
Preface

The main goal of this book is to introduce beginning graduate students
to analytic number theory. In addition, large parts of it are suitable for
advanced undergraduate students with a good grasp of analytic techniques.

Throughout, the emphasis has been put on exposing the main ideas
rather than providing the most general results known. Any student wishing
to do serious research in analytic number theory should broaden and deepen
their knowledge by consulting some of the several excellent research-level
books on the subject. Examples include: the books of Davenport [31] and
of Montgomery-Vaughan [146] for classical multiplicative number theory;
Tenenbaum’s book [172] for probabilistic number theory and the saddle-
point method; the book by Iwaniec-Kowalski [114] for the general theory of
L-functions, of modular forms and of exponential sums; Montgomery’s book
[144] for the harmonic analytic aspects of analytic number theory; and the
book of Friedlander-Iwaniec [59] for sieve methods.

Using the book

The book borrows the structure of Davenport’s masterpiece Multiplicative
Number Theory with several short- to medium-length chapters. Each chap-
ter is accompanied by various exercises. Some of them aim to exemplify
the concepts discussed, while others are used to guide the students to self-
discover certain more advanced topics. A star next to an exercise indicates
that its solution requires total mastery of the material.

The contents of the book are naturally divided into six parts as indicated
in the table of contents. The first two parts study elementary and classical
complex-analytic methods. They could thus serve as the manual for an
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introductory graduate course to analytic number theory. The last three
parts of the book are devoted to the theory of sieves: Part 4 presents the
basic elements of the theory of the small sieve, whereas Part 5 explores the
method of bilinear sums and develops the large sieve. These techniques
are then combined in Part 6 to study the spacing distribution of prime
numbers and prove some of the recent spectacular results about small and
large gaps between primes. Finally, Part 3 studies multiplicative functions
and the anatomy of integers, and serves as a bridge between the complex-
analytic techniques and the more elementary theory of sieves. Topics from
it could be presented either in the end of an introductory course to analytic
number theory (Chapter 13 most appropriately), or in the beginning of a
more advanced course on sieves (the most relevant material is contained in
Chapters 14 and 15, as well as in Theorem 16.1).

Certain portions of the book can be used as a reference for an under-
graduate course. More precisely, Chapters 1–8 can serve as the core of such
a course, followed by a selection of topics from Chapters 14, 15, 17 and 21.

A short guide to the main theorems of the book. Below is a list of
the main results proven and of their prerequisites.

Chebyshev’s and Mertens’ estimates are presented in Chapters 2 and 3,
respectively. Their proofs rest on the material contained in Part 1.

The landmark Prime Number Theorem is proven in Chapter 8. Under-
standing it requires a good grasp of all preceding chapters.

The Siegel-Walfisz theorem, which is a uniform version of the Prime
Number Theorem for arithmetic progressions, is presented in Chapter 12.
Its proof builds on all of the material preceding it.

The Landau-Selberg-Delange method is a key tool in the study of mul-
tiplicative functions. It is presented in Chapter 13. Appreciating its proof
requires a firm understanding of Chapters 1–8 for the main analytic tools,
as well as of Chapter 12 for dealing with uniformity issues.

The foundations of probabilistic number theory are explained in Chapters
15 and 16, where the Erdős-Kac theorem and the Sathe-Selberg theorem are
proven. The main prerequisites can be found in Part 1 and in Chapter 14.
In addition, Chapter 13 is needed for the Sathe-Selberg theorem.

The Fundamental Lemma of Sieve Theory is proven in Chapter 19. Its
proof uses ideas and techniques from Part 1 and Chapters 14–17.

Vinogradov’s method, one of the foundations of modern analytic number
theory, is presented in Chapter 23. It builds on the material of Chapters
1–12 and 19.
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The Hardy-Littlewood circle method is presented in Chapter 24. It is
used to detect additive patterns among the primes and, more specifically, to
count ternary arithmetic progressions all of whose members are primes.

The Bombieri-Vinogradov theorem, often called the “Generalized Rie-
mann Hypothesis on average”, is established in Chapter 26. Understanding
its proof requires mastery of Vinogradov’s method (Chapter 23) and of the
large sieve (Chapter 25).

Linnik’s theorem provides a very strong bound on the least prime in an
arithmetic progression. It is proven in Chapter 27 and its prerequisites are
Chapters 1–12, 17–20, 22–23 and 25.

The breakthrough of Zhang-Maynard-Tao about the existence of infin-
itely many bounded gaps between primes is presented in Chapter 28. Its
proof requires a firm understanding of the Fundamental Lemma of Sieve
Theory (Chapter 19), of Selberg’s sieve (Chapter 21) and of the Bombieri-
Vinogradov theorem (Chapter 26).

The recent developments about large gaps between primes of Ford-Green-
Konyagin-Tao and Maynard are presented in Chapter 29. Understanding
them necessitates knowledge of the same concepts as the proof of the exis-
tence of bounded gaps between primes, with the addition of the results on
smooth numbers presented in Chapters 14 and 16.

Maier discovered in 1985 that the distribution of prime numbers has
certain unexpected irregularities. His results are presented in Chapter 30
and they assume knowledge of Linnik’s theorem (and of its prerequisites), as
well as of Buchstab’s function (see Chapter 14 and, more precisely, Theorem
14.4).
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