored, as required. To start the induction, observe
that θ0 is the principal character of the trivial group, and so it is obviously
π-factored.

For the inductive step, it suffices to consider two consecutive subgroups
in our normal series, and for notational simplicity, we call these M and N ,
where M � N and N/M is either a π-group or a π′-group. We have an
N -invariant character θ ∈ Irr(M), where θ is π-factored, and we complete
the proof by showing that every member of Irr(N |θ) is π-factored.

Write θ = αβ, where α is π-special and β is π′-special, and observe that
since θ is invariant in N , the uniqueness of factorization in Gajendragadkar’s
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theorem guarantees that both α and β are N -invariant. Because of the sym-
metry between π and π′, it is no loss to assume that N/M is a π′-group, and
thus α has a π-special canonical extension ψ ∈ Irr(N) by Theorem 2.4(b).

Now

θN = (αβ)N = ψβN ,

and by Theorem 2.4(a), all of the irreducible constituents of βN are π′-
special. Then θN is a sum of products of ψ with certain π′-special characters
of N , and since ψ is π-special, it follows by Gajendragadkar’s theorem that
these products are irreducible. Each irreducible constituent of θN is thus
one of these products and, hence, is π-factored, as required. �

We mentioned that one can almost say that a π-special character χ of a
π-separable group G “thinks” that G is a π-group. If H is a Hall π-subgroup
of G, therefore, χ thinks that H is the whole group, and thus χH should
be irreducible. This is not much of a proof, of course, but nevertheless,
the assertion is true. In fact, Gajendragadkar’s restriction theorem below
includes this and says even more.

Theorem 2.10 (Gajendragadkar’s restriction theorem). Suppose that G is
π-separable, and let H ⊆ G, where |G : H| is a π′-number. Then restriction
defines an injective map from Xπ(G) into Xπ(H). In particular, this holds
if H is a Hall π-subgroup of G.

The first part of the following general lemma is needed for our proof of
Theorem 2.10. Although the second part will not be used now, we present
both parts because the two assertions are in some sense “dual” to each other,
and the two proofs are quite parallel.

Lemma 2.11. Let N � G and H ⊆ G, and suppose that G = NH. Write
D = N ∩H, and let ϕ ∈ Irr(D) and θ ∈ Irr(N).

(a) Suppose that θD = ϕ, and assume that the stabilizer of ϕ in H sta-
bilizes θ. Then restriction defines a bijection Irr(G|θ) → Irr(H|ϕ).

(b) Suppose that ϕN = θ, and assume that the stabilizer of θ in H sta-
bilizes ϕ. Then induction defines a bijection Irr(H|ϕ) → Irr(G|θ).

Proof. Let O be the G-orbit of θ in Irr(N), and let T be the stabilizer of
θ in G, so |O| = |G : T |. Similarly, if U is the H-orbit of ϕ in Irr(D) and S
is the stabilizer of ϕ in H, we have |U| = |H : S|. Also, we observe that H
acts transitively on O because NH = G, and thus |O| = |H : T ∩H|.

For (a), we are assuming that θD = ϕ, and thus restriction to D maps
the H-orbit O of θ onto the H-orbit U of ϕ, and thus |O| ≥ |U|. We are
also assuming that S ⊆ T ∩H, so |U| = |H : S| ≥ |H : T ∩H| = |O|, and it
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follows that |O| = |U|, and thus restriction to D defines a bijection from O
onto U .

Let χ ∈ Irr(G|θ), and let ψ be an irreducible constituent of χH . By
Clifford’s theorem, χN = e

∑
O for some integer e, and thus χD = e

∑
U .

Then ψ lies over at least one of the characters in U , and we deduce by
Clifford’s theorem applied in the group H that ψD = f

∑
U for some integer

f . It follows that f ≤ e and that if equality holds, then χD = ψD, and thus
χH = ψ.

Now χ is a constituent of ψG, so

e = [χN , θ] ≤ [(ψG)N , θ] = [(ψD)
N , θ] = [ψD, θD] = [ψD, ϕ] = f ,

and it follows that e = f . Then χH = ψ, and so restriction defines a map
from Irr(G|θ) to Irr(H|ϕ), as wanted. Also, we conclude that

[χN , θ] = [(ψG)N , θ] ,

and thus χ is the unique irreducible constituent of ψG that lies over θ, and
it follows that our restriction map is injective.

To see that this restriction map is surjective, let ψ ∈ Irr(H|ϕ) be arbi-
trary. Then

0 < [ψD, ϕ] = [(ψD)
N , θ] = [(ψG)N , θ] ,

and thus some irreducible constituent χ of ψG lies over θ. We know that
χH is irreducible, however, and thus χH = ψ, as required.

For (b) we are assuming that ϕN = θ, and thus induction to N maps the
H-orbit U onto the H-orbit O, and thus |U| ≥ |O|. We are also assuming
that T ∩H ⊆ S, and thus |O| = |H : T ∩H| ≥ |H : S| = |U|, and it follows
that |O| = |U|, and thus induction to N defines a bijection from U onto O.

Let ψ ∈ Irr(H|ϕ), and let χ be an irreducible constituent of ψG. By
Clifford’s theorem, ψD = e

∑
U for some integer e, and thus

(ψG)N = (ψD)
N = e

∑
O .

Then χ lies over at least one of the characters in O, and so by Clifford’s
theorem, χN = f

∑
O for some integer f . It follows that f ≤ e and that if

equality holds, then ψG = χ.

Now ψ is a constituent of χH , and so

e = [ψD, ϕ] ≤ [χD, ϕ] = [χN , ϕN ] = [χN , θ] = f ,

and it follows that f = e. Then ψG = χ, and thus induction defines a map
from Irr(H|ϕ) to Irr(G|θ), as wanted. Also, [ψD, ϕ] = [χD, ϕ], so ψ is the
unique irreducible constituent of χH that lies over ϕ, and it follows that the
map is injective.
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To see that this induction map is surjective, let χ ∈ Irr(G|θ) be arbitrary.
Then χ lies over ϕ, so there exists ψ ∈ Irr(H) lying over ϕ and under χ. We
know that ψG is irreducible, however, and thus ψG = χ, as required. �

Proof of Theorem 2.10. First assume that H � G. If χ ∈ Xπ(G), then
χ(1) is a π-number, so χH is irreducible by Corollary 1.16. Also, since H� G
and χH lies under the π-special character χ, it follows that χH is π-special.
Restriction thus defines a map Xπ(G) → Xπ(H), and this map is injective
by Theorem 2.4(b).

For the general case, we can assume that H < G, and we proceed by
induction on |G|. Let N be a maximal normal subgroup of G, and write
D = N ∩H, so |N : D| = |NH : H|, and thus |N : D| divides the π′-number
|G : H|. Then |N : D| is a π′-number, and since N < G, it follows by the
inductive hypothesis that restriction defines an injection Xπ(N) → Xπ(D).

Suppose |G : N | is a π′-number. By the first paragraph of the proof,
restriction defines an injection Xπ(G) → Xπ(N), so by composing with the
restriction map Xπ(N) → Xπ(D), we see that restriction defines an injection
Xπ(G) → Xπ(D).

Now let χ ∈ Xπ(G), and write ϕ = χD, so ϕ ∈ Xπ(D). Let ψ = χH and
observe that ψD = ϕ, so ψ is an extension of ϕ to H, and since D � H and
|H : D| = |NH : N | is a π′-number, we see by Theorem 2.4(b) that to show
that ψ is π-special, it suffices to check that ψ is the canonical extension of
ϕ to H. This is the case, however, because o(ψ) divides the π-number o(χ)
since χH = ψ. It follows that restriction defines a map Xπ(G) → Xπ(H),
and this map is injective since following it by the restriction map to D yields
an injective map.

We can now suppose that |G : N | is a π-number, and thus NH = G
and |N : D| = |G : H|, and this is a π′-number. Given χ ∈ Xπ(G), let
θ ∈ Irr(N), where θ lies under χ. Then θ ∈ Xπ(N), and so θD ∈ Xπ(D) by
the inductive hypothesis, and we write ϕ = θD.

Since the restriction map Xπ(N) → Xπ(D) is injective, it follows that
the stabilizer of ϕ in H stabilizes θ, and hence we can apply Lemma 2.11(a)
to deduce that restriction defines a bijection Irr(G|θ) → Irr(H|ϕ). In partic-
ular, χH is irreducible, and we write ψ = χH . Then ψ lies over the π-special
character ϕ, and since D� H and |H : D| = |G : N | is a π-number, it follows
by Theorem 2.4(a) that ψ is π-special.

We know now that restriction defines a map Xπ(G) → Xπ(H), and it
remains to show that this map is injective. We suppose, therefore, that
ξ ∈ Xπ(G) and ξH = ψ, and we work to show that ξ = χ. Now ξ lies over
ϕ, so some irreducible constituent μ of ξN lies over ϕ. Also μ is π-special
since it lies under ξ, and since μ lies over ϕ, it follows by the injectivity of
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the restriction map Xπ(N) → Xπ(D) that μ = θ, and thus ξ ∈ Irr(G|θ). We
conclude by the injectivity of the restriction map Irr(G|θ) → Irr(H|ϕ) that
ξ = χ, as required. �

It is natural to ask if there is any reasonable way to describe the image
of Gajendragadkar’s restriction map Xπ(G) → Irr(H), where H is a Hall
π-subgroup of a π-separable group G. An obvious necessary condition for a
(not necessarily irreducible) character ψ of a subgroupH to be the restriction
of a character of G is that ψ(x) = ψ(y) whenever x, y ∈ H are conjugate
in G. We prove in Theorem 3.6 that if G is π-separable and H is a Hall
π-subgroup, then this condition is also sufficient. In fact, we shall see that
the image of the restriction map Xπ(G) → Irr(H) is exactly the set of
irreducible characters of the Hall π-subgroup H that satisfy this condition
(see the discussion following Corollary 3.15).

Next, we present a little application of the part of the theory of π-
special characters that we have developed thus far. First, however, we should
explain that in this book, what we mean by an “application” is any result
that can be proved using the theory, but which does not explicitly refer to
the theory in its statement.

Recall that a character χ ∈ Irr(G) is said to be monomial if χ = λG,
where λ is a linear character of some (not necessarily proper) subgroup of G.
Monomial characters arise often in the character theory of solvable groups,
and, indeed, a group for which every irreducible character is monomial is
necessarily solvable. (Recall that a group with this property is said to be an
M-group, and the fact that M-groups are solvable is a theorem of K. Taketa,
which appears as Corollary 5.13 of [CTFG], and which is also proved here
as Theorem 9.1.) There are still a number of open questions concerning
monomial characters and M-groups. For example, although it is known that
a normal subgroup of an M-group need not be an M-group, it is unknown
if this can happen if the normal subgroup has odd order or odd index.

One of the things that make monomial characters difficult to work with
is the fact that if χ ∈ Irr(G) is monomial and χ = ψG, where ψ is a character
of some subgroup of G, then ψ may not be monomial. In order to study
this phenomenon, we say that a character χ ∈ Irr(G) is supermonomial if
whenever χ = ψG, then ψ is monomial. Equivalently, χ is supermonomial if
and only if every primitive character that induces χ from a subgroup of G
is linear.

As an application of the theory of π-special characters, we can give a
condition sufficient to guarantee that a character is supermonomial. (Other
sufficient conditions are presented in Chapter 9.)
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Theorem 2.12. Let χ ∈ Irr(G), where G is π-separable and χ(1) is a π-
number, and let H ⊆ G be a Hall π-subgroup.

(a) If χH has a linear constituent, then χ is supermonomial.

(b) If χH has a principal constituent, then the multiplicative order of
every linear character inducing χ is a π′-number.

Proof. For (a), we assume that χ = γG, where γ is a primitive character
of some subgroup U ⊆ G, and our goal is to show that γ is linear. Since γ
is primitive, Theorem 2.9 guarantees that we can write γ = αβ, where α is
π-special and β is π′-special, and thus

χ(1) = γG(1) = |G : U |γ(1) = |G : U |α(1)β(1) .

Since χ(1) is a π-number and β(1) is a π′-number, it follows that β is linear.
It also follows that |G : U | is a π-number, and since |G : H| is a π′-number,
we have UH = G.

Let D = U ∩ H, so |U : D| = |G : H|, which is a π′-number. Now
α is π-special, so it follows by Gajendragadkar’s restriction theorem (Theo-
rem 2.10) that αD is irreducible, and thus γD = αDβD is irreducible because
β is linear.

By assumption, χH has a linear constituent λ, and thus

0 < [χH , λ] = [(γG)H , λ] = [(γD)
H , λ] = [γD, λD] ,

so λD is a linear constituent of the irreducible character γD. Then γD = λD,
and hence γ is linear, proving (a).

For (b), we assume that λ is the principal character of H. Then γD =
λD = 1D, and hence D ⊆ ker(γ). It follows that the multiplicative order of
γ divides the π′-number |U : D|, and this establishes (b). �

Recall now that by definition, the cyclotomic field Qn is the subfield of
the complex numbers generated over the rationals by a primitive nth root
of unity. Recall also that all character values of a finite group G lie in
the cyclotomic field Q|G|. The following consequence of Gajendragadkar’s
restriction theorem gives additional information about the values of π-special
characters.

Corollary 2.13. Let χ be a π-special character of a π-separable group G.
Then all values of χ lie in the cyclotomic field Q|H|, where H is a Hall
π-subgroup of G.

Proof. All values of χ lie in Q|G|, so it suffices to show that χ is invariant un-
der the Galois group G = Gal(Q|G|/Q|H|). For elements h ∈ H, it is certainly
true that χ(h) ∈ Q|H|, and thus for σ ∈ G, we have (χσ)H = (χH)σ = χH .
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Since χ is π-special and the application of the field automorphism σ can-
not affect either the degrees or the determinantal orders of characters of
subgroups of G, it follows that χσ is also π-special. The injectivity of the re-
striction map Xπ(G) → Irr(H) thus guarantees that χ = χσ, as required. �

For the final result in this section, we need the basic (but not quite
trivial) fact that if a and b are arbitrary positive integers, then Qa∩Qb = Qd,
where d is the greatest common divisor of a and b (see Theorem 20.12 of
[AGC]). In particular, if a and b are relatively prime, then Qa∩Qb = Q1 =
Q, the rational number field.

Corollary 2.14. Let χ be a π-special character of a π-separable group G,
and let K ⊆ G be a π′-subgroup. Then χK is rational valued.

Proof. All values of χK lie in Q|K|, and by Corollary 2.13 these values also
lie in Q|H|, where H is a Hall π-subgroup of G. But Q|K| ∩Q|H| = Q since
|K| and |H| are relatively prime, and the result follows.

2B

In this section, we obtain some applications of the theory of π-special char-
acters to the character theory of solvable groups, and in particular we prove
the solvable case of a conjecture of W. Feit. (The general conjecture remains
unresolved.)

Since a solvable group G is π-separable for every set π of primes, a given
character χ ∈ Irr(G) can be π-special for several different sets π. It should
be clear, however, that there is a unique smallest set π = π(χ) such that χ
is π-special. Observe that χ is π-special for a set π of primes if and only if
π ⊇ π(χ).

For our next result, we need to be able to compute the determinant of
the product of two (not necessarily irreducible) characters. The relevant
formula is

det(ξη) = det(ξ)η(1) det(η)ξ(1) .

To see why this is so, we can work one element at a time, so we can assume
that the group is cyclic. We can thus write

ξ =

ξ(1)∑
i=1

λi and η =

η(1)∑
j=1

μj ,

where the summands λi and μj are linear characters. Then

ξη =
∑
i,j

λiμj ,
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and thus

det(ξη) =
∏
i,j

λiμj .

In this product, λi occurs η(1) times and μj occurs ξ(1) times, and this
yields

det(ξη) =
(∏

i

λi

)η(1)(∏
j

μj

)ξ(1)
= det(ξ)η(1) det(η)ξ(1) ,

as wanted. �

Theorem 2.15. Let G be solvable, and suppose α, β ∈ Irr(G), where π(α)
and π(β) are disjoint. Then αβ is irreducible and π(αβ) = π(α) ∪ π(β).

Proof. Write σ = π(α) and τ = π(β). Then τ ⊆ σ′, and thus α is σ-special
and β is σ′-special, and it follows by Gajendragadkar’s product theorem that
αβ is irreducible.

Let σ0 be the set of prime divisors of α(1), and let τ0 be the set of prime
divisors of β(1). Then σ0 and τ0 are subsets of σ and τ , respectively, and
clearly, σ0 ∪ τ0 is exactly the set of primes that divide the degree of αβ.

Similarly, let σ1 and τ1 be the sets of all primes dividing determinantal
orders of irreducible constituents of αS and βS , respectively, as S runs over
all subnormal subgroups of G. Since σ = σ0 ∪ σ1 and τ = τ0 ∪ τ1, it suffices
to show that σ1 ∪ τ1 is exactly the set of primes dividing the determinantal
orders of irreducible constituents of (αβ)S for subnormal subgroups S �� G.

We have seen that a consequence of Gajendragadkar’s product theorem is
the fact that the irreducible constituents of (αβ)S are exactly the characters
of the form μν, where μ is an irreducible constituent of αS and ν is an
irreducible constituent of βS . Now det(μν) = det(μ)ν(1) det(ν)μ(1), so o(μν)
divides o(μ)o(ν), and thus every prime dividing o(μν) lies in σ1 ∪ τ1.

Conversely, we must show that every prime p in σ1∪τ1 divides the order
of some irreducible constituent of the restriction of αβ to a subnormal sub-
group. We can assume that p ∈ σ1, and we choose S �� G and an irreducible
constituent μ of αS so that p divides o(μ). Let ν be any irreducible con-

stituent of βS . Now det(μν) is a product of two linear characters: det(μ)ν(1)

and det(ν)μ(1). The prime p does not divide the exponent ν(1) in the first
factor because ν(1) is a τ -number and p ∈ σ, and thus the order of the first
factor is divisible by p. The other factor of det(μν) is a power of det(ν), and
so its order is a τ -number, and hence is not divisible by p. Since det(μν)
is a product of a linear character with order divisible by p with a linear
character whose order is not divisible by p, it follows that o(μν) is divisible
by p, as required. �
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For notational simplicity when we deal with singleton sets, we write
“p-special” rather than “{p}-special”, and we write p′-special instead of
{p}′-special.

Corollary 2.16. Let G be solvable, and let π be a finite set of primes. For
each member p ∈ π, let αp be a p-special character of G. Then

χ =
∏
p∈π

αp

is irreducible and π(χ) ⊆ π. Furthermore, if χ is also a product of p-special
characters βp for p ∈ π, then αp = βp for all p.

Proof. We can assume that |π| > 1, and we proceed by induction on |π|.
Choose q ∈ π and let τ = π − {q}. Write ψ =

∏
αp, where p runs over τ ,

so by the inductive hypothesis, ψ is irreducible and π(ψ) ⊆ τ . Since q 
∈ τ
and π(ψ) ⊆ τ , it follows by Theorem 2.15 that χ = αqψ is irreducible and
π(χ) = π(αq) ∪ π(ψ) ⊆ {q} ∪ τ = π, as wanted.

Now suppose that χ =
∏

βp, where p runs over π and each character βp
is p-special. Then χ = βqξ, where ξ =

∏
βp for p ∈ τ . By the inductive

hypothesis, ξ is irreducible and π(ξ) ⊆ τ . We have

αqψ = χ = βqξ ,

and both αq and βq are q-special. Also, both ψ and ξ are q′-special since
they are τ -special and τ ⊆ {q}′. It follows from the uniqueness in Gajen-
dragadkar’s factorization theorem that αq = βq and ψ = ξ. Finally, since
ψ = ξ, the inductive hypothesis yields αp = βp for all p ∈ τ . �

If G is solvable, we say that χ ∈ Irr(G) is fully factored if we can write
χ =

∏
αp, where p runs over some set π of primes and each factor αp is

p-special. (We allow π to be empty, and in that case our interpretation is
that χ = 1G, the principal character.) We stress that in a full factorization
there is at most one factor for each prime p.

Theorem 2.17. Let χ ∈ Irr(G) be primitive, where G is solvable. Then
χ =

∏
αp, where p runs over π(χ) and αp is p-special. In particular, χ is

fully factored.

Proof. We proceed by induction on |π(χ)|. We can certainly assume that
π(χ) is nonempty, and we choose q ∈ π(χ). Since χ is primitive, Theorem 2.9
allows us to write χ = μν, where μ is q-special and ν is q′-special. Also,
π(χ) = π(μ) ∪ π(ν) by Theorem 2.15. Now π(ν) ⊆ q′, so q 
∈ π(ν), and
we conclude that π(ν) < π(χ). Also, since π(μ) ⊆ {q}, we see that π(χ) =
{q} ∪ π(ν).
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We argue next that ν is primitive. Otherwise, we can write ν = γG,
where γ ∈ Irr(J) and J < G. Then

χ = μν = μγG = (μJγ)
G ,

and this contradicts the assumed primitivity of χ.

Since π(ν) < π(χ), we can apply the inductive hypothesis to write ν =∏
αp, where p runs over π(ν) and αp is p-special. Since q 
∈ π(ν) and

π(χ) = {q} ∪ π(ν), the result follows by taking αq = μ. �

We mention that the characters αp in Theorem 2.17 must all be nonprin-
cipal. Otherwise, we could delete one of the factors, and then Corollary 2.16
would imply that π(χ) is contained in a proper subset of π(χ).

Next, as an easy application, we prove a result of B. Huppert. We need
a bit of basic character theory: If χ ∈ Irr(G), then χ(1)2 ≤ |G : Z(G)|. To
see this, observe that χZ(G) = χ(1)λ for some linear character λ of Z(G),

and thus χ occurs with multiplicity χ(1) as a constituent of λG. It follows
that χ(1)2 ≤ λG(1) = |G : Z(G)|, as wanted.

Theorem 2.18. Let χ ∈ Irr(G), where G is solvable, and assume that χ is
primitive. Then χ(1)2 divides |G : Z(G)|.

Proof. Given a prime p, let pa be the p-part of χ(1). (In other words, pa is
the full power of p dividing χ(1).) It suffices to show for every choice of p that
p2a is at most the p-part of |G : Z(G)| or, equivalently, p2a ≤ |P : P ∩Z(G)|,
where P is a Sylow p-subgroup of G.

Since χ is primitive, it is fully factored by Theorem 2.17, and thus we
can write χ =

∏
αq, where q runs over some set of distinct primes and αq

is q-special. Then αq(1) is a power of q, and since χ(1) =
∏

αq(1), we see
that for each prime divisor p of χ(1), the p-part of χ(1) is exactly αp(1).

By Gajendragadkar’s restriction theorem, (αp)P is irreducible, and thus

p2a = αp(1)
2 ≤ |P : Z(P )| ≤ |P : P ∩ Z(G)| ,

as required. �

We need a fact about fields of values of fully factored characters. If χ
is a character of a group G, we write Q(χ) to denote the field generated
over the rational numbers Q by all the values of χ, and similarly, if X is a
set of characters of G, we write Q(X ) to denote the field generated over Q
by all values of all the members of X . Note that fields generated by values
of characters of G are subfields of the cyclotomic field Q|G|, and since the
Galois group Gal(Q|G|/Q) is abelian, all of these character-value fields are
Galois extensions of Q.
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Lemma 2.19. Let G be solvable, and suppose that χ =
∏

αp, where p runs
over some set π of distinct primes and αp ∈ Irr(G) is p-special for each
member p ∈ π. Then

Q(χ) = Q({αp | p ∈ π}) ,

the field generated over Q by the values of all of the characters αp.

Proof. Write E = Q({αp | p ∈ π}). Since χ is the product of the αp, it is
clear that Q(χ) ⊆ E, and we consider an arbitrary element σ of the Galois
group Gal(E/Q(χ)). Then

χ = χσ =
∏
p∈π

(αp)
σ,

and since (αp)
σ is p-special, it follows from the uniqueness in Corollary 2.16

that (αp)
σ = αp for all p. Thus σ fixes all values of the characters αp, and

hence σ is the identity automorphism of E. We conclude that Gal(E/Q(χ))
is trivial, and so E = Q(χ). �

We are now ready to discuss the Feit conjecture. If χ ∈ Irr(G), then in
addition to the two integers χ(1) and o(χ) that we have been considering,
there are several other numbers that are naturally associated with χ. One
of these, which we call f(χ), is defined to be the smallest positive integer
f such that all of the values of χ lie in the cyclotomic field Qf . Since we
know that the values of χ lie in Q|G|, it is clear that f(χ) exists and that
f(χ) ≤ |G|. In fact, it is a consequence of the following lemma that f(χ)
divides |G|.

Lemma 2.20. Let χ ∈ Irr(G), and suppose that all values of χ lie in Qm

for some integer m. Then f(χ) divides m.

Proof. Write f = f(χ). Then all values of χ lie in Qf ∩Qm = Qd, where d
is the greatest common divisor of f and m. It follows from the definition of
f(χ) that f ≤ d, and since d divides f , we have f = d. Then f divides m,
as claimed. �

The Feit conjecture asserts that if χ ∈ Irr(G), where G is an arbitrary
finite group, then G contains an element of order f(χ). The next result
shows that to prove this, we need consider only primitive characters.

Corollary 2.21. Suppose χ ∈ Irr(G) and χ = ψG for some character ψ of
a subgroup J ⊆ G. If J contains an element of order f(ψ), then G contains
an element of order f(χ). In particular, if the Feit conjecture holds for all
proper subgroups of G and χ ∈ Irr(G) is imprimitive, then G contains an
element of order f(χ).
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Proof. Since χ = ψG, it follows from the definition of an induced character
that each value of χ lies in every subfield of C that contains all values of ψ.
In particular, if e = f(ψ), then χ(g) ∈ Qe for all g ∈ G, and it follows by
Lemma 2.20 that f(χ) divides e. By assumption, there exists an element
x ∈ J with order e, so some power of x has order f(χ), and this completes
the proof of the first assertion.

Now suppose that the Feit conjecture holds for all proper subgroups of
G, and let χ ∈ Irr(G) be imprimitive. Then χ = ψG for some (necessarily
irreducible) character ψ of a subgroup J < G. By assumption, the Feit
conjecture holds for J , so there exists x ∈ J with order f(ψ). By the first
part of the proof, therefore, G contains an element of order f(χ). �

Theorem 2.22. The Feit conjecture holds for every solvable group.

Proof. Let G be a solvable group having the smallest possible order such
that the Feit conjecture fails for G. Then there exists a character χ ∈ Irr(G)
such that no element of G has order f = f(χ). Also, since the conjecture
holds for all proper subgroups of G, it follows by Corollary 2.21 that χ must
be primitive, and thus Theorem 2.17 guarantees that χ is fully factored. We
can thus write χ =

∏
αp, where p runs over some set π of distinct primes,

and αp is p-special.

By Lemma 2.19, the values of each the characters αp lie in Q(χ) ⊆ Qf ,
and thus f(αp) divides f by Lemma 2.20. Also, since αp is p-special, it
follows by Corollary 2.13 that the values of αp lie in Q|P |, where P is a Sylow
p-subgroup of G, and thus f(αp) is a power of p. We conclude that f(αp)
divides f/q for every prime divisor q of f different from p. In particular, if
q divides f and q 
= p, then the values of αp lie in Qf/q.

If q is a prime divisor of f , then f/q < f , so some value of χ does not
lie in Qf/q. Let Eq be the field generated over Qf/q by the values of χ, and
observe that Qf/q < Eq ⊆ Qf . By elementary Galois theory, we see that
there exists an automorphism τq of Qf such that τq acts nontrivially on Eq

and trivially on Qf/q. In particular, for each prime divisor q of f , we have
χτq 
= χ. Since τq acts trivially on Qf/q and this field contains the values of
αp for p 
= q, we have

(αp)
τq = αp if p 
= q .

Now τq does not fix χ, so it fails to fix at least one of the factors αp, and
hence p = q. It follows that q ∈ π for every prime divisor q of f , and for
every such prime,

α
τq
q 
= αq .
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By assumption, G has no element of order f , and so if x ∈ G, the
greatest common divisor d of f and o(x) is a proper divisor of f , and thus
d divides f/q for some prime divisor q of f .

Since the values of αp lie in Qf , we have

αq(x) ∈ Qf ∩Qo(x) = Qd ⊆ Qf/q ,

and thus αq(x) is fixed by τq. For each element x ∈ G, therefore, there exists
a prime divisor q of f such that the function αq − α

τq
q vanishes at x. The

product of these functions is thus identically zero, and so we can write

0 =
∏
q

(
αq − α

τq
q

)
,

where q runs over the prime divisors of f . Expanding this product, we
obtain

0 =
∑
Δ

(−1)|Δ|
∏
q

α
σq
q ,

where Δ runs over all subsets of the set of prime divisors of f and

σq =

{
τq if q ∈ Δ,

1 if q 
∈ Δ.

Since each character α
σq
q is q-special, it follows by Theorem 2.32 that ex-

cept for the signs, each of the products in the above sum is an irreducible
character of G. Also, since α

τq
q and αq are different for all q, we see by

Corollary 2.16 that these irreducible characters are distinct. Distinct irre-
ducible characters are linearly independent, however, and this is the desired
contradiction. �

For our final application of the theory of π-special characters, we prove
the following.

Theorem 2.23. Let G be solvable, and let χ ∈ Irr(G) be primitive. Suppose
that ψ is a character of G that agrees with χ on all elements that have prime-
power order in G. Then ψ = χ.

We need the following standard fact.

Lemma 2.24. Let χ be a character of some group G, and let p be a prime.
If χ(x) = 0, where x ∈ G has p-power order, then p divides χ(1).

Proof. Let P be a prime ideal containing p in the ring of algebraic integers,
and note that P ∩Q is an ideal of Z containing p, and thus P ∩Q = pZ. If
ε is an mth root of unity, where m is a power of p, then

(ε− 1)m ≡ εm − 1 = 0 mod P ,
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and since P is a prime ideal, it follows that ε − 1 ∈ P . Then ε ≡ 1 mod
P , and since χ(x) is a sum of χ(1) roots of unity, each of p-power order,
it follows that 0 = χ(x) ≡ χ(1) mod P . Then χ(1) ∈ P ∩ Q = pZ, as
required. �

Proof of Theorem 2.23. Since ψ(1) = χ(1), we see that ψ and χ agree
on the trivial subgroup of G, and thus we can choose a normal subgroup N
of G maximal with the property that ψN = χN . Our goal is to show that
N = G, so we assume that N < G, and we work to obtain a contradiction.
Let M/N be a chief factor of G, and observe that since G is solvable, M/N
is a p-group for some prime p.

By assumption, χ is primitive, and thus χN is a multiple of some char-
acter ϕ ∈ Irr(N). Also, χ is {p}-factored by Theorem 2.9, and thus ϕ is
{p}-factored, and we can write ϕ = αβ, where α is p-special and β is p′-
special. Now ϕ is invariant in G, so β is invariant in G by the uniqueness of
the factorization, and in particular β is invariant in M . Since β is p′-special
and M/N is a p-group, it follows by Theorem 2.4(b) that β has a p′-special
extension γ ∈ Irr(M).

Now ϕM = (αβ)M = αMγ, and the irreducible constituents of αM are
p-special by Theorem 2.4(a). It follows that every member of Irr(M |ϕ) is
a product of some p-special character of M with γ. In particular, since
χN = ψN is a multiple of ϕ, the irreducible constituents of χM and ψM have
factorizations of this form, and so we can write χM = ξγ and ψM = ηγ,
where all irreducible constituents of ξ and η are p-special.

Let P be a Sylow p-subgroup of M , and observe that by hypothesis,

ξPγP = χP = ψP = ηPγP .

Since p does not divide γ(1), Lemma 2.24 guarantees that all values of γ
on P are nonzero, and thus we can cancel γP to deduce that ξP = ηP . By
Gajendragadkar’s restriction theorem, the restrictions to P of distinct p-
special characters of M are distinct and irreducible, and since all irreducible
constituents of ξ and η are p-special, it follows that ξ = η. Then χM = ξγ =
ηγ = ψM , and this contradicts the maximality of N . �

Corollary 2.25. Let χ ∈ Irr(G) be primitive, where G is solvable. Then
Q(χ) is generated by the values of χ at elements of prime power order in G.

Proof. Let Q ⊆ F ⊆ Q(χ), where F is the subfield generated by the values
of χ at the elements of prime power order in G. If σ ∈ Gal(Q(χ)/F ).
Then χσ and χ agree on all elements of prime-power order, and since χ is
primitive, Theorem 2.23 implies that χσ = χ. Then σ is the identity field
automorphism, and it follows that F = Q(χ), as wanted.
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2C

In this section, we discuss some of the ways in which the prime 2 plays an
exceptional role in the theory of π-special characters. For example, suppose
that H ⊆ G, where G is π-separable, and let χ ∈ Irr(G) be π-special. We
have seen that if |G : H| is a π′-number, then χH is irreducible, and in
fact, χH is π-special. One might ask if any part of this theorem survives if
we drop the assumption that |G : H| is a π′-number. In this generality, of
course, χH is not necessarily irreducible, but we might guess that if χH is
assumed to be irreducible, then in fact, it must be π-special. (This seems
plausible because the degree and determinantal order of χH are certainly π-
numbers.) Unfortunately, even with the assumption that χH is irreducible,
it is not necessarily true that it is π-special. A counterexample occurs in the
solvable group G = GL(2, 3) of order 48, which has a faithful {2}-special
character χ with degree 2. If H is the normalizer in G of a Sylow 3-subgroup
T , it is easy to see that χH is irreducible, but this character cannot be {2}-
special since T is not contained in its kernel.

If |G| is odd or, more generally, if 2 
∈ π, then it is true that an irre-
ducible restriction of a π-special character must be π-special. In this section,
we prove the odd-order case of this result, and we develop some of the the-
ory needed in the more general situation, but we defer the proof of the
full theorem until later, after we have developed some additional theory in
Chapter 7.

For odd-order groups, the proof of this restriction theorem is compar-
atively easy because in that case there is a useful necessary and sufficient
condition for a character χ ∈ Irr(G) to be π-special. (By the Feit–Thompson
theorem, odd-order groups are solvable, so there is no need to make an ex-
plicit assumption that G is π-separable in the following.) �

Theorem 2.26. Assume that |G| is odd, and let π be an arbitrary set of
primes. Then a character χ ∈ Irr(G) is π-special if and only if χ(1) is a
π-number and the values of χ lie in some cyclotomic field Qm, where m is
a π-number.

Observe that in the language of the previous section, the condition on the
values of χ in this theorem is equivalent to saying that f(χ) is a π-number.

Proof of Theorem 2.26. Since the necessity of the condition is immediate
from Corollary 2.13, it is enough to show for an odd-order group G that if
the degree of an irreducible character χ of G is a π-number and the values
of χ are contained in Qm, where m is a π-number, then χ is π-special. In
fact, we prove something a bit stronger.
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Factor |G| = ab, where a is a π-number and b is a π′-number, and recall
from Galois theory that since a and b are relatively prime, the Galois group
Gal(Qab/Qa) is isomorphic (via restriction) to Gal(Qb/Q). It follows that
Gal(Qab/Qa) contains an element σ that acts on Qb like complex conjuga-
tion, and of course σ acts like the identity map on Qa. Also, since σ2 fixes
all elements of Qa and Qb, we have σ2 = 1. (We refer to σ as the magic
field automorphism for π and G, and we observe that if H ⊆ G, then the
restriction of σ to Q|H| is exactly the magic field automorphism for π and
H.)

If m is a π-number, then Qm ∩ Q|G| ⊆ Qa, so a character of G with
values in Qm is fixed by the magic field automorphism σ. To complete the
proof, we show by induction on the (odd) group order that if χ ∈ Irr(G),
where χ(1) is a π-number and χσ = χ, then χ is π-special. We can certainly
assume that G is nontrivial, so we can choose a maximal normal subgroup
M of G. Then G/M is either a π-group or a π′-group, and we consider these
cases separately.

Suppose first that G/M is a π-group. By assumption, χσ = χ, and thus
σ permutes the set of irreducible constituents of χM . The cardinality of
this set divides |G/M |, and hence it is odd, and since σ2 = 1, it follows
that σ must fix some irreducible constituent θ of χM , and of course θ(1)
divides χ(1), so θ(1) is a π-number. Clearly, θ is fixed by the restriction
of σ to Q|M |, and since this restriction is the magic field automorphism for
M , the inductive hypothesis guarantees that θ is π-special. We conclude by
Theorem 2.4(a), that χ is π-special.

Now assume that G/M is a π′-group, and write θ = χM , so that θ
is irreducible and G-invariant, and θ(1) = χ(1) is a π-number. Also, θ is
fixed by σ, and hence it is fixed by the magic automorphism for M . By
the inductive hypothesis, θ is π-special, and so by Theorem 2.4(b), it has a
π-special canonical extension ξ ∈ Irr(G).

By the Gallagher correspondence, we can write χ = βξ , where β is some
uniquely determined linear character of G/M . Now

(ξσ)M = (ξM )σ = θσ = θ ,

so ξσ is an extension of θ. Also o(ξσ) = o(ξ), so in fact ξσ = ξ, the canonical
extension. Then

βξ = χ = χσ = (βξ)σ = βσξ ,

and we conclude by the uniqueness of β that βσ = β. Since G/M is a π′-
group and β is linear, the values of β are π′-roots of unity, and thus they are
mapped to their complex conjugates by σ. Then β = βσ = β, and hence β
is real valued. As G/M has odd order, we conclude that β is the principal
character, and we have χ = βξ = ξ, so χ is π-special. �
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Corollary 2.27. Let H ⊆ G, where |G| is odd, and suppose that χ ∈ Irr(G)
is π-special and that χH is irreducible. Then χH is π-special.

Proof. Clearly, Q(χH) ⊆ Q(χ), and since χ is π-special, we know that
Q(χ) ⊆ Qm for some π-number m. Since χH has π-degree, the result is an
immediate consequence of Theorem 2.26. �

There is an equally easy result about induced characters for odd-order
groups.

Corollary 2.28. Let ψ ∈ Irr(H), where H ⊆ G and |G| is odd, and suppose
that ψG is irreducible. If ψ is π-special and |G : H| is a π-number, then ψG

is π-special.

Proof. We see from the definition of an induced character that Q(ψG) ⊆
Q(ψ), and since ψ is π-special, we have Q(ψ) ⊆ Qm for some π-number
m. Since ψG(1) = |G : H|ψ(1) is a π-number, the result follows by Theo-
rem 2.26. �

It may not be obvious, but the converse of Corollary 2.28 is also true,
although an entirely different technique of proof seems to be needed to es-
tablish it. As in Corollary 2.28, assume that |G| is odd, and let ψ ∈ Irr(H),
where H ⊆ G and ψG is irreducible. If ψG is π-special, we will show that
ψ is π-special and |G : H| is a π-number. (Of course, the second assertion
is obvious because |G : H| divides the π-number ψG(1).) In fact, something
much stronger is true: It is not actually necessary to assume that ψG is
irreducible. If we assume only that each irreducible constituent of ψG is
π-special, we can still conclude that ψ is π-special and that |G : H| is a π-
number. (And note that in this generality the second assertion is no longer
obvious.)

A version of the converse of Corollary 2.28 is valid even without assuming
that |G| is odd. If 2 ∈ π, the result holds as stated: ψ is π-special. If 2 
∈ π,
a suitably modified form of the conclusion is true. In that case, ψ may not
be π-special, but there exists a certain linear character δ(G,H) of H such that
δ(G,H)ψ is π-special.

As we shall see, δ(G,H) depends on the embedding of H in G, but not on
the character ψ. Also, the linear character δ(G,H) is a sign character, which
means that its values are ±1 or, equivalently, that its square is principal.
(Note that a sign character of an odd-order group is necessarily principal
because the order of a linear character divides the order of the group.)

We refer to δ(G,H) as the π-standard sign character of H with respect
to G. Unfortunately, it will take some effort to define it and to establish
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its essential properties. Before we proceed with that, however, we offer a
formal statement of the theorem that we have been discussing.

Theorem 2.29. Let ψ ∈ Irr(H), where H ⊆ G and G is π-separable, and
assume that every irreducible constituent of ψG is π-special. Then |G : H| is
a π-number and ψ(1) is a π-number. Also, λψ is π-special, where λ ∈ Irr(H)
is principal if 2 ∈ π, and λ = δ(G,H) if 2 
∈ π.

Note that if |G| is odd, it is irrelevant whether or not the prime 2 is in-
cluded in the set π. This is so because in that case, H can have no nontrivial
sign character, and thus δ(G,H) = 1H , so λ is principal unconditionally.

Sign characters are necessary in Theorem 2.29 and related results be-
cause the determinantal order does not behave well for induced characters.
More specifically, if H ⊆ G and ψ is a character of H, then o(ψG) may not
divide o(ψ), although, as we shall see, o(ψG) always divides 2o(ψ). (The
group G of order 2 provides an easy example showing that the extra factor
of 2 may be necessary: if ψ is the principal character of the trivial subgroup,
then o(ψ) = 1 but o(ψG) = 2.)

This difficulty can sometimes be avoided by finding an appropriate sign
character δ of H such that o(ψG) divides o(δψ) for all characters ψ of H, and
in this situation we say that δ has the induction determinant property for
H in G. Equivalently, a sign character δ of H has the induction determinant
property for H in G if and only if o((δψ)G) divides o(ψ) for all characters ψ
of H. (These two formulations are equivalent because each can be obtained
from the other by substituting δψ for ψ and observing that δ2 is principal.)

To study determinants of induced characters, we begin with some ob-
servations about permutation characters and representations. Let G act on
a set Ω, and recall that if χ is the corresponding permutation character of
G, then by definition, χ(g) is the number of points in Ω that are fixed by
g. The associated permutation sign character of G is the function σΩ
whose value at an element g ∈ G is 1 if g induces an even permutation
on Ω and −1 if g induces an odd permutation. We will show (somewhat
informally) that σΩ = det(χ).

A permutation representation P of G corresponding to the action of G
on Ω can by constructed by defining the matrix P(g) as follows. The rows
and columns of P(g) are indexed by Ω, and, for s, t ∈ Ω, the entry of P(g)
at position (s, t) is 1 if s·g = t, and it is 0, otherwise. The trace of P(g) is
thus the number of ones on the diagonal, and this is the number of points
s ∈ Ω fixed by g. Then P is a representation of G yielding the permutation
character χ, and thus (det(χ))(g) = det(P(g)).

Since each row and column of P(g) contains exactly one nonzero entry
(equal to 1), we can rearrange the rows of P(g) to form the m×m identity
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matrix I, where m = |Ω|. It follows that det(P(g)) = ±det(I) = ±1. The
permutation of the rows needed to convert P(g) to the identity matrix is
exactly the permutation of Ω induced by g, and this determines the sign.
We thus have det(P(g)) = σΩ(g), and hence det(χ) = σΩ, as claimed. An
important special case is where Ω is the set of right cosets of a subgroup
H ⊆ G, where G acts by right multiplication. It is easy to see in this
situation that χ = (1H)G, and thus det((1H)G) is a sign character, and in
particular, o((1H)G) divides 2.

We have just seen that if ψ is the principal character of a subgroup
H ⊆ G, then o(ψG) divides 2o(ψ). The following generalizes this divisibility
assertion for an arbitrary character ψ of H, and it produces a sign character
with the induction determinant property whenever |G : H| is odd.

Lemma 2.30. Let ψ be an arbitrary character of a subgroup H ⊆ G. Then

(a) o(ψG) divides 2o(ψ).

(b) Assume that |G : H| is odd, and let δ = det(((1H)G)H). Then δ is
a sign character of H and o(ψG) divides o(δψ), and thus δ has the
induction determinant property in G.

Proof. Let m = |G : H|, and let T be a set of representatives for the
right cosets of H in G. Then |T | = m, and we can view T as a set of
labels for the right cosets of H. The action of G (by right multiplication)
on these cosets can thus be interpreted as an action of G on T . Let P
be the corresponding permutation representation, with rows and columns
indexed by the elements of T . Then the entry of P(g) at position (s, t) is 1
if Hsg = Ht and, otherwise, the entry at position (s, t) is 0.

Next, we choose a representation Y of H yielding the character ψ, and
then we use Y and the permutation representation P to construct a repre-
sentation X of G that yields the character ψG. Given an element g ∈ G, we
form the matrix X (g) by replacing each entry in the m×m matrix P(g) with
a d × d matrix, where d = ψ(1). Each zero entry in P(g) is replaced with
a zero matrix, and an entry equal to 1 in position (s, t) of P(g) is replaced
by the matrix Y(sgt−1). (This makes sense because Hsg = Ht, and thus
sgt−1 ∈ H.) Then X (g) is a dm × dm matrix, and it is not hard to check
that X is indeed a representation of G that yields the character ψG.

To compute the determinant of X (g), we permute its rows while keeping
track of the relevant signs. We know that some permutation of the rows
of P(g) will convert P(g) to the identity matrix, and we use essentially the
same row permutation on X (g), but instead of moving individual rows, we
move d consecutive rows at a time. What results from this manipulation is a
matrix with d×d blocks along the diagonal and zeros elsewhere, where each
of the diagonal blocks is a matrix of the form Y(h), where h = sgt−1 ∈ H
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for appropriate s, t ∈ T . The determinant ε(g) of this block-diagonal matrix
is the product of the determinants of the diagonal blocks, and each of those
has the form det(Y(h)) = (det(ψ))(h). It follows that ε(g) is a root of unity
with order dividing o(ψ). Then

(det(ψG))(g) = det(X (g)) = ±ε(g) ,

and it follows that o(ψG) divides 2o(ψ), establishing (a).

Now assume that m = |G : H| is odd. Let σ be the permutation sign
character of the action of G on the right cosets of H in G, so that as we
have seen, σ = det((1H)G), and thus δ = σH is a sign character. Also,
σ(g) = det(P(g)) for all elements g ∈ G.

Next, we determine the ambiguous sign in our formula for det(X (g)).
Since the row permutations that we used to put X (g) into block diagonal
form move d consecutive rows at a time, the sign has the form τd, where τ
is the sign of of the underlying permutation of the m rows of P(g) that were
used to convert P(g) to the identity matrix. Then τ = det(P(g)) = σ(g),
and thus we have det(ψG) = σdε, or equivalently, σd det(ψG) = ε. (Note
that this shows that ε is a linear character of G.)

Now ψG(1) = md, and since m is odd and σ is a sign character, we have
σmd = σd. Recall that δ = σH , so

det((δψ)G) = det(σψG) = σmd det(ψG) = σd det(ψG) = ε ,

and we have o((δψ)G) = o(ε), and thus o((δψ)G) divides o(ψ) for all char-
acters ψ of H. Assertion (b) now follows by substituting δψ for ψ. �

Suppose now that G is π-separable, where 2 
∈ π, and let H ⊆ G, where
|G : H| is a π-number. Then |G : H| is odd, and we know by Lemma 2.30(b)
that the sign character δ = det(((1H)G)H) has the induction determinant
property. We shall see that in the case where H is a maximal subgroup of G,
this character δ is equal to the π-standard sign character δ(G,H). In general,

however, δ(G,H) is not equal to det(((1H)G)H), but nevertheless, δ(G,H) has
the induction determinant property, even when H is not maximal.

To define the π-standard sign character δ(G,H), we begin with some no-
tation. If G acts via automorphisms on a group X, we write σX to denote
the permutation sign character corresponding to the action of G on the set
X. Continuing to assume that G is π-separable and 2 
∈ π, we define a char-
acter ν(G) as the product of certain sign characters of G of the form σX . To
be specific, we consider a normal series for G with factors that are π-groups
and π′-groups, and we define ν(G) to be the product of the permutation
sign characters σF , as F runs over those factors of the given series that are
π-groups. (Thus, although it is not reflected in the notation, the definition
of ν(G) depends on the set π as well as on the group G.)
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Our first task is to justify the notation by showing that if 2 
∈ π, then
ν(G) is independent of the particular normal series that was used in its
construction. To do this, we need the following.

Lemma 2.31. Let G act on an odd-order group X, and suppose that Y is
a G-invariant normal subgroup of X. Then the permutation sign characters
σX , σY , and σX/Y of G are defined, and we have σX = σY σX/Y .

Proof. Since the kernel of a sign character is a normal subgroup with 2-
power index, we see that in order to prove that two sign characters of G are
equal, it suffices to show that they agree on a Sylow 2-subgroup of G. It is
thus no loss to assume that G is a 2-group.

Writing α and β to denote the permutation characters of the actions
of G on Y and on X/Y , respectively, we argue that αβ is the permutation
character associated with the action of G on X. For elements g ∈ G, we
have α(g) = |CY (g)| and β(g) = |CX/Y (g)|, so we must show that |CX(g)| =
|CY (g)||CX/Y (g)|.

Let C/Y = CX/Y (g), and consider a coset S of Y in C. Since g acts
trivially on C/Y , the coset S is fixed by g, and thus S is a union of 〈g〉-
orbits, each of which has 2-power size. As |S| = |Y | is odd, at least one
of these orbits must have size 1, so S contains an element of CX(g). Now
CX(g) ⊆ C, and it follows that C = YCX(g), and we have

|Y ||CX/Y (g)| = |C| = |YCX(g)| = |Y ||CX(g)|
|Y ∩CX(g)| =

|Y ||CX(g)|
|CY (g)|

,

where the first equality holds by the definition of the group C. Then

|CX(g)| = |CY (g)||CX/Y (g)| = α(g)β(g) ,

and so αβ is the permutation character of G on X, as claimed. Then

σX = det(αβ) = det(α)β(1) det(β)α(1) = (σY )
|X/Y |(σX/Y )

|Y | = σY σX/Y ,

where the last equality holds because |X/Y | and |Y | are odd and σY and
σX/Y are sign characters. �

Theorem 2.32. Let G be π-separable, where 2 
∈ π. Then the sign character
ν(G) of G is independent of the choice of the particular normal series used
in its construction.

Proof. Let 1 = N0 ⊆ · · · ⊆ Nr = G be the normal series used to construct
ν(G). If F is a trivial factor in this series, then σF is the principal character
of G, and so we can delete repeats in the given series and assume that
Ni < Ni+1 for 0 ≤ i < r.

Next, we show that if we refine the given series by inserting a new normal
subgroup M beween two of its terms, this does not change ν(G). To see this,
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suppose we have Ni−1 < M < Ni, where M � G. If Ni/Ni−1 is a π′-group,
the insertion of M does not affect any of the π-factors in our series, and
since the construction of ν(G) involves only the π-factors, the insertion of M
leaves ν(G) unchanged.

The remaining possibility is that F = Ni/Ni−1 is a π-group, and in this
case F has odd order since 2 
∈ π. Lemma 2.31 tells us that σF is the product
of the permutation sign characters corresponding to the two new π-factors,
Ni/M and M/Ni−1, and again, there is no effect on ν(G).

We can now assume that the series used to define ν(G) cannot be further
refined, and thus it is a chief series for G. By the Jordan–Hölder theorem,
all chief series for G have G-isomorphic factors, so every chief series yields
the same character ν(G). �

We continue to assume that G is π-separable with 2 
∈ π. If H ⊆ G, we
can now define the π-standard sign character by setting

δ(G,H) = ν(H)(ν(G))H .

Note that δ(G,H) really is a sign character of H, as promised.

The following establishes a few elementary properties of the π-standard
sign character.

Lemma 2.33. Assume that G is π-separable, where 2 
∈ π.

(a) If Y ⊆ X ⊆ G, then δ(G,Y ) = (δ(G,X))Y δ(X,Y ).

(b) If N � G, then δ(G,N) = 1N , the principal character.

(c) If N ∩X = Y , where N � G, then (δ(G,X))Y = δ(N,Y ).

Proof. For (a), we compute that

(δ(G,X))Y δ(X,Y ) = (ν(G))Y (ν(X))Y (ν(X))Y ν(Y ) = (ν(G))Y ν(Y ) = δ(G,Y ) ,

where the penultimate equality holds because (ν(X))
2 is trivial.

For (b), we show that if N � G, then (ν(G))N = ν(N), and thus

δ(G,N) = (ν(G))Nν(N) = (ν(N))
2 = 1N ,

as wanted. To see this, consider a normal series for G with π and π′-factors,
where N is one of the terms of the series. By definition, ν(G) is the product of
all of the permutation sign characters σF , where F is a π-factor of the series.
Also, ν(N) is the product of the restrictions to N of the sign characters σF
for π-factors F lying below N . To prove our assertion, therefore, it suffices
to observe that the restrictions to N of the permutation sign characters σF
for factors F above N are trivial. This is clear, however, since if N ⊆ L ⊆ K
with K,L � G, then N acts trivially on K/L.
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Finally, for (c), two applications of (a) yield

(δ(G,X))Y δ(X,Y ) = δ(G,Y ) = (δ(G,N))Y δ(N,Y ) .

Now (b) tells us that δ(G,N) is principal, and since Y � X, also δ(X,Y ) is
principal. Then (δ(G,X))Y = δ(N,Y ), as wanted. �

We need an elementary fact.

Lemma 2.34. Let H ⊆ G, and suppose that L ⊆ M , where L and M
are normal subgroups of G such that MH = G and M ∩ H = L. Then
the right multiplication action of H on the set of right cosets of H in G
and the conjugation action of H on the elements of M/L are permutation
isomorphic.

Proof. Each right coset of H in G has the form Hm for some element
m ∈ M , and it is easy to check that Hm ∩ M = Lm. It follows that
intersection with M defines a bijection from the set of right cosets of H in
G onto the set of cosets of L in M . To prove that the actions of H on these
two sets agree, we show that if h ∈ H and S is a right coset of H in G, then
Sh ∩ M = (S ∩ M)h. This is clear, however, because Sh = h−1Sh = Sh
since S is closed under left multiplication by elements of H. �

Next, we compute δ(G,H) in a special case.

Lemma 2.35. Let G be π-separable with 2 
∈ π, and suppose that H ⊆ G
and that |G : H| is a π-number. If there exist normal subgroups L ⊆ M of
G such that MH = G and M ∩ H = L, then δ(G,H) = det(((1H)G)H). In
particular, this is the case if H is maximal in G.

Proof. Since |M : L| = |G : H| is a π-number, we see that L and M are
consecutive terms in some normal series S of G in which each factor is a π-
group or a π′-group. By Theorem 2.32, we can assume that S is the normal
series used to define ν(G), and thus we can write ν(G) = τσM/L, where τ is
a product of permutation sign characters corresponding to the π-factors in
S above M and the π-factors in S below L.

The intersections of the terms of S with H form a normal series of H
that we can use to compute ν(H). The factors of this series are H-isomorphic
to all of the factors of S other than M/L, and it follows that ν(H) is the
restriction τH . Then

δ(G,H) = (ν(G))Hν(H) = (σM/L)HτHν(H) = (σM/L)H(ν(H))
2 = (σM/L)H .

Lemma 2.34 guarantees that (σM/L)H is equal to the sign of the permutation
character of the action of H on the right cosets of H in G, and hence
δ(G,H) = (σM/L)H = det(((1H)G)H), as wanted.
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To complete the proof, we must show that if H is maximal in G, then
there exist normal subgroups L and M as in the statement of the lemma.
Let L = coreG(H), and note that L < G, so we can choose a chief factor
M/L of G. Then M 
⊆ H, and thus HM = G by the maximality of H. We
have

|G : H| = |HM : H| = |M : (M ∩H)| ,
and this divides |M : L|. Since |G : H| is a nontrivial π-number, we see
that M/L is not a π′-group, and it follows that the chief factor M/L must
be a π-group. Now M/L has odd order because 2 
∈ π, and hence M/L is
solvable by the Feit–Thompson theorem. Since M/L is minimal normal in
G/L, we see that M/L is abelian, and thus M ∩H is normal in M . Since
M ∩H is clearly also normal in H and HM = G, we see that M ∩H � G,
and thus M ∩H = L, as wanted. �

We close our discussion of the π-standard sign character δ(G,H) by show-
ing that (as promised) it has the induction determinant property for appro-
priate subgroups H.

Corollary 2.36. Let G be π-separable, where 2 
∈ π, and let H ⊆ G. As-
sume that |G : H| is a π-number, and write δ = δ(G,H). Then δ has the
induction determinant property for H in G. In particular, for all characters
ψ of H, we see that o(ψG) divides o(δψ) and o((δψ)G) divides o(ψ) .

Proof. Since δ(G,G) is principal, there is nothing to prove if H = G, so
we can assume that H < G, and we proceed by induction on |G : H|. If
H is maximal in G, then δ(G,H) = det(((1H)G)H) by Lemma 2.35, and we
know by Lemma 2.30(b) that this character has the induction determinant
property for H in G. We can thus assume that there exists a subgroup K
such that H < K < G.

Let ψ be a character of H, so ψG = (ψK)G. Since |G : K| < |G : H|,
we can apply the inductive hypothesis to deduce that o((ψK)G) divides
o(δ(G,K)(ψ

K)) = o((δ(G,K))Hψ)K . Also, since |K : H| < |G : H|, we can ap-

ply the inductive hypothesis again to conclude that o((δ(G,K))Hψ)K divides
o(δ(K,H)(δ(G,K))Hψ). The result now follows since δ(G,H) = δ(K,H)(δ(G,K))H
by Lemma 2.33(a). �

Finally, we are ready to prove our result on induced characters whose
irreducible constituents are π-special.

Proof of Theorem 2.29. We are given a character ψ ∈ Irr(H), where
H ⊆ G, and we assume that every irreducible constituent of ψG is π-special.
We prove by induction on |G| that |G : H| is a π-number and that λψ
is π-special, where the linear character λ of H is principal if 2 ∈ π, and
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λ = δ(G,H) if 2 
∈ π. Note that the assertion that ψ(1) is a π-number is
immediate once we establish that λψ is π-special.

We can assume that G > 1, and we letM be a maximal normal subgroup
of G. Write U = H∩M , and fix an irreducible constituent θ of ψU . We wish
to apply the inductive hypothesis in M , so we argue that each irreducible
constituent ϕ of θM is π-special. To see this, observe that ϕ is a constituent
of (ψU )

M = (ψHM )M , and thus ϕ lies under some irreducible constituent ξ
of ψHM .

Now ξ lies over ψ, so each irreducible constituent of ξG lies over ψ, and
thus by hypothesis the irreducible constituents of ξG are π-special. Since
these constituents lie over ϕ and M � G, it follows that ϕ is π-special, as
wanted. By the inductive hypothesis, therefore, |M : U | is a π-number and
μθ is π-special, where μ is principal if 2 ∈ π and μ = δ(M,U) if 2 
∈ π.

We argue now that λU = μ. If 2 ∈ π, this is clear since both λ and μ
are principal; if 2 
∈ π, the assertion holds because (δ(G,H))U = δ(M,U) by
Lemma 2.33(c). We conclude that λψ lies over μθ.

Suppose first that G/M is a π-group. Then |G : U | = |G : M ||M : U | is
a π-number, and thus |G : H| is a π-number, as required. Also, H/U is a
π-group, and since μθ is π-special, it follows by Theorem 2.4(a) that λψ is
π-special, and we are done in this case.

We can now assume that G/M is a π′-group, and we fix an irreducible
constituent χ of ψG. Then χ is π-special, and we write ϕ = χM , so ϕ is
irreducible. It follows by Theorem 2.4(b) that χ is the unique π-special
character of G that lies over ϕ, and we deduce that χ is the unique common
irreducible constituent of ψG and ϕG.

Let ξ = χHM . Then ξM = ϕ, so ξ is irreducible. Also ξ lies over ψ,
so every irreducible constituent of ξG lies over both ψ and ϕ, and hence
ξG is a multiple of χ. Also, [ξG, χ] = [ξ, χHM ] = [ξ, ξ] = 1, and it follows
that ξG = χ, and since χ(1) = ξ(1), we deduce that HM = G. Then
|G : H| = |M : U |, and this completes the proof that |G : H| is a π-number.
We work now to show that λψ is π-special.

We argue next that θ is invariant inH. To see this, let T be the stabilizer
of θ inH, and let α ∈ Irr(T |θ) be the Clifford correspondent of ψ with respect
to θ. Then αG = (αH)G = ψG, and hence all irreducible constituents of αG

are π-special. By the part of the theorem that we have already established,
|G : T | is a π-number, and thus |H : T | is a π-number. Since |H : T |
also divides |H : U | = |G : M |, which is a π′-number, we conclude that
|H : T | = 1, and thus θ is invariant in H, as claimed. We can thus write
ψU = eθ, for some integer e.
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We have seen that χ is the only irreducible character of G that is a
constituent of both ψG and ϕG, and it follows that [ψG, ϕG] = [ψG, χ][ϕG, χ].
Also, since [ϕG, χ] = [ϕ, χM ] = [ϕ, ϕ] = 1, we have

[ψG, χ] = [ψG, ϕG] = [(ψG)M , ϕ] = [(ψU )
M , ϕ] = [(eθ)M , ϕ]

= e[θM , χM ]

= e[θG, χ] .

Also, ψ is a constituent of θH , so we can write θH = ψ + Δ, where Δ is
either a character of H or is zero. Then θG = ψG +ΔG, and thus

[θG, χ] ≥ [ψG, χ] .

Combining this with our previous equality, we get

[ψG, χ] = e[θG, χ] ≥ e[ψG, χ] ,

and since [ψG, χ] 
= 0, we deduce that e = 1, and hence ψU = θ. In
particular, ψ(1) = θ(1), and this is a π-number since μθ is π-special.

Since λU = μ, we see that λψ extends μθ. Also, μθ has a canonical
extension η ∈ Irr(H), and we know by Theorem 2.4(b) that η is π-special,
and thus it suffices to show that λψ = η. By the Gallagher correspondence,
there exists a (necessarily linear) character β ∈ Irr(H/U) such that βλψ = η,
and we complete the proof by showing that β is the principal character.

We argue that both o(ψG) and o((λη)G) are π-numbers. First, by hy-
pothesis, ψG is a sum of π-special characters, and thus det(ψG) is the prod-
uct of the determinants of these characters. Since the order of each factor
is a π-number, it follows that the order of the product is a π-number, as
wanted.

To compute o((λη)G), we consider separately the cases where 2 ∈ π and
2 
∈ π. First, if 2 ∈ π, then λ is principal, so o((λη)G) = o(ηG), and this
divides the π-number 2o(η) by Lemma 2.30(a). If 2 
∈ π, then λ = δ(G,H)

has the induction determinant property by Corollary 2.36, and thus o((λη)G)
divides o(η), which is a π-number. In both cases, therefore, o((λη)G) is a
π-number, as claimed.

Now β has an extension γ ∈ Irr(G/M), and since βλψ = η, we have
λη = βψ, and thus (λη)G = (βψ)G = γψG. Then

det((λη)G) = det(γψG) = γd det(ψG) ,

where d = ψG(1). Since both o((λη)G) and o(ψG) are π-numbers, it follows
that o(γd) is also a π-number. Furthermore, d = ψG(1) = |G : H|ψ(1) is
a π-number, and we conclude that o(γ) is a π-number. As γ is a linear
character of the π′-group G/M , we deduce that γ is principal, and thus
β = γH is principal, as required. �
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We return now to the situation where H ⊆ G and ψG = χ, where
ψ ∈ Irr(H) and χ ∈ Irr(G). By Theorem 2.29, we know that if χ is π-
special, then ψ is “almost” π-special, or more precisely, λψ is π-special,
where λ is principal if 2 ∈ π and λ = δ(G,H) if 2 
∈ π. This suggests that
perhaps the converse is true. If we assume that λψ is π-special, we ask if
it is true that χ must be π-special. In this generality, the answer is clearly
“no” because there is no reason to think that χ(1) is a π-number.

Suppose that, in addition to assuming that λψ is π-special, we also
assume that χ(1) is a π-number or, equivalently, that |G : H| is a π-number.
In general, this is still not sufficient to guarantee that χ is π-special, but
by Corollary 2.28, this condition is sufficient if we assume that |G| is odd.
Actually, a weaker oddness condition suffices: it is enough to assume that
2 
∈ π. Proving that this is sufficient, however, seems to require additional
machinery, and we defer the argument to Chapter 7 (see Theorem 7.24).

If we replace ordinary induction by what might be called “Clifford in-
duction”, then by a result of Gajendragadkar, no oddness assumption is
needed. (We refer here to the induction in the Clifford correspondence.)

Theorem 2.37 (Gajendragadkar). Let θ ∈ Irr(N), where N � G and G
is π-separable, and let T be the stabilizer of θ in G. If ψ ∈ Irr(T |θ) and
χ ∈ Irr(G|θ) with ψG = χ, then χ is π-special if and only if |G : T | is a
π-number and λψ is π-special, where the linear character λ of T is principal
if 2 ∈ π and λ = δ(G,T ) if 2 
∈ π.

Proof. If χ is π-special, then |G : T | is a π-number and λψ is π-special
by Theorem 2.29. It thus suffices to prove the converse, so we assume that
|G : T | is a π-number and λψ is π-special, and we show by induction on |G|
that χ is π-special.

Clearly, we can assume that N < G, so we can choose a maximal normal
subgroup M of G with N ⊆ M , and we write S = M ∩ T . Then S � T ,
and S is the stabilizer of θ in M . Also, |M : S| = |TM : T |, and since this
divides the π-number |G : T |, we see that |M : S| is a π-number.

Let α be an irreducible constituent of ψS and note that α lies over θ since
ψN is a multiple of θ. Then αM is irreducible by the Clifford correspondence,
and we write ϕ = αM . Now χ lies over α, so χ is a constituent of αG =
(αM )G = ϕG, and thus ϕ lies under χ.

We wish to apply the inductive hypothesis in the group M to conclude
that ϕ is π-special. Since we know that |M : S| is a π-number, it suffices
to show that μα is π-special, where μ is principal if 2 ∈ π and μ = δ(M,S) if
2 
∈ π.

We argue that λS = μ. If 2 ∈ π, this is clear since both λ and μ
are principal; if 2 
∈ π, the assertion holds because (δ(G,T ))S = δ(M,S) by
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Lemma 2.33(c). Then λψ lies over μα, and since S � T and λψ is π-special
by assumption, we conclude that μα is π-special, as wanted, and thus ϕ is
π-special by the inductive hypothesis. If G/M is a π-group, then since χ
lies over ϕ, it follows by Theorem 2.4(a) that χ is π-special, as required.

We can now assume that G/M is a π′-group. Since λψ is π-special, ψ(1)
is a π-number, and thus χ(1) = |G : T |ψ(1) is a π-number, and it follows
that χM is irreducible. Then χ is an extension of ϕ, and it suffices by
Theorem 2.4(b) to show that χ is the canonical extension or, equivalently,
that o(χ) is a π-number.

Now χ = ψG, so o(χ) divides 2o(ψ) by Lemma 2.30(a). If 2 ∈ π,
this is a π-number because in that case, ψ is π-special. If 2 
∈ π, Corol-
lary 2.36 guarantees that o(χ) divides o(δ(G,T )ψ), and this is a π-number
since δ(G,T )ψ = λψ is π-special. �

Corollary 2.38. Let θ ∈ Irr(N), where N � G and G is π-separable. Let T
be the stabilizer of θ in G, and let λ ∈ Irr(T ), where λ is principal if 2 ∈ π
and λ = δ(G,T ) if 2 
∈ π. If |G : T | is a π-number, then the map ψ 	→ (λψ)G

is a bijection from the set of π-special characters in Irr(T |θ) onto the set of
π-special characters in Irr(G|θ).

Proof. Observe first that N ⊆ ker(λ). This is clear if 2 ∈ π since λ is princi-
pal in that case. If 2 
∈ π, then λ = δ(G,T ), and we have λNδ(T,N) = δ(G,N) by
Lemma 2.33(a). Since δ(T,N) and δ(G,N) are principal by Lemma 2.33(b), it
follows that λN is principal, as claimed. We conclude that the map ψ 	→ λψ
is a bijection from Irr(T |θ) to itself, and thus by the Clifford correspondence,
the map ψ 	→ (λψ)G is a bijection from Irr(T |θ) onto Irr(G|θ).

It suffices now to observe that if ψ ∈ Irr(T |θ), then ψ is π-special if
and only if (λψ)G is π-special. Since |G : T | is a π-number, we see by
Theorem 2.37 that (λψ)G is π-special if and only if λ(λψ) is π-special. The
result follows because λ2 is principal. �

Using the notation of Corollary 2.38, we know that the numbers of π-
special characters in Irr(T |θ) and Irr(G|θ) are equal, and it is natural to
ask when it is true that these sets actually contain a π-special character.
Clearly, a necessary condition is that θ is π-special, and although it may
not be obvious, this condition is also sufficient. The key to proving this
is the following general result, which appears (in slightly different form) as
Theorem 13.31 of [CTFG].

Theorem 2.39. Let K act via automorphisms on a group G, and suppose
that N � G is K-invariant. Assume that |K| and |G : N | are relatively
prime, and let θ ∈ Irr(N) be K-invariant. Then there exists a K-invariant
character in Irr(G|θ).



Problems 63

We will not present the proof of Theorem 2.39 here, but we mention
some of its nontrivial ingredients. First, if G/N is solvable, then working by
induction on |G : N |, one can reduce to the case where G/N is abelian, and
in that situation, the result follows via Glauberman’s lemma (Lemma 1.4).
Otherwise, it follows by the odd-order theorem that |G : N | is even, and thus
|K| is odd, and hence K is solvable. Using character-triple isomorphisms,
it is possible to reduce the problem to the case where |K| and |G| are rel-
atively prime, and then the proof can be completed using the Glauberman
correspondence, presented in Chapter 13 of [CTFG].

Assuming Theorem 2.39, we can prove the following.

Theorem 2.40. Let θ ∈ Irr(N), where N� G and G is π-separable. Assume
that θ is π-special and that it lies in a G-orbit whose size is a π-number.
Then there exists a π-special character in Irr(G|θ).

Proof. We proceed by induction on |G : N |. Since there is nothing to
prove if N = G, we can assume that N < G, and we choose a chief factor
M/N of G. The index in G of the stabilizer of θ is a π-number, so the
stabilizer contains some Hall π′-subgroup K of G, and we will show that
Irr(M |θ) contains a K-invariant π-special character ϕ. Assuming this for
the moment, we see that since K stabilizes ϕ, the size of the G-orbit of ϕ
is a π-number, and hence by the inductive hypothesis, Irr(G|ϕ) contains a
π-special character, and since this character lies over θ, we are done.

If M/N is a π′-group, then θ is invariant in M , so Irr(M |θ) contains a
unique π-special character ϕ by Theorem 2.4(b), and since θ is K-invariant
and uniquely determines ϕ, it follows that ϕ is K-invariant, as wanted. In
the remaining case, M/N is a π-group, and thus every member of Irr(M |θ)
is π-special. At least one of these characters is K-invariant by Theorem 2.39,
and this completes the proof. �

Problems

2.1. Let A� G and B� G, where G is π-separable and G = AB. Write N =
A∩B, and assume that A/N is a π-group and B/N is a π′-group. Suppose
that α ∈ Irr(N) is invariant in B and is π-special and that β ∈ Irr(N) is
invariant in A and is π′-special. Show that every member of Irr(G|αβ) is
π-factored.

Hint: Show that every member of Irr(A|α) is the restriction of some π-
special member of Irr(G).

2.2. Suppose that G is π-separable with 2 
∈ π′, and assume that χ ∈ Irr(G)
is π-factored. If χ is fixed by the magic field automorphism for π, show that
χ is π-special.
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2.3. Suppose |G| is odd and that χ ∈ Irr(G). Let π be a set of primes, and
let σ be the magic field automorphism for π. Show that the following are
equivalent.

(1) χσ = χ.

(2) If N � G, then every irreducible constituent of χN is fixed by σ.

(3) χ = αG, where α is a π-special character of some subgroup H ⊆ G.

Hint: To prove that (2) implies (3), show that if χ is not quasi-primitive,
then χ is induced from some σ-fixed character of a proper subgroup of G.

2.4. Suppose that G is p-solvable for some prime p. Show that G has a
nonprincipal p-special character if and only if there exist normal subgroups
K ⊆ Z of G such that Z/K is a nontrivial central p-subgroup of G/K.

2.5. Let G be π-separable. Suppose that G = NH, where N � G, and
|G : H| is a π′-number, and write D = N ∩H. Let θ ∈ Irr(N) be π-special,
and let ϕ = θD.

(a) Show that ϕ is irreducible and that restriction defines a bijection
from Irr(G|θ) onto Irr(H|ϕ).

(b) Let ψ ∈ Irr(H|ϕ) be π-special, and let χ be the unique member of
Irr(G|θ) such that χH = ψ. Show that χ is π-special.

Hint: For (b), proceed by induction on |G : N |, and consider a maximal
normal subgroup M of G with N ⊆ M .

2.6 (Navarro). Let H ⊆ G, where |G| is odd, and suppose that ψ ∈ Irr(H),
where ψG = χ is irreducible and ψ is π-factored. Let N � G, and assume
that the irreducible constituents of χN are π-factored. Show that ψNH is
π-factored.

Hints: Show that one can assume that |NH : H| is a π′-number. Write
ψ = αβ, where α is π-special and β is π′-special, and use Problem 2.5 to
deduce that α has a π-special extension to NH.

2.7. Let χ ∈ Irr(G), where G is π-separable, and let H be a Hall π-subgroup
ofG. Show that χ = αG for some character α ∈ Irr(H) if and only if |G|/χ(1)
is a π-number.

Hints: For “if”, write χ = βG, where β is a primitive character of some
subgroup J of G, and observe that |J |/β(1) is a π-number. Deduce that J
is a π-group.

2.8. Let W ⊆ G, where G is π-separable and |G : W | is a π′-number. Let
ψ ∈ Irr(W ) be π-special and quasi-primitive, and assume that ψ does not
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extend to any subgroup of G that properly contains W . Show that ψG is
irreducible.

Hints: Proceed by induction on |G|. Let N = coreG(W ), let α ∈ Irr(N)
lie under ψ, and let T be the stabilizer of α in G. If T < G, the inductive
hypothesis applies, so assume that α is invariant in G. Let M/N be a chief
factor of G, and observe that α has a canonical extension θ ∈ Irr(M). Let
D = M ∩ W , and write ϕ = θD. Now apply Lemma 2.11(a) in the group
MW .

Notes and References

The set X (G) of p′-special characters of a p-solvable group G appears in
Definition 2.2 of [36]. After seeing Isaacs’s paper, Gajendragadkar defined
the more general set Xπ(G) for a π-separable group G. His definition ap-
peared in his PhD thesis in 1978, and it was published in his paper [23],
which contains many of the key properties of these characters, including the
results explicitly credited to him in this chapter.

Theorem 2.9, which is the fact that quasi-primitive characters are fac-
tored, appears in [37].

The Feit “conjecture” was posed as a question in [17]. It was proved for
solvable groups in [3], and approximately simultaneously, a proof appeared
in [18].

Theorem 2.23 is a result of Isaacs and Navarro [52].

B. Huppert’s Theorem 2.18 appears as Satz 6 of [32].

Much of the material in this chapter on the “π-standard sign character”
appears in [23], and in particular, Theorem 2.37 of this chapter is Theo-
rem 5.10 of that paper. An expository presentation closer to the version
here can be found in [42]. Theorem 2.29 appears as Theorem C of that
paper.


