
Chapter 1

Historical Definitions
and Basic Properties

We begin with Hochschild’s historical definition of homology and cohomol-
ogy for algebras [114], working in the general setting of algebras over com-
mutative rings as in the book of Cartan and Eilenberg [48]. We then present
some additional structure found by Gerstenhaber [82] under which we now
say that Hochschild cohomology is a Gerstenhaber algebra. These early de-
velopments were largely based on one choice of chain complex known as the
bar complex, and we focus in this chapter particularly on the many prop-
erties and structural results that can be derived from this complex. For
example, we discuss here the meaning of Hochschild homology and coho-
mology in low degrees where connections to derivations and deformations
appear. We present the cap product that pairs Hochschild homology and
cohomology, and the shuffle product on Hochschild homology of a commuta-
tive algebra. We discuss Harrison cohomology and the Hodge decomposition
arising from a symmetric group action on the bar complex. Other work in-
vokes other complexes, depending on the setting, and we begin to include
in this chapter some examples and discussion of the structure of Hochschild
cohomology that takes advantage of other such chain complexes. We expand
on this discussion of other complexes in later chapters.

1.1. Definitions of Hochschild homology and cohomology

For now, let k be a commutative associative ring (with 1), and let A be a
k-algebra. That is, A is an associative ring (with multiplicative identity)
that is also a k-module for which multiplication is a k-bilinear map. Denote
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the multiplicative identity of A also by 1, identified with the multiplicative
identity of k via the unit map k → A given by c �→ c · 1 for all c ∈ k.
Denote by Aop the opposite algebra of A; this is A as a module over k, with
multiplication a ·op b = ba for all a, b ∈ A. Tensor products will often be
taken over k, and unless otherwise indicated, ⊗ = ⊗k. Let Ae = A ⊗ Aop,
with the tensor product multiplication:

(a1 ⊗ b1) · (a2 ⊗ b2) = a1a2 ⊗ b2b1

for all a1, a2, b1, b2 ∈ A. (Technically, we are really taking b1, b2 to be ele-
ments of Aop, but since the underlying k-modules are the same, we write
b1, b2 ∈ A where convenient.) We call Ae the enveloping algebra of A.

By an A-bimodule, we mean a k-module M that is both a left and a
right A-module for which (a1m)a2 = a1(ma2) for all a1, a2 ∈ A and m ∈ M ,
and the left and right actions of k induced by the unit map k → A agree.
Thus an A-bimodule M is equivalent to a left Ae-module, where we define

(a⊗ b) ·m = amb

for all a, b ∈ A and m ∈ M . It is also equivalent to a right Ae-module where
the action is defined by m · (a⊗ b) = bma for all a, b ∈ A and m ∈ M . We
will use both structures in the sequel, but for simplicity, when we refer to a
module we generally mean a left module unless otherwise specified.

Note that the algebra A is itself an Ae-module (equivalently, an A-
bimodule) under left and right multiplication: (a ⊗ b) · c = acb for all
a, b, c ∈ A. More generally, let A⊗n = A ⊗ · · · ⊗ A (n factors of A),
where n ≥ 1. This tensor power of A is an Ae-module (equivalently, an
A-bimodule) by letting

(a⊗ b) · (c1 ⊗ c2 ⊗ · · · ⊗ cn−1 ⊗ cn) = ac1 ⊗ c2 ⊗ · · · ⊗ cn−1 ⊗ cnb

for all a, b, c1, . . . , cn ∈ A.

Consider the following sequence of A-bimodules:

(1.1.1) · · · d3−→ A⊗4 d2−→ A⊗3 d1−→ A⊗A
π−→ A → 0,

where π is the multiplication map, that is, π(a ⊗ b) = ab for all a, b ∈ A,
and d1(a⊗ b⊗ c) = ab⊗ c− a⊗ bc for all a, b, c ∈ A, and in general

(1.1.2) dn(a0⊗a1⊗· · ·⊗an+1) =
n∑

i=0

(−1)ia0⊗a1⊗· · ·⊗aiai+1⊗· · ·⊗an+1

for all a0, . . . , an+1 ∈ A. One may check directly that (1.1.1) is a complex,
that is, dn−1dn = 0 for all n (see Section A.1). Moreover, it is exact, as
a consequence of the existence of the following contracting homotopy (see
Section A.1). Let sn be the k-linear map defined by

(1.1.3) sn(a0 ⊗ · · · ⊗ an+1) = 1⊗ a0 ⊗ · · · ⊗ an+1
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for all n ≥ −1 and all a0, . . . , an+1 ∈ A. A calculation shows that indeed
s � is a contracting homotopy, and so the complex (1.1.1) is exact. We write

Bn(A) = A⊗(n+2) for n ≥ 0 and often consider the truncated complex
associated to (1.1.1):

(1.1.4) B(A) : · · · d3−→ A⊗4 d2−→ A⊗3 d1−→ A⊗A → 0.

This is the bar complex of the Ae-module A. As a complex, its homology is
concentrated in degree 0, where it is simply A, as a consequence of exactness
of (1.1.1). Sometimes we use the isomorphism of left Ae-modules

(1.1.5) A⊗(n+2) ∼= Ae ⊗A⊗n

given by a0 ⊗ a1 ⊗ · · · ⊗ an ⊗ an+1 �→ (a0 ⊗ an+1) ⊗ (a1 ⊗ · · · ⊗ an) for
all a0, . . . , an+1 ∈ A. (The action of Ae on Ae ⊗ A⊗n is multiplication on
the leftmost factor Ae.) If A is free as a k-module, we see in this way
that the terms in the bar complex (1.1.4) are free Ae-modules: Ae ⊗A⊗n ∼=⊕

i∈I A
e(1⊗1⊗αi), where {αi | i ∈ I}, for an indexing set I, is a basis of A⊗n

as a free k-module. In this case, B(A) is a free resolution of the Ae-moduleA,
also called the bar resolution (or standard resolution). See [48, Section IX.6].

Remark 1.1.6. The term bar complex arose historically due to an abbre-
viation of a tensor product a1⊗· · ·⊗an as [a1| · · · |an]. This convention was
begun by Eilenberg and Mac Lane.

Let M be an A-bimodule. Take the tensor product of the bar complex
(1.1.4) with M , writing

(1.1.7) C∗(A,M) =
⊕
n≥0

M ⊗Ae Bn(A),

a complex of k-modules with differentials 1M ⊗ dn, where dn is defined by
equation (1.1.2) and 1M is the identity map on M . Call C∗(A,M) the k-
module of Hochschild chains with coefficients in M . There is a k-module
isomorphism

(1.1.8) M ⊗Ae Bn(A)
∼−→ M ⊗A⊗n

given by

m⊗Ae (a0 ⊗ · · · ⊗ an+1) �→ an+1ma0 ⊗ a1 ⊗ · · · ⊗ an

for all m ∈ M and a0, . . . , an+1 ∈ A. (The inverse isomorphism is given by
m⊗a1⊗· · ·⊗an �→ m⊗Ae (1⊗a1⊗· · ·⊗an⊗1); recall the left action of Ae on

A⊗(n+2) involves the first and last tensor factors only, and the right action
of Ae on M involves both the left and right actions of A on M .) Therefore
there is a k-module isomorphism

Cn(A,M) ∼= M ⊗A⊗n
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for each n. Combined with the isomorphism (1.1.5), we find that the induced
differential on the complex M ⊗A⊗∗, corresponding to the map 1M ⊗ dn on
M ⊗Ae A⊗(n+2) for each n > 0, is the map (dn)∗ : M ⊗A⊗n → M ⊗A⊗(n−1)

given by

(dn)∗(m⊗ a1 ⊗ a2 ⊗ · · · ⊗ an)

= ma1 ⊗ a2 ⊗ · · · ⊗ an +
n−1∑
i=1

(−1)im⊗ a1 ⊗ a2 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an

+ (−1)nanm⊗ a1 ⊗ a2 ⊗ · · · ⊗ an−1

for all m ∈ M and a1, . . . , an ∈ A. We define Hochschild homology to be
the homology of this complex.

Definition 1.1.9. The Hochschild homology HH∗(A,M) of A with coeffi-
cients in an A-bimodule M is the homology of the complex (1.1.7), equiva-
lently

HHn(A,M) = Hn(M ⊗A⊗∗),

that is, HHn(A,M) = Ker((dn)∗)/ Im((dn+1)∗) for all n ≥ 0, taking (d0)∗
to be the zero map, and differentials (dn)∗ are as given above for n > 0.
Elements in Ker((dn)∗) are Hochschild n-cycles and those in Im((dn+1)∗)
are Hochschild n-boundaries. Let

HH∗(A,M) =
⊕
n≥0

HHn(A,M),

an N-graded k-module.

We have chosen the common notation HH to denote Hochschild homol-
ogy (and cohomology below) so as to distinguish it from other versions of
cohomology that we will use later. It is instead denoted with a single letter
H in some of the literature.

Next we will apply HomAe(−,M) to the bar complex (1.1.4): Let

(1.1.10) C∗(A,M) =
⊕
n≥0

HomAe(Bn(A),M),

a complex of k-modules with differentials d∗n, where d∗n(f) = fdn for all
functions f in HomAe(A⊗(n+1),M). (For simplicity here and throughout
the book, we denote such a function composition by the concatenation fdn
rather than f ◦ dn.) Call C∗(A,M) the k-module of Hochschild cochains
with coefficients in M . There is a k-module isomorphism

(1.1.11) HomAe(Bn(A),M)
∼−→ Homk(A

⊗n,M)

given by g �→ (a1 ⊗ · · · ⊗ an �→ g(1 ⊗ a1 ⊗ · · · ⊗ an ⊗ 1)) for all g ∈
HomAe(B(A)n,M) and a1, . . . , an ∈ A. (If n = 0 this is g �→ (1 �→ g(1⊗1)).)
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The inverse isomorphism is g′ �→ (a0⊗· · ·⊗an+1 �→ a0g
′(a1⊗· · ·⊗an)an+1).

We thus have an isomorphism of complexes,

(1.1.12) C∗(A,M) ∼=
⊕
n≥0

Homk(A
⊗n,M),

with differential d∗n : Homk(A
⊗(n−1),M) → Homk(A

⊗n,M) for each n > 0
given by

d∗n(h)(a1 ⊗ · · · ⊗ an) = a1h(a2 ⊗ · · · ⊗ an)

+
n−1∑
i=1

(−1)ih(a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an)

+(−1)nh(a1 ⊗ · · · ⊗ an−1)an

for all h ∈ Homk(A
⊗(n−1),M) and a1, . . . , an ∈ A. In this expression and

others, we interpret an empty tensor product to be the element 1 in k. We
define Hochschild cohomology to be the cohomology of this complex.

Definition 1.1.13. The Hochschild cohomology HH∗(A,M) of A with co-
efficients in an A-bimodule M is the cohomology of the complex (1.1.10),
equivalently

HHn(A,M) = Hn(Homk(A
⊗∗,M)),

that is, HHn(A,M) = Ker(d∗n+1)/ Im(d∗n) for all n ≥ 0, where d∗0 is taken to
be the zero map, and differentials d∗n are as given above for n > 0. Elements
in Ker(d∗n+1) are Hochschild n-cocycles and those in Im(d∗n) are Hochschild
n-coboundaries. Let

HH∗(A,M) =
⊕
n≥0

HHn(A,M),

an N-graded k-module.

As a special case, consider M = A to be an A-bimodule under left and
right multiplication. The resulting Hochschild homology and cohomology
k-modules are sometimes abbreviated

HHn(A) = HHn(A,A) and HHn(A) = HHn(A,A),

and so we write HH∗(A) =
⊕

n≥0HHn(A) and HH∗(A) =
⊕

n≥0HH
n(A). A

disadvantage of this abbreviated notation in the case of cohomology is that it
appears to indicate a functor, however HH∗ is not a functor: we will see next
that HH∗(A,M) can alternatively be defined via the bifunctor Ext∗Ae(−,−),
and this bifunctor is covariant in the second argument and contravariant
in the first argument. Another disadvantage is that some authors use this
notation to refer to Hochschild homology and cohomology with coefficients
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in a dual module to A, in which case these are functors related to cyclic ho-
mology and cohomology [146, §1.5.5]. For simplicity, we adopt the common
abbreviated notation above in spite of these disadvantages.

Remarks 1.1.14. (i) In the case that k is a field (the case of focus for

most of this book), A is free as a k-module and so each Ae-module A⊗(n+2)

(n ≥ 0) is free, as noted earlier. It follows that the bar complex B(A) given
by (1.1.4) is a free left Ae-module resolution of A, called the bar resolution.
Thus

(1.1.15) HHn(A,M) ∼= TorA
e

n (M,A) and HHn(A,M) ∼= ExtnAe(A,M)

for all n ≥ 0. (See Section A.3.) More generally, as long as A is flat over
the commutative ring k, the first isomorphism holds, and as long as A is
projective over k, the second holds.

(ii) Even more generally, it follows from the definitions that Hochschild
homology and cohomology may be realized as relative Tor and relative
Ext [223, Lemma 9.1.3]. See also [115]. We will not use relative Tor or
relative Ext in this book.

We will use the equivalent definitions of Hochschild homology and coho-
mology given by the isomorphisms (1.1.15) in the case that k is a field. An
advantage is that we may thus choose any flat (respectively, projective) res-
olution of A as an Ae-module to define Hochschild homology (respectively,
cohomology). Depending on the algebra A, there may be more convenient
resolutions than the bar resolution; the latter is quite large and not con-
ducive to explicit computation. The bar resolution may also obscure im-
portant information that stands out in other resolutions which are tailored
more closely to the shapes of specific algebras. However, the bar resolution
is very useful theoretically, as we will see.

Also useful is the following variant of the bar resolution. Identify k with
the k-submodule k · 1A of the k-algebra A, and write A = A/k, the quotient
k-module. For each nonnegative integer n, let

(1.1.16) Bn(A) = A⊗A
⊗n ⊗A.

Let pn : Bn(A) → Bn(A) be the corresponding quotient map. A calculation
shows that the kernels of the maps pn form a subcomplex of B(A), and
thus the quotients Bn(A) constitute a complex B(A). The contracting ho-
motopy (1.1.3) can be shown to factor through this quotient, implying that
B(A) is a free resolution of the Ae-module A in case A is free as a k-module.
We give this resolution a name.

Definition 1.1.17. Assume that A is free as a k-module. The reduced bar
resolution (or normalized bar resolution) is B(A) given in each degree by
equation (1.1.16), a free resolution of A as an Ae-module.
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See also [85, §13.5] for more details on the reduced bar resolution.

Hochschild cohomology modules hold substantial information about the
algebra A and its modules, some of which we will find in this chapter by
harnessing the bar complex, and some in later chapters via a wider range of
complexes. Hochschild cohomology is invariant under some standard equiv-
alences on rings: in case k is a field, invariance under Morita equivalence is
automatic since this is by definition an equivalence of module categories and
Hochschild cohomology is given by Ext in this case (see Remark 1.1.14(i)).
For more details and related and more general statements, see, e.g., [22, The-
orem 2.11.1], [146, Theorem 1.2.7], or the articles [37,56,169]. For Morita
invariance of Hochschild homology, see, e.g., [223, §9.5]. For tilting and de-
rived category equivalence, see, e.g., [105, Theorem 4.2] and [9,185,220],
and for derived invariance of higher structures on the Hochschild complex
itself, see [127].

We end this section with some examples that apply Remark 1.1.14(i),
taking advantage of resolutions smaller than the bar resolution.

Example 1.1.18. Let k be a field and A = k[x]. Consider the following
sequence:

(1.1.19) 0 �� k[x]⊗ k[x]
(x⊗1−1⊗x)·

�� k[x]⊗ k[x]
π

�� k[x] �� 0,

where π is multiplication and the map (x ⊗ 1 − 1 ⊗ x)· is multiplication
by the element x ⊗ 1 − 1 ⊗ x. Since k[x] is commutative, this sequence is
a complex. It is in fact exact, as can be shown directly via a calculation.
Alternatively, exactness can be shown by exhibiting a contracting homotopy
(see Section A.1): Let s−1(x

i) = xi ⊗ 1 and

s0(x
i ⊗ xj) = −

j∑
l=1

xi+j−l ⊗ xl−1

for all i, j. (We interpret an empty sum to be 0, thus s0(x
i ⊗ 1) = 0 for

all i.) A calculation shows that s � is a contracting homotopy for the above
sequence. Note that for each i, the map si is left (but not right) k[x]-linear.
The terms in nonnegative degrees are visibly free as Ae-modules, and so
the sequence (1.1.19) is a free resolution of the Ae-module A. Now apply
Homk[x]e(−, k[x]) to the truncation of sequence (1.1.19) given by deleting
the term k[x]. Identify Homk[x]e(k[x] ⊗ k[x], k[x]) with k[x] under the iso-
morphism in which a function f is sent to f(1⊗ 1). The resulting complex,
with arrows reversed, becomes

(1.1.20) 0 k[x]�� k[x]�� 0.��

There is only one map to compute, namely composition with (x⊗1−1⊗x)·.
Let a ∈ k[x], identified with the function fa in Homk[x]e(k[x]⊗k[x], k[x]) that



8 1. Historical Definitions and Basic Properties

takes 1⊗ 1 to a. Composing with the differential, since fa is a k[x]e-module
homomorphism,

fa((x⊗ 1− 1⊗ x) · (1⊗ 1)) = xfa(1⊗ 1)− fa(1⊗ 1)x = xa− ax = 0,

since k[x] is commutative. Therefore all maps in complex (1.1.20) are 0,
and the homology of the complex in each degree is just the term in the
complex. We thus find that HH0(k[x]) ∼= k[x], that HH1(k[x]) ∼= k[x],
and HHn(k[x]) = 0 for n ≥ 2. A similar argument yields Hochschild ho-
mology HHn(k[x]) by first applying k[x] ⊗k[x]e − to the truncation of the
sequence (1.1.19) and identifying k[x]⊗k[x]e (k[x]⊗ k[x]) with k[x].

Example 1.1.21. Let k be a field, n ≥ 2, and A = k[x]/(xn), called a
truncated polynomial ring. Consider the following sequence:

(1.1.22) · · · v· �� Ae u· �� Ae v· �� Ae u· �� Ae π �� A �� 0,

where u = x ⊗ 1 − 1 ⊗ x, v = xn−1 ⊗ 1 + xn−2 ⊗ x + · · · + 1 ⊗ xn−1,
and π is multiplication. This sequence is exact, as can be shown directly.
Alternatively, the following is a contracting homotopy (see Section A.1). For
each i, define a left A-linear map si by s−1(1) = 1⊗ 1 and for all m ≥ 0,

s2m(1⊗ xj) = −
j∑

l=1

xj−l ⊗ xl−1 and s2m+1(1⊗ xj) = δj,n−1 ⊗ 1

for all j, where δj,n−1 is the Kronecker delta (that is, δj,n−1 = 1 if j = n− 1
and δj,n−1 = 0 otherwise). The terms in nonnegative degrees are visibly
free as Ae-modules, and so the sequence (1.1.22) is a free resolution of the
Ae-module A.

Apply HomAe(−, A) to (1.1.22) after truncating by deleting A, and iden-
tify each term HomAe(A ⊗ A,A) with A. The resulting sequence may be
viewed as:

· · · nxn−1·←−−−− A
0←−− A

nxn−1·←−−−− A
0←−− A ←− 0.

Thus we see that if n is divisible by the characteristic of k, then HHi(A) ∼= A
for all i. If n is not divisible by the characteristic of k, then HH0(A) ∼= A,
HH2m+1(A) ∼= (x) (the ideal generated by x) for all m ≥ 0, and HH2m(A) ∼=
A/(xn−1) for all m ≥ 1.

Exercise 1.1.23. Verify the claims that formulas given for the following
differentials are induced by the differential (1.1.2) on the bar complex (1.1.4):

(a) (dn)∗ right before Definition 1.1.9.

(b) d∗n right before Definition 1.1.13.
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Exercise 1.1.24. Show that the following maps constitute contracting ho-
motopies as claimed:

(a) sn defined in (1.1.3).

(b) s−1, s0 defined in Example 1.1.18.

(c) si defined in Example 1.1.21.

Exercise 1.1.25. Finish Example 1.1.18 by finding Hochschild homology
HHn(k[x]) for each n.

Exercise 1.1.26. Assume that k is a field and let 0 → U → V → W → 0 be
an exact sequence of A-bimodules. Use Remark 1.1.14(i) and Theorem A.4.7
(second long exact sequence for Tor) to show that there is a long exact
sequence for Hochschild homology,

· · · → HHn(A,U) → HHn(A, V ) → HHn(A,W ) → HHn−1(A,U) → · · · .

Derive a similar long exact sequence for Hochschild cohomology using The-
orem A.4.4 (first long exact sequence for Ext).

Exercise 1.1.27. Assume that A is free as a k-module. Check that B(A)
as in Definition 1.1.17 is indeed a free resolution of A as an Ae-module by
verifying the claim that the kernels of the maps pn form a subcomplex of
B(A) and that the contracting homotopy (1.1.3) for the bar complex (1.1.4)
factors through B(A).

1.2. Interpretation in low degrees

The historical Definitions 1.1.9 and 1.1.13 of Hochschild homology HHn(A)
and cohomology HHn(A) lead directly to specific information encoded by
these k-modules when n is small. For example, in the nth Hochschild co-
homology k-module HHn(A) we can see the center of A in degree n = 0,
derivations on A in degree 1, and infinitesimal deformations together with
obstructions to lifting these to formal deformations in degrees 2 and 3. We
make some of these observations in this section, including more general state-
ments for A-bimodules M as well as analogous statements for Hochschild
homology. More detailed discussion of deformations and obstructions is in
Chapters 5 and 7.

In what follows, we will frequently identify spaces of chains under iso-
morphism (1.1.8) and spaces of cochains under isomorphism (1.1.11). We
will abuse notation, using the same for differentials on such spaces when
they have been so identified. Thus, for example, we write d∗n for the map
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from HomAe(A⊗(n−1),M) to HomAe(A⊗n,M) given by

d∗n(h)(a0 ⊗ a1 ⊗ · · · ⊗ an ⊗ an+1)

=
n∑

i=0

(−1)ih(a0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an+1)

= a0a1h(1⊗ a2 ⊗ · · · ⊗ an ⊗ 1)an+1

+
n−1∑
i=1

(−1)ia0h(1⊗ a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an ⊗ 1)an+1

+ (−1)na0h(1⊗ a1 ⊗ · · · ⊗ an−1 ⊗ 1)anan+1

for all h ∈ HomAe(A⊗(n−1),M) and a0, . . . , an+1 ∈ A.

Degree 0. Let M be an A-bimodule. In the notation of Definition 1.1.13,
HH0(A,M) = Ker(d∗1). We determine necessary and sufficient conditions
for a function f ∈ HomAe(A ⊗ A,M) to be in Ker(d∗1). First assume that
d∗1(f) = 0, that is, for all a ∈ A,

0 = d∗1(f)(1⊗ a⊗ 1) = f(d1(1⊗ a⊗ 1))

= f(a⊗ 1− 1⊗ a) = af(1⊗ 1)− f(1⊗ 1)a.

Then f(1 ⊗ 1) is equal to an element m of M for which am = ma for all
a ∈ A, and f is in fact determined by this element m:

f(b⊗ c) = bf(1⊗ 1)c = bmc

for all b, c ∈ A. Conversely, any such element of M defines a function in
Ker(d∗1), that is, given m ∈ M for which am = ma for all a ∈ A, let
fm ∈ HomAe(A ⊗ A,M) be the function given by fm(b ⊗ c) = bmc for all
b, c ∈ A. Then d∗1(fm) = 0. Thus as a k-module,

HH0(A,M) ∼= {m ∈ M | am = ma for all a ∈ A}.

In the special case M = A, it follows that HH0(A,A) ∼= Z(A), the center of
the algebra A.

Similarly, Hochschild homology in degree 0 is

(1.2.1) HH0(A,M) ∼= M/Spank{am−ma | a ∈ A, m ∈ M}.

Degree 1. By Definition 1.1.13, HH1(A,M) = Ker(d∗2)/ Im(d∗1). Let f ∈
Ker(d∗2), that is, f ∈ HomAe(A⊗3,M) and fd2 is the zero map on A⊗4. This
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condition is equivalent to

0 = d∗2(f)(1⊗ a⊗ b⊗ 1)

= f(d2(1⊗ a⊗ b⊗ 1))

= f(a⊗ b⊗ 1− 1⊗ ab⊗ 1 + 1⊗ a⊗ b)

= af(1⊗ b⊗ 1)− f(1⊗ ab⊗ 1) + f(1⊗ a⊗ 1)b

for all a, b ∈ A. By abuse of notation, we identify f with a function
in Homk(A,M) under the isomorphism HomAe(A⊗3,M) ∼= Homk(A,M)
of (1.1.11), and the above equation becomes 0 = af(b)− f(ab) + f(a)b, or

f(ab) = af(b) + f(a)b

for all a, b ∈ A. This is precisely the definition of a k-derivation from A to M
(also called more simply a derivation from A to M when k is understood).
The k-module of all k-derivations from A to M is denoted

Der(A,M).

We also write Derk(A,M) when we want to emphasize dependence on the
ground ring k. Suppose in addition that f ∈ Im(d∗1), that is, f = d∗1(g) for
some g in HomAe(A⊗2,M). The function g is determined by its value on
1⊗ 1, say m. Then

d∗1(g)(1⊗ a⊗ 1) = g(d1(1⊗ a⊗ 1))

= g(a⊗ 1− 1⊗ a)

= ag(1⊗ 1)− g(1⊗ 1)a = am−ma.

That is, d∗1(g) corresponds to the inner k-derivation from A to M defined by
the elementm. Conversely, any inner k-derivation will determine an element
of Im(d∗1). The k-module of all inner k-derivations from A to M is denoted

InnDer(A,M).

We have shown that

HH1(A,M) ∼= Der(A,M)/ InnDer(A,M).

In particular, if M = A, then HH1(A) is isomorphic to the k-module of
derivations of A modulo inner derivations, also called outer derivations. If
A is commutative, the zero function is the only inner derivation, so in this
case, the k-module of outer derivations, HH1(A), is simply the k-module
of derivations of A. Some results on when HH1(A) vanishes and further
discussion are in a paper of Buchweitz and Liu [40].

It can be shown that Hochschild homology in degree 1, HH1(A,M), is
isomorphic to the kernel of the canonical map I ⊗Ae M → IM , where I
is the kernel of multiplication π : A ⊗ A → A. See Exercise 1.2.8 in case
k is a field. For more details in the general case, see [223, §9.2], where
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a connection to Kähler differentials of commutative algebras is also given.
In Section 4.2, we will identify I with the space Ω1

ncA of noncommutative
Kähler differentials.

Degree 2. By Definition 1.1.13, HH2(A,M) = Ker(d∗3)/ Im(d∗2). Let f ∈
HomAe(A⊗4,M). Then f is in Ker(d∗3) if and only if for all a, b, c ∈ A,

0 = d∗3(f)(1⊗ a⊗ b⊗ c⊗ 1)

= f(d3(1⊗ a⊗ b⊗ c⊗ 1))

= f(a⊗ b⊗ c⊗ 1− 1⊗ ab⊗ c⊗ 1 + 1⊗ a⊗ bc⊗ 1− 1⊗ a⊗ b⊗ c)

= af(1⊗ b⊗ c⊗ 1)− f(1⊗ ab⊗ c⊗ 1) + f(1⊗ a⊗ bc⊗ 1)

−f(1⊗ a⊗ b⊗ 1)c.

Identifying f with a function in Homk(A
⊗2,M) under the isomorphism

HomAe(A⊗4,M) ∼= Homk(A
⊗2,M) of (1.1.11), we find that f ∈ Ker(d∗3)

if and only if

(1.2.2) af(b⊗ c) + f(a⊗ bc) = f(ab⊗ c) + f(a⊗ b)c

for all a, b, c ∈ A. A calculation shows that the image of d∗2 may be identified
with the k-module of all functions f in Homk(A⊗A,M) given by

(1.2.3) f(a⊗ b) = ag(b)− g(ab) + g(a)b

for some g ∈ Homk(A,M).

We will see in Section 4.2 that Hochschild 2-cocycles, that is, func-
tions satisfying equation (1.2.2), define algebra structures on the A-bimodule
A⊕M . These algebras are called square-zero extensions, and they arise in
connection with smoothness of algebras. In the case that M = A, equation
(1.2.2) gives rise to infinitesimal deformations of A as discussed in Chap-
ter 5. There we will develop algebraic deformation theory and we will see
that obstructions to lifting a Hochschild 2-cocycle to a formal deformation
lie in HH3(A). We will also see that functions f satisfying (1.2.3) for some
g, that is, Hochschild 2-coboundaries, correspond to deformations isomor-
phic to the original algebra. In this way, each formal deformation, up to
isomorphism, will have associated to it an element of HH2(A).

Actions of the center of A. In the interpretation of HH0(A) as the center
Z(A) of A, some actions of Z(A) take on a broader meaning. We present
these actions of Z(A) here, and extend them to actions of HH∗(A) in Sec-
tions 1.3 and 2.5. First note that Z(A) acts on HomAe(U, V ) for any two
Ae-modules U, V by

(1.2.4) (a · f)(u) = af(u)
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for all a ∈ Z(A), u ∈ U , and f ∈ HomAe(U, V ). Taking U = A⊗(n+2) and
V = A, this action commutes with the differentials on the bar complex,
inducing an action of Z(A) on HHn(A) under which HHn(A) becomes a
Z(A)-module. Identifying Z(A) with HH0(A) as described above, this is
an action of HH0(A) on HHn(A) for each n, thus on HH∗(A). In the next
section, this action will be extended to a graded product on HH∗(A). In
Section 2.5, the action of Z(A) on HomAe(U, V ) will be extended to an
action of HH∗(A) on Ext∗Ae(U, V ).

The action of Z(A) on HH∗(A) described above has some useful conse-
quences. For example, let 1 = e1 + · · · + ei be an expansion of the multi-
plicative identity of A as the sum of a set of orthogonal central idempotents
e1, . . . , ei. (That is, each ej is central in A and ejel = δj,lej for all j, l,

where δj,l is the Kronecker delta.) Then A =
⊕i

j=1Aej , a direct sum of
ideals Aej = ejA = ejAej of A. This leads to a similar decomposition

HomAe(U,A) =
⊕i

j=1HomAe(U, ejA) for any Ae-module U , and further,

(1.2.5) HH∗(A) ∼=
i⊕

j=1

HH∗(ejA) ∼=
i⊕

j=1

ej HH
∗(A).

Here we view the ideal ejA of A itself as an algebra with multiplicative
identity ej, and we may identify ej HH

∗(A) with HH∗(ejA) in this expansion,
under the action of Z(A) on HH∗(A).

Exercise 1.2.6. Verify the isomorphism (1.2.1).

Exercise 1.2.7. Describe all k-derivations of k[x] with the help of Exam-
ple 1.1.18 and the connection to Hochschild cohomology explained in this
section.

Exercise 1.2.8. Let k be a field, and let I be the kernel of the multiplication
map π : A⊗A → A. Show that HH1(A,M) is isomorphic to the kernel of the
map I⊗AeM → IM given by

∑
i(ai⊗bi)⊗Aem �→

∑
i aimbi. (Hint: Consider

the short exact sequence 0 → I → Ae π−→ A → 0 and use Exercise 1.1.26,
noting that HH1(A,A

e) = 0 since Ae is flat as an Ae-module.)

Exercise 1.2.9. Find the action of Z(A) on HH∗(A) in each case:

(a) A = k[x] as in Example 1.1.18.

(b) A = k[x]/(xn) as in Example 1.1.21.

1.3. Cup product

Hochschild cohomology HH∗(A) is a graded k-module by its definition.
(That is, it is graded by N, which we understand to include 0.) We will see
next that it has an associative product making it into a graded commutative
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algebra, that is, homogeneous elements commute up to a sign determined
by homological degrees. (See Theorem 1.4.6 below.) We define this product
at the chain level for functions on the bar complex (1.1.4) in Definition 1.3.1
below. In fact the cup product is the unique associative product on HH∗(A)
satisfying some basic conditions (see Sanada [188]). There are many equiv-
alent definitions of this associative product on HH∗(A), particularly in case
k is a field, making it very versatile. We give some of these other definitions
in Chapter 2.

We again use the isomorphism (1.1.11) to identify HomAe(A⊗(n+2),M)
with Homk(A

⊗n,M) as a k-module. As in (1.1.12),

C∗(A,M) ∼=
⊕
n≥0

Homk(A
⊗n,M),

the k-module of Hochschild cochains on A with coefficients in M . In what
follows we will take M = A.

Definition 1.3.1. Let f ∈ Homk(A
⊗m, A) and g ∈ Homk(A

⊗n, A). The

cup product f � g is the element of Homk(A
⊗(m+n), A) defined by

(1.3.2)
(f � g)(a1 ⊗ · · · ⊗ am+n) = (−1)mnf(a1 ⊗ · · · ⊗ am)g(am+1 ⊗ · · · ⊗ am+n)

for all a1, . . . , am+n ∈ A. If m = 0, we interpret this formula to be

(f � g)(a1 ⊗ · · · ⊗ an) = f(1)g(a1 ⊗ · · · ⊗ an),

and similarly if n = 0.

Remark 1.3.3. The historical definition of cup product, used by many
authors, does not include the factor (−1)mn. Our choice here will be more
convenient with respect to our sign conventions, and also agrees with much
of the literature. The difference is not so essential, since at the level of
cohomology, this product is graded commutative, as we will see.

By its definition, the cup product is associative. A sign modification
makes the k-module C∗(A,A) of Hochschild cochains a differential graded
algebra, that is, a graded algebra (i.e., Ci(A,A) � Cj(A,A) ⊆ Ci+j(A,A))
with a graded derivation of degree 1 and square 0. Precisely, for an m-
cochain f , let ∂(f) = (−1)md∗m+1(f) and similarly for g, f � g. Then

(1.3.4) ∂(f � g) = (∂(f)) � g + (−1)mf � (∂(g)).

(If we omit the factor (−1)mn in the definition (1.3.2) of cup product, then
C∗(A,A) is a differential graded algebra without modifying the sign of the
differential. Note that the cohomology is the same in either case.) A conse-
quence of equation (1.3.4) is that this cup product � induces a well-defined
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graded associative product on Hochschild cohomology, which we denote by
the same symbol:

� : HHm(A)×HHn(A) → HHm+n(A).

Remark 1.3.5. More generally, if B is an A-bimodule that is also an algebra
for which a(bb′) = (ab)b′, (bb′)a = b(b′a), and (ba)b′ = b(ab′) for all a ∈ A
and b, b′ ∈ B, a calculation shows that a formula analogous to (1.3.2) induces
a product on HH∗(A,B). This condition is satisfied, for example, if A is a
subalgebra of B and the A-bimodule structure of B is given by left and right
multiplication.

We have seen that in degree 0, the Hochschild cohomology k-module
HH0(A) is isomorphic to Z(A), the center of the algebra A. As a consequence
of the definition, the cup product of two elements in degree 0 is precisely
the product of the corresponding elements in Z(A), and the cup product
of an element in arbitrary degree n with a degree 0 element corresponds to
multiplying the values of a representative function by an element in Z(A).
This agrees with the HH0(A)-module structure on Hochschild cohomology
HH∗(A) given by equation (1.2.4). Sometimes this is enough information to
determine the full structure of HH∗(A) as a ring under cup product, such
as in the following example.

Example 1.3.6. We return to Example 1.1.18, letting k be a field and
A = k[x]. We describe the cup product using only general properties
and the graded vector space structure. We found that HH0(k[x]) ∼= k[x],
HH1(k[x]) ∼= k[x], and HHn(k[x]) = 0 for n > 1, and so as a graded vector
space,

(1.3.7) HH∗(k[x]) ∼= k[x]⊕ k[x],

with the first copy of k[x] in degree 0 and the second in degree 1. We will
describe cup products on HH∗(k[x]) in view of this expression. In degree 0,
the cup product is simply multiplication on k[x]. Likewise, the product of
an element in degree 0 with an element in degree 1 corresponds to multi-
plication on k[x], with the result having degree 1 (see Exercise 1.2.9(a)).
Since HH2(k[x]) = 0, the product of two elements in degree 1 is 0. Thus
we know all cup products on HH∗(k[x]). To express this algebraic struc-
ture more compactly, denote by y the copy of the multiplicative identity of
k[x] that is in the degree 1 component in expression (1.3.7). We may then
rewrite (1.3.7) as

HH∗(k[x]) ∼= k[x]⊕ k[x]y

with the first summand k[x] the degree 0 component and the second sum-
mand k[x]y the degree 1 component (treating y as a place holder). By our
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above description of products, we now see that y2 = 0 and

HH∗(k[x]) ∼= k[x, y]/(y2)

as a k-algebra, where |x| = 0 and |y| = 1. (The notation |x|, |y| here refers
to their homological degrees.)

We have noted that the cup product is associative as a direct consequence
of formula (1.3.2). Associativity can also be deduced readily from each of
the equivalent definitions of cup product that will be given in Chapter 2.

We will next turn to our claim that the cup product is graded commu-
tative. This may be shown in many different ways. It may be proven by
induction, as in [188]. Another proof uses two of the equivalent definitions
of the product, namely the Yoneda product of Section 2.2 and the tensor
product of Section 2.3, and the observation that the latter is an algebra
homomorphism over the former (see [211]). Yet another proof uses tensor
products of generalized extensions and an argument similar to the proof of
Theorem 2.5.5 below (see [201, Theorem 1.1] and some discussion in Sec-
tion 2.4). Our proof in the next section takes the more concrete historical
approach of Gerstenhaber [82]. This proof is connected to the first appear-
ance of the graded Lie bracket on Hochschild cohomology, also defined in
the next section.

Exercise 1.3.8. Verify formula (1.3.4). For comparison, derive a similar
formula for d∗m+n+1(f � g).

Exercise 1.3.9. Let B be an algebra and A a subalgebra of B. Con-
sider B to be an A-bimodule under left and right multiplication. Let f ∈
Homk(A

⊗m, A), g ∈ Homk(A
⊗n, B). Define f � g ∈ Homk(A

⊗(m+n), B)
by a formula analogous to (1.3.2). Show that this induces a well-defined
product on HH∗(A,B). (More generally, see Remark 1.3.5.)

Exercise 1.3.10. Let M be an A-bimodule. Let f ∈ Homk(A
⊗m, A) and

g ∈ Homk(A
⊗n,M). Define f · g ∈ Homk(A

⊗(m+n),M) by

(f · g)(a1 ⊗ · · · ⊗ am+n) = (−1)mnf(a1 ⊗ · · · ⊗ am)g(am+1 ⊗ · · · ⊗ am+n)

for all a1, . . . , am+n ∈ A. Show that this induces a well-defined action of
HH∗(A) on HH∗(A,M) (cf. Section 2.5 below).

1.4. Gerstenhaber bracket

Together with addition and cup product, Hochschild cohomology HH∗(A)
has another binary operation. We define this operation at the chain level
on the bar complex (1.1.4) in this section, allowing k to be an arbitrary
commutative ring. In Chapter 6, under the assumption that k is a field,



1.4. Gerstenhaber bracket 17

we will examine equivalent definitions by way of other projective resolutions
and exact sequences.

Definition 1.4.1. Let f ∈ Homk(A
⊗m, A) and g ∈ Homk(A

⊗n, A). Their
Gerstenhaber bracket [f, g] is defined at the chain level to be the element of
Homk(A

⊗(m+n−1), A) given by

[f, g] = f ◦ g − (−1)(m−1)(n−1)g ◦ f,
where the circle product f ◦ g generalizes composition of functions and is
defined by

(f ◦ g)(a1 ⊗ · · · ⊗ am+n−1)

=
m∑
i=1

(−1)uf(a1⊗· · ·⊗ai−1⊗g(ai⊗· · ·⊗ai+n−1)⊗ai+n⊗· · ·⊗am+n−1),

in which u = (n− 1)(i− 1), and similarly for g ◦ f . If m = 0, then f ◦ g = 0
(as indicated by the empty sum), while if n = 0, then the formula should
be interpreted as taking the value g(1) in place of g(ai ⊗ · · · ⊗ ai+n−1) (as
indicated by the empty tensor product).

Related to the Gerstenhaber bracket is the divided square operation.

Definition 1.4.2. Let m be a nonnegative integer and f ∈ Homk(A
⊗m, A).

Assume that the characteristic of k is 2 or m is even. The divided square
Sq(f) of f is defined by

Sq(f) = f ◦ f,
where the circle product is as in Definition 1.4.1.

The following lemma may be proven by direct computation on the bar
complex (1.1.4) as in [82]. For ease of notation, as is common, we leave out
subscripts on the differentials.

Lemma 1.4.3. Let f ∈ Homk(A
⊗m, A), g ∈ Homk(A

⊗n, A), and h ∈
Homk(A

⊗p, A). Then

(i) [f, g] = −(−1)(m−1)(n−1)[g, f ],

(ii) (−1)(m−1)(p−1)[f, [g, h]] + (−1)(n−1)(m−1)[g, [h, f ]]

+(−1)(p−1)(n−1)[h, [f, g]] = 0,

(iii) d∗([f, g]) = (−1)n−1[d∗(f), g] + [f, d∗(g)].

Property (i) is graded anticommutativity of the bracket, where we shift
the homological degrees of f , g by −1. Property (ii) is the graded Jacobi
identity. From these properties and Definition 1.4.1, we see that the k-
module of Hochschild cochains C∗(A,A) =

⊕
n≥0Homk(A

⊗n, A) is a graded

Lie algebra. Property (iii) and a sign modification further make it a dif-
ferential graded Lie algebra, that is, a graded Lie algebra with a graded
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derivation δ of degree 1 and square 0: letting δ(f) = (−1)m−1d∗(f) for all
f ∈ Homk(A

⊗m, A), by Lemma 1.4.3(iii) we have

δ([f, g]) = [δ(f), g] + (−1)m−1[f, δ(g)].

It follows from Lemma 1.4.3 that Hochschild cohomology HH∗(A) is a graded
Lie algebra. Moreover, HH1(A) is a Lie algebra over which HH∗(A) is a
module.

Remark 1.4.4. We emphasize that the degree of a cochain here is shifted
by 1 from its homological degree, so that the cochain f in Homk(A

⊗m, A)
has degree m− 1 when considering the Lie structure. Some authors choose
notation to clarify this distinction, introducing a shift operator that shifts
degree when needed. We will instead point out whenever we are using this
shifted degree for functions f and corresponding elements of Hochschild co-
homology, and will always denote this shifted degree by |f |−1, reserving the
notation |f | exclusively for the homological degree m of the corresponding
element of HHm(A).

Gerstenhaber [82] more generally developed the notion of a pre-Lie al-
gebra for handling the circle product and bracket operations and proving
results about the Lie structure. The details are very informative and may
be found in his paper.

Recall that π : A ⊗ A → A denotes the multiplication map. The fol-
lowing lemma may be proven by tedious direct computation. See also [82],
taking care to convert the cup product there to our cup product as in Defi-
nition 1.3.1 (see Remark 1.3.3).

Lemma 1.4.5. Let f ∈ Homk(A
⊗m, A) and g ∈ Homk(A

⊗n, A). Then

(i) (−1)mnf � g − g � f
= (d∗(g)) ◦ f + (−1)md∗(g ◦ f) + (−1)m−1g ◦ (d∗(f)),

(ii) [f, π] = −d∗(f).

The following theorem is a consequence of Lemma 1.4.5(i).

Theorem 1.4.6. Let A be an associative algebra over the commutative ring
k. The cup product on HH∗(A) is graded commutative, that is, for all α ∈
HHm(A) and β ∈ HHn(A),

α � β = (−1)mnβ � α.

Proof. Let f ∈ Homk(A
⊗m, A) and g ∈ Homk(A

⊗n, A) be cocycles, that is,
d∗(f) = 0 and d∗(g) = 0. By Lemma 1.4.5(i),

(−1)mnf � g = g � f + (−1)md∗(g ◦ f).
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The images α and β in HH∗(A) of f and g thus satisfy

α � β = (−1)mnβ � α.

�

As we have seen, a consequence of Lemma 1.4.3(iii) is that the bracket
[ , ], as defined at the cochain level, induces a well-defined operation on
HH∗(A). Now we note that a consequence of Lemma 1.4.5(i) is that the
divided square operation Sq, as defined at the cochain level, induces a well-
defined operation on HH∗(A) in case char(k) = 2 and on its subalgebra
generated by homogeneous even degree elements in case char(k) = 2. Next
we state a further property satisfied by the bracket on Hochschild cohomol-
ogy. For a proof, see [82, Corollary 1 of Theorem 5], where at the cochain
level, the difference of the left and right sides of the stated equation in the
lemma is shown to be a specific coboundary.

Lemma 1.4.7. Let α ∈ HHm(A), β ∈ HHn(A), and γ ∈ HHp(A). Then

[γ, α � β] = [γ, α] � β + (−1)m(p−1)α � [γ, β].

As a consequence of the lemma, for each γ, the operation [γ,−] is a
graded derivation with respect to cup product. Moreover, Hochschild coho-
mology is a Gerstenhaber algebra (sometimes also called a G-algebra), as
we define next.

Definition 1.4.8. A Gerstenhaber algebra (H,�, [ , ]) is a free Z-graded
k-module H for which (H,�) is a graded commutative associative alge-
bra, (H, [ , ]) is a graded Lie algebra with bracket [ , ] of degree −1 and
corresponding degree shift by −1 on elements, and

[γ, α � β] = [γ, α] � β + (−1)|α|(|γ|−1)α � [γ, β]

for all homogeneous α, β, γ in H.

Theorem 1.4.9. Hochschild cohomology HH∗(A) is a Gerstenhaber algebra.

Proof. The main properties to prove are dealt with in Theorem 1.4.6 and
Lemmas 1.4.3 and 1.4.7. �

In Chapter 6 we will examine the Gerstenhaber bracket in more detail,
including ways to define it for functions on an arbitrary resolution indepen-
dent of the bar resolution, and on generalized extensions.

Exercise 1.4.10. Show that if char(k) = 2 and f is a Hochschild cocycle
of homogeneous even degree, then Sq(f) = 1

2 [f, f ].

Exercise 1.4.11. Verify Lemma 1.4.3(i) and (ii) by direct computation.
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Exercise 1.4.12. Verify that the bracket [ , ], as defined at the cochain level,
induces a well-defined operation on HH∗(A) by Lemma 1.4.3(iii). Similarly
verify that the divided square operation Sq is well-defined on cohomology.

Exercise 1.4.13. Verify all other properties of the Gerstenhaber bracket
stated in this section either by direct computation or by reading the veri-
fications in [82], taking care to convert the cup product there to our cup
product as in Definition 1.3.1 (see Remark 1.3.3).

1.5. Cap product and shuffle product

The cap product is an action of HH∗(A) on HH∗(A). The shuffle product is
an associative and graded commutative product on HH∗(A) for commutative
algebras A. We define these products in this section.

The cap product is a specific pairing between Hochschild homology and
cohomology modules, that is, a function

HHn(A)⊗HHm(A)
�−−→ HHn−m(A),

defined at the chain level as follows. (We set HHi(A) equal to 0 for all
i < 0.) Identify A ⊗Ae A⊗(n+2) with A ⊗ A⊗n via the isomorphism (1.1.8)
with M = A, symbolically representing an element of HHn(A) at the chain
level by a sum of elements of the form a0 ⊗ · · · ⊗ an in A⊗A⊗n.

Definition 1.5.1. Let f ∈ Homk(A
⊗m, A) be a function representing an

element of HHm(A). The cap product of f with a0 ⊗ · · · ⊗ an is defined by

(a0⊗ a1⊗ · · · ⊗ an) 	 f = (−1)m(n−m)a0f(a1⊗ · · ·⊗ am)⊗ am+1⊗ · · ·⊗ an.

This formula induces a well-defined function from HHn(A)⊗HHm(A) to
HHn−m(A) as claimed: assuming that

∑
i a

i
0 ⊗ · · · ⊗ ain is a cycle for some

aij ∈ A, and that f ∈ Homk(A
⊗m, A) is a cocycle, one sees that their cap

product is a cycle by rewriting the image of the differential on
∑

i a
i
0⊗· · ·⊗ain

in such a way as to take advantage of the relation d∗m+1(f) = 0. Thus the
cap product of a cocycle with a cycle is a cycle. Similarly one sees that the
cap product of a coboundary with a cycle, or of a cocycle with a boundary,
is a boundary. By its definition, the cap product gives HH∗(A) the structure
of a right HH∗(A)-module.

Example 1.5.2. Let k be a field and A = k[x], as in Example 1.1.18. By our
work in that example, we see that HH∗(A) is a free A-module. In degree 0,
HH0(A) ∼= A acts on this free A-module in the canonical way. Let V be
the one-dimensional vector space with basis x. We identify HH1(A) with
A⊗ V ∗, where V ∗ = Homk(V, k) is the dual vector space, and HH1(A) with
A ⊗ V (see Exercise 1.1.25). The resolution (1.1.19) may be embedded in
the bar resolution (1.1.4) by identifying the two resolutions in degree 0 and



Chapter 4

Smooth Algebras and
Van den Bergh Duality

In this chapter we look at noncommutative analogs of some commutative
concepts, beginning with dimension, smoothness, differential forms, and
square-zero extensions. These are defined using Hochschild cohomology.
We present Van den Bergh’s algebraic version of Poincaré duality, that is,
a duality between Hochschild homology and cohomology for some types of
smooth algebras. We define Calabi-Yau algebras and take a closer look at
skew group algebras in this light. For Calabi-Yau algebras and for symmet-
ric algebras we further define Batalin-Vilkovisky structures on Hochschild
cohomology using different types of duality.

Throughout, k will be a field and A will be a k-algebra.

4.1. Dimension and smoothness

We first use the notion of projective dimension (see Section A.2) in a defi-
nition of dimension of the algebra A.

Definition 4.1.1. The Hochschild dimension of A is its projective dimen-
sion as an Ae-module:

dim(A) = pdimAe(A).

Some authors simply refer to this as the dimension of A. There are
however many other types of dimension for algebras, depending on context,
such as global dimension, Krull dimension, Gelfand-Kirillov dimension, or
vector space dimension. See, for example, [158] for a discussion of dimension
for noncommutative rings. Note that the global dimension of A is always less

79
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than or equal to its Hochschild dimension, since any Ae-projective resolution
of A may be tensored over A with any module M to yield an A-projective
resolution of M , as we saw in Section 2.5. For some algebras, more is known,
for example if A is N-graded and connected (i.e., A0 = k), the Hochschild
dimension is equal to the (left or right) global dimension, and both are
equal to the projective dimension of the A-module k given by projection
onto A0 [26].

Example 4.1.2. By our work in Example 3.1.3, dim(k[x1, . . . , xm]) = m.
Specifically, we found there a projective resolution of A as an Ae-module of
length m. There cannot exist a shorter resolution since HHm(A) = 0.

Our first result describes a relationship among the Hochschild dimen-
sions of two algebras and that of their tensor product algebra, or of their
twisted tensor product algebra when the twisting is given by a bicharacter
as defined in Section 3.2.

Theorem 4.1.3. Let A and B be two algebras. Then

(i) dim(A⊗B) ≤ dim(A) + dim(B), and more generally

(ii) if A,B are graded by abelian groups Γ,Γ′ and t : Γ× Γ′ → k× is a
bicharacter, then dim(A ⊗tB) ≤ dim(A) + dim(B), where A ⊗tB
is the twisted tensor product defined in Section 3.2.

Proof. (i) Let P � (respectively, Q �) be a projective resolution of A as an
Ae-module (respectively, of B as a Be-module). In Section 3.1 we showed
that the total complex of the tensor product complex P �⊗Q � is a projective
resolution of A⊗B as an (A⊗B)e-module. The length of this total complex
is the sum of the lengths of P � and Q �. Therefore there is a projective
resolution of A ⊗ B as an (A⊗ B)e-module of length dim(A) + dim(B). It
follows that dim(A⊗B) is at most this number.

(ii) The proof of (i) applies more generally to the twisted tensor product
algebra A⊗tB, using Theorem 3.2.3. �

By contrast, there is no such theorem for the more general twisted tensor
product algebra A ⊗τB, arising from a twisting map τ : B ⊗ A → A ⊗ B,
defined at the end of Section 3.2. There are conditions under which res-
olutions P � and Q � may be combined to form a complex of bimodules for
this more general twisted tensor product algebra, and there are conditions
under which the bimodules in such a complex are projective, but there are
no general guarantees [196]. Indeed, there exist algebras of Hochschild di-
mension 0 for which a twisted tensor product algebra has infinite Hochschild
dimension. See, e.g., [148, Proposition 3.3.6].

The following definition is due to Van den Bergh [216].
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Definition 4.1.4. The algebra A is smooth if its Hochschild dimension is
finite and it has a finite projective resolution as an Ae-module consisting of
finitely generated projective modules.

Some authors use the term homologically smooth to distinguish this from
other notions of smoothness. Note that if A and B are smooth, then so is
A ⊗ B (and more generally A ⊗tB): this follows from Theorem 4.1.3 and
its proof, since the (twisted) tensor product of finitely generated modules
is also finitely generated. If A is a finitely generated commutative algebra
over k, this notion of smoothness is equivalent to more standard definitions
as mentioned already in Section 3.3 (see [216]).

Example 4.1.5. A polynomial ring A = k[x1, . . . , xm] is smooth by our
work in Example 3.1.3 (the resolution used there consists of finitely gener-
ated free modules). A skew polynomial ring kq[x1, . . . , xm] is smooth by our
work in Example 3.2.5. If G is a finite group acting on A = k[x1, . . . , xm] by
degree-preserving automorphisms and char(k) does not divide the order of
G, then the skew group algebra k[x1, . . . , xm]�G of Section 3.5 is smooth:
the group G acts on the Koszul resolution of k[x1, . . . , xm], as a subcomplex
of the bar resolution via the map φ of (3.4.12). (The action of G on the bar
resolution of A is diagonal, that is, g ·(a0⊗· · ·⊗an+1) =

ga0⊗· · ·⊗gan+1 for
all g ∈ G, a0, . . . , an+1 ∈ A.) Our work in Section 3.5 shows that the Koszul
resolution may be induced to a projective resolution of k[x1, . . . , xm] � G
as a (k[x1, . . . , xm] � G)e-module, and this resolution consists of finitely
generated modules. More specifically, under the action of G, the Koszul res-
olution may be viewed as a resolution of A = k[x1, . . . , xm] as a D-module,
where D is defined by equation (3.5.3). Induce from D to (A � G)e. The
map (3.5.4) is an isomorphism between A�G and the D-module A induced
to an (A�G)e-module.

Example 4.1.6. In contrast, the quantum complete intersections of Ex-
ample 3.2.6, A = k〈x1, x2〉(x1x2 − qx2x1, x21, x22), are not smooth. We
explained there that A has infinite global dimension, forcing its Hochschild
dimension to be infinite as well.

We will look closely at some algebras with Hochschild dimension 0 or 1.

Definition 4.1.7. An algebra A is separable if dim(A) = 0. It is quasi-free
if dim(A) ≤ 1.

This notion of quasi-free algebras is due to Cuntz and Quillen [55].
Quasi-free algebras have also been called Cuntz-Quillen smooth or formally
smooth.
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By definition, A is separable if and only if it is projective as an Ae-
module. Another equivalent condition to separability is that any deriva-
tion from A to an A-bimodule is inner. Indeed, if A is separable, then
HH1(A,M) = 0 for all A-bimodules M . By our work in Section 1.2, the
vanishing of HH1(A,M) is equivalent to the statement that any derivation
from A to M is inner. Conversely, suppose that A is not projective as an
Ae-module. Let K1 be the first syzygy module of A in a given projective
resolution P � of A as an Ae-module. We claim that HH1(A,K1) = 0. To
see this, note that by the definitions, HH1(A,K1) ∼= HomAe(K1,K1)/ Im(i∗1),
where i1 is the embedding of K1 into P0 as in diagram (A.2.4). This quotient
is nonzero, as if not, then the identity map from K1 to K1 is in the image
of i∗1, which implies that the short exact sequence 0 → K1 → P0 → A → 0
splits and A is projective as an Ae-module, a contradiction.

We will look at some equivalent conditions to quasi-freeness in the next
section. For now, we consider some examples and implications.

Example 4.1.8. A = k[x] has Hochschild dimension 1 by our work in Exam-
ple 1.1.18, and so is quasi-free. However, k[x, y] has Hochschild dimension 2
by our work in Example 3.1.3, and so is not quasi-free. Thus the tensor
product of two quasi-free algebras is not always quasi-free, and similarly for
twisted tensor products. However, the free product of two quasi-free alge-
bras is always quasi-free [55, Proposition 5.3]. It follows that the tensor
algebra T (V ) of a finite-dimensional vector space V is quasi-free.

A quasi-free algebra is hereditary: if A is quasi-free, then there is a
projective resolution 0 → P1 → P0 → A → 0 of A as an Ae-module. For any
A-module M , we may apply −⊗AM to this sequence to obtain a projective
resolution of M as an A-module, as explained in Section 2.5. Therefore the
projective dimension pdimA(M) of M is at most 1, and so gldiml A ≤ 1. By
definition then, A is hereditary.

We define the Jacobson radical (or simply radical) of A, denoted rad(A),
to be the intersection of all the maximal left ideals of A. This can be shown
to be the same as the intersection of all the maximal right ideals, and thus
is a two-sided ideal. If A is finite dimensional as a vector space over k, we
say that A is semisimple if rad(A) = 0. Equivalently, every A-module is
a direct sum of simple A-modules. The Wedderburn-Artin Theorem states
that every semisimple algebra over k is a direct sum of matrix algebras over
division rings. See, e.g., [121, Theorem IX.3.3].

Any semisimple algebra is separable, since if A is semisimple, then so
is Ae, and so all Ae-modules are projective. For example, if G is a finite
group whose order is not divisible by the characteristic of k, then the group
algebra kG is semisimple by Maschke’s Theorem, and so kG is separable.
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Exercise 4.1.9. Find the Hochschild dimensions of the following algebras:

(a) A skew polynomial ring kq[x1, . . . , xm].

(b) A skew group algebra kq[x1, . . . , xm]�G in case the characteristic
of k does not divide the order of G.

Exercise 4.1.10. Find the Hochschild dimension of k[x]/(xn). (See Exam-
ple 2.5.10.)

Exercise 4.1.11. Find the Hochschild dimension of each of the algebras
k〈x1, x2〉/(x1x2 − qx2x1, xn1

1 , xn2
2 ) discussed in Example 3.2.2. (See Exer-

cise 3.2.12 and Examples 3.2.6 and 4.1.6.)

4.2. Noncommutative differential forms

We study the quasi-free algebras of Definition 4.1.7 in more detail in this
section. To this end, we introduce a noncommutative version of Kähler
differentials. This material and notation are from Cuntz and Quillen [55]
and Ginzburg [88].

Let A be a k-algebra and for each n ≥ 0, let

(4.2.1) Ωn
ncA = A⊗ (A)⊗n,

where A = A/k is the vector space quotient (the field k is identified with
k ·1 as a vector subspace of A). We write elements of A via notation from A,
viewing A noncanonically as a vector space direct summand of A, when this
will not cause confusion. We will identify the vector space Ω1

ncA with the
kernel of the multiplication map π : A⊗A → A, at the same time giving it
the structure of an A-bimodule, as follows. This will indicate a connection
with the Heller operator of similar notation Ω (see Section A.2) and also
a comparison to Kähler differentials [223] of similar notation Ω1

com in the
special case that A is commutative.

Consider Ω1
ncA to be an A-bimodule under the following actions:

(4.2.2) c(a⊗ b) = ca⊗ b and (a⊗ b)c = a⊗ bc− ab⊗ c

for all a, b, c ∈ A. Let j : A⊗A → A⊗A be given by j(a⊗b) = ab⊗1−a⊗b
for a, b ∈ A. Then the sequence

(4.2.3) 0 → Ω1
ncA

j−→ A⊗A
π−→ A → 0

is an exact sequence of A-bimodules. To see this, note that j maps Ω1
ncA

isomorphically onto Ker(π). Due to exactness of the bar resolution B(A) of
the Ae-module A given in (1.1.4), Ker(π) = Im(d1), but this is precisely the
image of j. Further, j is injective. Assume that j(

∑
i ai ⊗ bi) = 0 for some
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elements ai, bi. Then, since bi ∈ A and

j(
∑
i

ai ⊗ bi) = (
∑
i

aibi)⊗ 1−
∑
i

ai ⊗ bi,

we have
∑

i aibi = 0 (the tensor product is over the field k). It follows that∑
i ai⊗bi = j(

∑
i ai⊗bi) = 0. Thus the sequence (4.2.3) is exact as claimed,

and Ω1
ncA is a first syzygy module of A as an A-bimodule.

As one important property of the A-bimodule Ω1
ncA, we claim that for

all A-bimodules M ,

(4.2.4) Der(A,M) ∼= HomAe(Ω1
ncA,M),

where Der(A,M) is the space of k-derivations from A to M , defined in Sec-
tion 1.2. This isomorphism follows immediately from our work in Section 1.2
interpreting Hochschild cohomology in degree 1, as this is precisely the space
of Hochschild 1-cocycles, that is, the 1-cochains on the bar resolution that
factor through the first syzygy module. The isomorphism (4.2.4) can be
interpreted as saying that Ω1

ncA represents the functor Der(A,−) on the
category of A-bimodules.

In comparison, for commutative algebras A, we consider A-modules
rather than A-bimodules. The Kähler differentials, defined next, represent
the functor Der(A,−) on the category of A-modules [223].

Definition 4.2.5. Let A be a commutative algebra. The A-module of
Kähler differentials Ω1

comA is the A-module with one generator da for each
a ∈ A and dc = 0 for all c ∈ k. Relations are

d(a+ b) = da+ db and d(ab) = adb+ bda

for all a, b ∈ A.

We claim that Ω1
comA ∼= Kerπ/(Kerπ)2 ∼= (Ω1

ncA)/(Kerπ)2 and that
Ω1
comA ∼= HH1(A). See Exercises 4.2.14 and 4.2.15.

Returning to the general case of a not necessarily commutative algebra
A, recall the definition (4.2.1) of Ωn

ncA.

Definition 4.2.6. Let A be an algebra. The space of noncommutative
differential forms on A is

ΩncA =
⊕
n≥0

Ωn
ncA.

We will see that ΩncA is a differential graded algebra with

d(a0 ⊗ · · · ⊗ an) = 1⊗ a0 ⊗ · · · ⊗ an,

(a0 ⊗ · · · ⊗ an)(an+1 ⊗ · · · ⊗ ar) =
n∑

i=0

(−1)n−ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ ar
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for all a0, . . . , ar ∈ A, a theorem of Cuntz and Quillen [55, Proposition 1.1].
Moreover, ΩncA is universal with respect to differential graded algebras
whose degree 0 term is the target of an algebra homomorphism from A.

Theorem 4.2.7. The space ΩncA of noncommutative differential forms on
an algebra A is a differential graded algebra with differential and multiplica-
tion given above, unique such that

a0(da1) · · · (dan) = a0 ⊗ · · · ⊗ an

for all a0, . . . , an ∈ A. Moreover, for any differential graded algebra Γ and
algebra homomorphism u : A → Γ0, there is a unique differential graded
algebra homomorphism u∗ : ΩncA → Γ that extends u.

Proof. It may be checked directly that ΩncA is indeed a differential graded
algebra. (See Exercise 4.2.16 or [55, Proposition 1.1].)

For the second statement, let Γ be a differential graded algebra and
u : A → Γ0 an algebra homomorphism. Define u∗ : ΩncA → Γ by

u∗(a0 ⊗ a1 ⊗ · · · ⊗ an) = u(a0)du(a1) · · · du(an).
It may be checked that u∗ is a homomorphism of differential graded algebras,
and it is uniquely determined. �
Definition 4.2.8. A square-zero extension of A is an algebra R such that
A ∼= R/I for some ideal I of R with I2 = 0. Two square-zero extensionsR,R′

of A are equivalent if they are isomorphic as algebras via an isomorphism
that induces the identity map on A.

The ideal I in the definition is necessarily an A-bimodule since I2 = 0:
given an element a = r+I ∈ A for some r ∈ R, and given x ∈ I, define ax =
rx and xa = xr. Conversely, every A-bimodule M determines a square-zero
extension: let R = A⊕M and define (a1,m1)·(a2,m2) = (a1a2, a1m2+m1a2)
for all a1, a2 ∈ A and m1,m2 ∈ M . This is called the trivial extension. More
generally, let f : A⊗A → M be a Hochschild 2-cocycle, that is,

af(b⊗ c) + f(a⊗ bc) = f(ab⊗ c) + f(a⊗ b)c

for all a, b, c ∈ A as in (1.2.2). Then R = A⊕M is a ring with multiplication

(4.2.9) (a1,m1)(a2,m2) = (a1a2, a1m2 +m1a2 + f(a1 ⊗ a2))

for all a1, a2 ∈ A and m1,m2 ∈ M . (Associativity is equivalent to the
above Hochschild 2-cocycle condition.) This connection between Hochschild
2-cocycles and extensions was refined by Hochschild [114] to the following
theorem.

Theorem 4.2.10. Let M be an A-bimodule. Then HH2(A,M) is in one-
to-one correspondence with equivalence classes of square-zero extensions of
A by M .
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Proof. We have already seen that a representative element of HH2(A,M),
at the chain level, determines a square-zero extension of A by M . A calcula-
tion shows that cohomologous cocycles correspond to equivalent square-zero
extensions. Conversely, given a square-zero extension R of A by I = M ,
choose an A-bimodule isomorphism A⊕ I → R that sends each element of I
to itself in R and when composed with the quotient map R → A is the iden-
tity on A. This is possible due to the A-bimodule structure of I described
earlier. Let a, b ∈ A and x, y ∈ I, and identify (a, x) and (b, y) with their
images in R. Then

(a, x)(b, y) = (a, 0)(b, 0) + (a, 0)(0, y) + (0, x)(b, 0) + (0, x)(0, y)

= (a, 0)(b, 0) + (1, 0)a(0, y) + (0, x)b(1, 0)

= (a, 0)(b, 0) + (0, ay) + (0, xb),

since I2 = 0. Necessarily (a, 0)(b, 0) = (ab, f(a ⊗ b)) for some function
f : A ⊗ A → I that is a Hochschild 2-cocycle. A calculation shows that a
different choice of map A⊕ I → R yields a cohomologous cocycle. �

Square-zero extensions, noncommutative differential forms, and quasi-
free algebras are all related as stated in the following theorem. By a lifting
of a square-zero extension R of A, we mean an A-bimodule structure on R
extending that on I and an A-bimodule homomorphism A → R that is a
section of the quotient map R → A.

Theorem 4.2.11. The following are equivalent for an algebra A:

(i) A is quasi-free.

(ii) Ω1
ncA is a projective Ae-module.

(iii) HH2(A,M) = 0 for all A-bimodules M .

(iv) For any square-zero extension R of A, there is a lifting A → R.

Proof. We have identified Ω1
ncA with the first syzygy of A as an Ae-module.

If A is quasi-free, there exists a projective resolution P � of A as an Ae-module
of length 1, that is, Pi = 0 for all i ≥ 2. Thus the first syzygy module is
P1, a projective module. By Schanuel’s Lemma (Lemma A.2.5), any other
first syzygy module is projective as well, so in particular Ω1

ncA is projective.
Thus (i) implies (ii). Conversely, if Ω1

ncA is a projective Ae-module, then
the Hochschild dimension of A is at most 1, so A is quasi-free, that is, (ii)
implies (i).

By dimension shifting (Theorem A.3.3),

HH2(A,M) ∼= Ext1Ae(Ω1
ncA,M).

So (ii) implies (iii). Conversely, assume that Ext1Ae(Ω1
ncA,M) = 0 for all A-

bimodules M , so that every Ae-extension of Ω1
ncA splits. Map a projective
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Ae-module onto Ω1
ncA, and consider the extension of Ω1

ncA by the kernel of
this map. It splits, forcing Ω1

ncA itself to be projective. So (iii) implies (ii).

Finally, if HH2(A,M) = 0 for all A-bimodules M , then every square-
zero extension splits by Theorem 4.2.10. So if R is a square-zero extension
of A, there is a lifting A → R. That is, (iii) implies (iv). Conversely,
let R be a square-zero extension of A by an ideal I. Assume there is a
lifting A → R. The lifting is a splitting of the sequence of A-bimodules,
0 → I → R → A → 0. So if any square-zero extension lifts, then in
particular the square-zero extension A ⊕ M lifts for any A-bimodule M ,
and so the sequence 0 → M → A ⊕ M → A → 0 splits as a sequence of
A-bimodules. By Theorem 4.2.10, HH2(A,M) = 0 for all A-bimodules M .
Thus (iv) implies (iii). �

Schelter [190] proposed a condition similar to (iv) in the theorem as a
definition of smoothness for noncommutative algebras.

In case A is commutative, consider the related condition that for every
commutative square-zero extension R of A, there is a lifting A → R. This is
equivalent to smoothness for commutative algebras [223, Section 9.3.1] but
is a weaker condition than being quasi-free. In fact, a commutative algebra
is smooth in the sense of Definition 4.1.4 if and only if it is smooth in this
classical sense [216].

Exercise 4.2.12. Verify that equations (4.2.2) do indeed give Ω1
ncA the

structure of an A-bimodule, that is, (a) the action is well-defined, and (b)
it is an A-bimodule action.

Exercise 4.2.13. Verify that the map j in the sequence (4.2.3) is a well-
defined A-bimodule map.

Exercise 4.2.14. Show that if A is a commutative algebra, then the A-
module Ω1

comA of Definition 4.2.5 may equivalently be defined as

A⊗A/(ab⊗ c− a⊗ bc+ ac⊗ b | a, b, c ∈ A)

by considering the left A-module map from A⊗A to Ω1
comA that sends 1⊗b

to db for all b ∈ A. This can also be identified with Hochschild homology
HH1(A).

Exercise 4.2.15. Verify the isomorphism Ω1
comA ∼= Kerπ/(Kerπ)2 for a

commutative algebra A by using Exercise 4.2.14 and the map A ⊗ A → I
that sends a⊗ b to ab⊗ 1− a⊗ b for all a, b ∈ A.

Exercise 4.2.16. Verify the claims from the proof of Theorem 4.2.7:

(a) ΩncA is a differential graded algebra. In particular, check that
d2 = 0, the multiplication is associative, and the differential is a
graded derivation.
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(b) The map u∗ is a homomorphism of differential graded algebras, and
is unique.

Exercise 4.2.17. Verify that formula (4.2.9) defines an associative multi-
plication on A⊕M .

4.3. Van den Bergh duality and Calabi-Yau algebras

For some smooth algebras, both commutative and noncommutative, there
exists a duality between Hochschild homology and cohomology, an analog
of Poincaré duality in geometry. We state this duality in Theorem 4.3.2. A
special case is Corollary 4.3.8 for Calabi-Yau algebras, which are defined in
this section.

In general, if P is a left Ae-module, then HomAe(P,Ae) is a right Ae-
module by setting (f · (a ⊗ b))(p) = bf(p)a for all a, b ∈ A, p ∈ P ,
and f ∈ HomAe(P,Ae). This gives the structure of a right Ae-module
to the Hochschild cohomology space of A with coefficients in Ae, that is,
to HHi(A,Ae) for each i. This action appears in the statement of Theo-
rem 4.3.2 below.

Definition 4.3.1. An A-bimodule U is invertible if there is an A-bimodule
V such that U ⊗A V ∼= A and V ⊗A U ∼= A as A-bimodules.

The invertibleA-bimodules correspond one-to-one with autoequivalences
of the category A-mod, that is, equivalences between the category of A-
modules and itself, given by tensor products with the invertibleA-bimodules.
The identity autoequivalence is given by the invertible A-bimodule A.

An invertible A-bimodule gives a duality between Hochschild homology
HH∗(A) and cohomology HH∗(A) under some conditions, as stated in the
following theorem of Van den Bergh [216, Theorem 1].

Theorem 4.3.2. Let A be a smooth algebra. Assume that there is a positive
integer d for which HHi(A,Ae) = 0 for all i = d and that U = HHd(A,Ae)
is an invertible A-bimodule. There is an isomorphism of vector spaces

HHn(A,M) ∼= HHd−n(A,U ⊗A M)

for all A-bimodules M and n ∈ {0, . . . , d}, and HHn(A,M) = 0 for n > d.

As a consequence of the statement, the integer d in the theorem is equal
to the Hochschild dimension dim(A) of A: by hypothesis, HHd(A,Ae) = 0,
implying d ≤ dim(A). By equation (A.2.10), there exists an Ae-module M

for which HHdim(A)(A,M) = 0, and so by the last statement of the theorem,
d ≥ dim(A).

Definition 4.3.3. If the hypotheses of the theorem are satisfied, we call U
the dualizing bimodule of A and we say that A has Van den Bergh duality.
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Proof of Theorem 4.3.2. The proof is a special case of a proof in [136],
and we choose the same indexing for ease of comparison. Since A is smooth,
there is an Ae-projective resolution (P �, δ �) of A such that each Pi is finitely
generated and Pi = 0 for all i > n = dim(A). (Note that d ≤ n since
U = HHd(A,Ae) = 0 by hypothesis, and as explained above, it will follow

from the proof and equation (A.2.10) that d = n.) Let Q �

ε−→ M be an
Ae-projective resolution of M . Since U is invertible, the functor U ⊗A −
is a category equivalence, and so U ⊗A Q � is an Ae-projective resolution of
U ⊗A M . Let

Cp,q = HomAe(P−p, Qq)

for all p ≤ 0, q ≥ 0. We claim that since P−p is finitely generated and
projective, for each p, q, there is an isomorphism of vector spaces,

(4.3.4) HomAe(P−p, A
e)⊗Ae Qq

∼−→ Cp,q

given by f⊗y �→ (x �→ (−1)pqf(x)y) for all f ∈ HomAe(P−p, A
e) and y ∈ Qq.

Indeed, in case P−p = Ae, this is clearly an isomorphism, as it is if P−p is a
free module of finite rank. The claim then follows for any finitely generated
projective Ae-module, and thus for each P−p. Note that the tensor product
here is taken over Ae instead of over A.

The rest of the proof uses a comparison of two spectral sequences for a
bicomplex (Section A.7). Consider the columns in the following diagram,
where n = dim(A):

...

��

...

��

0 HomAe(Pn, Q2)��

��

· · ·�� HomAe(P0, Q2)��

��

0��

0 HomAe(Pn, Q1)��

��

· · ·�� HomAe(P0, Q1)

��

�� 0��

0 HomAe(Pn, Q0)

��

�� · · ·�� HomAe(P0, Q0)��

��

0��

0 0

We will apply the two spectral sequences described in Section A.7 to the
double complex C �, �.

Let E′′ denote the first spectral sequence described in Section A.7 for a
double complex, given specifically by equation (A.7.5). That is, E′′

begins with vertical differentials only, and we write E′′
1

∼= H′′(C) and
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E′′
2
∼= H′(H′′(C)). Since each Pi is projective and Q �

ε−→ M is exact, the ith
column of the above diagram is exact when augmented with HomAe(Pi,M).
Thus we find that E′′

1 consists of HomAe(P �,M) in the bottom row, with 0 in
all other positions. It follows that E′′

2 consists of HH∗(A,M) in the bottom
row, with zero differentials. So the spectral sequence collapses and this is
the cohomology of C �, �.

For comparison, let E′ denote the second spectral sequence described in
Section A.7 for a double complex, given on page 233. That is, E′ begins with
horizontal differentials only, and we write E′

1
∼= H′(C) and E′

2
∼= H′′(H′(C)).

By hypothesis, E′
1 consists of U⊗AeQ � as the −dth column and 0 in all other

positions. It follows that E′
2 is TorA

e

d−∗(U,M), with zero differentials. We
claim that U⊗Ae Qj

∼= A⊗Ae (U⊗AQj) as A
e-modules for all j. To see this,

first note that it is true for a free Ae-module since U
∼−→ A⊗Ae (U ⊗A Ae)

via the map u �→ 1 ⊗ (u ⊗ (1 ⊗ 1)) which has inverse a ⊗ (u ⊗ (b ⊗ c)) �→
caub. Each Qj is projective, so is a direct summand of a free module, and

this isomorphism preserves such a direct sum. Therefore TorA
e

d−∗(U,M) ∼=
HHd− �(A,U⊗AM), and this is the cohomology of C �, �, completing the proof.

�

We next show that polynomial rings have Van den Bergh duality.

Example 4.3.5. Let A = k[x]. Consider the Koszul resolution (1.1.19) of
A as an Ae-module. Apply Homk[x]e(−, k[x]e) to obtain

0 ←− Homk[x]e(k[x]
e, k[x]e) ←− Homk[x]e(k[x]

e, k[x]e) ←− 0.

Under the isomorphism Homk[x]e(k[x]
e, k[x]e) ∼= Homk(k, k[x]

e) ∼= k[x]e, this
sequence is equivalent to

0 ←− k[x]e ←− k[x]e ←− 0,

the nonzero map being given by multiplication by x ⊗ 1 − 1 ⊗ x. So
HH0(k[x], k[x]e)=0 and HH1(k[x], k[x]e) ∼= k[x], an invertible k[x]-bimodule.
The hypotheses of Theorem 4.3.2 are satisfied and so

HHn(k[x],M) ∼= HH1−n(k[x],M)

for all k[x]-bimodules M and n = 0, 1. A similar argument applies to a
polynomial ring in more indeterminates: in Example 4.1.5 we explained
that k[x1, . . . , xm] is smooth. We find that

HHm(k[x1, . . . , xm], k[x1, . . . , xm]e) ∼= k[x1, . . . , xm],

while HHi(k[x1, . . . , xm], k[x1, . . . , xm]e) = 0 for i = m, and so by Theo-
rem 4.3.2,

HHn(k[x1, . . . , xm],M) ∼= HHm−n(k[x1, . . . , xm],M)

for all k[x1, . . . , xm]-bimodules M and n = 0, . . . ,m.
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Definition 4.3.6. A smooth algebra A is Calabi-Yau if it has Van den
Bergh duality with dualizing bimodule U ∼= A.

Example 4.3.7. As a consequence of our work in Example 4.3.5, polynomial
rings k[x1, . . . , xm] are Calabi-Yau.

Calabi-Yau algebras were first defined by Ginzburg [89] as an analog, in
the noncommutative setting, of rings of functions on Calabi-Yau varieties.
There is also a notion of a twisted Calabi-Yau algebra: in the definition of
Calabi-Yau algebra, allow more generally an isomorphism U ∼= Aσ, where
σ is an algebra automorphism of A and Aσ = A with Ae-module structure
twisted by σ on the right, that is, the right action of A on Aσ is given by
a · b = aσ(b) for all a, b ∈ A. See, e.g., [94].

When A is a Calabi-Yau algebra, we may replace U by A in Theo-
rem 4.3.2 and apply the isomorphism A⊗A M ∼= M to obtain the following
corollary.

Corollary 4.3.8. If A is a Calabi-Yau algebra of Hochschild dimension d,
then

HHn(A,M) ∼= HHd−n(A,M)

for all A-bimodules M and integers n.

Examples of noncommutative Calabi-Yau algebras include some Sklyanin
algebras [163] and some deformed preprojective algebras [7]. Skew group
algebras can be Calabi-Yau, and we give details for some of these examples
in the next section.

Exercise 4.3.9. Prove that invertible bimodules correspond with auto-
equivalences of the category A-mod.

Exercise 4.3.10. Let A = k[x1, . . . , xm]. Verify the claimed structure of
HHi(A,Ae) stated in Example 4.3.5.

Exercise 4.3.11. Let A = kq[x1, x2], as defined in Example 3.2.1. Find

HHi(A,Ae) for each i. Is A Calabi-Yau?

Exercise 4.3.12. Let A = k〈x1, x2〉/(x1x2− qx2x1, x
n1
1 , xn2

2 ), as in Exam-

ple 3.2.6. Find HHi(A,Ae) for each i. Is A Calabi-Yau? Cf. Exercise 3.2.12.

4.4. Skew group algebras

Let G be a finite group, let k be a field of characteristic not dividing |G|,
and let V be a kG-module of finite dimension d as a vector space. In this
section we show that the skew group algebra A = S(V ) � G has Van den
Bergh duality and determine conditions under which it is Calabi-Yau. In
Example 3.5.7, we found expressions for the Hochschild cohomology spaces
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Recall the standard sign convention (2.3.1) that we make heavy use of
in this chapter.

6.1. Coderivations

In this section, we present Stasheff’s realization [207] of the Gerstenhaber
bracket on Hochschild cohomology of A as a graded commutator of coderiva-
tions on the tensor coalgebra of A. See also Quillen [180,181] for related
constructions and Schlessinger and Stasheff [191] for the case of Harrison
cohomology. We start by defining the tensor coalgebra.

Let T = T (A) =
⊕

n≥0A
⊗n, where we set A⊗0 = k, considered as a

complex with differential dT given by

dT (a1 ⊗ · · · ⊗ an) =
n−1∑
i=1

(−1)ia1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an

for all a1, . . . , an ∈ A. Then T (A) is a graded vector space with Tn(A) =
A⊗n. Here we will use the notation Homk(T (A), T (A)) for the graded vector
space whose mth component is

Homk(T (A), T (A))m = {f | f(A⊗n) ⊆ A⊗(n+m) for all n}.

Then Homk(T (A), T (A)) is a graded algebra under composition of functions,
and it is a bicomplex whose total complex has differential ∂ given by

(6.1.1) ∂(f) = dT f − (−1)|f |fdT

for all homogeneous functions f (see Section A.5). By abuse of notation, as
is customary, we use the same notation and terminology for the bicomplex
and its total complex, and it will be clear from context which is meant. Note
that |dT | = −1. A calculation shows that

∂(fg) = ∂(f)g + (−1)|f |f∂(g),

where fg denotes composition of these functions. That is, ∂ is a graded
derivation on Homk(T (A), T (A)). Thus Homk(T (A), T (A)) is a differential
graded algebra.

The complex Homk(T (A), T (A)) has another binary operation given by
the graded commutator:

(6.1.2) [f, g] = fg − (−1)|f ||g|gf

for all homogeneous f, g ∈ Homk(T (A), T (A)). By virtue of being a graded
commutator, it enjoys a graded Jacobi identity just as in Lemma 1.4.3(ii).
Calculations show that

∂([f, g]) = [∂(f), g] + (−1)|f |[f, ∂(g)]
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and

(6.1.3) ∂(f) = [dT , f ].

Define a k-linear map ΔT : T (A) → T (A)⊗ T (A) by

ΔT (a1 ⊗ · · · ⊗ an) = 1⊗ (a1 ⊗ · · · ⊗ an) + (a1 ⊗ · · · ⊗ an)⊗ 1

+

n−1∑
i=1

(a1 ⊗ · · · ⊗ ai)⊗ (ai+1 ⊗ · · · ⊗ an)

for all a1, . . . , an ∈ A. Under this map, T (A) is a differential graded
coalgebra, that is, ΔT is a chain map, (ΔT ⊗ 1)ΔT = (1 ⊗ ΔT )ΔT , and
(ε⊗ 1)ΔT = 1 = (1 ⊗ ε)ΔT , where ε : T (A) → k projects onto T (A)0 = k.
Some authors write T c(A) for this differential graded coalgebra in order to
distinguish it from the algebra on the same underlying vector space. Let

Δ
(2)
T : T (A) → T (A)⊗ T (A)⊗ T (A) be defined by

Δ
(2)
T = (ΔT ⊗ 1T )ΔT = (1T ⊗ΔT )ΔT .

Definition 6.1.4. A graded coderivation on T (A) is a graded k-linear map
f : T (A) → T (A), of some degree j, for which

ΔT f = (f ⊗ 1T + 1T ⊗ f)ΔT

as functions from T (A) to T (A)⊗T (A). Denote by Coder(T (A)) the vector
space spanned by the graded coderivations on T (A).

A calculation shows that the space Coder(T (A)) is closed under the
graded commutator bracket (6.1.2) by its definition (recalling the sign con-
vention (2.3.1)). Also note that the differential dT is itself a coderivation
since ΔT is a chain map. Coder(T (A)) is thus a subcomplex of the Hom
complex (Homk(T (A), T (A)), ∂) since ∂ = [dT ,−] as noted in (6.1.3).

The following connection with Hochschild cohomology goes back to work
of Stasheff [207] (see also Quillen [180, 181]). Let B = B(A) be the bar
resolution (1.1.4) of A as an Ae-module, so that Bn = A⊗(n+2) for all n ≥ 0.
We take the differential d∗ on Homk(T (A), A) ∼= HomAe(B,A) to be that
induced by the differential d on the bar resolution of A given by equa-
tion (1.1.2), which in turn is related to the differential dT on T (A):

d∗(f)(a1 ⊗ · · · ⊗ am)

= a1f(a2 ⊗ · · · ⊗ am) + fdT (a1 ⊗ · · · ⊗ am) + (−1)mf(a1 ⊗ · · · ⊗ am−1)am

for all a1, . . . , am ∈ A and f ∈ Homk(A
⊗m, A). Note that the degree of

such a function f is taken to be m − 1 in our context here (not m as in
other contexts). A calculation shows that f may be extended uniquely to a
coderivation Df : T (A) → T (A)[1−m] as follows:

(6.1.5) Df = (1T ⊗ f ⊗ 1T )Δ
(2)
T ,
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where if l < m, we interpret Df to be 0 on A⊗l. On elements then, applying
the sign convention (2.3.1), we have
(6.1.6)
Df (a1 ⊗ · · · ⊗ al)

=
l−m+1∑
i=1

(−1)ua1 ⊗ · · · ⊗ ai−1 ⊗ f(ai ⊗ · · · ⊗ ai+m−1)⊗ ai+m ⊗ · · · ⊗ al

for all a1, . . . , al ∈ A, where u = (m−1)(i−1). (Existence and uniqueness of
Df is due to the corresponding truncated complex being cofree in a certain
category of coalgebras; see, for example, [153, Section II.3.7].)

Next we show that the complex of coderivations is isomorphic to the bar
complex Homk(T (A), A) ∼= HomAe(B,A) from which Hochschild cohomol-
ogy is obtained.

Theorem 6.1.7. The complex (Coder(T (A)), ∂) is a subcomplex of the com-
plex (Homk(T (A), T (A)), ∂) that is isomorphic, as a differential graded vec-
tor space, to (Homk(T (A), A), d

∗).

Proof. We have already seen that the space Coder(T (A)) is a subcomplex
of (Homk(T (A), T (A)), ∂), since the differential dT is a coderivation, ∂ =
[dT ,−], and Coder(T (A)) is closed under bracket. Given an element f of
Homk(T (A), A), it extends uniquely to a coderivation Df from T (A) to
T (A) given by (6.1.5). On the other hand, given a coderivation from T (A)
to T (A), its composition with projection onto T1(A) = A is an element of
Homk(T (A), A). A calculation shows that the differential ∂ on Coder(T (A))
corresponds to d∗ on Homk(T (A), A). �

As a consequence of the theorem, Hochschild cohomology HH∗(A) is the
cohomology of the complex (Coder(T (A)), ∂). We may realize the Gersten-
haber bracket in a natural way on Coder(T (A)) as follows. Recall the degree
shift by 1 here in making comparisons to earlier sections.

Theorem 6.1.8. The bracket (6.1.2) induces the Gerstenhaber bracket of
Definition 1.4.1 on Hochschild cohomology HH∗(A) under the isomorphism
of complexes given in Theorem 6.1.7.

Proof. The isomorphism of Theorem 6.1.7 sends cochains f, g on the bar
resolution B = B(A) to their corresponding coderivations Df , Dg on T (A)
given by formula (6.1.6). We claim that the formula (6.1.2) applied to
Df , Dg coincides with Definition 1.4.1 of Gerstenhaber bracket. To see this,

note that projecting values of [Df , Dg] = DfDg − (−1)|Df ||Dg|DgDf onto
T1(A) = A yields the formula

(6.1.9) fDg − (−1)|Df ||Dg |gDf
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for their bracket as an element of Homk(T (A), A). If f ∈ Homk(A
⊗m, A)

and g ∈ Homk(A
⊗n, A), then |Df | = m− 1 and |Dg| = n− 1. Applying the

formula (6.1.6) for Df and Dg in terms of f and g, and comparing to the
formula for the Gerstenhaber bracket in Definition 1.4.1, we see that they
are the same. �

Exercise 6.1.10. Verify that ΔT is a chain map.

Exercise 6.1.11. Verify that Coder(T (A)) is closed under the graded com-
mutator bracket (6.1.2).

Exercise 6.1.12. Verify that the differential dT is a coderivation.

Exercise 6.1.13. Verify that the differential ∂ is a graded derivation with
respect to the graded commutator (6.1.2).

Exercise 6.1.14. Verify that (6.1.5) (equivalently, (6.1.6)) defines a coderi-
vation on T (A).

6.2. Derivation operators

In this section, we present Suárez-Álvarez’ methods [212] for computing
Gerstenhaber brackets with elements of homological degree 1 on an arbitrary
resolution. These methods may be used for example to find the Lie structure
on degree 1 Hochschild cohomology HH1(A) and the structure of its module

HH∗(A). Suárez-Álvarez worked in a broader context of derivation operators
and actions on Ext. Here we consider only that part of his theory that is
directly relevant to the Gerstenhaber bracket on HH∗(A), and refer to [212]
for more general results.

Let P
μP−→ A be a projective resolution of the Ae-module A with differ-

ential d. Let f : A → A be a derivation, so that it represents an element of
HH1(A), as explained in Section 1.2. Let f e : Ae → Ae be defined by

(6.2.1) f e = f ⊗ 1 + 1⊗ f,

and note that f e is a derivation on Ae. Functions satisfying equation (6.2.3)
below are termed derivation operators (or more specifically f e-operators).
More generally, the notion of a δ-operator, for any derivation δ on an algebra,
is defined in [212].

The following lemma is related to work of Gopalakrishnan and Sridha-
ran [95].

Lemma 6.2.2. Let f : A → A be a derivation. There is a k-linear chain
map f̃ � : P � → P � lifting f with the property that for each n,

(6.2.3) f̃n((a⊗ b) · x) = f(a)xb+ af̃n(x)b+ axf(b)
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for all a, b ∈ A and x ∈ Pn. Moreover, f̃ � is unique up to Ae-module chain
homotopy.

Proof. We wish to define each f̃i so that it satisfies equation (6.2.3), and
so that the following diagram commutes:

· · · d2
�� P1

d1
��

f̃1
��

P0
μP

��

f̃0
��

A ��

f
��

0

· · · d2
�� P1

d1
�� P0

μP
�� A �� 0

If P0 is free as an Ae-module, choose a free basis {xj | j ∈ J}, where J
is some indexing set. Since μP is surjective, for each j ∈ J , there exists a
yj ∈ P0 such that μP (yj) = f(μP (xj)). Set f̃0(xj) = yj . Extend to P0 by
requiring

f̃0((a⊗ b) · xj) = f(a)xjb+ ayjb+ axjf(b)

for all a, b ∈ A and j ∈ J . Note the rightmost square in the diagram indeed
commutes since f is a derivation and the action of Ae on A is by left and
right multiplication. If P0 is not free, we may realize it as a direct summand
of a free module and argue similarly.

Now f̃0d1 has image contained in the image of d1, since μP f̃0d1 =
fμPd1 = 0. We may apply the same argument as above to define f̃1, and so
on. Thus we have a k-linear chain map f̃ � satisfying (6.2.3).

If f̃ � and f̃ ′
� are two such k-linear chain maps, then f̃ �− f̃ ′

� is a chain map

lifting the zero map from A to A. Since each of f̃ �, f̃ ′
� satisfies (6.2.3), their

difference f̃ �− f̃ ′
� is Ae-linear, and so it is Ae-chain homotopic to 0. �

A standard example is given by functions on the bar resolution, as we
explain next.

Example 6.2.4. Let B be the bar resolution on A, and let f : A → A be a
derivation. For each i, let

f̃i(a0 ⊗ · · · ⊗ ai+1) =
i+1∑
j=0

a0 ⊗ · · · ⊗ aj−1 ⊗ f(aj)⊗ aj+1 ⊗ · · · ⊗ ai+1

for all a0, . . . , ai+1 ∈ A and extend k-linearly. Then f̃ � : B → B is a
derivation operator, that is, it satisfies equation (6.2.3).

The following theorem is due to Suárez-Álvarez [212]. For Hochschild
cocycles defined on a resolution P other than the bar resolution B, their
Gerstenhaber bracket is defined as a function on P via chain maps between
P and B. (See Exercise 6.2.11.) This is the definition of Gerstenhaber
bracket used in the theorem.
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Theorem 6.2.5. Let f : A → A be a derivation. Let P be a projective
resolution of A as an Ae-module. Let g ∈ HomAe(Pn, A) be a cocycle, and

let f̃n : Pn → Pn be a map satisfying (6.2.3). The Gerstenhaber bracket of
f and g is represented by

(6.2.6) [f, g] = fg − gf̃n

as a cocycle on Pn.

Proof. First suppose that P is the bar resolution B = B(A). Let f̃n be
chosen as in Example 6.2.4. Then formula (6.2.6) agrees with the historical
formula of Definition 1.4.1 for the Gerstenhaber bracket, since f is a 1-
cocycle. Also, since gd = 0 and f̃ � is unique up to chain homotopy as
stated in Lemma 6.2.2, the element of Hochschild cohomology given by
formula (6.2.6) does not depend on the choice of f̃ �.

If P is not the bar resolution, let θ : B → P and ι : P → B be
comparison maps, that is, chain maps lifting the identity map on A. Identify
the derivation f with a cocycle on B as described in Section 1.2. The
Gerstenhaber bracket of f and g is by definition [f, gθ]ι, where [f, gθ] denotes

the Gerstenhaber bracket defined as usual onB (see Exercise 6.2.11). Let f̃ ′
� :

B → B be a k-linear chain map satisfying (6.2.3) on B. A calculation shows

that for each i, the function θf̃ ′
i−f̃iθ is in fact an Ae-module homomorphism.

Since θf̃ ′
�−f̃ �θ lifts the zero map from A to A, it must be Ae-chain homotopic

to 0. By our arguments in the first paragraph above, [f, gθ] = fgθ − gθf̃ ′
n

represents the Gerstenhaber bracket of f and gθ at the chain level on B.
Using the notation ∼ to indicate that cocycles are cohomologous, on P we
have

[f, gθ]ι ∼ fgθι− gθf̃ ′
nι ∼ fgθι− gf̃nθι ∼ fg − gf̃n,

since θι is chain homotopic to the identity map and gd = 0. �

The above proof of Theorem 6.2.5 via Lemma 6.2.2 is constructive, giving
rise to a method for computing Gerstenhaber brackets with 1-cocycles. We
illustrate this derivation operator method next with a small example. Other
examples are in the literature; e.g., [147,159]. Used in combination with
the relation given in Lemma 1.4.7 between cup product and Gerstenhaber
bracket, the derivation operator method sometimes suffices to compute the
full Gerstenhaber algebra structure on Hochschild cohomology.

Example 6.2.7. Let A = k[x, y]. We will find a general formula for the
Gerstenhaber bracket of a 1-cocycle with a 2-cocycle on the Koszul resolution
P given by (3.1.4), using formula (6.2.6). Other brackets may be found
similarly. Let f = xiyj ∂

∂x , a derivation on A. Let g = qx∗ ∧ y∗ for some
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q ∈ A. We first find functions f̃0, f̃1, f̃2 as in Lemma 6.2.2:

f̃0(a⊗ b) = f(a)⊗ b+ a⊗ f(b),

f̃1(a⊗ x⊗ b) = f(a)⊗ x⊗ b+

j∑
l=1

axiyj−l ⊗ y ⊗ yl−1b

+

i∑
l=1

axi−l ⊗ x⊗ xl−1yjb+ a⊗ x⊗ f(b),

f̃1(a⊗ y ⊗ b) = f(a)⊗ y ⊗ b+ a⊗ y ⊗ f(b),

f̃2(a⊗ x ∧ y ⊗ b) = f(a)⊗ x ∧ y ⊗ b+

i∑
l=1

axi−l ⊗ x ∧ y ⊗ xl−1yjb

+a⊗ x ∧ y ⊗ f(b)

for all a, b ∈ A. By Theorem 6.2.5, setting p = xiyj,

[f, g](x ∧ y) = (fg − gf̃2)(x ∧ y)

= f(q)− g

(
i∑

l=1

xi−l ⊗ x ∧ y ⊗ xl−1yj

)

= p
∂

∂x
(q)− q

∂

∂x
(p).

So [f, g] = (p ∂
∂x(q)− q ∂

∂x(p))x
∗ ∧ y∗.

Exercise 6.2.8. Verify that f e, defined by (6.2.1), is a derivation on Ae.

Exercise 6.2.9. Verify that f̃ � as defined in Example 6.2.4 is indeed a k-
linear chain map on the bar resolution B = B(A) and that it satisfies (6.2.3).

Exercise 6.2.10. Verify the claim in the first sentence of the proof of The-
orem 6.2.5, that is, formula (6.2.6) agrees with the historical definition of
Gerstenhaber bracket as defined on the bar resolution.

Exercise 6.2.11. Let P be a projective resolution of A as an Ae-module,
and let B be the bar resolution of A. Let θ : B → P and ι : P → B
be comparison maps. Define a bilinear operation [ , ] on HomAe(P �, A)
as follows. Let f ∈ HomAe(Pm, A) and g ∈ HomAe(Pn, A). Let [f, g] =
[fθ, gθ]ι, where the bracket on the right side is the Gerstenhaber bracket
of Definition 1.4.1. Show that this induces a well-defined operation [ , ]
on Hochschild cohomology that agrees with the Gerstenhaber bracket under
the isomorphism induced by the chain maps θ, ι.

Exercise 6.2.12. Let A = k[x, y], notation as in Example 6.2.7. Find
[xiyj ∂

∂x , qx
∗] and [xiyj ∂

∂x , qy
∗]. What more must be computed to obtain all

possible Gerstenhaber brackets among elements of HH∗(A)?
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6.3. Homotopy liftings

In this section we present Volkov’s approach to brackets on Hochschild co-
homology expressed directly on an arbitrary resolution, and explain how
results of Sections 6.1 and 6.2 fit with this approach. More details and
applications may be found in [220].

Let P
μP−→ A be a projective resolution of A as an Ae-module with

differential d. We work with the Hom complex HomAe(P, P ) in which the
differential d is given by

d(f) = df − (−1)mfd

for all Ae-maps f : P → P [−m]. (See Section A.1 for the degree shift no-
tation P [−m] and Section A.5 for the Hom complex.) The Hom complex
is quasi-isomorphic to HomAe(P,A) via the augmentation μP . We use the
notation ∼ in this section to indicate that two functions are cohomologous
in HomAe(P, P ). Equivalently, they are cohomologous in HomAe(P,A) af-
ter application of μP , since μP induces a quasi-isomorphism between the
complexes HomAe(P, P ) and HomAe(P,A).

Let f ∈ HomAe(Pm, A) and g ∈ HomAe(Pn, A) be cocycles, that is,
fd = 0 and gd = 0. Inspired by the expression (6.1.9) for the Gersten-
haber bracket obtained in Stasheff’s coderivation theory, we aim to express
the Gerstenhaber bracket [f, g] analogously as a function on P similar to
a graded commutator with respect to function composition. We will de-
fine functions ψf : P → P [1 − m] and ψg : P → P [1 − n] for which the
Gerstenhaber bracket is represented at the chain level by

(6.3.1) [f, g] = fψg − (−1)(m−1)(n−1)gψf .

We caution that we have chosen different sign conventions and notation from
that of Volkov [220].

We will impose a condition on the functions ψf , ψg analogous to a prop-
erty of the circle product stated in Lemma 1.4.5(i). For an m-cocycle f and
an n-cocycle g on the bar resolution, this is:

(6.3.2) (−1)m(g ◦ f)d = (−1)mnf � g − g � f.

We wish to define an analog of the circle product, as a function on an
arbitrary resolution, that has such a relationship to the cup product. With
this in mind, let ΔP : P → P⊗AP be a diagonal map, that is, an Ae-module
chain map lifting the canonical isomorphism A → A ⊗A A of Ae-modules.
The cup product f � g may be represented by the function (f ⊗ g)ΔP

as in formula (2.3.2), where we have suppressed the subscript A on the
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tensor product symbol between functions since the subscript is clear from
the domain P ⊗A P . Accordingly, we require ψf to satisfy the following
equation analogous to (6.3.2) for all cocycles g in HomAe(Pn, A):

(6.3.3) (−1)mgψfd = ((−1)mnf ⊗ g − g ⊗ f)ΔP .

We impose these two conditions (6.3.1) and (6.3.3) on functions ψf , ψg, and
derive from these some further conditions, leading to Definition 6.3.6 below
of homotopy lifting. We will show in Theorem 6.3.11 that the conditions
are sufficient to define the Gerstenhaber bracket as (6.3.1), justifying this
approach.

We consider the second imposed condition (6.3.3) first. Fixing f , since
gd = 0 and |ψf | = m− 1, the condition is (recalling the Koszul sign conven-
tion (2.3.1)):

gd(ψf ) = (−1)mgψfd = ((−1)mnf ⊗ g− g⊗ f)ΔP = g(f ⊗ 1P − 1P ⊗ f)ΔP

for all n ≥ 0 and all n-cocycles g. This will hold if

(6.3.4) d(ψf ) = (f ⊗ 1P − 1P ⊗ f)ΔP .

We consider the first imposed condition (6.3.1) in the case that g is the
0-cocycle μP , rewriting it as follows. Let B denote the bar resolution on A,
and let θ : B → P and ι : P → B be comparison maps. Then fθ is a cocycle
on B, and so the Gerstenhaber bracket [fθ, μB] becomes 0 in cohomology
by Lemma 1.4.5(ii) since μB is simply the multiplication map π on A. Using
the historical definition of Gerstenhaber bracket and the comparison maps
ι, θ to translate to cocycles on P , the Gerstenhaber bracket of f and μP is

[f, μP ] = [fθ, μP θ]ι = [fθ, μB]ι ∼ 0.

So, if [f, μP ] may be expressed as in equation (6.3.1), then setting ψ = ψμP ,
we have

(6.3.5) fψ + (−1)mμPψf ∼ 0.

Note that by its definition, the function fψ + (−1)mμPψf takes Pm−1 to A
and condition (6.3.5) is simply requiring ψf to take values in P0 consistent
with values of fψ.

In fact these two conditions (6.3.4) and (6.3.5) are sufficient to define
the bracket via formula (6.3.1), as we will see in Theorem 6.3.11. Next we
will give a name to functions ψf having these properties, as in [220].

Definition 6.3.6. Let P be a projective resolution of A as an Ae-module,
let ΔP : P → P ⊗A P be a diagonal map, and let f ∈ HomAe(Pm, A) be a
cocycle. An Ae-module homomorphism ψf : P → P [1 −m] is a homotopy



6.3. Homotopy liftings 127

lifting of f with respect to ΔP if

d(ψf ) = (f ⊗ 1P − 1P ⊗ f)ΔP and

μPψf ∼ (−1)m−1fψ

for some ψ : P → P [1] for which d(ψ) = (μP ⊗ 1P − 1P ⊗ μP )ΔP .

We will often use the term homotopy lifting of f without explicit refer-
ence to ΔP if it is clear from the context which map ΔP is intended, or in
situations where the choice of ΔP does not matter. We caution again that
our homotopy lifting differs from that of Volkov [220] by signs.

It may be checked directly that if ψf , ψg are homotopy liftings for co-
cycles f, g with respect to ΔP , then [f, g] as defined in (6.3.1) is a cocycle.
We check that if either f or g is a coboundary, then so is [f, g] as defined
in (6.3.1): if f = hd for some cochain h, set

(6.3.7) ψf = (−1)m(h⊗ 1P − 1P ⊗ h)ΔP .

A calculation shows that ψf is a homotopy lifting for f . With this choice,

fψg ∼ (−1)(m−1)(n−1)gψf , and so [f, g] is a coboundary.

Example 6.3.8. Let P = B, the bar resolution of A, and let ΔB be the
standard diagonal map on B given by formula (2.3.3) (note this corresponds
to the map ΔT of Section 6.1 by writing B = A⊗T (A)⊗A and extending ΔT

to an Ae-module homomorphism). Then (μB⊗1B−1B⊗μB)ΔB = 0, and we
may let ψ = 0 in Definition 6.3.6. Let f ∈ HomAe(Bm, A) be a cocycle. We
may assume without loss of generality that f(a0⊗· · ·⊗am+1) is 0 whenever
at least one of a1, . . . , am is in the field k, since f is cohomologous to such
a function (as may be seen by mapping to the reduced bar resolution). Let

ψf (a0 ⊗ · · · ⊗ al+1)

=
l−m+1∑
i=1

(−1)ua0 ⊗ · · · ⊗ ai−1 ⊗ f(ai ⊗ · · · ⊗ ai+m−1)⊗ ai+m ⊗ · · · ⊗ al+1,

where u = (m− 1)(i− 1), for all l ≥ m and a0, . . . , al+1 ∈ A, and take ψf to
be the zero map on Bl for l ≤ m−1. Then ψf is a homotopy lifting of f with
respect to ΔB. A calculation shows that with this choice of ψf and a similar
choice of ψg, the bracket [f, g] as given by formula (6.3.1) is precisely the
Gerstenhaber bracket as defined on the bar resolution in Definition 1.4.1.

We may view ψf defined by the formula in the example as a coderivation
on B, or restrict to T (A) ∼= k⊗ T (A)⊗ k ↪→ A⊗ T (A)⊗A = B to obtain a
coderivation ψf |T (A) on T (A) as in Definition 6.1.4; see also formula (6.1.6).
If f is a 1-cocycle, then ψf |T (A), viewed another way, may be extended
to a derivation operator in the sense of Lemma 6.2.2 (see Example 6.2.4).
Thus homotopy liftings encompass these two views—coderivations on the
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tensor coalgebra and derivation operators on the bar resolution—that were
introduced in Sections 6.1 and 6.2.

We next state a needed existence and uniqueness result for homotopy
liftings.

Lemma 6.3.9. Let f ∈ HomAe(Pm, A) be a cocycle, and let ΔP : P →
P ⊗A P be a diagonal map. There is a homotopy lifting ψf : P → P [1−m]
of f with respect to ΔP . Moreover, it is unique up to chain homotopy.

Proof. First we show existence of a homotopy lifting ψ of μP with respect
to ΔP . Consider the function (μP ⊗ 1P − 1P ⊗ μP )ΔP in the Hom complex
HomAe(P, P ). Apply the quasi-isomorphism μP to HomAe(P,A). Note that
μP (μP ⊗ 1P − 1P ⊗ μP ) = μP ⊗ μP − μP ⊗ μP = 0, and so under the
quasi-isomorphism from HomAe(P ⊗A P, P ) to HomAe(P ⊗A P,A), the map
μP ⊗ 1P − 1P ⊗ μP becomes 0. Further, a calculation shows that

d(μP ⊗ 1P − 1P ⊗ μP ) = 0,

and therefore μP ⊗ 1P − 1P ⊗ μP is a boundary in HomAe(P ⊗A P, P ).
Precomposing with the chain map ΔP , we see that (μP ⊗1P −1P ⊗μP )ΔP =
d(ψ) for some ψ : P → P [1], as claimed.

Next we show existence of functions ψf satisfying the conditions (6.3.4)
and (6.3.5). Now (f ⊗ 1P − 1P ⊗ f)ΔP is a chain map from P to P [−m]
since fd = 0. Applying μP , since |μP | = 0, we have

μP (f ⊗ 1P − 1P ⊗ f)ΔP = f(1P ⊗ μP − μP ⊗ 1P )ΔP

= −fd(ψ) = −fψd,

that is, applying the quasi-isomorphism from HomAe(P, P ) to HomAe(P,A)
given by μP , we find that μP (f ⊗ 1P − 1P ⊗ f)ΔP is a coboundary. Conse-
quently, in HomAe(P, P ), the function (f⊗1P −1P ⊗f)ΔP is a coboundary,
so that

(f ⊗ 1P − 1P ⊗ f)ΔP = d(ψf )

for some ψf , that is, condition (6.3.4) holds. We will show that some of the
functions ψf satisfying (6.3.4) also satisfy condition (6.3.5). Combining the
above two equations, we now have

μPd(ψf ) = −fψd,

and since d(ψf ) = dψf + (−1)mψfd and μPd = 0, this is equivalent to

((−1)mμPψf + fψ)d = 0.

However, we want (−1)mμPψf + fψ ∼ 0. Set g = (−1)mμPψf + fψ, viewed
as a map from Pm−1 to A. We have seen that g is a cocycle, and thus it
corresponds to a chain map g � from P to P [1−m]. Define ψ′

f = ψf−(−1)mg �.
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Since g � is a chain map, d(ψ′
f ) = d(ψf ), and so ψ′

f also satisfies (6.3.4).
Additionally we now have

(−1)mμpψ
′
f + fψ = (−1)mμPψf + fψ − g = 0,

by definition of g, and so ψ′
f also satisfies (6.3.5). Replacing ψf by ψ′

f , we
have shown that there exists a homotopy lifting of f with respect to ΔP .

Finally, we show uniqueness up to chain homotopy. Let ψf and ψ′
f be

two homotopy liftings of f with respect to ΔP . Then d(ψf − ψ′
f ) = 0

and μP (ψf − ψ′
f ) ∼ 0. Again, μP gives rise to the quasi-isomorphism from

HomAe(P, P ) to HomAe(P,A) and this implies ψf − ψ′
f ∼ 0, as claimed.

Note that this argument does not depend on choice of homotopy ψ for
(μP ⊗ 1P − 1P ⊗ μP )ΔP , again as any two will be homotopic. �

The following theorem and proof are [220, Theorem 4].

Theorem 6.3.10. Let P be a projective resolution of A as an Ae-module
with diagonal map ΔP : P → P ⊗A P . Let f ∈ HomAe(Pm, A) and g ∈
HomAe(Pn, A) be cocycles. The element of Hochschild cohomology HH∗(A)
represented by [f, g] as defined by formula (6.3.1) is independent of choice
of resolution P , of diagonal map ΔP , and of homotopy liftings ψf and ψg.

Proof. We will prove independence of choices in the reverse order from
what is stated. Independence of choice of ψf and ψg is immediate from the
uniqueness of ψf and ψg up to chain homotopy stated in Lemma 6.3.9, since
fd = 0 and gd = 0.

Let ΔP and Δ′
P be two diagonal maps. Then Δ′

P −ΔP = d(u) for some
u : P → (P ⊗A P )[1]. Let ψf and ψg be homotopy liftings of f and g with
respect to ΔP . Let

ψ′
f = ψf + (−1)m(f ⊗ 1P − 1P ⊗ f)u,

and similarly ψ′
g. A calculation shows that ψ′

f and ψ′
g are homotopy liftings

of f and g with respect to Δ′
P , respectively. We find that

fψ′
g − (−1)(m−1)(n−1)gψ′

f

= fψg − (−1)(m−1)(n−1)gψf + (−1)nf(g ⊗ 1P − 1P ⊗ g)u

− (−1)(m−1)(n−1)(−1)mg(f ⊗ 1P − 1P ⊗ f)u

= fψg − (−1)(m−1)(n−1)gψf ,

so these two expressions give the same bracket [f, g] via formula (6.3.1).
Thus the formula is independent of choice of diagonal map.

Let Q
μQ−→ A be another projective resolution of A as an Ae-module, and

let ΔQ : Q → Q ⊗A Q be a diagonal map. Let ι : P → Q and θ : Q → P
be chain maps lifting the identity map on A. Let f ∈ HomAe(Pm, A) and
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g ∈ HomAe(Pn, A) be cocycles on P . Then fθ and gθ are cocycles on Q.
Let ψfθ be a homotopy lifting for fθ with respect to ΔQ. Set ψf = θψfθι.
We first check that ψf is a homotopy lifting for f with respect to ΔP =
(θ ⊗ θ)ΔQι:

d(ψf ) = θd(ψfθ)ι

= θ(fθ ⊗ 1Q − 1Q ⊗ fθ)ΔQι

= (f ⊗ 1P − 1P ⊗ f)(θ ⊗ θ)ΔQι

= (f ⊗ 1P − 1P ⊗ f)ΔP ,

so ψf satisfies equation (6.3.4).

Set ψP = θψQι, where ψQ satisfies d(ψQ) = (μQ ⊗ 1Q − 1Q ⊗ μQ)ΔQ as
well as (−1)mμQψfθ + fθψQ ∼ 0. Then

d(ψP ) = θd(ψQ)ι = θ(μQ ⊗ 1Q − 1Q ⊗ μQ)ΔQι

= (μP ⊗ 1P − 1P ⊗ μP )(θ ⊗ θ)ΔQι

= (μP ⊗ 1P − 1P ⊗ μP )ΔP ,

since θμQ = μP θ. It follows, since (−1)mμQψfθ + fθψQ ∼ 0, that by the
definitions of ψf and of ψP above,

(−1)mμPψf + fψP = (−1)mμQψfθι+ fθψQι

= ((−1)mμQψfθ + fθψQ)ι ∼ 0,

that is, ψf satisfies (6.3.5). Therefore ψf is a homotopy lifting of f with
respect to ΔP , and we may similarly define a homotopy lifting of g.

Finally, formula (6.3.1) applied to f, g on P yields

[f, g] = fθψgθι− (−1)(m−1)(n−1)gθψfθι

= [fθ, gθ]ι,

so the chain map ι takes [fθ, gθ] to [f, g]. Thus the bracket does not depend
on choice of resolution. �

As a consequence of Theorem 6.3.10, the bracket given by formula (6.3.1)
agrees with the Gerstenhaber bracket of Definition 1.4.1 on Hochschild co-
homology.

Theorem 6.3.11. Let P be a projective resolution of A as an Ae-module.
Let f ∈ HomAe(Pm, A) and g ∈ HomAe(Pn, A) be cocycles on P , and let ψf

and ψg be homotopy liftings of f and g, as in Definition 6.3.6. The bracket
given at the chain level by

[f, g] = fψg − (−1)(m−1)(n−1)gψf

induces the Gerstenhaber bracket on Hochschild cohomology HH∗(A).
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Proof. In Example 6.3.8, we saw that taking P to be the bar resolution
recovers the Gerstenhaber bracket of Definition 1.4.1 from formula (6.3.1).
By Theorem 6.3.10, it is independent of choices. �

Remark 6.3.12. In practice, often (μP ⊗ 1P )ΔP = 1P = (1P ⊗ μP )ΔP , in
which case Definition 6.3.6 of homotopy lifting can be simplified by taking
ψ = 0. See Example 6.3.8, the next Section 6.4, and [220, Remark 1].

Exercise 6.3.13. Let ψf , ψg be homotopy liftings of f, g as in Defini-
tion 6.3.6.

(a) Check directly that [f, g] as defined in (6.3.1) is a cocycle.

(b) Check directly that if either f or g is a coboundary, then so is
[f, g] as defined in (6.3.1). (See (6.3.7) for a homotopy lifting of a
coboundary and verify first that it is indeed a homotopy lifting.)

Exercise 6.3.14. Verify that in the context of Example 6.3.8, the formula
for ψf indeed yields the classical Gerstenhaber bracket as defined on the bar
resolution in Definition 1.4.1.

6.4. Differential graded coalgebras

Some of the results of the previous sections lead to effective computational
techniques for the Lie structure on Hochschild cohomology. In particular,
we explain in this section some settings in which the theory of homotopy
liftings can be simplified for computational purposes. Formula (6.4.2) below
gives homotopy liftings for all cocycles f in terms of a diagonal map ΔP and
an additional function φP under some conditions that we discuss next.

Let φP : P ⊗A P → P [1] be a homotopy for μP ⊗ 1P − 1P ⊗μP . That is,

(6.4.1) d(φP ) = μP ⊗ 1P − 1P ⊗ μP .

To see that such a homotopy exists, consider the quasi-isomorphism μP from
HomAe(P ⊗A P, P ) to HomAe(P ⊗A P,A), which takes μP ⊗ 1P − 1P ⊗ μP

to 0. Since μP is a chain map, d(μP ⊗ 1P − 1P ⊗μP ) = 0. It follows that in
HomAe(P ⊗A P,A), the map μP ⊗ 1P − 1P ⊗ μP is a cocycle that becomes
0 (which is a coboundary) after applying the quasi-isomorphism μP , so it
must be a coboundary in HomAe(P ⊗A P,A).

Let

Δ
(2)
P = (ΔP ⊗ 1P )ΔP .

Note that in general this may not be the same as (1P ⊗ ΔP )ΔP . Let f ∈
HomAe(Pm, A) with fd = 0, and let ψf : P → P [1−m] be defined by

(6.4.2) ψf = φP (1P ⊗ f ⊗ 1P )Δ
(2)
P .
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Here the map 1P ⊗ f ⊗ 1P is considered to be a map from P ⊗A P ⊗A P to
P ⊗AP (upon applying the canonical isomorphism P ⊗AA⊗AP ∼= P ⊗AP ).
We will see next that under some conditions, ψf is a homotopy lifting of f
with respect to ΔP as in Definition 6.3.6. In this case, homotopy liftings ψf

for all cocycles f may be found in terms of these two maps ΔP and φP via
formula (6.4.2).

Example 6.4.3. Consider the bar resolution B = B(A) of A. We may
identify Bi ⊗A Bj with A⊗A⊗i ⊗A⊗A⊗j ⊗A under the isomorphism

(A⊗A⊗i ⊗A)⊗A (A⊗A⊗j ⊗A)
∼−→ A⊗A⊗i ⊗A⊗A⊗j ⊗A

(a0 ⊗ · · · ⊗ ai+1)⊗A (a′0 ⊗ · · · ⊗ a′j+1) �→
a0 ⊗ (a1 ⊗ · · · ⊗ ai)⊗ (ai+1a

′
0)⊗ (a′1 ⊗ · · · ⊗ a′j)⊗ a′j+1

for all a0, . . . , ai+1, a
′
0, . . . , a

′
j+1 ∈ A. Define φB : B ⊗A B → B[1] by

φB(a0 ⊗ (a1 ⊗ · · · ⊗ ai)⊗ (ai+1)⊗ (ai+2 ⊗ · · · ⊗ ai+j+1)⊗ ai+j+2)

= (−1)ia0 ⊗ · · · ⊗ ai+j+2

for all a0, . . . , ai+j+2 ∈ A, that is, up to sign, we have just removed parenthe-
ses. Then ψf defined as in (6.4.2) agrees with that given in Example 6.3.8.

In the rest of this section we prove results under some hypotheses that
will be satisfied for example by Koszul algebras as defined in Section 3.4. A
result of Buchweitz, Green, Snashall, and Solberg [39] for Koszul algebras
guarantees that the standard embedding ι : P → B of the Koszul resolution
P into the bar resolution B of A (see (3.4.4)) is preserved by the diagonal
map in the sense that the diagonal map ΔB of the bar resolution given by
formula (2.3.3) takes ι(P ) to ι(P )⊗A ι(P ). Thus we may define a diagonal
map ΔP on P via this embedding. It follows that ΔP is coassociative, that
is, (ΔP ⊗ 1P )ΔP = (1P ⊗ΔP )ΔP and (μP ⊗ 1P )ΔP = 1P = (1P ⊗ μP )ΔP ,
and we say that P is a counital differential graded coalgebra. In this case,
in Definition 6.3.6 of homotopy lifting of an m-cocycle f on P , we may take
ψ = 0, and so condition (6.3.5) becomes μPψf ∼ 0. We may in fact assume
under these conditions that ψf |Pm−1 = 0. This simplifies the work of finding
homotopy liftings (and it simplifies many of the proofs of the previous section
under these additional hypotheses). In fact formula (6.4.2) always defines a
homotopy lifting in the case that ΔP , μP give P a coalgebra structure, as
we see next.
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Lemma 6.4.4. Let P
μP−→ A be a projective resolution of the Ae-module A

that is a counital differential graded coalgebra. Let f ∈ HomAe(Pm, A) be a
cocycle, and let ψf : P → P [1−m] be defined by formula (6.4.2). Then ψf

is a homotopy lifting of f with respect to ΔP .

Proof. Let φP : P ⊗AP → P [1] be a homotopy for μP ⊗1P −1P ⊗μP , that

is, equation (6.4.1) holds. Set Δ
(2)
P = (ΔP ⊗ 1P )ΔP = (1P ⊗ΔP )ΔP . Since

Δ
(2)
P and 1P ⊗ f ⊗ 1P are chain maps,

d(ψf ) = d(φP )(1P ⊗ f ⊗ 1P )Δ
(2)
P

= (μP ⊗ 1P − 1P ⊗ μP )(1P ⊗ f ⊗ 1P )Δ
(2)
P

= (μP ⊗ f ⊗ 1P − 1P ⊗ f ⊗ μP )Δ
(2)
P

= ((f ⊗ 1P )(μP ⊗ 1P ⊗ 1P )− (1P ⊗ f)(1P ⊗ 1P ⊗ μP ))Δ
(2)
P

= (f ⊗ 1P − 1P ⊗ f)ΔP .

Note that ψf |Pm−1 = 0 by its definition, and as explained above, we may
take ψ = 0 in Definition 6.3.6. Therefore ψf is a homotopy lifting of f . �

The following theorem is a reworked version of [165, Theorem 3.2.5],
which has stronger hypotheses, and of [165, Lemma 3.4.1], which has some-
what different hypotheses.

Theorem 6.4.5. Let P
μP−→ A be a projective resolution of the Ae-module A

that is a counital differential graded coalgebra. Let f ∈ HomAe(Pm, A) and
g ∈ HomAe(Pn, A) be cocycles. Define ψf by formula (6.4.2), and similarly
ψg. Then

[f, g] = fψg − (−1)(m−1)(n−1)gψf

represents the Gerstenhaber bracket of f and g on Hochschild cohomology.

Proof. This follows immediately from Lemma 6.4.4 and Theorem 6.3.11.
�

Remark 6.4.6. If the hypotheses of the theorem do not hold, a homotopy
φP for μP⊗1P−1P⊗μP may still be used to define the Gerstenhaber bracket
in a similar way, with the addition of some error terms. See [220, Corollary 5
and Remark 1] in which the Gerstenhaber bracket is given generally as
(6.4.7)

[f, g] = −fφP (g ⊗ 1P ⊗ 1P − 1P ⊗ g ⊗ 1P + 1P ⊗ 1P ⊗ g)Δ
(2)
P

+ (−1)(m−1)(n−1)gφP (f ⊗ 1P ⊗ 1P − 1P ⊗ f ⊗ 1P + 1P ⊗ 1P ⊗ f)Δ
(2)
P .
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We caution that the function

−φP (f ⊗ 1P ⊗ 1P − 1P ⊗ f ⊗ 1P + 1P ⊗ 1P ⊗ f)Δ
(2)
P

is not necessarily a homotopy lifting of f ; the formula (6.4.7) instead results
from a more complicated homotopy lifting as explained in the proof of [220,
Corollary 5].

In the remainder of this section, we apply Theorem 6.4.5 to an example,
a polynomial ring in two indeterminates. The case of n indeterminates is
similar, if more notationally unwieldy, and is handled in [165, Section 4],
showing that formula (6.3.1) indeed yields the familiar Gerstenhaber bracket
on Hochschild cohomology of a polynomial ring. In other settings the first
computation of Gerstenhaber brackets, or of a related Batalin-Vilkovisky
structure, used these techniques (see, e.g., [101,102,166,220]).

Example 6.4.8. Let A = k[x, y], and let P be its Koszul resolution (3.1.4),
that is, P = A⊗

∧
�

V ⊗A, where V = Spank{x, y}. Identify Pi ⊗A Pj with

A⊗
∧i V ⊗A⊗

∧j V ⊗A for each i, j, and identify
∧0 V with k and

∧1 V
with V . Thus for example, P0⊗A P1

∼= A⊗k⊗A⊗V ⊗A ∼= A⊗A⊗V ⊗A,
and we use such expressions in our definitions of maps below. We first find
a homotopy φP : P ⊗A P → P [1] for μP ⊗ 1P − 1P ⊗ μP . In degree 2, the
map φP is necessarily 0 since P3 = 0. We define φP in degrees 0 and 1 on
free basis elements:

φP (1⊗ xiyj ⊗ 1) =

j∑
l=1

xiyj−l ⊗ y ⊗ yl−1 +
i∑

l=1

xi−l ⊗ x⊗ xl−1yj ,

φP (1⊗ xiyj ⊗ x⊗ 1) = −
j∑

l=1

xiyj−l ⊗ x ∧ y ⊗ yl−1,

φP (1⊗ xiyj ⊗ y ⊗ 1) = 0,

φP (1⊗ x⊗ xiyj ⊗ 1) = 0,

φP (1⊗ y ⊗ xiyj ⊗ 1) =
i∑

l=1

xi−l ⊗ x ∧ y ⊗ xl−1yj .

We use this function φP , formula (6.4.2) for ψf , and the formula of Theo-
rem 6.4.5 to compute some brackets in degree 1. The diagonal map ΔP is
defined by the standard embedding (3.4.12) of P into the bar resolution, fol-
lowed by the standard diagonal map (2.3.3) on the bar resolution. Consider
the cocycles in degree 1 denoted by xiyjx∗ and xiyjy∗, where {x∗, y∗} is the
dual basis to {x, y} (e.g., xiyjx∗ takes x to xiyj and y to 0, where x, y are

identified with their images in
∧1 V ). First we find some values of ψxiyjx∗
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and ψxiyjy∗ via formula (6.4.2):

ψxiyjx∗(1⊗ x⊗ 1) = φP (1⊗ xiyj ⊗ 1),

ψxiyjx∗(1⊗ y ⊗ 1) = 0,

ψxiyjy∗(1⊗ x⊗ 1) = 0,

ψxiyjy∗(1⊗ y ⊗ 1) = φP (1⊗ xiyj ⊗ 1).

It follows that, for example,

[xiyjx∗, xmynx∗](1⊗ x⊗ 1)

= xiyjx∗ψxmynx∗(1⊗ x⊗ 1)− xmynx∗ψxiyjx∗(1⊗ x⊗ 1)

= xiyjx∗φP (1⊗ xmyn ⊗ 1)− xmynx∗φP (1⊗ xiyj ⊗ 1)

=
m∑
l=1

xiyjxm−lxl−1yn −
i∑

l=1

xmynxi−lxl−1yj

= mxiyjxm−1yn − ixmynxi−1yj

= xiyj
∂

∂x
(xmyn)− xmyn

∂

∂x
(xiyj).

Another calculation shows that the value of this bracket function on 1⊗y⊗1
is zero. Therefore, for all p, q ∈ A, we have

[px∗, qx∗] = (p
∂

∂x
(q)− q

∂

∂x
(p))x∗.

Similarly we find that

[px∗, qy∗] = p
∂

∂x
(q)y∗ − q

∂

∂y
(p)x∗,

[py∗, qy∗] = (p
∂

∂y
(q)− q

∂

∂y
(p))y∗.

We may calculate other brackets using the same techniques (cf. Exam-
ple 6.2.7 and Exercise 6.2.12).

Exercise 6.4.9. Verify that ψf as defined in Example 6.4.3 agrees with that
given in Example 6.3.8.

Exercise 6.4.10. Let P
μP−→ A be a projective resolution of the Ae-module

A that is a counital differential graded coalgebra. Show that one choice
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of chain map g � corresponding to a cocycle g ∈ HomAe(Pn, A) is given by
gm = (1 ⊗ g)(ΔP )m for all m. (This draws a parallel between the cup
product as given by formula (2.2.1) and the Gerstenhaber bracket as given
by formula (6.3.1) using (6.4.2).)

Exercise 6.4.11. Verify the formulas for [px∗, qy∗] and [py∗, qy∗] in Exam-
ple 6.4.8. Find [px∗, qx∗ ∧ y∗] and compare with Example 6.2.7.

6.5. Extensions

In this section, we consider Schwede’s exact sequence interpretation of the
Lie structure on Hochschild cohomology [194]. Hermann [110] generalized
Schwede’s results to some exact monoidal categories, and gave a description
of the bracket with degree 0 elements in [108], completing Schwede’s inter-
pretation. We refer to these papers for most of the technical details and
proofs, and present just a skimming here.

Let n ≥ 1, and let ExtnAe(A,A) denote the category whose objects are
n-extensions of A by A as an Ae-module, and morphisms are maps of n-
extensions. (See Section A.3 for a discussion of maps and equivalence classes
of n-extensions.) View HHn(A) = ExtnAe(A,A) as equivalence classes of
objects in ExtnAe(A,A). Consider an m-extension and an n-extension of A
by A,

f : 0 �� A
iM �� Mm−1

�� · · · �� M0
μM

�� A �� 0,

g : 0 �� A
iN �� Nn−1

�� · · · �� N0
μN

�� A �� 0.

We will not need notation for the unlabeled maps. We assume that all Mj ,
Nj are projective as left A-modules, and as right A-modules, where needed.
See [194] for a discussion about such an assumption.

Let P be a projective resolution of A as an Ae-module. Let f and g
be an m-cocycle and an n-cocycle on P , corresponding to the generalized
extensions f and g, respectively. So f ∈ HomAe(Pm, A) may be defined via
the following commuting diagram, which exists by the Comparison Theorem
(Theorem A.2.7); see also Section A.3. The map 1 from A to A is the identity

map. We denote by f̂ � : P � → M � the chain map indicated below, so that
f = f̂m.

· · · �� Pm
dm ��

f

��

Pm−1
dm−1

��

f̂m−1

��

· · · d1 �� P0
μP

��

f̂0
��

A ��

1
��

0

0 �� A
iM �� Mm−1

�� · · · �� M0
μM

�� A �� 0
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