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the formula (4.30) provides the analytic continuation of the reciprocal of
(3.20) from the right half-plane to the entire complex plane. Since zeros of
entire functions are isolated, this implies that the possible singularities of
Γ(z) are at worse isolated poles of finite order. Hint: Prove that the inte-
gral is differentiable with respect to z by setting up the complex difference
quotient and using the Lebesque Dominated Convergence Theorem.

Part (c). Using (4.30), prove that Γ(z) has a pole at each nonnegative
integer z = −n, n = 0, 1, 2, . . . . It turns out that these are the only poles,
and they are all simple.

Part (d). Apply the method of steepest descents to the identity (4.30)
to give a proof of Stirling’s formula valid as z → ∞ with arg(z) = κ where
the angle κ satisfies −π < κ < π. In other words, show that

lim
z→∞

arg(z)=κ∈(−π,π)

Γ(z)√
2πzz−1/2e−z

= 1 .

Hint: To start, set z = λeiκ where λ > 0. How does your analysis break
down if you consider instead the limit z → ∞ with z < 0? �

4.8. The Effect of Branch Points

Recall the general strategy in dealing with contour integrals of the form (4.1)
when the positive parameter λ is large: one tries to deform the integration
contour C into a new contour C ′ coinciding exactly with a level curve of
the imaginary part of h(z) by carrying out the deformation in the downhill
direction for the real part of h(z). For closed contours or for contours with
endpoints at infinity, saddle points (critical points of h(z)) usually play an
important role. The whole procecdure depends essentially on the analyticity
of h(z) throughout the region between the initial contour C and the desired
target contour C ′. We assume this crucial property of h(z) in the current
discussion.

The contour selection principles briefly reviewed above have nothing to
do with the function g(z) in the integrand of F (λ) defined by the integral
formula (4.1). On the other hand, one certainly needs g(z) to be analytic on
the contour C in order to carry out any deformation at all, and then isolated
singularities of g(z) in the region of the complex z-plane between the contour
C and the target contour C ′ will obstruct the deformation process.

If the only singularity of g(z) lying between C and C ′ is a pole of order
N at a point z = z0, then g(z) is a single-valued function for z �= z0, and it
may be represented in the form

g(z) = (z − z0)−N g̃(z) (4.31)
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where g̃(z) is a function that is analytic at z = z0 and g̃(z0) �= 0. From the
Residue Theorem, we obtain

F (λ) =
∫

C
eλh(z)g(z) dz =

∫
C′

eλh(z)g(z) dz + 2πis Res
z=z0

eλh(z)g(z) . (4.32)

Here, s = −1 if C lies to the left of C ′ (as in Figure 4.11) and s = +1

z0
C

C
′

1

C
′

2

Figure 4.11. A pole of g(z) of order N at the point z = z0 between C
and C′. The gray curves indicate the direction of steepest descent for
�(h(z)), and C and C′ = C′

1 ∪ C′
2 are shown in red.

if C lies to the right of C ′. The residue is the coefficient of (z − z0)−1 in
the Laurent expansion of the integrand at the point z0. Therefore, if the
analytic function eλh(z) has the Taylor expansion

eλh(z) =
∞∑

p=0

Ap(λ)(z − z0)p (4.33)

for some coefficients Ap(λ), then

Res
z=z0

eλh(z)g(z) =
N−1∑
p=0

g̃(N−1−p)(z0)
(N − 1 − p)!

Ap(λ) . (4.34)

This defines the discrepancy between the original contour integral and the
deformed contour integral over the target path C ′. The result of the follow-
ing exercise implies that the residue contribution in (4.32) is a polynomial
in λ of degree N − 1 times the exponential factor eλh(z0).
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� Exercise 4.10. Show that the coefficient Ap(λ) in the Taylor expansion
(4.33) is a product of eλh(z0) with a polynomial in λ of degree p. Then use
(4.31) and (4.33) to prove (4.34). �

A more general type of singularity that still is quite typical is an alge-
braic branch point of g(z). Roughly speaking, this means that g(z) may be
represented near z = z0 in the form

g(z) = (z − z0)σg̃(z) , (4.35)

where σ ∈ C is assumed to not be an integer and where g̃(z) is an analytic
function of z near z = z0 for which g̃(z0) �= 0. This representation fails
to be precise because the factor (z − z0)σ is a multivalued function in any
neighborhood of z = z0 when σ is not an integer, and the multivaluedness
must be resolved with a concrete choice of the branch (that is, which of the
possible values of (z − z0)σ is meant at some fixed point z �= z0) and of
the branch cut curve emanating from z = z0. Due to the relation between
power functions and logarithms, the possible values of (z− z0)σ at a given z
are proportional by z-independent factors of the form e2πiσn, where n is an
integer. In other words, upon making a round-trip about the point z = z0 in
the counterclockwise direction, the argument of z−z0 increases continuously
by 2π, and consequently the function (z − z0)σ smoothly evolves from an
initial value of, say, w to a final value of we2πiσ. The introduction of a branch
cut emanating from z = z0 is a way to circumvent the multivaluedness; once
we position the branch cut, we simply do not allow any analytic continuation
to cross the cut. In particular, with a branch cut present, it is no longer
possible to make a complete round-trip about the point z = z0 in the process
of analytic continuation.

These choices might appear to introduce some ambiguity into the cal-
culations, but this is in fact not so. The important thing to keep in mind is
that the values of the function g(z) are specified unambiguously along the
original contour C as part of the definition of the integral F (λ) in (4.1). This
amounts to the selection of the branch of any multivalued factors of the form
(z − z0)σ that may be present in g(z). As the given contour of integration
C is deformed toward the target contour C ′ specified by the properties of
the function h(z), the value of g(z) is determined at each point by analytic
continuation from the original contour C.

Now if the branch point z0 is the only singularity of g(z) lying between
C and the target contour C ′, we would like to have some way of deform-
ing C toward C ′ that takes into account a “price” to be paid for passing
the singularity. Unfortunately, there is no precise analogue of the Residue
Theorem that allows such a deformation process. However, a partial de-
formation that is favorable for the exponent function h(z) may be carried
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out by choosing C ′ to avoid the branch point at z = z0. It will be useful
to take the branch cut emanating from the branch point to descend in the
steepest possible direction for h(z) (this direction will be well-defined unless
h′(z0) = 0, which may be regarded as unusual for unrelated functions g(z)
and h(z)). A deformation of this type is illustrated in Figure 4.12. In this

C2

C1 C0

C
z0

Figure 4.12. The deformation of C around a branch point of g(z). The
gray curves indicate the steepest descent directions for �(h(z)), and C
and C′ = C′

1∪C′
0∪C′

2 are shown in red. A branch cut for g(z), illustrated
in blue, is chosen to emanate from z = z0 along a contour of steepest

descent.

figure, the deformed contour C ′ partly follows the branch cut on either side,
and near the branch point it makes a round-trip about the branch point
along a circle of some small radius centered at z0. The reason for the small
circle is that with g(z) of the form (4.35), the integrand eλh(z)g(z) is not
integrable at z = z0 unless �(σ) > −1.

The small circle in the portion C ′
0 of the deformed contour C ′ surround-

ing the branch point can be contracted to zero radius if �(σ) > −1 because
the integrand is integrable at z0 in this case. If �(σ) ≤ −1, then for some
integer N it will be true that �(σ + N) > −1, and we can try to change
the given exponent σ into σ + N by integration by parts. Indeed, after the
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deformation from C to C ′ as shown in Figure 4.12, we have

F0(λ) :=
∫

C′
0

eλh(z)g̃(z)(z − z0)σ dz

=
1

(σ + N)(σ + N − 1) · · · (σ + 1)

∫
C′

0

eλh(z)g̃(z)
dN

dzN
(z − z0)σ+N dz .

(4.36)

Clearly, this formula is only valid if σ is not a negative integer, but in such
a case the singularity at z = z0 would be a pole and not a branch point.
Using the identity Γ(z + 1) = zΓ(z), the leading factor can be rewritten in
compact form

1
(σ + N)(σ + N − 1) · · · (σ + 1)

=
Γ(σ + N)

Γ(σ + N + 1)
Γ(σ + N − 1)

Γ(σ + N)
· · · Γ(σ + 1)

Γ(σ + 2)

=
Γ(σ + 1)

Γ(σ + N + 1)
,

because the product “telescopes”. Assuming that the boundary terms vanish
after each of N successive integrations by parts in (4.36), we then find that

F0(λ) = (−1)N Γ(σ + 1)
Γ(σ + N + 1)

∫
C′

0

dN

dzN

(
eλh(z)g̃(z)

)
(z − z0)σ+N dz .

The following exercise shows that each differentiation contributes terms with
an additional factor of λ.

� Exercise 4.11. Assuming h(z) and g̃(z) are analytic functions in a
neighborhood of the branch point z0, show that

dN

dzN

(
eλh(z)g̃(z)

)
= eλh(z)

N∑
p=0

λpGp(z)

where Gp(z) are some analytic functions in the same neighborhood that are
independent of λ. In particular, show that

G0(z) = g̃(N)(z) and G1(z) =
N∑

k=1

(
N

k

)
h(k)(z)g̃(N−k)(z)

both hold true. �

In this way, F0(λ) is written as a linear combination of integrals involving
branching exponents σ + N :

F0(λ) =
N∑

p=0

λp
∫

C′
0

eλh(z)Gp(z)(z − z0)σ+N dz .
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This calculation assumes that the boundary terms did not contribute to the
integration by parts; if the contour C ′ has finite endpoints or if the exponent
function h(z) provides relatively weak decay in the infinite parts of C ′, these
neglected boundary terms may play an important role.

To continue our discussion, we now assume without any loss of gener-
ality that �(σ) > −1 and therefore that the small circle in the deformed
contour C ′

0 has been contracted to zero radius. The deformed contour C ′
0

now contains two arcs that meet at the branch point z = z0. These two arcs
correspond to exactly the same values of z, namely those lying along the
contour of steepest descent for �(h(z)) from the branch point. Although
the z-values correspond for these two arcs, the integrands differ because the
arcs lie on opposite sides of the branch cut for the factor (z − z0)σ. The
contribution to F (λ) coming from these two arcs lying on opposite sides of
the branch cut in Figure 4.12 is therefore

F0(λ) = s

∫
C′′

0

eλh(z)g̃(z)(z − z0)σ
− dz − s

∫
C′′

0

eλh(z)g̃(z)(z − z0)σ
+ dz , (4.37)

where C ′′
0 is an integration path of steepest descent for �(h(z)) beginning

at z = z0 and s = −1 if C lies to the left of C ′
0 (as in Figure 4.12) while

s = +1 if C lies to the right of C ′
0. Here, the notation (z − z0)σ

± refers to
the two distinct values taken by the function (z − z0)σ on opposite sides
of the branch cut; the “plus” (respectively “minus”) subscript indicates the
boundary value taken on the left (respectively “right”) side of C ′′

0 when this
contour is traversed according to its orientation in the direction away from
z0. Now, the values (z− z0)σ

± are always proportional because going around
the branch point from the “minus” side to the “plus” side of the branch
cut without crossing the cut means that the argument of z − z0 decreases
continuously by 2π. Therefore, we have the relation

(z − z0)σ
+ = e−2πiσ(z − z0)σ

− . (4.38)

With the help of this relation, we can reduce (4.37) to a single integral:

F0(λ) = s · (1 − e−2πiσ)
∫

C′′
0

eλh(z)g̃(z)(z − z0)σ
− dz . (4.39)

The formula for F0(λ) given by (4.39) represents the contribution to
F (λ) coming from the branch point at z = z0. It is analogous to a residue
contribution in the case that z0 is a pole of g(z). However, unlike the case
of a pole, the integral in (4.39) cannot usually be evaluated exactly. The
asymptotic behavior of F0(λ) when λ is large and positive is, however, easy to
determine using Watson’s Lemma. First, we note that since C ′′

0 is a contour
of steepest descent for �(h(z)), we may introduce a real parametrization
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z = z(t) of C ′′
0 by the change of variables

h(z) − h(z0) = −t , (4.40)

which is an admissible substitution near z = z0 as long as h′(z0) �= 0. We
assume that h′(z0) �= 0; the case that a singularity of g(z) occurs precisely at
the same point where h(z) has a critical point may be regarded as somewhat
exceptional, and a modification of this procedure is required to handle this
special case. Using (4.40) in (4.39), we get

F0(λ) = s · (1 − e−2πiσ)eλh(z0)
∫ T

0
e−λtg̃(z(t))(z(t) − z0)σ

−z′(t) dt ,

where T is the value of t corresponding to the final endpoint of C ′′
0 (we

may have T = ∞ if C ′′
0 is an infinite contour). Since z(t) is an analytic

function in a neighborhood of t = 0, so are g̃(z(t)) and z′(t), and we also
have z(t) − z0 = tr(t) where r(t) is an analytic function at t = 0 with
r(0) = z′(0) = −1/h′(z0) �= 0. We may then define an analytic function by
setting b(t) = g̃(z(t))r(t)σz′(t), where r(t)σ is an analytic function in the
neighborhood of t = 0 since r(0) �= 0, and the branch is concretely specified
so that

tσr(t)σ = (z(t) − z0)σ
− (4.41)

holds for 0 < t < T and the power function tσ is defined logarithmically as
eσ log(t) where log(t) is real. We then have

F0(λ) = s · (1 − e−2πiσ)eλh(z0)
∫ T

0
e−λttσb(t) dt .

Recalling that �(σ) > −1, this is an integral in precisely the form to which
Watson’s Lemma applies. We therefore obtain the complete asymptotic
expansion of F0(λ) as

F0(λ) ∼ s · (1 − e−2πiσ)eλh(z0)
∞∑

n=0

Γ(σ + n + 1)b(n)(0)
n!λσ+n+1

as λ → ∞ with λ > 0 .

In particular, regardless of whether the singularity of g(z) at z = z0 is
a pole (in which case its contribution can be taken into account exactly
by a residue calculation) or a branch point, the asymptotic contribution
consists of powers of λ multiplied by the exponential factor eλh(z0). If there
are several such contributions to F (λ), then all of the terms of the full
asymptotic expansion of F (λ) will come from the singular point of g(z) for
which �(h(z)) is the largest. All other contributions will be beyond all
orders.
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� Example. Consider the integral

F (λ) :=
∫ ∞

−∞

e−λx2√
(x − x0)2 + 1

e4iλx dx

where the positive square root is meant and x0 is a real parameter. We may
rewrite F (λ) as a contour integral of the form (4.1) with

h(z) := −z2 + 4iz and g(z) :=
1√

(z − x0)2 + 1
,

and the contour C is the real axis in the z-plane oriented from left to right.
If we complete the square, we see that h(z) = −(z − 2i)2 − 4, so there is a
single critical point at z = 2i that is a simple saddle point of �(h(z)). The
global steepest descent path over the saddle point is simply the horizontal
line �(z) = 2. Therefore, we would like to deform the given contour C
upwards in the complex z-plane to agree with this horizontal line.

There is, however, a singularity of g(z) lying between C and the desired
steepest descent contour over the saddle point. Indeed, since (z−x0)2 +1 =
((z−x0)−i)((z−x0)+i), there are singularities at z = x0±i in the complex z-
plane. Both of these singularities are branch points with exponent σ = −1/2.
It is the singularity at z = z0 = x0 + i that obstructs our deformation of
C into the global steepest descent path over the saddle point. We want to
choose the branch cut for this point to correspond to the steepest descent
path for �(h(z)) from z0. The nature of this path depends on the value of
x0. If x0 < 0, then the steepest descent path from z0 is a branch of the
hyperbola �(z−2i)�(z−2i) = −x0 > 0 which begins at z0 and descends to
infinity in the left half-plane asymptotically approaching the horizontal line
�(z) = 2. If x0 > 0, then the steepest descent path from z0 is a branch of
the hyperbola �(z−2i)�(z−2i) = −x0 < 0 which begins at z0 and descends
to infinity in the right half-plane asymptotically approaching the horizontal
line �(z) = 2. However, if x0 = 0, then the steepest descent path from z0 is
upwards along the vertical line �(z) = 0, and the path therefore runs right
into the saddle point at z = 2i. These three situations are illustrated in
Figure 4.13 along with the corresponding contour deformations C → C ′.

If x0 �= 0, then there are two obvious choices for asymptotic contributions
to F (λ) as λ → ∞ with λ > 0, namely the branch point singularity of g(z) at
z0 = x0+i and the saddle point of h(z) at z = 2i. The point at which �(h(z))
is greatest will give the dominant contribution, with all other contributions
being beyond all orders. Since

�(h(2i)) = −4 and �(h(x0 + i)) = −3 − x2
0 ,

it is easy to see that if |x0| > 1, the saddle point dominates the asymptotics,
while if |x0| < 1, the branch point dominates. In the borderline case that
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C CC

C
′

C
′ C
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′

C
′

When x0 < 0 When x0 = 0 When x0 > 0

Figure 4.13. The three types of contour deformations for the case of

h(z) = −(z−2i)2−4 and g(z) = 1/
√

(z − x0)2 + 1. The selected branch
cut for g(z) emanating from z0 = x0+i is shown in blue. The horizontal
portion of C′ always passes over the saddle point at z = 2i.

x0 = ±1, both exponential factors eλh(2i) and eλh(x0+i) have the same mod-
ulus and therefore both the branch point and the saddle point contribute
terms to the asymptotic expansion of F (λ). In the case x0 = 0, it is still true
that the branch point dominates, which is good since the deformed contour
C ′ is complicated near the saddle point and the local contribution would be
more difficult to approximate asymptotically due to the branch cut of g(z)
through the saddle point.

To give some more detail for this example, let us explicitly calculate the
leading term of the asymptotic expansion of F (λ) in the case |x0| < 1 where
it is required to take into account carefully the contribution of the branch
point at z0 = x0 + i. We may choose

g̃(z) := (z − x0 + i)−1/2 ,

where the “usual” branch is meant, i.e. g̃(z) is defined throughout the sector
−π < arg(z − x0 + i) < π and is positive real for arg(z − x0 + i) = 0. Then,
we have g(z) = (z − x0 − i)−1/2g̃(z), where we choose the steepest descent
contour C ′′

0 as illustrated in Figure 4.13 from x0 + i as the branch cut for
the factor (z − x0 − i)−1/2, and then we are forced to choose the sign of the
square root (branch) so that g(z) is positive real for z ∈ R. Here we see
that if (z − x0 − i)−1/2

− denotes the value taken by this factor on the right
side of the branch cut as it is traversed from z0 = x0 + i to infinity, then
this boundary value agrees with the “usual” branch (which is defined for
−π < arg(z − x0 − i) < π and is positive real for arg(z − x0 − i) = 0). One
way to see that this must be the case is to consider z tending to infinity
along the positive real axis; we need to make sure that g(z) is positive for
such z, which forces the agreement on the “minus” side of C ′′

0 (from which
one may reach large positive z without crossing either our selected branch
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cut C ′′
0 or the branch cut for the “usual” branch). Using (4.38), we have

(z − x0 − i)−1/2
+ = −(z − x0 − i)−1/2

− ,

because σ = −1/2. Therefore, the contribution to F (λ) coming from the
part of C ′ surrounding the branch cut may be written as (noting s = +1
because C lies to the right of C ′)

F0(λ) = 2
∫

C′′
0

eλh(z)g̃(z)(z − z0)
−1/2
− dz .

Since h(z0) = h(x0 + i) = −3 − x2
0 + 2ix0, it remains to find the behavior

of the function b(t) near t = 0. Since we have determined that (z − z0)
−1/2
−

agrees with the reciprocal of the “usual” square root function, we see from
(4.41) that

b(0) = g̃(x0 + i) ·
( −1

h′(x0 + i)

)−1/2

· −1
h′(x0 + i)

,

where the exponent refers to the “usual” branch. Then, since h′(x0 + i) =
2i − 2x0 and since

g̃(x0 + i) = (2i)−1/2

(again the “usual” branch), we get finally that

b(0) =
1
2
(1 + ix0)−1/2 .

Therefore,

F0(λ) = 2e2iλx0e−λ(3+x2
0) · π1/2

λ1/2
· 1
2
(1 + ix0)−1/2(1 + O(λ−1))

as λ → ∞ with λ > 0.

Since for |x0| < 1 the remaining parts of F (λ) are beyond all orders, we
finally arrive at the formula

F (λ) = e2iλx0e−λ(3+x2
0) ·

(
π

(1 + ix0)λ

)1/2

(1 + O(λ−1)) ,

again valid as λ → ∞ with λ > 0. �

Similar calculations may be carried out for deformations of paths of
integration when g(z) contains branch points of logarithmic type. In such
cases, the analogue of the formula (4.38) describing the change in (z − z0)σ

as z completes a single circuit about z0 in the counterclockwise direction is
the following:

log(z − z0)+ = log(z − z0)− − 2πi .
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� Exercise 4.12. Find the form of the complete asymptotic expansion
as λ → ∞ with λ > 0 and the coefficient of the leading term for the integral

F (λ) :=
∫ ∞

−∞
e−λx2

e4iλx log((x − x0)2 + 1) dx ,

where x0 is a real parameter. Your expansion may be of a different character
depending on the value of x0; make sure you consider all cases. Here the
function log((x−x0)2 +1) is meant to be positive for all real x. Hint: When
a branch point gives the dominant contribution, reduce the corresponding
integral to the form where Watson’s Lemma can be applied with σ = 0. �

4.8.1. Application: Asymptotics of transform integrals. In general
terms, a transform is a “change of variables” at the level of functions. Just as
changes of variables sometimes simplify algebraic problems, function trans-
forms can simplify integral and/or differential equations. The price one pays
for this simplification is that the transform and its inverse, even when given
by explicit integral formulas, rarely admit exact analytical evaluation. This
is why asymptotic analysis plays an important role in this field.

As a review, we now define the Fourier and Laplace transform pairs.

Definition 4.1 (Fourier Transform Pair). Let f(x) be a function that is
square integrable on (−∞,∞); that is,∫ ∞

−∞
|f(x)|2 dx < ∞ .

Then the Fourier Transform of f is a new square integrable function f̂(k)
defined for almost all real k by

f̂(k) :=
1
2π

∫ ∞

−∞
f(x)e−ikx dx .

The function f(x) can be reciprocally expressed as the Inverse Fourier Trans-
form of f̂ according to the formula

f(x) =
∫ ∞

−∞
f̂(k)eikx dk .

Sometimes we use the notation Ff := f̂ and F−1f̂ := f .

Definition 4.2 (Laplace Transform Pair). Let f(t) be a function defined
for real t > 0 so that for some real C we have f(t) = O(eCt) as t → ∞ with
t > 0. Then the Laplace Transform of f is a new function F (s) analytic for
�(s) > C and defined by

F (s) :=
∫ ∞

0
f(t)e−st dt .
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The function f(t) can be reciprocally expressed as the Inverse Laplace Trans-
form of F by the formula

f(t) =
1

2πi

∫ D+i∞

D−i∞
F (s)ets ds

where D is any number greater than C. In other words, the path of integra-
tion must lie to the right of all singularities of F (s). Sometimes we use the
notation Lf := F and L−1F := f .

The path of integration in the inverse Laplace transform is sometimes
called the Bromwich path4. The fact that both of these transforms are based
on exponential functions means that they are well adapted to problems
involving differential operators. So, it is easy to see that if f is n times
differentiable with all derivatives square integrable, then

F dnf

dxn
= (ik)nFf

so differentiation of the function living in the “direct space” is the same
thing as multiplication by ik in the “transform space”. Similarly for the
Laplace transform of a function whose first n derivatives are transformable,
we have

Ldnf

dtn
= snLf −

n−1∑
k=0

skf (n−1−k)(0) .

The fact that the values of f(t) and its derivatives at t = 0 enter this
expression suggests that the Laplace transform can be a useful tool in the
analysis of initial-value problems.

The utility of facts like these in solving problems can be illustrated by the
solution of the diffusion equation in terms of Fourier transforms. Suppose
we want to find the solution ϕ(x, t) of

∂ϕ

∂t
= ν

∂2ϕ

∂x2
,

subject to the initial condition ϕ(x, 0) = ϕ0(x), the latter being a square
integrable function of x ∈ R. This is a problem posed in the “direct space”.
Let us apply the operator F to the equation, keeping in mind that t is a
parameter as far as the transform is concerned, so that F maps ϕ(x, t) to a
new function ϕ̂(k, t). We find that

∂ϕ̂

∂t
= −νk2ϕ̂ .

The initial condition for this equation is ϕ̂(k, 0) = ϕ̂0(k). This is the same
problem viewed in the “transform space” or the “transform domain”. It is

4Thomas John l’Anson Bromwich, 1875–1929.



4.8. The Effect of Branch Points 137

solved independently for each k as a simple ordinary differential equation,
and this is the great advantage of working in the transform domain. Thus,

ϕ̂(k, t) = ϕ̂0(k)e−νk2t .

To recover the solution ϕ(x, t) at later times t, we must apply the operator
F−1 to the result, which amounts to writing the solution as an integral over
k. The method of solving the equation is expressed in the diagram shown
in Figure 4.14.

Figure 4.14. The algorithm of solving a problem in the direct space
(gray arrow) and in the transform space (black arrows). Although the
horizontal part of the solution by transforms is trivial compared to the di-
rect space solution, the extra steps of the forward and inverse transforms
involve computing integrals that can rarely be found in closed form.

The solution of any problem treated by integral transforms like the
Fourier and Laplace transforms will ultimately be expressed as an inte-
gral that cannot typically be computed in terms of elementary functions.
So it is of some interest to calculate asymptotic approximations since they
give us a way of extracting concrete information from such integrals. The
method of steepest descents is a very useful tool for establishing asymptotic
approximations in this context. Branch points frequently play a role in the
method.

First let us look at inverse Fourier transform integrals. These are of the
form

f(x) :=
∫ ∞

−∞
f̂(k)eikx dk ,

where we will assume that f̂ is an analytic function on the real k axis, a
fact that corresponds to exponential decay of the function f(x) for large x.
The singularities of f̂(k) in the complex k-plane can in principle be very
complicated, but we assume here that we have a transform f̂(k) for which
all singularities are isolated one from another and are of the types we have
previously studied: poles, algebraic branch points, or logarithmic branch
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points. The question is: in this kind of situation what can one learn about
f(x)? The main tool we have in addressing this question is the freedom
to deform the path of integration away from the real axis in an attempt to
simplify the integral. There are two obstructions to deforming the contour:
the isolated singularities of f̂(k) in the finite k-plane and the behavior of
the integrand f̂(k)eikx as k tends to infinity in different sectors. The lat-
ter determines our options in moving the infinite “tails” of the contour of
integration.

For the present discussion, we also suppose that for some exponent p <
−1, we have for some real number x0 a bound of the form f̂(k)eikx0 = O(kp)
as k → ∞ (from any direction in the complex k-plane). This means that
the factor eik(x−x0) completely determines the possibilities for deforming
the contour of integration near k = ∞, that is, for moving the “tails” of the
integration contour. Indeed, suppose that x < x0. Then the exponential
factor eik(x−x0) is decaying into the lower half k-plane. This means that
under our assumptions on f̂(k), the real axis in the k-plane may, without
change of the value of the integral defining f(x) in terms of f̂(k), be replaced
with a number of separate inverted U-shaped paths, one belonging to each
singularity of f̂(k) as shown in Figure 4.15.

k1

k2

k3

k4

U4

U3

U2

U1

C

Figure 4.15. The deformation of the contour of an inverse Fourier
transform integral into the lower half k-plane for x < x0. The original
contour C is the real axis in the complex k-plane. The new contour C′

consists of an isolated inverted U-shaped component for each singularity

of f̂(k) in the lower half-plane. If the singularity is a branch point, then
the multivaluedness is resolved by placing a branch cut (shown in blue)
in the steepest descent direction.

If a given singularity in the lower half-plane is a pole (as are k = k1 and
k = k3 in Figure 4.15), then the Residue Theorem allows the corresponding
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U-shaped component of the integration contour to be neglected at the cost
of −2πi times the residue of the pole. The minus sign comes from the
orientation of the contour, which encircles the pole in a clockwise direction.
These contributions to the integral coming from poles of f̂(k) are exact,
since all we are using here is the fact that x < x0. That is, we are not (yet)
considering asymptotics as x → ∞ with x < 0.

� Exercise 4.13. Find the exact value of the inverse Fourier transform
integral

f(x) =
∫ ∞

−∞

k2 − 3k + 4
((k − 2)2 + 4)2((k + 3)2 + 1)

eikx dk

assuming only that x < 0. From your exact solution, determine the asymp-
totic form of f(x) as x → ∞ with x < 0. �

If, on the other hand, the singularity k = kj is a branching point, then we
cannot usually evaluate the corresponding integral over Uj exactly. However,
we can observe that our deformation of the contour of integration into the
paths Uj is precisely the steepest descent deformation that is useful for
analysis in the limit x → ∞ with x < 0. The branch cut for each branch
point is chosen to emanate from the singularity in the direction of steepest
descent for �(−ik) (the minus sign is present because λ = −x is our large
positive parameter), namely in the vertical direction as shown in Figure 4.15.
Let us now describe in some detail how to apply Watson’s Lemma to obtain
the complete asymptotic expansion of the contribution to f(x) coming from
the integral over Uj .

Let us assume that, perhaps by integrating by parts several times, f̂(k) is
integrable at k = kj , corresponding to a branching exponent σ with �(σ) >
−1. Then making the change of variables κ = −i(k − kj), we get

∫
Uj

f̂(k)eikx dk = ieikjx

[ ∫ 0

−∞
f̂(kj + i(κ + i0))e−xκ dκ

−
∫ 0

−∞
f̂(kj + i(κ − i0))e−xκ dκ

]
,

where by κ ± i0 we mean the boundary value taken on the cut from the
upper or lower half-plane for κ. This change of variables just rotates the
U-shaped path and the branch cut about kj by −π/2 and centers it at κ = 0.
Now, in some neighborhood of κ = 0 the function f̂(kj + iκ)κ−σ is analytic
and nonzero, being equal to some function g(κ) that has a Taylor series at
κ = 0. Here, by κ−σ we mean exactly the usual branch of this multivalued
function that is cut on the negative real κ axis and that is positive for κ real
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and positive. Now for κ < 0 we have

f̂(kj + i(κ ± i0)) = (κ ± i0)σg(κ) = e±iπσ(−κ)σg(κ) .

So changing variables to ν = −κ we find
∫

Uj

f̂(k)eikx dk = ieikjx

[
eiπσ

∫ ∞

0
νσg(−ν)exν dν

− e−iπσ
∫ ∞

0
νσg(−ν)exν dν

]

= −2eikjx sin(πσ)
∫ ∞

0
νσg(−ν)exν dν .

Applying Watson’s Lemma to the latter integral to find the asymptotic
behavior as x → ∞ with x < 0 yields a complete asymptotic expansion in
terms of the Taylor coefficients of g(−ν) at ν = 0. In particular, we obtain
the asymptotic result∫

Uj

f̂(k)eikx dk = −2eikjx sin(πσ)g(0)Γ(σ + 1)(−x)−(σ+1)(1 + O(|x|−1))

as x → ∞ with x < 0 .

Notice that whether the contribution to f(x) comes from a pole and
is exact for all x < x0 or whether it comes from a branch point and we
have to approximate the contribution for large negative x, we find that each
isolated singularity kj of f̂(k) results in an exponentially small contribution
proportional to eikjx. Comparing these exponents, we see that as x →
∞ with x < 0, only the singularities that are closest to the real axis are
important. All other singularities are exponentially small by comparison.
So as x → ∞ with x < 0, the asymptotic behavior of f(x) is completely
determined by the singularity or singularities of f̂(k) in the lower half-plane
that have the most positive imaginary part. If there are no singularities at
all in the lower half-plane and if the contour may be deformed downward
toward k = −i∞ without changing the value of the integral, then f(x) is
identically zero for all x < x0.

� Example. The fact that an inverse Fourier transform integral in which
the parameter x appears in the integrand in an analytic fashion can yield
a result that is not analytic as a function of x is somewhat counterintuitive
and a good example of how nice properties of a family of functions can
disappear upon taking limits. Indeed, in the integral

f(x) =
∫ ∞

−∞

eik(x−x0)

(k − (3 + 2i))(k − (−1 + i))
dk
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the integrand is, for each real k, an entire analytic function of x. However,
evaluating the integral using the Residue Theorem, we see that

f(x) =

⎧⎨
⎩

0 , for x < x0 ,
2πi

4 + i

[
e3i(x−x0)e−2(x−x0) − e−i(x−x0)e−(x−x0)

]
, for x > x0 .

Therefore f(x) is not analytic at x = x0. If we try to evaluate the integral by
taking a limit of Riemann sums on [−L, L] in which we refine the partition
of [−L, L] and also let L tend to infinity, it is easy to see that for each finite
partition of [−L, L] the corresponding Riemann sum is an entire analytic
function of x. The loss of analyticity comes from the limiting process. �

When x > x0, it is not possible to deform the path of integration from
the real axis into the lower half-plane. However, deformation into the upper
half-plane is certainly possible, and again the contour can often be pushed
all the way to infinity in the upper half-plane, leaving only U-shaped com-
ponents surrounding each singularity of f̂(k) in the upper half-plane. The
procedure for finding the contribution of each pole or algebraic branch point
is similar as was the case for x < 0. Now a singularity kj in the upper half-
plane contributes a term to f(x) of the order of the exponential function
eikjx. Once again, these are all exponentially small, and all contributions
are dominated by the singularities closest to the real axis. As x → ∞ with
x > 0, the dominant behavior of f(x) comes from the singularities of f̂(k)
in the upper half-plane with the smallest imaginary part. If there are no
singularities of f̂(k), then f(x) vanishes for all x > x0. Note that the dom-
inant contribution fails to have an oscillatory character if and only if the
corresponding singularity kj lies on the imaginary axis.

Exactly the same kinds of ideas apply to inverse Laplace transforms.
Consider the integral

f(t) :=
1

2πi

∫ D+i∞

D−i∞
F (s)est ds

where D exceeds the real part of all singularities of F (s). Here, we are
implicitly taking F (s) to be an analytic function on the contour of integra-
tion, and to permit relatively free deformation of the tails of the contour of
integration, we will suppose that the analytic continuation of F (s) from the
contour behaves sub-exponentially as s → ∞ in any direction; for example
we might suppose that F (s) = O(sp) for some power p as s → ∞. The first
observation is that in these circumstances if t < 0, then the path of integra-
tion may be deformed to the right, and since there are no singularities to
stop it, the integral is identically equal to zero. This is consistent with the
Laplace transform definition; since F (s) only encodes the values of f(t) for
t > 0, if we ask what F (s) predicts about f(t) for t < 0, we get a simple
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answer, namely zero! For t > 0, we can deform the contour of integration to
the left, and now there will be a contribution from each singularity of F (s),
which we may take to be isolated points s = sj . If the singularity at s = sj

is a pole, then the contribution can be evaluated exactly and will simply
be 2πi times the residue of F (s)est at sj . This contribution is proportional
to esjt. Here the sign of the residue contribution is positive because the
orientation of the contour is counterclockwise around the pole. This contri-
bution can be exponentially large or small as t → ∞ with t > 0 depending
on whether sj lies to the right or the left of the imaginary axis. If, on the
other hand, sj is an algebraic branch point, then the contribution can be
approximated as t → ∞ with t > 0 using Watson’s Lemma. The calculation
is very similar to that worked out above for the inverse Fourier transform
integral. In particular, the contribution will again be proportional to esjt.
So now comparing the exponents, we see that the dominant contribution to
f(t) as t → ∞ with t > 0 comes from precisely those singularities of F (s)
to the left of the initial contour of integration that have the most positive
real parts. Note that in the inverse Laplace transform case, the function
f(t) will have a neutrally stable character (no exponential growth or decay)
for large t > 0 if and only if the dominant singularity lies exactly on the
imaginary axis in the complex s-plane.

� Exercise 4.14. Find the leading-order asymptotic behavior of the
inverse Laplace transform f(t) = L−1F (s) as t → ∞ with t > 0 (i) when
F (s) = s−1 tanh(s) and (ii) when F (s) = s−1/2e−s1/2

(here we mean the
principal branch of s1/2 which you may take to have its branch cut on the
negative real axis). In which case(s) is your asymptotic calculation exact?
Comment. �

4.8.2. Application: Selection of particular solutions of linear dif-
ferential equations admitting integral representations. Consider the
third-order differential equation

2xw′′′(x) + 9w′′(x) − 2xw(x) = 0

and suppose that we are only interested in those solutions that satisfy
w(x) → 0 as x → ∞ with x < 0. We can try to obtain solutions in the
form of integrals, just as in the analysis of Airy’s equation in §4.7.

For some unknown function q(z) and some unknown contour C from
z = a to z = b, we seek a solution in the form

w(x) =
1

2πi

∫
C

q(z)ezx dz .

Substituting this expression into the differential equation, differentiating un-
der the integral sign, and integrating by parts to convert the multiplication
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by x into differentiation with respect to z, we get

1
2πi

∫
C

ezx
[
3z2q(z) − 2(z3 − 1)q′(z)

]
dz +

1
2πi

q(z)ezx(z3 − 1)

∣∣∣∣∣
b

a

= 0 .

So if we can find a function q(z) satisfying the first-order equation

2(z3 − 1)q′(z) = 3z2q(z)

and then choose a contour C perhaps adapted to the specific function q(z) so
that the boundary terms vanish at the endpoints (which may be at infinity in
some sectors), then our integral formula will solve the differential equation.

Now, unlike in the analysis of the Airy equation in §4.7, here the auxil-
iary equation for q(z) does not have any nontrivial solutions that are entire
analytic functions of z. In fact, the solutions are not even single-valued
in the complex z-plane. To see this, multiply through by q(z) so that the
equation becomes

(z3 − 1)
d

dz
q(z)2 = q(z)2

d

dz
(z3 − 1) .

Dividing through by (z3 − 1)2 and collecting terms,

d

dz

[
q(z)2

(z3 − 1)

]
= 0 .

Therefore, q(z)2 = K(z3−1) for any constant K. Now since q(z)2 has simple
zeros at z = 1, z = e2πi/3, and z = e−2πi/3, q(z) will have a branch point
singularity with branching exponent σ = 1/2 at each of these points. To
obtain a concrete function q(z), we of course must choose the constant K.
But then we must also select a definite value for q(z) at some nonsingular
point (there will be two choices, differing by a sign) and then select branch
cuts in the complex z-plane emanating from each of the three branch points.
With these choices made, we will have determined the value of q(z) as an
analytic function at all points of the complex z-plane with the exception of
those points lying along our chosen branch cuts.

We want to think about how to choose the branch cuts for q(z) and an
appropriate integration contour C (which should not intersect any branch
cuts) so that the boundary terms vanish, at least for all x sufficiently negative
(which is our domain of interest) and so that as x → ∞ with x < 0, the
integral w(x) vanishes. First note that the only place where the boundary
terms vanish in the finite z-plane is at the three branching points. So, for
example, we can choose a contour C that joins a pair of branching points.
But since we are considering x < 0, we see that the integration path may
also go off to infinity as long as it does so in the right half-plane. Then as
z → ∞, the factor ezx will kill all growth associated with q(z)(z3 − 1) and
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the corresponding boundary term will vanish. Choosing the branch cuts to
radiate outward to infinity from each branch point, we get a picture like that
shown in Figure 4.16. There are evidently three contours, C1, C2, and C3

C1

C2

C3

C4

C5

C6

z = 1

z = e
2πi/3

z = e
−2πi/3

Figure 4.16. A branch of q(z) showing its cuts with wavy blue lines and
six admissible contours yielding solutions of the differential equation with
x < 0.

that are acceptable for all x, since their boundary terms vanish regardless
of the sign of x. On the other hand, for x < 0, we can also use the contours
C4, C5, and C6. We are taking C4 to lie just above the branch cut on the
positive real axis. If we took it to lie just below instead, this would simply
amount to a change of sign in the integral.

Now the equation is only third order, so these cannot all be indepen-
dent. A third-order linear equation has exactly three linearly independent
solutions. So there must be linear relations among the integrals. Let us
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introduce the specific notation

wk(x) :=
1

2πi

∫
Ck

q(z)ezx dz , k = 1, 2, . . . , 6 .

The role of the factor (2πi)−1 is only traditional since q(z) is determined
by the differential equation only up to the arbitrary constant multiplier K;
when q(z) has poles, the factor (2πi)−1 ensures that the residue contributions
come in without the usual multiple of 2πi. Given this notation, it is easy to
see immediately from Figure 4.16 that

w1(x) + w2(x) + w3(x) = 0

for all x, since the sum can be rewritten as a single integral over closed path
inside of which the integrand is analytic. Also, since paths of integration
may be deformed to infinity in the right half-plane when x < 0, we can also
get the relations

w1(x) = w4(x) − w5(x) and w3(x) = w6(x) + w4(x) as long as x < 0 .

For x < 0 it looks to be convenient to take the three independent solutions
to be w4(x), w5(x), and w6(x), in part because the paths of integration for
these three integrals are all straight horizontal half-lines.

Now the final question arises: how do we determine which of these three
integrals (or which linear combinations of them) correspond to solutions of
the original differential equation that vanish as x → ∞ with x < 0? We can
asymptotically evaluate each of these integrals in this limit using Watson’s
Lemma.

For w5(x), we make the change of variable t = z − e2πi/3. Then because
cos(2π/3) = −1/2 and sin(2π/3) =

√
3/2,

w5(x) = e−x/2eix
√

3/2 1
2πi

∫ ∞

0
q(e2πi/3 + t)ext dt .

Now in a neighborhood of t = 0, we can write

q(e2πi/3 + t) = t1/2g5(t)

where g5(t) is an analytic function with g5(0) �= 0 and t1/2 means the usual
square root function whose branch cut is on the negative real t axis and that
is positive for positive t. This is just because q(t) vanishes exactly like a
square root at each branching point. This puts the integrand in exactly the
form we need to use Watson’s Lemma with exponent σ = 1/2. Using the
fact that Γ(3/2) = Γ(1/2)/2 =

√
π/2, we find that

w5(x) = e−x/2eix
√

3/2 g5(0)
4i
√

π(−x)3/2

(
1 + O(|x|−1)

)
as x → ∞ with x < 0 .
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Thus, w5(x) is exponentially large in the limit of interest and certainly does
not decay as desired. A similar analysis of w6(x) using Watson’s Lemma
gives

w6(x) = e−x/2e−ix
√

3/2 g6(0)
4i
√

π(−x)3/2

(
1 + O(|x|−1)

)
as x → ∞ with x < 0 .

Here g6(t) is the analytic function q(e−2πi/3 + t)t−1/2 in the vicinity of t = 0.
The value g6(0) is related to g5(0) through details of the cut structure of the
function q(z). But it is just a number, and again we see that this solution
of the differential equation is exponentially large in the limit of interest and
in particular does not decay.

To confirm our suspicion that it is in fact w4(x) that satisfies our auxil-
iary boundary condition at x = −∞, we use Watson’s Lemma to study this
integral. Letting t = z − 1, we find

w4(x) =
ex

2πi

∫ ∞

0
q(1 + t)ext dt .

Letting g4(t) be the analytic function q(1+t)t−1/2 near t = 0 on the contour
of integration and keeping in mind that what we mean by q(1+t) in defining
g4(t) is its value infinitessimally above the cut B1, we again apply Watson’s
Lemma with exponent σ = 1/2 to find

w4(x) = ex g4(0)
4i
√

π(−x)3/2

(
1 + O(|x|−1)

)
as x → ∞ with x < 0 .

Thus, w4(x) and its constant multiples are the only solutions of the differ-
ential equation that satisfy our boundary condition at x = −∞.

Note that in this problem the solutions w4(x), w5(x), and w6(x) fail to
exist for x > 0 because the integrals defining them diverge. On the other
hand, for x > 0 there are new possibilities for the path of integration that we
could not consider for x < 0, namely three paths emerging from the branch
points and going to infinity in the left half-plane. The fact that the nature of
the set of solutions changes suddenly when x passes through zero is related
to the fact that x = 0 is a singular point for the third-order differential
equation. In particular, when x = 0, the order of the differential equation
differs from its value for x �= 0. Such singular points in linear differential
equations will be the topic of Chapter 6.

� Exercise 4.15. Find the dimension of the subspace of the solution
space for this third-order differential equation consisting of those solutions
that decay as x → ∞ with x > 0. �
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� Exercise 4.16. Weber’s equation for parabolic cylinder functions is
the second-order linear differential equation

y′′(x) −
(

1
4
x2 + a

)
y(x) = 0 ,

where a is a real parameter.

Part (a). Make the change of variables y(x) = e−x2/4w(x) and find the
differential equation that w satisfies.

Part (b). Suppose that a > −1/2 and find two linearly independent
solutions w+(x) and w−(x) of the equation you found in part (a) in the
form of contour integrals

w±(x) =
1

2πi

∫
C±

q(z)exz dz .

Explain how you choose q(z) and the contours C± so that in addition to
solving the differential equation, w+(x) tends to zero as x → ∞ with x > 0
and w−(x) tends to zero as x → ∞ with x < 0.

Part (c). Find the leading-order asymptotic behavior of both solutions
from part (b) as x → ∞ with x > 0 and also as x → ∞ with x < 0. Hint:
For studying w+(x) as x → ∞ with x < 0 and w−(x) as x → ∞ with x > 0,
it is useful to change the integration variable from z to u = z/x.

Part (d). Now suppose that a is an odd negative half-integer, that is,
a = −1/2,−3/2,−5/2, . . . , and find a nontrivial solution of the equation
for w(x) in the form of a contour integral over a path C that is a closed
loop. Evaluate the integral using the Residue Theorem for a = −1/2 and
a = −3/2. �

4.9. Notes and References

The problem of determining the asymptotic behavior of roots of Taylor
polynomials (and, more generally, rational Padé approximants) for the ex-
ponential function (see Exercise 4.1) is relevant in the design of high-order
numerical schemes for time-stepping. For many more details on this inter-
esting problem, see Chapter 4 of Varga’s book [33].

Weber’s equation for parabolic cylinder functions was probably first
studied by H. F. Weber [36]. A good reference for integral transforms of the
type that can be used to study Weber’s equation is Hille’s text [15]. Also,
the text by Carrier, Krook, and Pearson [6] is a good resource for integral
representations of special functions.
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show that the wave function has a universal form in the caustic layer that
is essentially given by the Airy function.

� Exercise 5.18. Part (a). Starting from the exact solution formula
(5.31), show that if (x0, t0) is a typical point on the caustic curve, so that
there exists a value ξ0 for which the conditions (5.33) and (5.34) hold, then
for each fixed w ∈ R,

lim
�→0
�>0

�
1/6e−iφ(w)ψ(x0 + �

2/3w, t0)

=

√
2π
t0

(
2

|S′′′(ξ0)|

)1/3

A(ξ0)Ai

(
−

(
2

S′′′(ξ0)

)1/3 w

t0

)
,

where the phase is

φ(w) :=
I(ξ0; x0, t0)

�
+

x0 − ξ0

t0�1/3
w − π

4
.

As w pans between −∞ and +∞, this gives a profile of the wave function in
the transition zone in terms of the Airy function. Hints: Split the integral
(5.31) into contributions within and without a δ-neighborhood of the point
ξ = ξ0, for some convenient choice of δ = δ(�). Consider the two-variable
Taylor expansion of I(ξ; x, t0) with respect to x and ξ.

Part (b). Describe the behavior of the wave function ψ(x, t) near a
caustic curve; in particular, comment on the thickness of the transition zone
and the magnitude of the wave function in the transition zone. Discuss the
feasibility of using the asymptotic behavior of the Airy function for large
positive and negative arguments to show how the form of the solution near
the caustic matches with the asymptotic formulae for ψ(x, t) valid on either
side of the caustic. Note that holding x �= x0 fixed as � → 0 forces w to
grow in magnitude in the same limit. �

� Exercise 5.19. Describe how the solutions plotted in Figure 5.7 would
be different if instead of S(x) = 4 sech2(x), one had S(x) = −4 sech2(x) with
the same amplitude function A(x). Give all details of your analysis. �

5.7. Multidimensional Integrals

The method of stationary phase can also be adapted to multidimensional
integrals. Given a measurable domain Ω ⊂ R

d, we consider integrals of the
form

F (λ) :=
∫
Ω

eiλI(x)g(x) dx ,
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where I(x) and g(x) are smooth functions with I(x) real-valued. A point
of stationary phase is a point x0 ⊂ Ω such that

∇I(x0) = 0 .

Suppose first that Ω contains no stationary phase points. Then, observe
that we may rewrite F (λ) in the form

F (λ) =
1
iλ

∫
Ω

g(x)
|∇I(x)|2∇I(x)T∇(eiλI(x)) dx .

Then, using the vector calculus identity

∇ · (fu) = uT∇f + f∇ · u ,

we also have

F (λ) =
1
iλ

∫
Ω
∇ ·

[
g(x)eiλI(x)∇I(x)

|∇I(x)|2

]
dx

− 1
iλ

∫
Ω

eiλI(x)∇ ·
[
g(x)∇I(x)
|∇I(x)|2

]
dx .

Assuming a smooth boundary ∂Ω and using the Divergence Theorem, this
is the same as

F (λ) =
1
iλ

∫
∂Ω

eiλI(x) g(x)n(x)T∇I(x)
|∇I(x)|2 dS(x)

− 1
iλ

∫
Ω

eiλI(x)∇ ·
[
g(x)∇I(x)
|∇I(x)|2

]
dx ,

where dS(x) denotes an element of surface area on the boundary ∂Ω and
n(x) is an exterior normal unit vector. Therefore, in the absence of sta-
tionary phase points, we immediately see that F (λ) = O(λ−1). The latter
integral over Ω is of the same form as the integral F (λ) we began with:

F1(λ) :=
∫
Ω

eiλI(x)g1(x) dx , g1(x) := −∇ ·
[
g(x)∇I(x)
|∇I(x)|2

]
,

and if I(x) and g(x) have sufficient smoothness, then F1(λ) = o(1) as λ →
∞. In fact, if I(x) and g(x) are infinitely differentiable, then the procedure
can be repeated any number of times, and we get

F (λ) ∼
∞∑

n=1

(
1
iλ

)n ∫
∂Ω

eiλI(x) gn−1(x)n(x)T∇I(x)
|∇I(x)|2 dS(x) as λ → ∞

where the functions gn(x) are determined iteratively as follows:

g0(x) := g(x) , gn(x) := −∇ ·
[
gn−1(x)∇I(x)

|∇I(x)|2
]

.

In this case, the complete asymptotic expansion of F (λ) comes from integrals
over the boundary hypersurface. Of course, these surface integrals are also
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generally oscillatory, and the issue now becomes whether there are any points
along ∂Ω at which ∇I is normal to the boundary. These points play the
role of stationary phase points for the boundary integrals, where admissable
infinitessimal variations of x are necessarily tangent to the boundary. For
example, if Ω is a simply-connected compact subset of R

d for d odd, with
smooth boundary ∂Ω, then there always exist points on ∂Ω where ∇I is
normal to the boundary. This follows from a deep result of differential
topology, the Poincaré-Hopf Index Theorem, which implies that a compact
manifold can only support a nonvanishing (tangent) vector field if its Euler
characteristic, a topological invariant, is zero. The Euler characteristic of
a hypersphere (or any manifold topologically equivalent) in Rd for d odd
is nonzero; therefore every smooth vector field on such a manifold vanishes
somewhere. In particular, this applies to the tangent part of ∇I on ∂Ω.
Therefore, in this situation stationary phase points will always exist for
the boundary integrals, which will therefore determine the leading-order
asymptotic behavior of F (λ) when no stationary phase points exist in the
interior of Ω.

� Example. Similar phenomena are possible for boundary hypersurfaces
for domains Ω in even dimensions. Let Ω be a simply-connected domain in
R

2 with smooth boundary ∂Ω. An interesting problem is to determine the
number of integer lattice points contained in Ω, that is, to calculate #Ω∩Z

2,
where # denotes the cardinality. To give this question an asymptotic aspect,
let Ω be a fixed region and λ a positive parameter, and consider the question
of determining the asymptotic behavior of #λΩ∩Z

2, that is, the number of
integer lattice points contained in dilates of the set Ω by a factor of λ > 0,
in the limit λ → ∞. This is the same as considering the number of lattice
points with vertical and horizontal spacing 1/λ that are contained within
the fixed set Ω. Intuitively, it should be clear that

#λΩ ∩ Z
2 = λ2

∫
Ω

dx + o(λ2) = λ2 · Area(Ω) + o(λ2) (5.35)

as λ → ∞ with λ > 0.
To prove that (5.35) indeed holds and, more importantly, to calculate

higher-order corrections, we need to have an alternative formula for #Ω∩Z2.
If φ(x) is a test function in R

d, that is, an infinitely differentiable function
with compact support, then the Poisson Summation Formula holds:∑

n∈Zd

φ(n) = (2π)d
∑

m∈Zd

φ̂(2πm) , (5.36)

where

φ̂(k) :=
1

(2π)d

∫
Rd

e−ikT xφ(x) dx
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is the Fourier transform. The characteristic function of the set Ω ⊂ R
2 is

by definition

χΩ(x) :=

{
1 , for x ∈ Ω ,

0 , for x �∈ Ω .

Note that if we let φ(x) = χΩ(x) on the left-hand side of (5.36) in dimension
d = 2, it becomes exactly #Ω ∩ Z

2. Unfortunately, χΩ(x) is not smooth
enough to be a test function, and so the right-hand side of (5.36) with φ(x) =
χΩ(x) does not make sense (it is not an absolutely convergent sum because
the corresponding Fourier transform does not decay fast enough). However,
χΩ(x) may be approximated by a sequence {φj(x)} of test functions in such
a way that

lim
j→∞

∑
n∈Z2

φj(n) =
∑
n∈Z2

χΩ(n) = #Ω ∩ Z
2 .

It therefore follows from the Poisson Summation Formula (5.36) that

#Ω ∩ Z
2 = 4π2 lim

j→∞

∑
m∈Z2

φ̂j(2πm) .

Taking the limit j → ∞ is equivalent to any number of different regular-
ization methods for the infinite sum on the right-hand side of (5.36) with
φ = χΩ. For example, we can sum the series by taking an appropriate limit
of partial sums:

#Ω ∩ Z
2 = 4π2 lim

R→∞

∑
m∈Z2

|m|≤R

χ̂Ω(2πm)

= lim
R→∞

∑
m∈Z2

|m|≤R

∫
R2

e−imT xχΩ(x) dx

= lim
R→∞

∑
m∈Z2

|m|≤R

∫
Ω

e−imT x dx .

This is the desired formula. It tells us how to compute the number of lattice
points contained in Ω by computing a sum of the Fourier transform of the
characteristic function. In the case when we replace Ω by the dilate λΩ, this
becomes

#λΩ ∩ Z
2 = lim

R→∞

∑
m∈Z2

|m|≤R

∫
λΩ

e−imT x dx

= λ2 lim
R→∞

∑
m∈Z2

|m|≤R

∫
Ω

e−iλmT y dy ,

where we used x = λy to change variables in the last step.
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Note that the m = 0 term in the sum gives the scaled area. To calculate
corrections, we need to consider the asymptotic behavior, as λ → ∞ with
λ > 0, of the terms with m �= 0. This boils down to the consideration of
the integrals

Fm(λ) :=
∫
Ω

e−iλmT y dy .

These are all oscillatory integrals with phase functions Im(y) := mTy, so the
gradients ∇Im(y) = m are all constant and nonzero vector fields throughout
Ω. Applying the Divergence Theorem once gives the exact result

Fm(λ) = − 1
iλ|m|2

∫
∂Ω

e−iλmT y(s)mTn(s) ds ,

where s is an arc length parameter for ∂Ω. For this one-dimensional oscil-
latory integral, the phase is stationary for values of s where

mT dy
ds

(s) = 0 .

Since dy/ds is a tangent vector to ∂Ω at y(s), the stationary phase points
are those at which the boundary ∂Ω is perpendicular to m. Because ∂Ω
is a closed curve, there are always such points, and therefore the dominant
contribution to Fm(λ) in the limit λ → ∞ with λ > 0 will arise from such
stationary phase points.

If the boundary ∂Ω has a finite radius of curvature at each point (in
particular Ω is convex), then the stationary phase points will all be simple,
because

d2

ds2
mTy(s) = mT d2

ds2
y(s)

and d2y/ds2 is always in the normal direction (as is m at a stationary phase
point) and is nonzero (because each point of ∂Ω has curvature by assump-
tion). Therefore, in this situation, we will have, for each m �= 0, that
Fm(λ) = O(λ−3/2) since a factor of 1/λ comes from the Divergence Theo-
rem, and an additional factor of 1/λ1/2 comes from the simple stationary
phase points of the one-dimensional boundary integral. By an appropriate
dominated convergence argument, we then find that

#λΩ ∩ Z
2 = λ2 · Area(Ω) + O(λ1/2) as λ → ∞ with λ > 0

for such domains with curvature. The first correction to the area can be
asymptotically larger if ∂Ω has points without curvature, as this leads to
higher-order stationary phase points for the boundary integrals. �
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� Exercise 5.20. Use the method of stationary phase for one-dimensional
integrals to compute the first correction term to the scaled area in the for-
mula for #λΩ ∩ Z

2 in the case of a simply connected domain Ω ∈ R
2 with

a curved boundary. �

Now we suppose that there exists a unique isolated stationary phase
point in the interior of Ω which we take without loss of generality to be at
the origin: x0 = 0. Let δ be a small positive number, and let µ(x) be an
infinitely differentiable cutoff function satisfying

µ(x) = 1 for |x| ≤ δ and µ(x) = 0 for |x| ≥ 2δ.

Then a partition of unity is µ(x) + (1 − µ(x)) = 1 and we may write

F (λ) =
∫
Ω

eiλI(x)µ(x)g(x) dx +
∫
Ω

eiλI(x)(1 − µ(x))g(x) dx

=
∫
|x|≤2δ

eiλI(x)µ(x)g(x) dx + O(λ−1)

as λ → ∞, where the bound on the second integral follows from the above
arguments for integrals without stationary phase points. With this method
based on partitions of unity, we can isolate small neighborhoods of any
number of stationary phase points that may occur in a domain Ω.

As in our study of multidimensional Laplace integrals in §3.7, we will
introduce a change of the integration variable near the origin to exactly
reduce the exponent function to the quadratic terms of its Taylor expansion
about x = 0. In a neighborhood of x = 0 we have (because ∇I(0) = 0)

I(x) − I(0) =
1
2
xTHx + O(|x|3) ,

where H is the real symmetric Hessian matrix for I(x):

Hjk :=
∂2I

∂xj∂xk
.

The Hessian matrix is diagonalized by an orthogonal matrix Q so that if
x = Qy is the corresponding linear transformation, then

I(Qy) − I(0) =
1
2
yTDy + O(|y|3) ,

where D is a diagonal matrix of the real eigenvalues of H. In the method
of stationary phase, it is not important that the stationary phase point
correspond to a maximum of I, so the eigenvalues can in principle be any
real numbers. We make only the technical assumption that none of the
eigenvalues are zero (this is analogous to the generic situation in the one-
dimensional case that I ′′(t0) �= 0). Therefore, we may represent D in the
form

D = diag(ν2
1 , . . . , ν2

q ,−ν2
q+1, . . . ,−ν2

d) .
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So, there are q strictly positive eigenvalues and q′ := d − q strictly negative
eigenvalues. Note that once we decide to put the eigenvalues in this order,
we may not be able to arrange det(Q) = 1, although by orthogonality we
will always have det(Q) = ±1. Thus, we have

I(Qy) − I(0) =
1
2

q∑
k=1

ν2
kyk − 1

2

d∑
k=q+1

ν2
kyk + O(|y|3) .

To change the exponent into exactly quadratic form, we seek a change of
variables from y to u defined near the origin so that

I(Qy) − I(0) =
1
2

q∑
k=1

ν2
kuk − 1

2

d∑
k=q+1

ν2
kuk .

This requires somewhat of a different strategy than was used in §3.7. To
solve this problem, we may begin in the same way that we did in our analysis
of multidimensional Laplace integrals, namely by introducing hyperspherical
coordinates. Here we introduce such coordinates separately for the variables
corresponding to positive and negative eigenvalues of H. Thus, we have four
radial variables r+, r−, ρ+, and ρ− and four sets of hyperspherical angles
θ+
1 , . . . , θ+

q−1, θ−1 , . . . , θ−q′−1, φ+
1 , . . . , φ+

q−1, and φ−
1 , . . . , φ−

q′−1 related to the
original coordinates by

yk =
r+

νk
cos(θ+

k )
k−1∏
j=1

sin(θ+
j ) , k = 1, . . . , q − 1 ,

yq =
r+

νq

q−1∏
j=1

sin(θ+
j ) ,

yq+k =
r−

νq+k
cos(θ−k )

k−1∏
j=1

sin(θ−j ) , k = 1, . . . , q′ − 1 ,

yd =
r−
νd

q′−1∏
j=1

sin(θ−j ) ,

uk =
ρ+

νk
cos(φ+

k )
k−1∏
j=1

sin(φ+
j ) , k = 1, . . . , q − 1 ,

uq =
ρ+

νq

q−1∏
j=1

sin(φ+
j ) ,
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uq+k =
ρ−

νq+k
cos(φ−

k )
k−1∏
j=1

sin(φ−
j ) , k = 1, . . . , q′ − 1 ,

ud =
ρ−
νd

q′−1∏
j=1

sin(φ−
j ) .

In terms of these, the equation to be solved takes the form
1
2
r2
+ − 1

2
r2
− + E(r+, θ+

1 , . . . , θ+
q−1, r−, θ−1 , . . . , θ−q′−1) =

1
2
ρ2

+ − 1
2
ρ2
− , (5.37)

where E is of cubic or higher order in r+ and r−. Note that the right-hand
side factors naturally because

1
2
ρ2

+ − 1
2
ρ2
− =

1
2
(ρ+ − ρ−)(ρ+ + ρ−) .

To solve this problem, we therefore will attempt to factor the left-hand side
as well; thus we first consider the related equation

1
2
r2
+ − 1

2
r2
− + E(r+, θ+

1 , . . . , θ+
q−1, r−, θ−1 , . . . , θ−q′−1) = 0 , (5.38)

as an equation to be solved for r− in terms of the other variables. When
r+ = 0, this equation is solved by choosing r− = 0 as well, but the Implicit
Function Theorem cannot be directly used to obtain r− for r+ �= 0 because
there are two crossing solution branches that must be separated by blowing
up the singularity. Thus, we introduce a new unknown v by r− = vr+, and
then we obtain

1 − v2 +
2
r2
+

E(r+, θ+
1 , . . . , θ+

q−1, vr+, θ−1 , . . . , θ−q′−1) = 0 ,

to which the Implicit Function Theorem applies, yielding an infinitely dif-
ferentiable solution v satisfying v = 1 for r+ = 0. Multiplying by r+, we
find a solution of (5.38) in the form

r− = f(r+, θ+
1 , . . . , θ+

q−1, θ
−
1 , . . . , θ−q′−1) = r+ + O(r2

+) ,

where the error term is uniform with respect to all d−2 angles. The purpose
of doing this in connection with the problem that we are trying to solve is
that the function

F (r+, θ+
1 , . . . , θ+

q−1, r−, θ−1 , . . . , θ−q′−1)

:= f(r+, θ+
1 , . . . , θ+

q−1, θ
−
1 , . . . , θ−q′−1) − r−

is a divisor of the left-hand side of (5.37). That is, the equation (5.37) can
be written equivalently in the form

F (r+, θ+
1 , . . . , θ+

q−1, r−, θ−1 , . . . , θ−q′−1)Q(r+, θ+
1 , . . . , θ+

q−1, r−, θ−1 , . . . , θ−q′−1)

=
1
2
(ρ+ − ρ−)(ρ+ + ρ−) ,
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where the quotient Q := E/F is a smooth function of all of its arguments.
Our strategy to solve (5.37) for the hyperspherical coordinates associated to
y by a smooth near-identity mapping of a neighborhood of the origin in u
space is then the following. First, we choose

θ+
k (ρ+, φ+

1 , . . . , φ+
q−1, ρ−, φ−

1 , . . . , φ−
q′−1) = φ+

k , k = 1, . . . , q − 1 , (5.39)

and

θ−k (ρ+, φ+
1 , . . . , φ+

q−1, ρ−, φ−
1 , . . . , φ−

q′−1) = φ−
k , k = 1, . . . , q′ − 1 . (5.40)

Then, to find r+ and r−, we equate factors by solving simultaneously

D :=
[
f(r+, φ+

1 , . . . , φ+
q−1, φ

−
1 , . . . , φ−

q′−1) − r−
]
− [ρ+ − ρ−] = 0

and

S := 2Q(r+, φ+
1 , . . . , φ+

q−1, r−, φ−
1 , . . . , φ−

q′−1) − [ρ+ + ρ−] = 0 .

These simultaneous equations can be solved for r+ and r− in a neighborhood
of ρ+ = ρ− = 0 because the Jacobian matrix is nonsingular:

∂(D,S)
∂(r+, r−)

∣∣∣∣∣
r+=r−=ρ+=ρ−=0

=

⎡
⎢⎢⎢⎢⎣

∂D

∂r+

∂D

∂r−

∂S

∂r+

∂S

∂r−

⎤
⎥⎥⎥⎥⎦

∣∣∣∣∣∣∣∣∣∣
r+=r−=ρ+=ρ−=0

=

[
1 −1
1 1

]
.

� Exercise 5.21. Verify the calculation of the Jacobian matrix, and show
that it follows that the smooth solution obtained in this manner satisfies

r+ = ρ+ + O(ρ2
+ + ρ2

−) and r− = ρ− + O(ρ2
+ + ρ2

−)

uniformly with respect to the angles φ±
k . This together with the angle rela-

tions (5.39) and (5.40) proves that the obtained mapping is a perturbation
of the identity mapping near the origin in u space. �

� Example. Let us find a smooth near-identity transformation a(u, v),
b(u, v) defined in a neighborhood of the origin in the (u, v)-plane that satis-
fies the equation

y2 − z2 + y2z + z3 = u2 − v2 . (5.41)
This is a case for which q = q′ = 1, and therefore there are no angle variables
(this makes the writing simpler, but it does not really make the solution
process any less substantial). First, we find (perturbatively) the function
f(y) = y + O(y2) for which z = f(y) is a solution of

y2 − z2 + y2z + z3 = 0 .
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Substituting z = sy and dividing through by y2, this becomes

1 − s2 + ys + ys3 = 0 .

By the Implicit Function Theorem, this has a unique solution s = s(y) with
s(0) = 1, and we may obtain the first few Taylor coefficients by implicit
differentiation:

s(y) = 1 + y + O(y2) .

Therefore the function we seek satisfies f(y) = y + y2 + O(y3). Now to
satisfy (5.41), we solve simultaneously

f(y) − z = u − v and
y2 − z2 + y2z + z3

f(y) − z
= u + v . (5.42)

We know that these equations determine a unique solution y = y(u, v) =
u+O(u2 +v2) and z = z(u, v) = v+O(u2 +v2); let us show how to compute
the quadratic terms in the two-variable Taylor expansions of these solution
functions. We substitute into (5.42) the following expressions:

y = u + Uu2 + V uv + Wv2 + O((u2 + v2)3/2) ,

z = v + Xu2 + Y uv + Zv2 + O((u2 + v2)3/2) ,

where U , V , W , X, Y , and Z are coefficients to be determined. Then using
the computed terms of f(y), we have

f(y) − z = u − v + (U − X + 1)u2 + (V − Y )uv + (W − Z)v2

+ O((u2 + v2)3/2) ,

so from the first equation in (5.42) we see that

U − X + 1 = 0 , V − Y = 0 , W − Z = 0 . (5.43)

Now to study the second equation, it is convenient to multiply through by the
denominator f(y)−z. Thus we are solving y2−z2+y2z+z3 = (f(y)−z)(u+v)
and the left-hand side is

y2 − z2 + y2z + z3 = u2 − v2 + 2Uu3 + (1 − 2Z)v3

+ (2V − 2X + 1)u2v + (2W − 2Y )uv2

+ O((u2 + v2)2) .

On the other hand, the right-hand side is (using the already obtained rela-
tions (5.43))

(f(y) − z)(u + v) = u2 − v2 + O((u2 + v2)2) .

Therefore we find four more relations:

2U = 0 , 2V − 2X + 1 = 0 , 2W − 2Y = 0 , and 1 − 2Z = 0 .

Now, we have obtained seven equations on six unknown constants. However,
these equations are necessarily consistent; this relates to the special choice
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of the function f(y) in the simultaneous equations (5.42) we are solving.
Indeed, the unique solution of the coefficient equations is easily seen to be

U = 0 , V =
1
2

, W =
1
2

,

X = 1 , Y =
1
2

, Z =
1
2

.

Similar systematic calculations can be used to calculate the coefficients of
arbitrarily many terms in the two-variable Taylor expansions of y(u, v) and
z(u, v). �

We now return to the asymptotic calculation of the integral

F δ(λ) :=
∫
|x|≤2δ

eiλI(x)µ(x)g(x) dx

= eiλI(0)
∫

Cε

exp

⎛
⎝ iλ

2

⎡
⎣ q∑

k=1

ν2
ku2

k −
d∑

k=q+1

ν2
ku2

k

⎤
⎦
⎞
⎠G(u) du ,

where the region of integration may be taken without loss of generality to
be a hypercube Cε of side length 2ε (see (3.40)), on which G(u) is an infin-
itely differentiable function that vanishes along with all derivatives at the
boundary of Cε. Note that G(u) incorporates several factors: the function
g evaluated at the corresponding value of x, the cutoff function µ evaluated
at the same point, the Jacobian det(Q) = ±1 for the linear transforma-
tion x → y, and the Jacobian of the nonlinear near-identity transformation
y → z. Being infinitely differentiable by assumption, the function G has a
Taylor expansion in d variables to any desired (finite) order:

G(u) =
M∑

p=0

∑
p1+···+pd=p

Gp1,...,pd

d∏
k=1

upk
k + rM (u) ,

where the remainder satisfies rM (u) = O(|u|M+1) in a neighborhood of
u = 0 and

Gp1,...,pd
:=

[
d∏

k=1

1
pk!

]
∂p

∂up1
1 · · · ∂upd

d

G(u)

∣∣∣∣∣
u=0

.

Let R(u) be a polynomial cutoff function in one variable that vanishes to
sufficiently high order at u = ±ε and such that R(u) − 1 vanishes to suffi-
ciently high order at u = 0. Then, we model G(u) on the hypercube Cε by
a polynomial P (u) that is the product of R(u1) · · ·R(ud) with the Taylor
polynomial of total degree M :

P (u) :=
M∑

p=0

∑
p1+···+pd=p

Gp1,...,pd

d∏
k=1

R(uk)u
pk
k .
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Writing

Fδ(λ) = eiλI(0)J1(λ) + eiλI(0)J2(λ) ,

where

J1(λ) :=
∫

Cε

exp

⎛
⎝ iλ

2

⎡
⎣ q∑

k=1

ν2
ku2

k −
d∑

k=q+1

ν2
ku2

k

⎤
⎦
⎞
⎠P (u) du

and

J2(λ) :=
∫

Cε

exp

⎛
⎝ iλ

2

⎡
⎣ q∑

k=1

ν2
ku2

k −
d∑

k=q+1

ν2
ku2

k

⎤
⎦
⎞
⎠ (G(u) − P (u)) du ,

we see immediately that the integral J1(λ) breaks into a sum of products of
one-dimensional integrals:

J1(λ) =
M∑

p=0

∑
p1+···+pd=p

Gp1,...,pd

·
q∏

k=1

∫ ε

−ε
eiλν2

ku2/2R(u)upk du
d∏

�=q+1

∫ ε

−ε
e−iλν2

� u2/2R(u)up� du .

Steepest descent analysis of the one-dimensional integrals may then be ap-
plied term-by-term in this finite sum. Furthermore, since

∇1
2

⎡
⎣ q∑

k=1

ν2
ku2

k −
d∑

k=q+1

ν2
ku2

k

⎤
⎦ = (ν2

1u1, . . . , ν
2
q uq,−ν2

q+1uq+1, . . . ,−ν2
dud)T

vanishes for u = 0 only, and exactly to first order, while G(u)−P (u) vanishes
to high order both for u = 0 as well as on the boundary of the hypercube Cε,
repeated use of the Divergence Theorem to “integrate by parts” shows that
J2(λ) is asymptotically small compared to the meaningful terms in J1(λ).
Therefore we may assemble these results for any M in the statement

F δ(λ) ∼ eiπ(q−q′)/4 eiλI(0)√
|detH|

(
2π
λ

)d/2 ∞∑
m=0

cmλ−m

as λ → ∞ with λ > 0 ,

where

cm :=
1

2m

∑
p1+···+pd=2m

pk all even

eiπ((p1+···+pq)−(pq+1+···+pd))/4Gp1,...,pd

d∏
k=1

pk!
νpk

k (pk/2)!
.



Chapter 10

Weakly Nonlinear
Waves

While the method of multiple scales can be usefully applied to certain prob-
lems of singular asymptotics for ordinary differential equations, it is also well
known as a method that applies equally well to certain analogous problems
related to partial differential equations. This is especially true for nonlinear
partial differential equations describing the propagation of waves, in which
case one approach of interest is to view the influence of nonlinear terms as
a perturbation. This is the subject of weakly nonlinear waves.

10.1. Derivation of Universal Partial Differential Equations
Using the Method of Multiple Scales

Recall that in applying the method of multiple scales to ordinary differential
equations, one does not obtain the asymptotic form of the solution valid over
long time scales in a single step. Rather, one first obtains a new differential
equation for the complex amplitude A as a function of the slow time T1 from
the solvability condition. An intermediate step to determining the asymp-
totic form of the weakly nonlinear oscillations valid for times t proportional
to 1/ε is then the solution of this new differential equation for A(T1).

In the study of weakly nonlinear waves by the method of multiple scales,
the same multi-step approach will apply; however in place of the ordinary
differential equation for the complex amplitude A that is used to avoid sec-
ular terms, we will obtain partial differential equations with respect to the
slow variables. However, the emphasis now shifts, because we will be less
interested in solving these new equations directly and more interested in

401
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observing the way that the same few model partial differential equations
arise again and again from very different problems as solvability conditions.
These model equations are consequently very important in their own right
since each solution of the model equation implies facts about every individual
nonlinear wave problem in which the same model arises from a perturba-
tion procedure. For this reason, we view these model equations as being
universal.

The notion of the same model equation appearing in many different
problems in an asymptotic limit is perhaps not so surprising. For example,
recall that in turning point problems (see §7.2.2), no matter what the exact
coefficients in the equation are, Airy’s differential equation describes the
local transition as long as the turning point is nondegenerate (a generic
condition).

10.1.1. Modulated wavetrains with dispersion and nonlinear ef-
fects. The cubic nonlinear Schrödinger equation. One nonlinear
wave equation (among many different ones) to which the method of multiple
scales can be applied to deduce simple universal model equations for certain
weakly nonlinear motions is the nonlinear partial differential equation

∂2ϕ

∂t2
− ∂2ϕ

∂x2
+ sin(ϕ) = 0 , (10.1)

which is called the sine-Gordon equation. The sine-Gordon equation (10.1)
describes directly at least two distinct physical phenomena:

➀ The mechanical oscillations of a chain of coupled pendula or any system
that can be approximately modeled in this way, for example the tor-
sional vibrations of base-pairs on RNA molecules. The chain consists
of pendula each of which is indexed by an integer n and has angular
displacement ϕn(t) and the corresponding gravitational restoring force
− sin(ϕn(t)). In the chain of pendula, each pendulum is coupled to
its left and right nearest neighbors by linear springs, so there is also
a contribution to the force on the nth pendulum from each neighbor.
Therefore, Newton’s second law of motion takes the form

d2ϕn

dt2
= − sin(ϕn) + k(ϕn+1 − ϕn) + k(ϕn−1 − ϕn) . (10.2)

Here k is a normalized spring constant of the coupling. If the dis-
placements of neighboring pendula are close, then a continuum limit
approach makes sense. In such an approach, we suppose the existence
of some smooth function ϕ(x, t) of which ϕn(t) is an approximate sam-
pled value for x = nh:

ϕn(t) ≈ ϕ(nh, t) .
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Here h is the lattice spacing. Setting k = 1/h2, Taylor expansion of
ϕ(x, t) in x shows that (10.2) becomes the sine-Gordon equation (10.1)
in the continuum limit of h → 0. This mechanical analogy is a good
way to visualize the solutions of the sine-Gordon equation.

➁ The dynamics of the relative phase ϕ(x, t) of quantum mechanical
wavefunctions on either side of a long superconducting Josephson junc-
tion.

Since sin(0) = 0, the function ϕ(x, t) ≡ 0 is an exact solution of (10.1).
This seems uninteresting, except that it means that we can in fact obtain
a great deal of information about nontrivial solutions of the sine-Gordon
equation using perturbation theory based on the trivial solution ϕ ≡ 0. In
other words, what we want to do is to consider solutions of (10.1) for which
ϕ(x, t) is small. This can be done by introducing a small perturbation
parameter ε and setting ϕ = εu. The sine-Gordon equation (10.1) thus
becomes, exactly,

∂2u

∂t2
− ∂2u

∂x2
+

1
ε

sin(εu) = 0 . (10.3)

Now since the sine is not a linear function, the equation for u contains ε in
an essential way, and consequently u = u(x, t; ε) will depend on ε too. But
since as ε → 0 we have the Taylor expansion

1
ε

sin(εu) = u − ε2

6
u3 + · · · = u + O(ε2) , (10.4)

we see that the equation (10.3) for u(x, t; ε) is a small perturbation of a linear
equation (the reduced equation) when ε is small. Now on this basis we would
like to suppose that u(x, t; ε) has an asymptotic expansion in powers of ε.
Since only even powers of ε appear in the Taylor expansion (10.4), it might
seem that a series in positive integer powers of δ := ε2 would be appropriate.
However, it turns out that there is some advantage to using odd powers of ε
too; in any case, if these orders were not necessary, we would find out later
by deducing that the corresponding coefficients in the asymptotic series were
zero. So let us proceed by substituting

u(x, t; ε) = u0(x, t) + εu1(x, t) + ε2u2(x, t) + O(ε3) (10.5)

into (10.3) and collecting powers of ε to determine u0(x, t), u1(x, t), and
u2(x, t).

The terms independent of ε in (10.3) give the reduced equation

∂2u0

∂t2
− ∂2u0

∂x2
+ u0 = 0 , (10.6)

which is a linear constant-coefficient partial differential equation for u0(x, t).
Recall from §5.5 that the basic solutions of this linear equation are exponen-
tial traveling waves ei(kx−ωt) where the wavenumber k and angular frequency
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ω are parameters that are not independent, being linked by the dispersion
relation

ω2 = k2 + 1 . (10.7)
The corresponding functions ω+(k) and ω−(k) are thus the upper and lower
branches of a hyperbola, as illustrated in Figure 10.1. We can pick concrete

k

ω

ω+(k)

ω−(k)

Figure 10.1. The two branches ω+(k) and ω−(k) of the dispersion re-
lation for the linearized sine-Gordon equation (10.6), as functions of k,
with the hyperbolic asymptotes shown in gray.

values of k and ω satisfying (10.7) and obtain a real-valued solution for
u0(x, t) by writing

u0(x, t) = Aei(kx−ωt) + A∗e−i(kx−ωt) , (10.8)

where A is a complex constant and A∗ is the complex-conjugate of A. Note
that both exponential functions appearing in (10.8) are admitted as solutions
of (10.6) (and therefore so is the linear combination (10.8)) because the
dispersion relation (10.7) is symmetric under the transformation k → −k
and ω → −ω.

Experience gained from studying weakly nonlinear oscillations in the
context of ordinary differential equations (see Chapter 9) suggests that upon
seeking higher-order corrections u1, u2, and so on, terms analogous to secular
terms will appear unless some mechanism is introduced to prevent them. To
see what the correct analogue of secular terms should be and to understand
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what makes these terms appear, we continue to calculate the higher-order
terms. The partial differential equation for u1 is in this case

∂2u1

∂t2
− ∂2u1

∂x2
+ u1 = 0

which may be satisfied by taking u1 ≡ 0 (this is a consequence of only even
powers of ε appearing in (10.3)), and then the equation governing u2 is

∂2u2

∂t2
− ∂2u2

∂x2
+ u2 =

1
6
u3

0

=
A3

6
e3iθ +

A2A∗

2
eiθ + � .

(10.9)

In writing this, we have introduced two new notations that will be convenient
throughout this chapter:

➀ The phase is defined as θ := kx − ωt.
➁ The symbol “�” denotes the complex conjugate of the term(s) preced-

ing. Thus, x + � is shorthand for x + x∗, no matter how complicated
an expression x is.

The right-hand side of (10.9) consists of a linear combination of terms of
the form einθ for n ∈ Z. Such terms are called harmonics. We refer to the
terms e±iθ as fundamental harmonics and the terms e±inθ for n �= 0, 1,−1
as overtones or higher harmonics. If present, a constant term (that is, a
harmonic with n = 0) is called a mean term. In general, a harmonic is
called resonant if it is annihilated by the linear operator appearing on the
left-hand side of the equation. Resonant harmonics give rise to secular terms,
as the following exercise shows.

� Exercise 10.1. The reason that having exponentials on the right hand
side whose wavenumbers and frequencies satisfy (10.7) leads to secular terms
is easy to see in this case. Let k and ω satisfy the dispersion relation (10.7)
and let B be a complex constant. Consider the linear equation

∂2u2

∂t2
− ∂2u2

∂x2
+ u2 = Beiθ (10.10)

with θ = kx− ωt. Use (10.7) to verify that a particular solution is given by

u2(x, t) =
Bit

2ω
eiθ

which grows linearly in t. An arbitrary solution u2 of (10.10) will differ from
this growing solution by a homogeneous solution, which can be obtained by
Fourier transforms. The general homogeneous solution that is bounded in
x is also bounded in t. Consequently, all solutions that are bounded in x
must be linearly growing in t. �
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The fundamental harmonics e±iθ on the right-hand side of (10.9) are
automatically resonant because u0(x, t) satisfies the reduced equation (10.6).
At this point, we need to know whether any other harmonics appearing
on the right-hand side of (10.9) are also resonant. The following exercise
considers whether the third harmonics e±3iθ can be resonant.

� Exercise 10.2. Part (a). Show that the third harmonics appearing on
the right-hand side of (10.9) are not resonant by checking that the dispersion
relation (10.7) does not admit the pair (±3k,±3ω) if it admits the pair (k, ω).
Hint: Eliminate the frequency ω.

Part (b). For some dispersion relations it is possible for the third har-
monics to be resonant. Consider the dispersion relation ω = k − k3 + k5.
Show that the third harmonics e±3iθ are resonant if and only if the funda-
mental wavenumber k satisfies k = 0 or k = ±

√
10. This is typical in the

sense that for most dispersion relations the third harmonics are only res-
onant if the fundamental wavenumber has certain values. Sometimes such
resonances are called accidental resonances. �

Therefore, we indeed see that because resonant harmonics appear on
the right-hand side of (10.9), secular terms will appear in u2(x, t), and the
corresponding asymptotic series expansion of u(x, t) will therefore become
invalid when t becomes as large as 1/ε2. The strategy of the method of mul-
tiple scales is to introduce multiple time scales T0 = t, T1 = εt, and T2 = ε2t
and to choose the “constant” A to depend on these slow time scales in such
a way that the resonant harmonics no longer appear on the right-hand side
of (10.9). The method of multiple scales requires one further modification
in the context of partial differential equations, namely the introduction of
multiple spatial scales. Recall from Chapter 9 that in the context of weakly
nonlinear oscillations described by ordinary differential equations the intro-
duction of dependence on slow time scales (as in the method of multiple
scales) is equivalent to slightly adjusting the fundamental frequency ω of
oscillation (as in the Poincaré-Lindstedt method). This correspondence also
makes sense in the context of partial differential equations; however, accord-
ing to the dispersion relation (10.7) the wavenumber k and the frequency
ω are linked, and therefore any adjustment of the frequency ω implies a
corresponding adjustment of the wavenumber k, to maintain consistency. If
adjusting frequencies is equivalent to introducing multiple time scales, then
adjusting wavenumbers is equivalent to introducing multiple spatial scales.
It turns out that introducing one additional spatial scale is sufficient for
many applications. We thus introduce the variables X0 = x and X1 = εx.

To implement the method of multiple scales to avoid the secular terms
appearing in a direct asymptotic expansion of weakly nonlinear waves in the
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sine-Gordon equation (10.3), suppose that

u(x, t; ε) = U(X0, X1, T0, T1, T2; ε)

and insert into (10.3) using the chain rule to compute the derivatives:

∂2u

∂t2
=

∂2U

∂T 2
0

+ 2ε
∂2U

∂T0∂T1
+ ε2

[
∂2U

∂T 2
1

+ 2
∂2U

∂T0∂T2

]
,

∂2u

∂x2
=

∂2U

∂X2
0

+ 2ε
∂2U

∂X0∂X1
+ ε2

∂2U

∂X2
1

.

(10.11)

We attempt to find U in the form of an asymptotic expansion analogous to
(10.5):

U(X0, X1, T0, T1, T2; ε) = U0(X0, X1, T0, T1, T2)

+ εU1(X0, X1, T0, T1, T2)

+ ε2U2(X0, X1, T0, T1, T2) + O(ε3) .

(10.12)

The terms in (10.3) using (10.11) and (10.12) that are independent of ε
amount to the linear equation (10.6) written in terms of the fast variables:

∂2U0

∂T 2
0

− ∂2U0

∂X2
0

+ U0 = 0 ,

which has the wavetrain solution

U0 = Aeiθ + �
where the phase is written in terms of the fast variables as θ = kX0 − ωT0

and k and ω satisfy the dispersion relation (10.7). The complex amplitude
A = A(X1, T1, T2) is a function of the slow variables, but it is independent
of X0 and T0.

The terms in (10.3) proportional to ε give an equation for U1:

∂2U1

∂T 2
0

− ∂2U1

∂X2
0

+ U1 = −2
∂2U0

∂T0∂T1
+ 2

∂2U0

∂X0∂X1

= 2i
[
ω

∂A

∂T1
+ k

∂A

∂X1

]
eiθ + � .

(10.13)

Because the fundamental harmonics e±iθ are resonant, we will have secular
terms in U1 unless we choose the dependence of A on X1 and T1 according
to

∂A

∂T1
+

k

ω

∂A

∂X1
= 0 . (10.14)

Since ω depends on k according to the dispersion relation (10.7), we can
differentiate (10.7) implicitly with respect to k. Regardless of whether we
are on the branch ω = ω+(k) or ω = ω−(k), we find that

k

ω±(k)
= ω′

±(k) .
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Consequently, the general solution of (10.14) can be written in the form

A = f(X1 − ω′
±(k)T1)

where f(ξ) is an arbitrary function. Thus we learn that on the time scale
T1, the modulation of the wave amplitude amounts to a rigid translation
to the right with a speed equal to the group velocity vg := ω′

±(k). With
the complex amplitude A chosen to satisfy (10.14), the right-hand side of
(10.13) is identically zero. We therefore choose1 the zero solution for U1.

With U1 ≡ 0, the equation determining U2 is

∂2U2

∂T 2
0

− ∂2U2

∂X2
0

+ U2 = −∂2U0

∂T 2
1

− 2
∂2U0

∂T0∂T2
+

∂2U0

∂X2
1

+
1
6
U3

0

=

[
−∂2A

∂T 2
1

+ 2iω
∂A

∂T2
+

∂2A

∂X2
1

+
1
2
A2A∗

]
eiθ

+
1
6
A3e3iθ + � .

(10.15)

Since in this case the harmonics e±3iθ are not resonant, the solvability con-
dition for a bounded solution U2 is the equation

−∂2A

∂T 2
1

+ 2iω
∂A

∂T2
+

∂2A

∂X2
1

+
1
2
A2A∗ = 0 (10.16)

(and its complex conjugate, which is equivalent). With this choice of de-
pendence of A on T2, we are guaranteed that the solution of (10.15) for
U2 will not contain any secular terms. On the other hand, unlike U1 the
correction U2 cannot be taken to be zero, since the equation (10.15) subject
to (10.16) is not homogeneous. There are nonresonant harmonics e±3iθ on
the right-hand side that will give rise to contributions to U2 proportional to
these same harmonics.

The two solvability conditions (10.14) and (10.16) can be put into a more
transparent form with a change of independent variables. Namely, based on
the discussion following (10.14), we anticipate the utility of the change of
variables (X1, T1) → (ξ, τ) given by

ξ = X1 − ω′
±(k)T1 and τ = T1 .

Indeed from the Jacobian of this transformation, we immediately find that
(10.14) becomes simply

∂A

∂τ
= 0 (10.17)

1While consistent, this choice is not necessary. One could choose any homogeneous solution

for U1, which amounts to correcting U0 (already a homogeneous solution) with more of the same.
Unless there is a specific reason to do this (for example, initial conditions that are dependent on
ε in an appropriate way), it is usually sufficient to choose the particular solution U1 ≡ 0.
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or, in words, in the frame of reference moving with the group velocity, the
amplitude A is independent of τ = T1. With the same change of variables
and using (10.17), we find that (10.16) becomes

2iω±(k)
∂A

∂T2
+

(
1 − [ω′

±(k)]2
) ∂2A

∂ξ2
+

1
2
A2A∗ = 0 .

Once again, some useful information may be obtained from implicitly dif-
ferentiating the dispersion relation (10.7). Namely, we find that

[ω′
±(k)]2 + ω±(k)ω′′

±(k) = 1 .

Therefore, we may finally write (10.16) in the form

i
∂A

∂T2
+

ω′′
±(k)
2

∂2A

∂ξ2
+ β|A|2A = 0 , (10.18)

where in this case the nonlinear coefficient is given by

β :=
1

4ω±(k)
. (10.19)

Thus, while the shape of the wave envelope A is stationary in the group
velocity frame over time scales of length 1/ε (in the original t variable, since
T1 being order one means t = O(1/ε)), on time scales of length 1/ε2, the
envelope is evolving in the group velocity frame according to the nonlinear
partial differential equation (10.18).

The equation (10.18) governing the complex amplitude A is called the
cubic nonlinear Schrödinger equation. This is the first example we have of
a universal amplitude equation arising from solvability conditions in a per-
turbation expansion based on the method of multiple scales. The universal
nature of the cubic nonlinear Schrödinger equation is hinted at by the per-
turbative nature of the analysis leading to its derivation, as the following
exercise shows.

� Exercise 10.3. Carry out a parallel analysis of small solutions ϕ = εu
of the nonlinear Klein-Gordon equation

∂2ϕ

∂t2
− ∂2ϕ

∂x2
+ F (ϕ) = 0 ,

where F (ϕ) is an arbitrary odd (that is, F (−ϕ) = −F (ϕ) holds) analytic
function of ϕ with F ′(0) �= 0 and F ′′′(0) �= 0. Derive the cubic nonlin-
ear Schrödinger equation (10.18) and find the appropriate formula for the
nonlinear coefficient β in terms of F ′(0) and F ′′′(0). �

In fact, the universality class of nonlinear wave equations for which the
cubic nonlinear Schrödinger equation (10.18) is a model for the dynamics
of slowly modulated waves is far broader than the class of nonlinear Klein-
Gordon equations. We will encounter other examples in §10.2 and §10.3,
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but for now it should be said clearly that whenever weakly nonlinear, nearly
monochromatic, one-dimensional waves with wavenumber k and frequency
ω are propagating in the presence of strong dispersion (meaning ω′′(k) �= 0)
and in the absence of dissipation or accidental resonances, the complex wave
amplitude A will satisfy an equation of the general form (10.18), where T2 =
ε2t, ξ = ε(x−ω′(k)t), and where the parameter β encodes the nonlinear terms
in the wave equation under study and must be determined by a multiple
scales analysis (it is generally not given by the formula (10.19) but rather
its form depends on the problem).

One of the important properties of the cubic nonlinear Schrödinger equa-
tion is that it selects a particular profile for a “finite energy” traveling wave
f(ξ) moving with the group velocity, as the following exercise shows.

� Exercise 10.4. Part (a). Suppose that βω′′(k) > 0, which is known as
the focusing case. Consider solutions of (10.18) of the form A = eiΩT2f(ξ),
where Ω is a real frequency parameter and f is real. Show that nonzero
profiles f that decay to zero as ξ → ±∞ may only arise if Ωω′′(k) > 0 and
that in this case f(ξ) necessarily has the form f(ξ) = a sech(b(ξ − ξ0)). Are
the parameters a, b, and Ω independent? If not, what is the relationship
between them?

Part (b). Suppose that βω′′(k) < 0, which is known as the defocusing
case. Consider again solutions of (10.18) of the form A = eiΩT2f(ξ) with Ω
and f real. Show that nonzero profiles f that decay to constant values as
ξ → ±∞ may only arise if Ωω′′(k) < 0 and that in this case f(ξ) necessarily
has the form f(ξ) = a tanh(b(ξ − ξ0)). Are the parameters a, b, and Ω
independent? If not, what is the relationship between them? �

These special solutions are called solitons. When it is important to dis-
tinguish the cases, the solitons of the focusing nonlinear Schrödinger equa-
tion are sometimes called “bright” solitons while those of the defocusing
equation are called “dark” solitons. This terminology arises from applica-
tions in nonlinear fiber optics.

The cubic nonlinear Schrödinger equation also has many other different
exact solutions. This is the first of many remarkable properties of this
equation that go beyond its universality as a model amplitude equation for
complex amplitudes A of weakly nonlinear waves.

10.1.2. Spontaneous excitation of a mean flow. Sometimes when non-
linear terms are neglected, the wave equation of interest admits nontrivial
solutions that are independent of x and t. This occurs when the dispersion
relation admits the solution (k, ω) = (0, 0) and the corresponding harmonic
(constant solution) is called a mean flow. One implication of this is that no
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matter what harmonic eiθ with θ = kx − ωt one chooses as a starting point
for perturbation theory, the possibility exists that nonlinear terms will gen-
erate from the fundamental harmonic a mean term which, being resonant,
will result in secular terms. While generally we have viewed such resonances
as accidental, the case of a resonant mean is much more common, since if
the dispersion relation admits a mean flow, the appearance of secular terms
is independent of the fundamental wavenumber k.

To see how to handle this situation in the framework of the method of
multiple scales, consider the partial differential equation

∂2ϕ

∂t2
− c2 ∂2ϕ

∂x2
+ α2 ∂4ϕ

∂x4
+ σ

∂ϕ

∂x

∂2ϕ

∂x2
= 0 ,

which is known as the Boussinesq equation (see §10.1.4). Here c is a real
parameter (the sound speed), α is a real parameter measuring the dispersion
in the system, and σ is a real parameter measuring the nonlinear effects. To
view this as a weakly nonlinear problem, we introduce a small parameter ε
and set ϕ = εu. Therefore, the rescaled equation is

∂2u

∂t2
− c2 ∂2u

∂x2
+ α2 ∂4u

∂x4
+ εσ

∂u

∂x

∂2u

∂x2
= 0 . (10.20)

To carry out the weakly nonlinear analysis using the method of multiple
scales, we introduce fast scales X0 = x and T0 = t and slow scales X1 = εx,
T1 = εt, and T2 = ε2t, and we write u(x, t; ε) = U(X0, X1, T0, T1, T2; ε).
Expanding U as in (10.12), we obtain first the reduced equation for U0:

∂2U0

∂T 2
0

− c2 ∂2U0

∂X2
0

+ α2 ∂4U0

∂X4
0

= 0 .

If we try a solution of the form

U0 = Aeiθ + � , (10.21)

where θ = kX0 − ωT0 with k and ω satisfying the dispersion relation

ω2 = c2k2 + α2k4 (10.22)

and with A = A(X1, T1, T2) being an undetermined complex amplitude, then
the corresponding equation governing U1 is

∂2U1

∂T 2
0

− c2 ∂2U1

∂X2
0

+ α2 ∂4U1

∂X4
0

= −2
∂2U0

∂T0∂T1
+ 2c2 ∂2U0

∂X0∂X1
− 4α2 ∂4U0

∂X3
0∂X1

− σ

2
∂

∂X0

(
∂U0

∂X0

)2

= iσk3A2e2iθ +
[
2iω

∂A

∂T1
+ (2ic2k + 4iα2k3)

∂A

∂X1

]
eiθ + � .

(10.23)
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The fundamental harmonics e±iθ are resonant, and to avoid the correspond-
ing secular terms in U1, we need to impose the solvability condition

∂A

∂T1
+

c2k + 2α2k3

ω

∂A

∂X1
= 0 , (10.24)

which indicates the rigid translation of the profile of the complex amplitude
A to the right with the group velocity since by implicit differentiation of
(10.22) we see easily that whatever branch of the dispersion relation corre-
sponds to the fundamental harmonic,

vg := ω′(k) =
c2k + 2α2k3

ω(k)
.

With the solvability condition satisfied, the correction U1 may be found as
a bounded function of X0 and T0 since secular growth has been suppressed.
The only terms that remain on the right-hand side of (10.23) are the second
harmonics, and since

[
∂2

∂T 2
0

− c2 ∂2

∂X2
0

+ α2 ∂4

∂X4
0

]
e±2iθ =

[
−4ω2 + 4c2k2 + 16α2k4

]
e±2iθ

= 12α2k4e±2iθ

(the condition that the second harmonics are not resonant is therefore that
the fundamental wavenumber k is nonzero), a particular solution for U1 is

U1 =
iσA2

12α2k
e2iθ + � . (10.25)

The equation determining U2 is then

∂2U2

∂T 2
0

− c2 ∂2U2

∂X2
0

+ α2 ∂4U2

∂X4
0

= −2
∂2U0

∂T0∂T2
− ∂2U0

∂T 2
1

− 2
∂2U1

∂T0∂T1

+ c2 ∂2U0

∂X2
1

− 6α2 ∂4U0

∂X2
0∂X2

1

+ 2c2 ∂2U1

∂X0∂X1
− 4α2 ∂4U1

∂X3
0∂X1

− σ
∂U0

∂X1

∂2U0

∂X2
0

− 2σ
∂U0

∂X0

∂2U0

∂X0∂X1
− σ

∂U1

∂X0

∂2U0

∂X2
0

− σ
∂U0

∂X0

∂2U1

∂X2
0

= B3e
3iθ + B2e

2iθ + B1e
iθ + � + B0 ,

(10.26)
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where

B3 := −σ2k2

2α2
A3 , (10.27)

B2 := − σ

3α2

[
ω

k
A

∂A

∂T1
+

(
2c2 + 7k2α2

)
A

∂A

∂X1

]
, (10.28)

B1 := 2iω
∂A

∂T2
− ∂2A

∂T 2
1

+
[
c2 + 6α2k2

] ∂2A

∂X2
1

+
σ2k2

6α2
|A|2A , (10.29)

and

B0 := −σk2 ∂

∂X1
|A|2 . (10.30)

The fundamental harmonics e±iθ are always resonant, and the corre-
sponding secular terms may be avoided by taking the coefficients of the
fundamental harmonics on the right-hand side of (10.26) to be zero, which
apparently imposes certain slow dynamics on the amplitude A; one thus de-
duces a cubic nonlinear Schrödinger equation evidently satisfied by A. The
second and third harmonics e±2iθ and e±3iθ are not resonant, as can easily
be checked. However, the mean term B0 is resonant because the dispersion
relation (10.22) admits (k, ω) = (0, 0). Avoiding the secular terms in U2

originating from the resonant mean term is problematic, since this appears
to require taking |A|2 to be independent of X1. Doing so is not consistent,
since the evolution of A is already governed by a cubic nonlinear Schrödinger
equation, whose solutions having |A|2 independent of X1 correspond to very
special initial conditions.

The rescaled equation (10.20) of course has nontrivial solutions when ε
is small, and we should view the failure of our approach as an indication
that an assumption leading to the problematic conclusion is incorrect. To
see what needs to be corrected, note that if |A|2 is not constant in X1, the
solution of the equation (10.26) contains secular terms that grow linearly in
T0 but that are constant in X0. In other words, U2 considered as a function
of X0 appears to develop a nonzero mean value rapidly. This is a clue that
the leading-order solution U0 should contain a component of the mean.

Based on this reasoning, we may try, in place of (10.21), a leading-order
solution of the form

U0 = Aeiθ + � + M ,

where M is a real function of the slow variables X1, T1, and T2. Then, be-
cause derivatives of U0 with respect to X0 and T0 are unchanged by adding
the mean M , (10.23) remains the same, and we again insist that the solv-
ability condition (10.24) holds and then take U1 to be given by (10.25). The
equation for U2 is still (10.26), and B3 and B2 are still given by (10.27) and
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(10.28), respectively, but in place of (10.29) we have

B1 := 2iω
∂A

∂T2
−∂2A

∂T 2
1

+
[
c2 + 6α2k2

] ∂2A

∂X2
1

+
σ2k2

6α2
|A|2A+σk2A

∂M

∂X1
, (10.31)

and in place of (10.30) we have

B0 := −∂2M

∂T 2
1

+ c2 ∂2M

∂X2
1

− σk2 ∂

∂X1
|A|2 . (10.32)

The solvability conditions are therefore B0 = 0 and B1 = 0, which can
now both be satisfied because the dependence of the mean M on the slow
variables is a new unknown. The solvability conditions should be viewed
as a coupled system of equations governing the dependence of the complex
amplitude A and the real mean M on the slow variables.

In this case, an equation for A alone can be derived by eliminating
∂M/∂X1 as follows. First, note that by differentiating the solvability con-
dition B0 = 0 with respect to X1, we get

∂2

∂T 2
1

∂M

∂X1
− c2 ∂2

∂X2
1

∂M

∂X1
+ σk2 ∂2

∂X2
1

|A|2 = 0 . (10.33)

Now, multiplication of (10.24) by A∗ and adding the resulting equation to
its complex conjugate implies that

∂

∂T1
|A|2 + ω′(k)

∂

∂X1
|A|2 = 0 ,

from which it follows that |A|2 also satisfies

∂2

∂T 2
1

|A|2 − ω′(k)2
∂2

∂X2
1

|A|2 = 0 .

If ω′(k)2 �= c2, the latter can be rearranged to read

∂2

∂X2
1

|A|2 =
1

ω′(k)2 − c2
·
[

∂2

∂T 2
1

|A|2 − c2 ∂2

∂X2
1

|A|2
]

,

so that (10.33) can be written as

∂2

∂T 2
1

∂M

∂X1
− c2 ∂2

∂X2
1

∂M

∂X1
= − σk2

ω′(k)2 − c2

[
∂2

∂T 2
1

|A|2 − c2 ∂2

∂X2
1

|A|2
]

.

A particular solution for ∂M/∂X1 is therefore proportional to |A|2, and the
homogeneous solutions are of the form f(X1 − cT1) and g(X1 + cT1) for
general functions f and g. Therefore, the general solution of (10.33) is

∂M

∂X1
= − σk2|A|2

ω′(k)2 − c2
+ f(X1 − cT1; T2) + g(X1 + cT1; T2) . (10.34)
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Inserting this relation into the solvability condition B1 = 0 with B1 given
by (10.31) gives a closed equation for the complex amplitude A:

i
∂A

∂T2
− 1

2ω(k)
∂2A

∂T 2
1

+
c2 + 6α2k2

2ω(k)
∂2A

∂X2
1

+ β|A|2A

= − σk2

2ω(k)
[f(X1 − cT1; T2) + g(X1 + cT1; T2)]A ,

where

β :=
1

2ω(k)

[
σ2k2

6α2
− σ2k4

ω′(k)2 − c2

]
. (10.35)

With the change of variables (X1, T1) → (ξ, τ) given by ξ = X1 − ω′(k)T1

and τ = T1, this becomes

i
∂A

∂T2
+

ω′′(k)
2

∂2A

∂ξ2
+ β|A|2A

= − σk2

2ω(k)
[
f(ξ + (ω′(k) − c)τ ; T2) + g(ξ + (ω′(k) + c)τ ; T2)

]
A . (10.36)

Unless f and g depend on T2 only, this equation appears to be inconsistent
with the solvability condition (10.24) which reads ∂A/∂τ = 0 in these vari-
ables. However, if one considers the initial-value problem where A is given
at t = 0 as a function of ξ that decays exponentially to zero as |ξ| → ∞ (for
example, A proportional to sech(ξ)) and if M and ∂M/∂τ vanish identically
at t = 0, then according to (10.34), f and g will also be exponentially decay-
ing functions. The condition ω′(k)2 �= c2 then implies that the product on
the right-hand side of (10.36) will quickly tend to zero because on the time
scale τ , which is fast on the time scale T2, the complex amplitude A remains
stationary while the profiles of f and g propagate with nonzero velocities.
Indeed, when T2 becomes large compared to ε the profiles of f and g will
move by a distance ξ that is large compared with 1 while the profile of A re-
mains nearly fixed; in this way the product on the right-hand side of (10.36)
becomes uniformly exponentially small as ε → 0 for each fixed T2 > 0. This
argument justifies the description of the dynamics of the complex amplitude
A by a cubic nonlinear Schrödinger equation:

i
∂A

∂T2
+

ω′′(k)
2

∂2A

∂ξ2
+ β|A|2A = 0 . (10.37)

Note that taking account of the mean flow is not just a technical matter
in order to ensure that U2 contains no secular terms; without taking account
of the mean flow, one arrives at the incorrect value of β by missing the second
term in (10.35). Also, (10.34) shows that even if the mean M vanishes
initially, it has nontrivial dynamics consisting of components propagating
with three distinct velocities: the two hyperbolic velocities ±c and the group
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velocity ω′(k) of the complex amplitude A. Therefore even if there is no
mean flow present initially, the mean will evolve away from the quiescent
state if A is nonzero.

� Exercise 10.5. Consider the weakly nonlinear Korteweg-de Vries equa-
tion

∂u

∂t
+ εu

∂u

∂x
+

∂3u

∂x3
= 0

and the weakly nonlinear modified Korteweg-de Vries equation

∂u

∂t
+ ε2u2 ∂u

∂x
+

∂3u

∂x3
= 0 .

(These arise from the Korteweg-de Vries equation ϕt + ϕϕx + ϕxxx = 0 and
the modified Korteweg-de Vries equation ϕt +ϕ2ϕx +ϕxxx = 0, respectively,
by the substitution ϕ = εu.) In the linear limit (ε = 0) both of these
equations degenerate to the same equation having the dispersion relation
ω + k3 = 0. This dispersion relation admits the pair (k, ω) = (0, 0) and
therefore there is the possibility that a derivation of an equation governing
the complex amplitude A of a wavepacket with a wavenumber k �= 0 will
require the introduction of a slowly-varying mean flow M .

Part (a). By seeking a solution of the weakly nonlinear Korteweg-de
Vries equation having the form

u = A(X1, T1, T2)ei(kX0+k3T0) + �
+ εU1(X0, X1, T0, T1, T2) + ε2U2(X0, X1, T0, T1, T2) + O(ε3) ,

show that to avoid secular terms in U1, one must take
∂A

∂T1
− 3k2 ∂A

∂X1
= 0

and that then

U1 =
A2

6k2
ei(2kX0+2k3T0) + � + arbitrary homogeneous solution.

Then show that to avoid secular terms in U2, one may take a slowly-varying
mean flow M(X1, T1, T2) as the arbitrary homogeneous solution in U1. Thus
derive the equations

∂M

∂T1
+

∂

∂X1
|A|2 = 0

and

i
∂A

∂T2
− 3k

∂2A

∂X2
1

− 1
6k

|A|2A − ikMA = 0 .

Finally, obtain the nonlinear Schrödinger equation

i
∂A

∂T2
− 3k

∂2A

∂ξ2
+

1
6k

|A|2A = 0



10.1. Universal Equations and Multiple Scales 417

by going into the group velocity frame with ξ = X1 + 3k2T1 and τ = T1.
Verify that this is a nonlinear Schrödinger equation of defocusing type (see
Exercise 10.4).

Part (b). Carry out a similar perturbative procedure as in part (a) for
the weakly nonlinear modified Korteweg-de Vries equation. Show that to
obtain the correct nonlinear Schrödinger equation governing A:

i
∂A

∂T2
− 3k

∂2A

∂ξ2
− k|A|2A = 0 ,

where again ξ = X1 + 3k2T1 and τ = T1, it is not necessary to introduce
a slowly-varying mean flow at all even though it is admitted by the linear
dispersion relation. Check that this nonlinear Schrödinger equation is of
focusing type (see Exercise 10.4). �

10.1.3. Multiple wave resonances. A frequent characterization of non-
linear dynamics in wave mechanics is that the function of the nonlinear
terms in a wave equation is to transport energy from one wave number to
another in the Fourier spectrum. We have already encountered this concept
in our multiple-scale analysis of weakly nonlinear waves, where we have seen
that the effect of the nonlinear terms is to generate higher harmonics of a
given fundamental harmonic. If nonresonant, these higher harmonics appear
in the first nonzero correction to the leading term U0. At the next order
the nonlinear terms will combine the fundamental harmonics present in the
leading term with those present in the first correction, producing yet higher
harmonics in the higher-order corrections.

Nonlinear terms can do more than produce multiples of a given harmonic
phase θ. They can also mix energy among several different harmonic phases.
For example, a quadratic term can combine two different phases θ1 and θ2

to produce the combinations θ1 ± θ2.
Of course the harmonics produced by nonlinear terms have little con-

sequence in perturbation theory unless they are resonant. While we have
seen that multiples of a given fundamental harmonic θ are only unusually
resonant (this of course depends on the fundamental wavenumber k and the
dispersion relation ω = ω(k) for the problem at hand, and more generally
one must be aware of the excitation of a mean flow), the situation is more
favorable for the production of resonant harmonics if more waves are present
in the leading term of the asymptotic expansion. Indeed, if we suppose that

U0 =
N∑

n=1

[
Aneiθn + �

]
, (10.38)
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where θn = knX0 − ωnT0 are phases such that the pairs (kn, ωn) all satisfy
the dispersion relation for the problem, then the nonlinear terms will pro-
duce cross terms involving linear combinations of the fundamental harmonics
θn as well as simple multiples. With more new harmonics generated from
nonlinear terms acting on U0, there is a greater chance that some of these
will coincide with the fundamental harmonics θn themselves and therefore
will be resonant. A situation in which U0 contains several different waves
that combine under the nonlinear terms in the problem to produce terms
proportional to these same waves is called a multiple wave resonance. The
solvability conditions that are required to avoid secular terms from appear-
ing in the asymptotic expansion generally impose coupled dynamics on the
complex amplitudes An. This dynamical process of slow exchange of energy
among waves making up a multiple wave resonance is called wave mixing.

Quadratic nonlinearities. Resonant triads. Quadratic nonlinearities can mix
energy among three different fundamental harmonics. In this case, N = 3 in
(10.38), and the three waves making up U0 are said to make up a resonant
triad. The condition for triad resonance can be written in the form

k1 + k2 + k3 = 0 and ω1 + ω2 + ω3 = 0 .

As an example of a dispersion relation supporting triad resonances, consider

ω2 = 1 + 2k2 + k4 = (1 + k2)2 . (10.39)

Suppose that (k1, ω1 := 1 + k2
1) and (k2, ω2 := 1 + k2

2) are given pairs satis-
fying the dispersion relation (10.39). The third wave in the resonant triad
should correspond to k3 = −(k1 + k2) and ω3 = −(ω1 + ω2). The question
is whether the pair (k3, ω3) also satisfies the same dispersion relation.

� Exercise 10.6. Show that the pair (k3, ω3) completing the resonant
triad satisfies the dispersion relation (10.39) if and only if 2k1k2 = 1. �

This exercise shows that there is a one-parameter family of resonant
triads for the dispersion relation (10.39) since the wavenumber k1 can be
chosen arbitrarily. An equation with the dispersion relation (10.39) and
weak quadratic nonlinearity is

∂2u

∂t2
− 2

∂2u

∂x2
+

∂4u

∂x4
+ u + εu2 = 0 . (10.40)

Let us introduce the time scales T0 = t and T1 = εt and the spatial scales
X0 = x and X1 = εx. Supposing that u(x, t; ε) = U(X0, X1, T0, T1; ε) and
that U has an asymptotic expansion in integer powers of ε with coefficients
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U0, U1, and so on, one finds for the leading term the reduced equation

∂2U0

∂T 2
0

− 2
∂2U0

∂X2
0

+
∂4U0

∂X4
0

+ U0 = 0 . (10.41)

Let us take the solution of this equation in the form of a resonant triad:

U0 = A1e
iθ1 + A2e

iθ2 + A3e
iθ3 + � ,

where the complex amplitudes An are functions of the slow variables X1 and
T1. Note that because θ1 + θ2 + θ3 = 0,

U2
0 = 2A∗

2A
∗
3e

iθ1 + 2A∗
1A

∗
3e

iθ2 + 2A∗
1A

∗
2e

iθ3 + � + other harmonics ,

where the other harmonics are generally nonresonant. Therefore, the equa-
tion for U1 is

∂2U1

∂T 2
0

− 2
∂2U1

∂X2
0

+
∂4U1

∂X4
0

+ U1

= −2
∂2U0

∂T0∂T1
+ 4

∂2U0

∂X0∂X1
− 4

∂4U0

∂X3
0∂X1

+ U2
0

=
[
2iω1

∂A1

∂T1
+

(
4ik1 + 4ik3

1

) ∂A1

∂X1
+ 2A∗

2A
∗
3

]
eiθ1

+
[
2iω2

∂A2

∂T1
+

(
4ik2 + 4ik3

2

) ∂A2

∂X1
+ 2A∗

1A
∗
3

]
eiθ2

+
[
2iω3

∂A3

∂T1
+

(
4ik3 + 4ik3

3

) ∂A3

∂X1
+ 2A∗

1A
∗
2

]
eiθ3

+ � + nonresonant harmonics .

There are evidently three solvability conditions for avoiding secular terms
in U1. Noting that by differentiation of (10.39), (2k + 2k3)/ω is the group
velocity vg associated with the wave having wavenumber k and frequency
ω, these may be written in the form

∂A1

∂T1
+ vg,1

∂A1

∂X1
+

1
iω1

A∗
2A

∗
3 = 0 ,

∂A2

∂T1
+ vg,2

∂A2

∂X1
+

1
iω2

A∗
1A

∗
3 = 0 ,

∂A3

∂T1
+ vg,3

∂A3

∂X1
+

1
iω3

A∗
1A

∗
2 = 0 .

(10.42)

Here the group velocity is vg,n = (2kn +2k3
n)/ωn for n = 1, 2, 3. This system

of equations is called the 3-wave interaction equations.
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Cubic nonlinearities. Resonant quartets. Frequently quadratic nonlineari-
ties are absent due to basic symmetries of the system under consideration.
For example, if the equation (10.40) should include nonlinear terms but
should be invariant under the transformation taking u to −u, then in place
of εu2 the simplest admissable term is a cubic term εu3. Whereas quadratic
nonlinearities can serve to mix three fundamental waves making up a reso-
nant triad, cubic nonlinearities can mix four fundamental waves making up
a resonant quartet. The resonance condition for quartets is

k1 + k2 + k3 + k4 = 0 and ω1 + ω2 + ω3 + ω4 = 0 . (10.43)

Of course the corresponding pairs (kn, ωn) all have to satisfy the dispersion
relation for the problem at hand.

� Exercise 10.7. Show that for the dispersion relation (10.39) there is a
two-parameter family of resonant quartets, parametrized by the independent
wavenumbers k1 and k2. �

This exercise shows that for the dispersion relation (10.39), resonant
quartets are more common than resonant triads. This situation is typical,
since in each case the resonance condition places one additional condition
on a collection of wavenumbers that otherwise are only constrained in that
their sum is zero. The more fundamental wavenumbers one admits, the
more resonances are possible.

To see the effect of cubic nonlinearities on resonant quartets, consider
the wave equation

∂2u

∂t2
− 2

∂2u

∂x2
+

∂4u

∂x4
+ u + εu3 = 0 ,

and suppose that u(x, t; ε) = U(X0, X1, T0, T1; ε) and that U has an asymp-
totic expansion in integer powers of ε with coefficients U0, U1, and so on.
Then, the leading term U0 satisfies the partial differential equation (10.41),
and to study the resonant quartet, we suppose a solution of the form

U0 = A1e
iθ1 + A2e

iθ2 + A3e
iθ3 + A4e

iθ4 + � ,

where θn = knX0 − ωnT0 and (kn, ωn) are pairs satisfying the dispersion
relation (10.39) and the resonance condition (10.43). Therefore θ1 + θ2 +
θ3 + θ4 = 0, and if we multiply out the cubic nonlinear term acting on U0,
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we will find

U3
0 =

(
6A∗

2A
∗
3A

∗
4 +

[
3|A1|2 + 6|A2|2 + 6|A3|2 + 6|A4|2

]
A1

)
eiθ1

+
(
6A∗

1A
∗
3A

∗
4 +

[
6|A1|2 + 3|A2|2 + 6|A3|2 + 6|A4|2

]
A2

)
eiθ2

+
(
6A∗

1A
∗
2A

∗
4 +

[
6|A1|2 + 6|A2|2 + 3|A3|2 + 6|A4|2

]
A3

)
eiθ3

+
(
6A∗

1A
∗
2A

∗
3 +

[
6|A1|2 + 6|A2|2 + 6|A3|2 + 3|A4|2

]
A4

)
eiθ4

+ � + other harmonics ,

where the other harmonics are not generally resonant.

� Exercise 10.8. Verify the above, including the nonresonance of the
omitted harmonics for general choices of k1 and k2. �

Since the equation governing U1 is

∂2U1

∂T 2
0

− 2
∂2U1

∂X2
0

+
∂4U1

∂X4
0

+ U1

= −2
∂2U0

∂T0∂T1
+ 4

∂2U0

∂X0∂X1
− 4

∂4U0

∂X3
0∂X1

+ U3
0 ,

it is easy to see that avoiding secular terms in U1 requires imposing four
solvability conditions that can be written as a coupled system governing the
slow evolution of the four complex amplitudes A1, A2, A3, and A4:

∂A1

∂T1
+ vg,1

∂A1

∂X1

+
3

iω1
A∗

2A
∗
3A

∗
4 +

3
iω1

[
1
2
|A1|2 + |A2|2 + |A3|2 + |A4|2

]
A1 = 0 ,

∂A2

∂T1
+ vg,2

∂A2

∂X1

+
3

iω2
A∗

1A
∗
3A

∗
4 +

3
iω2

[
|A1|2 +

1
2
|A2|2 + |A3|2 + |A4|2

]
A2 = 0 ,

∂A3

∂T1
+ vg,3

∂A3

∂X1

+
3

iω3
A∗

1A
∗
2A

∗
4 +

3
iω3

[
|A1|2 + |A2|2 +

1
2
|A3|2 + |A4|2

]
A3 = 0 ,

∂A4

∂T1
+ vg,4

∂A4

∂X1

+
3

iω4
A∗

1A
∗
2A

∗
3 +

3
iω4

[
|A1|2 + |A2|2 + |A3|2 +

1
2
|A4|2

]
A4 = 0 .

(10.44)
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Here the quantities vg,n are the group velocities associated with the waves
of respective wavenumbers kn and frequencies ωn.

The system of equations (10.44) describes the way that a weak cubic
nonlinearity couples together the dynamics of four fundamental waves mak-
ing up a resonant quartet. Generally, this process is called four-wave mixing.

Manley-Rowe relations and modal interactions. If we begin with either (10.42)
or (10.44) and multiply the equation governing An by A∗

n and then add the
complex conjugate, we obtain a system of equations for the square moduli
|An|2 that has a common form:

∂

∂T1
|An|2 + vg,n

∂

∂X1
|An|2 =

K

ωn
�

⎡
⎣ N∏

j=1

Aj

⎤
⎦ , for n = 1, . . . , N , (10.45)

where for (10.42) we have N = 3 and K = 2 while for (10.44) we have N = 4
and K = 6.

The main observation is that the right-hand side of (10.45) is, up to a
constant factor, independent of n. Therefore, we may form various simpler
relations by taking linear combinations of the N equations making up the
system (10.45). Such relations constrain the flow of energy among the funda-
mental waves and are called Manley-Rowe relations. The simplest Manley-
Rowe relation comes from multiplying each equation in (10.45) through by
ω2

n and summing the equations. Setting

I(X1, T1) :=
N∑

n=1

ω2
n|An|2 ,

this Manley-Rowe relation reads

∂I

∂T1
+

∂

∂X1

N∑
n=1

vg,nω2
n|An|2 = 0 . (10.46)

The terms on the right-hand side of (10.45) do not appear here because
ω1 + · · · + ωN = 0 due to the resonance condition. The relation (10.46) is
a conservation law in local form. Integrating with respect to X1 over R,
assuming vanishing boundary conditions for the amplitudes An, we find

d

dT1

∫ ∞

−∞
I(X1, T1) dX1 = 0 ,

so the integral of I remains constant. This Manley-Rowe relation has the
interpretation of conservation of the total energy in the system. While this
is the simplest Manley-Rowe relation, there are N − 1 linearly independent
ones, since this is the number of independent linear combinations of the
equations in (10.45) for which the right-hand side vanishes.
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� Exercise 10.9. For N = 3 and N = 4 find a complete basis for the
Manley-Rowe relations implied by (10.45). Hint: Consider linear combina-
tions of the products ωn|An|2. �

The Manley-Rowe relations are constraints on the way that energy may
flow among the fundamental waves. In the case of the four-wave mixing
system (10.44), the “in phase” nonlinear terms proportional to An in the
differential equation for An evidently drop out altogether in the calculation
leading to (10.45). Such terms cannot appear in the Manley-Rowe relations,
and therefore they cannot influence the flow of energy among the fundamen-
tal waves. These terms serve only to modulate the phase of An but do not
mix any energy directly. These terms characterize what is called a modal
interaction.

10.1.4. Long wave asymptotics. The Boussinesq equation and the
Korteweg-de Vries equation. In systems whose governing equations ad-
mit constant solutions, so that in particular the dispersion relation is satis-
fied by the pair (k, ω) = (0, 0), a useful asymptotic limit to consider is one in
which solutions are slowly varying in space and time. When combined with
a small-amplitude limit making the system weakly nonlinear, such a long-
wave limit can also lead to universal equations that govern the asymptotic
dynamics for a broad class of models.

Systems with left/right symmetry. The Boussinesq equation. Many physical
systems of wave motion can be written in the form

∂2u

∂t2
+

∂

∂x
F [u] = 0 , (10.47)

where F [u] denotes an expression in u and its derivatives with respect to
x. Physical symmetries further constrain the possible form of F . If the
system is symmetric with respect to reflections about the origin in x, the
equation should be invariant under the change x → −x, and if u has the
interpretation of a velocity, then the change u → −u should go hand-in-
hand. In such a situation, we should restrict our attention to those F [u]
that are invariant under the change (x, u) → (−x,−u), which if p is odd
leaves ∂pu/∂xp invariant, but if p is even, it changes the sign of ∂pu/∂xp. If
we are interpreting u as a velocity, then Galilean invariance implies that the
wave equation should be invariant under the substitution u → u+ c where c
is an arbitrary constant. This symmetry further requires that F [u] depend
on u only through derivatives with respect to x.

Such functions F [u] are necessarily of the form

F [u] = −c2 ∂u

∂x
+ a

∂3u

∂x3
+ b

(
∂u

∂x

)2

+ other terms , (10.48)
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where the other terms are of total degree2 six or more. Setting T = εt and
X = εx and setting U = εu, the wave equation (10.47) subject to (10.48)
becomes

ε3
[
∂2U

∂T 2
− c2 ∂2U

∂X2

]
+ ε5

[
a

∂4U

∂X4
+ 2b

∂U

∂X

∂2U

∂X2

]
+ O(ε7) = 0 .

Dividing by ε3 and neglecting terms of size O(ε4), we arrive at the Boussinesq
equation3

∂2U

∂T 2
− c2 ∂2U

∂X2
+ ε2

[
a

∂4U

∂X4
+ 2b

∂U

∂X

∂2U

∂X2

]
= 0 . (10.49)

This equation represents a perturbation of the hyperbolic linear wave equa-
tion. The perturbation includes the most important dispersive and nonlinear
terms admitted by the symmetries of the system under a weakly nonlinear
long-wave scaling.

Right-going waves. The Korteweg-de Vries equation. The Boussinesq equa-
tion allows for waves propagating in two opposite directions according to
the two characteristic velocities ±c of the unperturbed problem (ε = 0).
As is well known, the general solution of the unperturbed problem resolves,
according to the d’Alembert formula, into a sum of two disturbances propa-
gating with speeds ±c. After some time, these two disturbances will become
separated from each other, and the perturbative influence that one may have
on the other due to the correction terms in (10.49) will be much smaller than
the effect that each disturbance has on itself due to these terms. It there-
fore seems possible that a simpler model could be obtained if we consider
primarily the effect of disturbances propagating in one direction.

Without loss of generality, let us consider waves propagating to the right
with speed c > 0. To go into the frame of reference moving with this velocity,
consider the change of independent variables (X, T ) → (ξ, τ), where

ξ = X − cT and τ = ε2T .

Then, if V (ξ, τ) = U(X, T ), the Boussinesq equation (10.49) becomes (after
dividing through by ε2):

ε2
∂2V

∂τ2
− 2c

∂2V

∂ξ∂τ
+ a

∂4V

∂ξ4
+ 2b

∂V

∂ξ

∂2V

∂ξ2
= 0 .

2By total degree, we mean the total number of x-derivatives plus the number of factors, that

is, the exponent of ε upon replacing u by εu and ∂/∂x by ε∂/∂x. Thus ∂3u/∂x3 has total degree
four, as does (∂u/∂x)2.

3Valentin Joseph Boussinesq, 1842–1929.
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Neglecting the formally small term proportional to ε2, the resulting equation
only involves W := ∂V/∂ξ:

−2c
∂W

∂τ
+ a

∂3W

∂ξ3
+ 2bW

∂W

∂ξ
= 0 . (10.50)

By a simple rescaling of W and τ by constant coefficients, this equation can
be written in a canonical form:

∂W

∂τ
+ W

∂W

∂ξ
+

∂3W

∂ξ3
= 0 . (10.51)

� Exercise 10.10. Carry out explicitly the rescaling necessary to convert
(10.50) into (10.51). �

The equation (10.51) is another universal nonlinear partial differential
equation known as the Korteweg-de Vries equation4. The Korteweg-de Vries
equation also has remarkable mathematical structure. The simplest aspect
of this structure is illustrated in the following exercise.

� Exercise 10.11. Find relations between the constants a, b, and c such
that the expression W (ξ, τ) := a sech2(b(ξ−cτ −ξ0)) is a solution of (10.51).
These solutions are called solitons of the Korteweg-de Vries equation. �

The Korteweg-de Vries equation (10.51) arises frequently as a model
when weak dispersion and weak nonlinearity are combined as a perturba-
tive effect acting on waves propagating along a characteristic velocity of an
underlying hyperbolic system (which may or may not have the symmetries
of the Boussinesq equation; the equation (10.51) can be derived from many
problems without using a Boussinesq equation as an intermediate step).

10.2. Waves in Molecular Chains

To illustrate the application of the method of multiple scales to the deriva-
tion of universal model equations, consider the problem of describing weakly
nonlinear vibrations in a monatomic chain. The setting is the classical me-
chanics of a chain of particles of equal mass, say m, each interacting with
its two nearest neighbors by an interatomic force law that one can visualize
as a nonlinear spring. See Figure 10.2. This sort of model arises in several
branches of applied mathematics. For example, the study of deformations
of α-helix protein molecules can be reduced (under certain conditions) to
a problem of this type. In this case, the individual masses are the peptide
groups in the chain, which are connected one to the next by hydrogen bonds.
It is also a basic model in solid-state physics.

4Diederik Johannes Korteweg, 1848–1941, and Gustav de Vries, 1866–1934.
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xn

qn

xn−1 xn+1

qn+3

Figure 10.2. The molecular chain showing displacements qn of the par-
ticles from equally spaced equilibrium positions xn.

10.2.1. The Fermi-Pasta-Ulam model. A very famous story concerns
three physicists, E. Fermi5, J. Pasta6, and S. Ulam7, who proposed a model
of this type in an attempt to explain the process of thermalization in solid
materials. Thermalization refers to the way that energy that is in the system
at time t = 0 ultimately becomes equally distributed among all possible vi-
brational modes in accordance with the laws of statistical thermodynamics;
it is the reason why hitting a piece of metal repeatedly for a long time with
a hammer makes the metal start to feel hot to the touch. Fermi, Pasta, and
Ulam knew that if the springs were all linear, then any energy put into a
particular vibrational mode will stay there forever, and consequently they
thought that thermalization must be the result of weakly nonlinear effects
in the springs, which serve to mix the energy among the linear vibrational
modes. In fact their (very primitive by today’s standards) numerical simu-
lations seemed to show otherwise, namely that the energy dispersed among
the various vibrational modes for a short time but then spontaneously came
back into just a few modes of vibration some time later! In other words,
their simulations indicated that the energy does not thermalize at all in spite
of the nonlinearities in the springs. This was sufficiently surprising that it
warranted further investigation, and it seems that the nonlinear molecular
chain, sometimes called the Fermi-Pasta-Ulam model, has not at this time
been used to successfully explain thermalization. On the other hand, it has
been a prototype for studying unexpectedly coherent phenomena ever since.

The total energy of this mechanical system is a sum of the total kinetic
energy T and the total potential energy V . The kinetic energy is related to
the motion of the particles. If we assign to the particle whose displacement
from equilibrium at time t is qn(t) the momentum

pn(t) := m
dqn

dt
(t) ,

5Enrico Fermi, 1901–1954.
6John R. Pasta, 1918–1981.
7Stanislaw Ulam, 1909–1984.
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then the kinetic energy of this particle is p2
n/2m. Consequently the total

kinetic energy of the whole chain is a sum:

T =
∞∑

n=−∞

p2
n

2m
.

We assume that particles are really moving very much only in some finite
part of the chain, so that the infinite sum converges. On the other hand,
the potential energy is stored in the compressed or extended springs. Let
Vn be the potential energy of the spring connecting the particles with dis-
placements qn and qn−1. We normalize Vn to be zero when qn − qn−1 = 0,
that is, when the spring is neither stretched nor compressed relative to its
equilibrium configuration. Assuming the springs are all identical, then Vn

is just a function V (sn) of the stretching, sn := qn − qn−1, that vanishes
when sn = 0. For simplicity, we will also assume that the function V (·) is
analytic. The total potential energy of the system is then the sum

V =
∞∑

n=−∞
V (qn − qn−1) .

Once again, we assume that sn → 0 for large n fast enough given the func-
tion V (·) so that the sum converges. This means that far enough away
from the center of all the action, the masses are not moving much and are
approximately equally spaced with spacing ∆x.

The equations of motion for the masses are Hamilton’s equations corre-
sponding to the total energy H = T + V . These equations are

dqn

dt
=

∂H

∂pn
=

pn

m

and
dpn

dt
= −∂H

∂qn
= V ′(qn+1 − qn) − V ′(qn − qn−1) .

Eliminating the momenta pn, we can combine these into a system of cou-
pled second-order equations, Newton’s equations, for the dynamical vari-
ables qn(t):

m
d2qn

dt2
= V ′(qn+1 − qn) − V ′(qn − qn−1) ,

for n ∈ Z. Note that if all the particles are equally spaced with spacing ∆x,
the force terms on the right-hand side become simply V ′(0)− V ′(0) = 0, so
the system is indeed in equilibrium in such a configuration.

10.2.2. Derivation of the cubic nonlinear Schrödinger equation.
For weakly nonlinear oscillations, we should suppose that the displacements
from equilibrium are very small, so that we may take into account nonlinear
effects perturbatively. Thus we set qn = εQn where ε is a small parameter.
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Making this substitution and expanding V in Taylor series about sn = 0 for
ε small, the equations of motion become

m
d2Qn

dt2
= V ′′(0) [Qn+1 − 2Qn + Qn−1]

+ ε
V ′′′(0)

2

[
(Qn+1 − Qn)2 − (Qn − Qn−1)2

]

+ ε2
V (IV )(0)

6

[
(Qn+1 − Qn)3 − (Qn − Qn−1)3

]
+ O(ε3) .

(10.52)

This is evidently of the form of a formally small perturbation of a system of
linear ordinary differential equations for the rescaled displacements Qn(t).

We anticipate that as we try to compute higher-order terms in an as-
ymptotic expansion in powers of ε, we will encounter secular terms that will
ruin the asymptotic nature of our subsequent approximations; for a direct
exposition we will introduce the slow spatial and temporal scales from the
very beginning. Let the time scales be T0 = t, T1 = εt, and T2 = ε2t. Intro-
duce also the spatial scale X1 = εn. Even though n is a discrete variable, we
will view X1 as a continuous variable, as will be made clear below. Thus,
we are interested in seeking a solution of the form

Qn(t) = Q(0)
n (X1, T0, T1, T2) + εQ(1)

n (X1, T0, T1, T2)

+ ε2Q(2)
n (X1, T0, T1, T2) + O(ε3) .

We are thinking of n and X1 as independent spatial variables and of T0, T1,
and T2 as independent time scales. We know how to expand the time deriva-
tives using the chain rule. In order to rewrite the discrete differences with
respect to n, we use Taylor expansion. More precisely, using the definition
of X1, we see that

Qn±1(t) = Q
(0)
n±1(X1 ± ε, T0, T1, T2) + εQ

(1)
n±1(X1 ± ε, T0, T1, T2)

+ ε2Q
(2)
n±1(X1 ± ε, T0, T1, T2) + O(ε3)

= Q
(0)
n±1(X1, T0, T1, T2)

+ ε

[
Q

(1)
n±1(X1, T0, T1, T2) ±

∂Q
(0)
n±1

∂X1
(X1, T0, T1, T2)

]

+ ε2
[
Q

(2)
n±1(X1, T0, T1, T2) ±

∂Q
(1)
n±1

∂X1
(X1, T0, T1, T2)

+
1
2

∂2Q
(0)
n±1

∂X2
1

(X1, T0, T1, T2)

]
+ O(ε3) .
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We may then collect the coefficients of powers of ε order by order. At leading
order, we find the reduced equation:

m
∂2Q

(0)
n

∂T 2
0

= V ′′(0)
[
Q

(0)
n+1 − 2Q(0)

n + Q
(0)
n−1

]
. (10.53)

Elementary traveling wave solutions can be sought in the form

Q(0)
n = ei(δn−ωT0) .

It is immediate to check that these will solve (10.53) if δ and ω satisfy the
dispersion relation:

D(δ, ω) := mω2+V ′′(0)
[
eiδ − 2 + e−iδ

]
= 0 or ω2 =

2V ′′(0)
m

[1 − cos(δ)] .

(10.54)
Evidently, for bounded motions, we need to have V ′′(0) > 0. This ensures
that the equilibrium configuration is stable. The appearance of trigonometric
functions in the dispersion relation is a new feature and is the hallmark of
mechanical systems with discrete translational symmetry like crystals or
other periodic molecules. The two branches of the dispersion relation are
displayed in Figure 10.3. We look for a solution that is a modulated wave

ω = Ω

√
V ′′(0)

m

Ω

δ

−π π

Figure 10.3. The two branches of the discrete dispersion relation for

linear motions of the lattice. The frequency is normalized to
√

V ′′(0)/m.

with discrete wavenumber δ ∈ (−π, π), so with a corresponding value of ω
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(upper or lower branch) we have a real solution in the form

Q(0)
n = Aeiθ + � , (10.55)

where θ = δn− ωt. In general, since the dispersion relation admits the pair
(δ, ω) = (0, 0), we would have to consider the possibility that a mean flow
is spontaneously excited by nonlinear interactions, but it turns out that the
structure of the nonlinear terms in the lattice model under consideration
prevents this from occurring. (The situation is similar to that in part (b) of
Exercise 10.5.) Thus, it is not necessary to include in Q

(0)
n any component

proportional to the mean.
With the solution (10.55) at leading order, the terms proportional to ε

yield the equation

L[Q(1)] = −2m
∂2Q

(0)
n

∂T0∂T1
+ V ′′(0)

⎡
⎣∂Q

(0)
n+1

∂X1
−

∂Q
(0)
n−1

∂X1

⎤
⎦

+
V ′′′(0)

2

[
(Q(0)

n+1 − Q(0)
n )2 − (Q(0)

n − Q
(0)
n−1)

2
]

=
[
2imω

∂A

∂T1
+ 2iV ′′(0) sin(δ)

∂A

∂X1

]
eiθ

+ iA2V ′′′(0) [sin(2δ) − 2 sin(δ)] e2iθ + � ,

(10.56)

where for general f , L[f ] denotes the linear expression

L[f ] := m
∂2fn

∂T 2
0

− V ′′(0) [fn+1 − 2fn + fn−1]

and where we have used the explicit form (10.55) of the leading-order so-
lution to compute the right-hand side. The second harmonic terms on the
right-hand side of (10.56) are nonresonant, since D(2δ, 2ω) (see the disper-
sion relation (10.54)) is not zero given that D(δ, ω) = 0 and δ �= 0. On
the other hand, the fundamental harmonics e±iθ are resonant, and their
presence will lead to secular terms unless we choose A so as to remove the
corresponding coefficient. Therefore we take A to satisfy the solvability
condition

2imω
∂A

∂T1
+ 2iV ′′(0) sin(δ)

∂A

∂X1
= 0 .

Differentiating the dispersion relation (10.54) implicitly with respect to δ,
we see that this equation can equivalently be written as

∂A

∂T1
+ ω′(δ)

∂A

∂X1
= 0 , (10.57)

which indicates rigid motion of the wave envelope at the group velocity
vg := ω′(δ). With A chosen to satisfy (10.57), the right-hand side of (10.56)
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will contain only nonresonant second harmonics. We can find a particular
solution for (10.56) simply by assuming the form

Q(1)
n = Be2iθ + �

for some complex constant B. Substituting into (10.56), we find that

B = − iA2V ′′′(0)
D(2δ, 2ω)

[sin(2δ) − 2 sin(δ)] .

The nonresonance condition D(2δ, 2ω) �= 0 is clearly crucial here. Although
we can add to our particular solution for Q

(1)
n an arbitrary homogeneous

solution, which is a superposition of waves satisfying the dispersion relation
(10.54), we take the point of view that we have already selected such a wave
at leading order and that adding something of the same type at this order
would be contributing nothing interesting. Therefore we have the solution

Q(1)
n = − iA2V ′′′(0)

D(2δ, 2ω)
[sin(2δ) − 2 sin(δ)] e2iθ + � .

The terms proportional to ε2 yield an equation of motion governing Q
(2)
n :

L[Q(2)] =

[
2imω

∂A

∂T2
− m

∂2A

∂T 2
1

+ V ′′(0) cos(δ)
∂2A

∂X1
− K|A|2A

]
eiθ

+ � + second and third harmonics ,

(10.58)

where

K := 2V (IV )(0)(cos(δ) − 1)2 +
2[V ′′′(0)]2(2 sin(δ) − sin(2δ))2

D(2δ, 2ω)
.

As was the case with the second harmonics, the third harmonics are not
resonant. Indeed, according to (10.54) we have D(3δ, 3ω) �= 0 if D(δ, ω) = 0
and δ �= 0. Thus the terms that must be eliminated to avoid secular terms
in Q(2) are those proportional to the fundamental harmonic and its complex
conjugate. The solvability condition is thus

2imω
∂A

∂T2
− m

∂2A

∂T 2
1

+ V ′′(0) cos(δ)
∂2A

∂X1
− K|A|2A = 0 . (10.59)

With this condition satisfied, we may solve for Q
(2)
n which we will find has

components proportional to the second and third harmonics e±2iθ and e±3iθ,
but as desired, it is a bounded function.

There is some utility in the change of variables

τ = T1 and ξ = X1 − ω′(δ)T1 .
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With this change of variables, the solvability condition (10.57) takes the
simple form

∂A

∂τ
= 0

and (10.59) can be written as

i
∂A

∂T2
+

ω′′(δ)
2

∂2A

∂ξ2
+ β|A|2A = 0 , (10.60)

where the real parameter β is given by

β := − mω3

4[V ′′(0)]2
(
V (IV )(0) + 4[V ′′′(0)]2 sin2(δ)

)
.

Thus we have derived from the discrete molecular chain model the cubic non-
linear Schrödinger equation. The behavior of solutions of (10.60) is totally
different depending on whether βω′′(δ) > 0 (the so-called “focusing” case)
or βω′′(δ) < 0 (the so-called “defocusing” case). In the focusing case, broad
packets (A nearly constant in ξ) are modulationally unstable and break up
into smaller packets (solitons). On the other hand, broad packets are stable
in the defocusing case. Now from looking at Figure 10.3 or by using the ex-
act formula (10.54), we see that ω′′(δ) and ω(δ) always have opposite signs.
Thus, we see that whether we are in the stable or unstable case depends only
on the sign of V (IV )(0) and its size relative to 4[V ′′′(0)]2 sin2(δ). If V (IV )(0)
is positive, meaning that the nonlinear springs become “harder” with larger
deviations from equilibrium, then we are necessarily in the focusing case.
On the other hand, if V (IV )(0) is sufficiently negative given δ, which cor-
responds to springs that become significantly “softer” when the amplitude
increases, then we are in the defocusing case.

� Exercise 10.12. In the nonlinear Schrödinger equation, solutions that
are independent of ξ represent uniform wavetrains of the underlying prob-
lem. Therefore the dynamical stability of the ξ-independent solutions de-
termines the modulational stability of broad wavepackets. Explicitly obtain
the ξ-independent solutions of the nonlinear Schrödinger equation (in both
focusing and defocusing cases). Then linearize the equation about these so-
lutions and analyze their stability. Confirm the modulational instability in
the focusing case. �

10.2.3. Derivation of the Boussinesq and Korteweg-de Vries equa-
tions. An important point to make is that the dispersion ω′′(δ) vanishes
on either branch if δ = 0. In this case, the nonlinear Schrödinger equation
(10.60) is the wrong model, and we should modify our assumptions. Here
the idea is that δ = 0 corresponds to long waves. When δ is close to zero,
the displacement Q

(0)
n is not changing much at all from particle to particle in
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the lattice. So suppose we return to the original equations of motion (10.52)
for Qn(t) and assume that

Qn(t) = Q(X1, T1; ε) ,

that is, a smooth function of X1 and T1. Inserting into (10.52), we find that

m
∂2Q

∂T 2
1

= V ′′(0)
∂2Q

∂X2
1

+ ε2
[
V ′′(0)

12
∂4Q

∂X4
1

+ V ′′′(0)
∂Q

∂X1

∂2Q

∂X2
1

]
+ O(ε3) .

If we neglect the terms of order O(ε3), this is a Boussinesq equation for Q,
admitting waves propagating in two opposite directions. Making the change
of variables

τ = ε2T1 and ξ = X1 −

√
V ′′(0)

m
T1 = X1 − ω′(0)T1 ,

we go into the frame of reference moving with the right-going waves, and
the equation becomes

−2
√

mV ′′(0)
∂2Q

∂τ∂ξ
=

V ′′(0)
12

∂4Q

∂ξ4
+ V ′′′(0)

∂Q

∂ξ

∂2Q

∂ξ2
+ O(ε) .

Therefore, under the assumption that

qn(t) = εQ(ξ, τ ; ε) with ξ = ε

⎛
⎝n −

√
V ′′(0)

m
t

⎞
⎠ and τ = ε3t ,

the function F := ∂Q/∂ξ asymptotically satisfies the Korteweg-de Vries
equation

2
√

mV ′′(0)
∂F

∂τ
+ V ′′′(0)F

∂F

∂ξ
+

V ′′(0)
12

∂3F

∂ξ3
= 0 ,

the universal model for weakly nonlinear, weakly dispersive long waves. The
constant coefficients can be normalized away by rescaling F and τ by ε-
independent factors. Thus,

∂F

∂τ
+ F

∂F

∂ξ
+

∂3F

∂ξ3
= 0

holds for the rescaled F with the rescaled time τ .

10.3. Water Waves

Consider an irrotational, inviscid fluid moving in a plane perpendicular to
the surface of the earth with horizontal coordinate x and vertical coordinate
y. The fluid is confined by gravity to lie between the surface of the earth,
which we take to be y = −h0, and the fluid/air interface, which is a curve
y = h(x, t). We suppose that as |x| → ∞, h(x, t) → 0, so h(x, t) represents
a localized disturbance of a fluid of undisturbed depth h0. More generally,
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flows over nontrivial topography can be handled by replacing the constant
h0 with an appropriate fixed function h0(x) modeling the landscape features.

Because the flow is irrotational, the fluid velocity at any point in the
region −h0 < y < h(x, t) can be obtained as the gradient of a potential
function φ(x, t) satisfying Laplace’s equation:

∂2φ

∂x2
+

∂2φ

∂y2
= 0 , − h0 < y < h(x, t) . (10.61)

The fluid velocity should be purely horizontal at y = −h0, which means that
Laplace’s equation should be considered along with the boundary condition

∂φ

∂y
= 0 , at y = −h0 . (10.62)

There are two boundary conditions associated with the fluid/air interface:

∂h

∂t
+

∂φ

∂x

∂h

∂x
=

∂φ

∂y
, at y = h(x, t) , (10.63)

and
∂φ

∂t
+

1
2

(
∂φ

∂x

)2

+
1
2

(
∂φ

∂y

)2

+ gh = 0 , at y = h(x, t) , (10.64)

where g is the gravitational acceleration near the surface of the earth. In a
sense, only one boundary condition should be necessary to solve Laplace’s
equation, but since the surface itself is undetermined, a second condition is
also required. The geometry is illustrated in Figure 10.4.

We may nondimensionalize the problem by selecting appropriate units
of time and length. In this problem there are two numerical quantities with
units: the undisturbed depth h0 and the gravitational acceleration g. The
former gives a natural length scale

λ := h0 ,

while the latter has units of length per unit time squared, so a natural time
scale is given by

τ :=

√
h0

g
.

Clearly the interface height function h(x, t) has units of length, and since
the velocity potential φ(x, y, t) has derivatives with respect to x and y that
are velocities, φ itself has units of length squared per unit time. Therefore,
the problem will become nondimensional if we introduce new variables:

x :=
x

λ
, y :=

y

λ
, h :=

h

λ
,

t :=
t

τ
, φ :=

τ

λ2
φ .
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φy = 0

y = −h0

y = h(x, t)

φxx + φyy = 0

ht + φxhx = φy ,

φt +
1

2
(φ2

x
+ φ

2

y
) + gh = 0Air

Fluid

Bottom
x

Figure 10.4. The geometry of the water wave problem.

From these we may derive from (10.61)–(10.64) the corresponding equations
governing the potential φ(x, y, t) and the interface h(x, t). Dropping the bars
for notational convenience, the resulting equations of motion are exactly the
same as (10.61)–(10.64) but with h0 = 1 and g = 1. We will restrict our
attention to this nondimensional case.

A nondimensional measure of the size of the initial disturbance of the
surface is the number

ε := sup
x∈R

|h(x, 0)| .

Physically, ε < 1 is the ratio of the magnitude of the initial disturbance
measured in the supremum norm to the undisturbed depth of the fluid. If
we rescale the dependent variables of the problem by setting

h(x, t) := εH(x, t) , φ(x, y, t) := εΦ(x, t) ,

then the supremum norm of H(x, 0) is one, and the nondimensionalized
problem becomes

∂2Φ
∂x2

+
∂2Φ
∂y2

= 0 , − 1 < y < εH(x, t) , (10.65)

subject to the bottom boundary condition

∂Φ
∂y

= 0 , at y = −1 ,
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and the top boundary conditions

∂H

∂t
+ ε

∂Φ
∂x

∂H

∂x
=

∂Φ
∂y

, at y = εH(x, t) , (10.66)

and

∂Φ
∂t

+
ε

2

(
∂Φ
∂x

)2

+
ε

2

(
∂Φ
∂y

)2

+ H = 0 , at y = εH(x, t) . (10.67)

The wave height H(x, t) may be eliminated between these latter two bound-
ary conditions to obtain a single condition relating partial derivatives of the
potential Φ(x, y, t) on the interface, as the following exercise shows.

� Exercise 10.13. By differentiating (10.67) partially with respect to x
and t, eliminate ∂H/∂t and ∂H/∂x from (10.66) to obtain in its place

∂2Φ
∂t2

+
∂Φ
∂y

+ 2ε

[
∂Φ
∂x

∂2Φ
∂x∂t

+
∂Φ
∂y

∂2Φ
∂y∂t

]

+ ε2
[(

∂Φ
∂x

)2 ∂2Φ
∂x2

+ 2
∂Φ
∂x

∂Φ
∂y

∂2Φ
∂x∂y

+
(

∂Φ
∂y

)2 ∂2Φ
∂y2

]
= 0 , (10.68)

evaluated for y = εH(x, t). Hint: Use the chain rule to take into account
that y = εH(x, t). �

We regard (10.67) and (10.68) as a useful form of the boundary conditions
at the interface y = εH(x, t).

10.3.1. Derivation of the cubic nonlinear Schrödinger equation.
Small amplitude waves are those for which ε is a small number, and we will
now consider the limit ε → 0 and derive a nonlinear Schrödinger equation
as a consequence of a multiple scales analysis. Assume that the potential
Φ(x, y, t) can be extended as a harmonic function to y = 0. This is not
an issue if the interface H(x, t) is everywhere positive, describing a so-called
wave of elevation, but if the interface ever falls below the undisturbed height
of y = 0 (a wave of depression), it becomes a nontrivial assumption. In any
case, we may then expand derivatives of Φ(x, εH(x, t), t) about y = 0 in
Taylor series to any desired order, and we expect to be able to control the
errors in the small amplitude limit. Thus, assuming H remains O(1) for all
time, from (10.67) we obtain

∂Φ
∂t

+ ε
∂2Φ
∂y∂t

H +
ε

2

(
∂Φ
∂x

)2

+
ε

2

(
∂Φ
∂y

)2

+ H + O(ε2) = 0 , at y = 0 .
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Solving for H, this becomes

H = −
(

1 + ε
∂2Φ
∂y∂t

)−1 [
∂Φ
∂t

+
ε

2

(
∂Φ
∂x

)2

+
ε

2

(
∂Φ
∂y

)2

+ O(ε2)

]

= −∂Φ
∂t

+ ε

[
∂Φ
∂t

∂2Φ
∂y∂t

− 1
2

(
∂Φ
∂x

)2

− 1
2

(
∂Φ
∂y

)2
]

+ O(ε2)

(10.69)

as ε → 0, where all derivatives of Φ are evaluated at y = 0. Likewise,
expanding (10.68) around y = 0, we find

∂2Φ
∂t2

+
∂Φ
∂y

+ ε

[
∂3Φ

∂y∂t2
H − ∂2Φ

∂x2
H + 2

∂Φ
∂x

∂2Φ
∂x∂t

+ 2
∂Φ
∂y

∂2Φ
∂y∂t

]

+ ε2
[
− 1

2
∂4Φ

∂x2∂t2
H2 − 1

2
∂3Φ

∂x2∂y
H2

+ 2
∂2Φ
∂x∂y

∂2Φ
∂x∂t

H + 2
∂Φ
∂x

∂3Φ
∂x∂y∂t

H − 2
∂2Φ
∂x2

∂2Φ
∂y∂t

H − 2
∂Φ
∂y

∂3Φ
∂x2∂t

H

+
(

∂Φ
∂x

)2 ∂2Φ
∂x2

+ 2
∂Φ
∂x

∂Φ
∂y

∂2Φ
∂x∂y

−
(

∂Φ
∂y

)2 ∂2Φ
∂x2

]
+ O(ε3) = 0 , (10.70)

where derivatives of Φ are again evaluated at y = 0 and we have used (10.65)
to eliminate ∂2Φ/∂y2. Substituting (10.69) into (10.70) gives a boundary
condition at y = 0 phrased only in terms of the potential Φ through terms
proportional to ε2:

∂2Φ
∂t2

+
∂Φ
∂y

+ ε

[
2
∂Φ
∂x

∂2Φ
∂x∂t

+ 2
∂Φ
∂y

∂2Φ
∂y∂t

+
∂Φ
∂t

∂2Φ
∂x2

− ∂Φ
∂t

∂3Φ
∂y∂t2

]

+ ε2
[
− 1

2

(
∂Φ
∂x

)2 ∂3Φ
∂y∂t2

− 1
2

(
∂Φ
∂y

)2 ∂3Φ
∂y∂t2

+
∂Φ
∂t

∂2Φ
∂y∂t

∂3Φ
∂y∂t2

+
3
2

(
∂Φ
∂x

)2 ∂2Φ
∂x2

− 1
2

(
∂Φ
∂y

)2 ∂2Φ
∂x2

+
∂Φ
∂t

∂2Φ
∂x2

∂2Φ
∂y∂t

− 1
2

(
∂Φ
∂t

)2 ∂4Φ
∂x2∂t2

− 1
2

(
∂Φ
∂t

)2 ∂3Φ
∂x2∂y

− 2
∂Φ
∂t

∂2Φ
∂x∂y

∂2Φ
∂x∂t

− 2
∂Φ
∂x

∂Φ
∂t

∂3Φ
∂x∂y∂t

+ 2
∂Φ
∂y

∂Φ
∂t

∂3Φ
∂x2∂t

+ 2
∂Φ
∂x

∂Φ
∂y

∂2Φ
∂x∂y

]
+ O(ε3) = 0 .

To analyze the problem perturbatively for small ε, we introduce time
scales T0 = t, T1 = εt, and T2 = ε2t and horizontal spatial scales X0 = x
and X1 = εx. The only vertical scale will be y, and we seek an asymptotic
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expansion of the potential

Φ(x, y, t; ε) ∼
∞∑

n=0

Φn(X0, X1, y, T0, T1, T2)εn as ε → 0.

The boundary conditions on Φn(X0, X1, y, T0, T1, T2) will be imposed at y =
0 and y = −1. An important difference between the water wave problem
and other problems in which we have derived envelope equations is that
in this case it will be the boundary condition at y = 0 that determines the
dependence of the coefficients {Φn} on the slow scales X1, T1, and T2, rather
than solvability conditions required to remove secular terms.

The leading terms will determine a problem satisfied by Φ0:

∂2Φ0

∂X2
0

+
∂2Φ0

∂y2
= 0 , − 1 < y < 0 , (10.71)

∂Φ0

∂y
= 0 , at y = −1 , (10.72)

and
∂2Φ0

∂T 2
0

+
∂Φ0

∂y
= 0 , at y = 0 . (10.73)

We seek a solution representing a wavetrain with some nonzero wavenum-
ber k in the horizontal direction. Such a solution of (10.71) satisfying the
boundary condition (10.72) at y = −1 is

Φ0 = a cosh(k(y + 1))eikX0 + � ,

where a is complex and independent of X0 and y. Applying to this expression
the boundary condition (10.73) at y = 0, we find that it is satisfied if

cosh(k)
∂2a

∂t2
+ k sinh(k)a = 0 ,

which may be solved by taking

a = A(X1, T1, T2)e−iωT0 ,

where A is a complex amplitude whose dependence on the slow scales X1,
T1, and T2 is to be determined and where the frequency ω and wavenumber
k are related by the water wave dispersion relation

ω2 = k tanh(k) . (10.74)

The branches of this dispersion relation are plotted in Figure 10.5. Note
that the relation (10.74) is transcendental, which indicates that this is not
the dispersion relation of any partial differential equation in X0 and T0;
indeed it arises here from a kind of reduction of a higher-dimensional problem
involving the additional variable y. Note also that the dispersion relation
admits the pair (k, ω) = (0, 0). Thus the possibility exists that nonlinear
effects will excite a mean flow. Unlike the case of weakly nonlinear vibrations



10.3. Water Waves 439

ω

k

Figure 10.5. The dispersion relation for water waves.

of molecular chains, where a mean flow is admitted by the dispersion relation
but ultimately is not excited, it turns out that for water waves we will
indeed need to take the mean into account to derive the envelope equation
satisfied by A(X1, T1, T2). Noting that a real constant M = M(X1, T1, T2)
is a solution of Laplace’s equation (10.71) and also the boundary conditions
(10.72) and (10.73), we take as our leading-order solution a superposition of
the mean flow M and a wavetrain with horizontal wavenumber k:

Φ0 = A cosh(k(y + 1))eiθ + � + M , (10.75)

where we have introduced a phase by writing θ := kX0 − ωT0.
Our aim is to determine the dependence of the complex amplitude A

and the real mean M on the slow scales X1, T1, and T2. This will follow
from our attempts to compute higher-order corrections to Φ0. The problem
satisfied by Φ1 consists of the partial differential equation

∂2Φ1

∂X2
0

+
∂2Φ1

∂y2
= −2

∂2Φ0

∂X0∂X1

= −2ik
∂A

∂X1
cosh(k(y + 1))eiθ + � , − 1 < y < 0 ,

(10.76)



440 10. Weakly Nonlinear Waves

and the boundary conditions

∂Φ1

∂y
= 0 , at y = −1 , (10.77)

and (grouping together in braces the linear and quadratic terms in Φ0 and
Φ1)[

∂2Φ1

∂T 2
0

+
∂Φ1

∂y
+ 2

∂2Φ0

∂T0∂T1

]
+

[
2
∂Φ0

∂X0

∂2Φ0

∂X0∂T0

+ 2
∂Φ0

∂y

∂2Φ0

∂y∂T0
− ∂Φ0

∂T0

∂3Φ0

∂y∂T 2
0

− ∂Φ0

∂T0

∂2Φ0

∂y2

]
= 0 , at y = 0 .

Using the expression (10.75) for Φ0 and the dispersion relation (10.74), this
can be rewritten as[

∂2Φ1

∂T 2
0

+
∂Φ1

∂y

] ∣∣∣∣∣
y=0

= 2iω
∂A

∂T1
cosh(k)eiθ − 3ik2ωA2e2iθ + � . (10.78)

The general solution of (10.76) is

Φ1 =
[
−i

∂A

∂X1
(y + 1) sinh(k(y + 1))eiθ + �

]
+ Φ̃1 ,

where Φ̃1 is an arbitrary solution of the associated homogeneous equation (an
arbitrary harmonic function of X0 and y). Since the explicit terms already
satisfy the boundary condition (10.77), whatever we might add must satisfy
(10.77) as well. The guiding principle is that we should not add anything
that is not necessary; noticing the second harmonics e±2iθ appearing in the
boundary condition (10.78), we will need something to balance these so we
introduce a second harmonic term satisfying the boundary condition (10.77):

Φ1 = −i
∂A

∂X1
(y + 1) sinh(k(y + 1))eiθ + B cosh(2k(y + 1))e2iθ + � .

Applying the boundary condition (10.78), we then obtain equations by sep-
arating the coefficients of the linearly independent fundamentals e±iθ and
second harmonics e±2iθ and setting them to zero. From the coefficients of
the second harmonics, we find

B =
3ikω cosh(k)
4 sinh3(k)

A2

(along with the complex conjugate of this relation), and then from the co-
efficients of the fundamentals, we get (again with the conjugate)

∂A

∂T1
+

tanh(k) + ksech2(k)
2ω

∂A

∂X1
= 0 .
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Here we have used the dispersion relation (10.74). If we implicitly differenti-
ate (10.74) with respect to k, we arrive at a result we might have anticipated:

∂A

∂T1
+ ω′(k)

∂A

∂X1
= 0 . (10.79)

This equation expresses the effect, evident on the time scale T1, of the rigid
translation of the wave envelope A to the right with the group velocity ω′(k).
To obtain further information about the dependence of the envelope A on
the slower time scale T2, we must continue the calculation to the next order.

The correction Φ2 satisfies the boundary-value problem consisting of the
partial differential equation

∂2Φ2

∂X2
0

+
∂2Φ2

∂y2
= −2

∂2Φ1

∂X0∂X1
− ∂2Φ0

∂X2
1

, − 1 < y < 0 , (10.80)

and the boundary conditions

∂Φ2

∂y
= 0 , at y = −1 , (10.81)

and (grouping together in braces the linear, quadratic, and cubic terms in
Φ0, Φ1, and Φ2)[

∂2Φ2

∂T 2
0

+ 2
∂2Φ1

∂T0∂T1
+ 2

∂2Φ0

∂T0∂T2
+

∂2Φ0

∂T 2
1

+
∂Φ2

∂y

]
+

[
2
∂Φ0

∂X0

∂2Φ1

∂X0∂T0

+ 2
∂Φ1

∂X0

∂2Φ0

∂X0∂T0
+ 2

∂Φ0

∂y

∂2Φ1

∂y∂T0
+ 2

∂Φ1

∂y

∂2Φ0

∂y∂T0
+

∂Φ0

∂T0

∂2Φ1

∂X2
0

+
∂Φ1

∂T0

∂2Φ0

∂X2
0

− ∂Φ0

∂T0

∂3Φ1

∂y∂T 2
0

− ∂Φ1

∂T0

∂3Φ0

∂y∂T 2
0

+ 2
∂Φ0

∂X1

∂2Φ0

∂X0∂T0

+ 2
∂Φ0

∂X0

∂2Φ0

∂X1∂T0
+ 2

∂Φ0

∂X0

∂2Φ0

∂X0∂T1
+ 2

∂Φ0

∂y

∂2Φ0

∂y∂T1
+

∂Φ0

∂T1

∂2Φ0

∂X2
0

+2
∂Φ0

∂T0

∂2Φ0

∂X0∂X1
− ∂Φ0

∂T1

∂3Φ0

∂y∂T 2
0

− 2
∂Φ0

∂T0

∂3Φ0

∂y∂T0∂T1

]
+

[
− 1

2

(
∂Φ0

∂X0

)2 ∂3Φ0

∂y∂T 2
0

− 1
2

(
∂Φ0

∂y

)2 ∂3Φ0

∂y∂T 2
0

+
∂Φ0

∂T0

∂2Φ0

∂y∂T0

∂3Φ0

∂y∂T 2
0

+
3
2

(
∂Φ0

∂X0

)2 ∂2Φ0

∂X2
0

− 1
2

(
∂Φ0

∂y

)2 ∂2Φ0

∂X2
0

+
∂Φ0

∂T0

∂2Φ0

∂X2
0

∂2Φ0

∂y∂T0
− 1

2

(
∂Φ0

∂T0

)2 ∂4Φ0

∂X2
0∂T 2

0

− 1
2

(
∂Φ0

∂T0

)2 ∂3Φ0

∂X2
0∂y

− 2
∂Φ0

∂T0

∂2Φ0

∂X0∂y

∂2Φ0

∂X0∂T0
− 2

∂Φ0

∂X0

∂Φ0

∂T0

∂3Φ0

∂X0∂y∂T0

+ 2
∂Φ0

∂y

∂Φ0

∂T0

∂3Φ0

∂X2
0∂T0

+ 2
∂Φ0

∂X0

∂Φ0

∂y

∂2Φ0

∂X0∂y

]
= 0 , at y = 0 .
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With the help of the previously obtained expressions for Φ0 and Φ1, this is
seen to have the form

[
∂2Φ2

∂T 2
0

+
∂Φ2

∂y

] ∣∣∣∣∣
y=0

= G3(k, ω)e3iθ + G2(k, ω)e2iθ + G1(k, ω)eiθ + � + G0(k, ω) , (10.82)

where the Gj(k, ω) are easily obtained by direct substitution (G0(k, ω) is
real).

� Exercise 10.14. Find explicitly G0(k, ω) and G1(k, ω). �

Similarly, the partial differential equation (10.80) to be solved becomes

∂2Φ2

∂X2
0

+
∂2Φ2

∂y2

= − ∂2A

∂X2
1

[2k(y + 1) sinh(k(y + 1)) + cosh(k(y + 1))] eiθ

+ 6k2ω
cosh(k)
sinh3(k)

A
∂A

∂X1
cosh(2k(y + 1))e2iθ + � − ∂2M

∂X2
1

.

(10.83)

The right-hand side of (10.83) forces Φ2 to have some terms proportional to
the fundamental harmonics e±iθ, the second harmonics e±2iθ, and a constant
term. It will also be necessary to include some homogeneous solutions pro-
portional to second and third harmonics to balance with corresponding au-
tomatically generated harmonics present in the boundary condition (10.82)
to be imposed at y = 0. The appropriate solution of (10.83) satisfying the
boundary condition (10.81) at y = −1 has the form

Φ2 = −1
2

∂2A

∂X2
1

(y + 1)2 cosh(k(y + 1))eiθ + Ce2iθ + De3iθ + �

− 1
2
(y + 1)2

∂2M

∂X2
1

,

where C and D are arbitrary. We now impose the boundary condition
(10.82) at y = 0 by separately equating to zero the coefficients of the fun-
damental, second, and third harmonics, as well as the constant term. The
equations resulting from the second and third harmonics determine the con-
stants C and D in terms of A and M . The equations resulting from the
fundamental harmonics and the constant term are more interesting as these
amount to equations satisfied by A and M .
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From the constant terms in (10.82), we obtain (with the help of the
dispersion relation (10.74) to simplify the resulting expressions) the equation

∂2M

∂T 2
1

− ∂2M

∂X2
1

=
(
k2 − 2k2 cosh2(k)

) ∂

∂T1
|A|2

+
(
kω + kω cosh2(k) − k2ω tanh(k)

) ∂

∂X1
|A|2 .

By differentiation of this equation with respect to X1 and T1 using (10.79)
and its complex conjugate, we get

∂2

∂T 2
1

∂M

∂X1
− ∂2

∂X2
1

∂M

∂X1
= C(k, ω)

(
∂2

∂T 2
1

|A|2 − ∂2

∂X2
1

|A|2
)

and also

∂2

∂T 2
1

∂M

∂T1
− ∂2

∂X2
1

∂M

∂T1
= −ω′(k)C(k, ω)

(
∂2

∂T 2
1

|A|2 − ∂2

∂X2
1

|A|2
)

,

where

C(k, ω) :=
1

ω′(k)2 − 1

(
k2ω

2 cosh(k) sinh(k)
+

(
1
2

+ 2 cosh2(k)
)

kω

)
.

Since the same differential operator appears on both sides, a particular so-
lution for M(X1, T1, T2) satisfies

∂M

∂X1
= C(k, ω)|A|2 (10.84)

and
∂M

∂T1
= −ω′(k)C(k, ω)|A|2 . (10.85)

Now we examine the coefficient of the fundamental harmonic eiθ in the
boundary condition (10.82) at y = 0. With the help of the dispersion relation
(10.74) and some identities among hyperbolic functions, we find

i
∂A

∂T2
+ tanh(k)

∂2A

∂X1∂T1
− 1

2ω
∂2A

∂T 2
1

+
1
2ω

∂2A

∂X2
1

− cosh(6k) + 2 cosh(4k) + 13 cosh(2k) + 20
16ω cosh2(k) sinh2(k)

k4|A|2A

− kA
∂M

∂X1
+

k2

2ω
sech2(k)A

∂M

∂T1
= 0 .
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Using (10.79) and implicit differentiation of the dispersion relation (10.74),
the linear terms simplify:

i
∂A

∂T2
+

ω′′(k)
2

∂2A

∂X2
1

− cosh(6k) + 2 cosh(4k) + 13 cosh(2k) + 20
16ω cosh2(k) sinh2(k)

k4|A|2A

− kA
∂M

∂X1
+

k2

2ω
sech2(k)A

∂M

∂T1
= 0 .

Finally, substituting from (10.84) and (10.85), we obtain a closed nonlinear
Schrödinger equation for A:

i
∂A

∂T2
+

ω′′(k)
2

∂2A

∂X2
1

+ β|A|2A = 0 ,

in which the nonlinear coefficient is

β :=
k4N(k)

16ω sinh2(k)
[
2k sinh(4k) − sinh2(2k) − 4k2

] ,

where
N(k) := −4k [sinh(8k) + 4 sinh(4k) + 24 sinh(2k)]

+ 5 cosh(8k) + 8 cosh(6k) + (16k2 − 18) cosh(4k)

− 8 cosh(2k) + 128k2 + 13 .

The product βω is plotted as a function of k in Figure 10.6. This plot
indicates a sign change occurring at |k| = kcrit ≈ 1.36278. In fact, k = ±kcrit

are the only two roots of βω. For water waves, the dispersion ω′′(k) always
has the opposite sign of ω(k), so we see that ω′′(k) and β have the same
sign if |k| > kcrit and they have the opposite sign if |k| < kcrit. This is a
physically relevant prediction of the weakly nonlinear theory of water waves.
Indeed, long waves (those with |k| < kcrit or waves of wavelength longer than
2π/kcrit ≈ 4.61056 times the undisturbed depth) are modulationally stable
since the wave packet amplitudes are governed by a defocusing nonlinear
Schrödinger equation. On the other hand, waves shorter than this critical
wavelength are modulationally unstable because the nonlinear Schrödinger
equation is of focusing type.

10.3.2. Derivation of the Korteweg-de Vries equation. The analysis
that leads to the cubic nonlinear Schrödinger equation breaks down if k = 0,
because the dispersion vanishes (that is, ω′′(0) = 0). To analyze the k = 0
case really means that instead of looking at slow modulations of wavepackets,
we are looking at long waves. Generally, long-wave limits lead to universal
equations of a different type.
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k
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ω

kcrit−kcrit

Figure 10.6. The nonlinear coefficient for water waves.

We begin with the nondimensionalized water wave problem consisting
of Laplace’s equation

∂2φ

∂x2
+

∂2φ

∂y2
= 0 , − 1 < y < h(x, t) ,

the boundary condition at the bottom:
∂φ

∂y
= 0 , at y = −1 ,

and the boundary conditions at the free surface:
∂h

∂t
+

∂φ

∂x

∂h

∂x
=

∂φ

∂y
, at y = h(x, t) ,

and
∂φ

∂t
+

1
2

(
∂φ

∂x

)2

+
1
2

(
∂φ

∂y

)2

+ h = 0 , at y = h(x, t) .

One way to treat the partial differential equation for the potential φ and the
boundary condition at the bottom is to solve the problem using power series
about y = −1 (this is the Cauchy-Kovaleskaya method). Thus, we seek a
solution in the form of a convergent power series

φ(x, y, t) = φ0(x, t) +
∞∑

n=2

φn(x, t)(y + 1)n , (10.86)
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where the linear term in y + 1 is missing to satisfy the boundary condition
at y = −1. Substitution into Laplace’s equation determines all coefficients
φn(x, t) in terms of the leading coefficient φ0(x, t):

φn(x, t) ≡ 0 , for n odd ,

and

φ2k(x, t) =
(−1)k

(2k)!
∂2kφ0

∂x2k
(x, t) , for k = 0, 1, 2, . . . .

The power series (10.86) is convergent if φ0(x, t) is an analytic function of
x.

The power series solution (10.86) for the potential φ(x, y, t) becomes an
asymptotic series in a small dimensionless parameter ε if φ0(x, t) is a function
w(X, T ) of the combinations X = ε1/2x and T = ε1/2t which represent,
respectively, slow horizontal and temporal scales for this problem. Thus, we
have

φ(x, y, t) = w − ε

2
(y + 1)2

∂2w

∂X2
+

ε2

24
(y + 1)4

∂4w

∂X4
+ O(ε3) . (10.87)

Next, we pass to the weakly nonlinear context by scaling the dependent
variables:

h(x, t) = εG(X, T ) , w(X, T ) = ε1/2N(X,T ) ,

where G and N are now supposed to be, along with all derivatives with
respect to X and T , uniformly bounded functions. Then, it remains to
satisfy the boundary conditions at y = h = εG, which after substituting
(10.87) take the form

∂G

∂T
+ (y + 1)

∂2N

∂X2

+ ε

[
∂N

∂X

∂G

∂X
− (y + 1)3

1
6

∂4N

∂X4

]
= O(ε2) ,

at y = εG(X, T ) ,

and
∂N

∂T
+ G − ε

2
(y + 1)2

∂3N

∂X2∂T
= O(ε2) , at y = εG(X,T ) .

Expanding about y = 0 the free boundary conditions become

∂G

∂T
+

∂2N

∂X2
+ ε

[
∂N

∂X

∂G

∂X
+ G

∂2N

∂X2
− 1

6
∂4N

∂X4

]
= O(ε2) (10.88)

and
∂N

∂T
+ G − ε

2
∂3N

∂X2∂T
= O(ε2) . (10.89)
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Eliminating G by substituting (10.89) into (10.88), assuming that derivatives
remain bounded, gives a closed equation for N :

∂2N

∂T 2
− ∂2N

∂X2
+

ε

6
∂4N

∂X4
− ε

2
∂4N

∂X2∂T 2
+ ε

∂N

∂T

∂2N

∂X2
+ ε

∂N

∂X

∂2N

∂X∂T
= O(ε2) .

(10.90)
This equation also says that ∂2N/∂T 2 = ∂2N/∂X2 + O(ε), so we may com-
bine the fourth derivative terms to obtain

∂2N

∂T 2
− ∂2N

∂X2
− ε

3
∂4N

∂X4
+ ε

∂N

∂T

∂2N

∂X2
+ ε

∂N

∂X

∂2N

∂X∂T
= O(ε2) . (10.91)

(Note that the O(ε2) correction term represents a different function in (10.91)
than in (10.90).) This is nearly a Boussinesq equation, differing only in the
mixed derivative terms, which would be pure X derivatives in the Boussinesq
equation.

Now the leading terms suggest motion to the left or right with speed
one. Without loss of generality, we go into a right-moving frame with this
speed. Thus, we introduce the coordinates

ξ = X − T , τ = εT ,

so that
∂

∂X
=

∂

∂ξ
and

∂

∂T
= ε

∂

∂τ
− ∂

∂ξ
.

The equation (10.91) for N thus becomes, after cancelling an ε,

2
∂2N

∂ξ∂τ
+

1
3

∂4N

∂ξ4
+ 2

∂N

∂ξ

∂2N

∂ξ2
= O(ε) .

Dropping the O(ε) term and letting F := ∂N/∂ξ, we arrive at the Korteweg-
de Vries equation:

∂F

∂τ
+ F

∂F

∂ξ
+

1
6

∂3F

∂ξ3
= 0 .

10.4. Notes and References

Aside from its physical applications, the sine-Gordon equation (10.1) is also
important mathematically for at least two reasons. First of all, its solu-
tions intrinsically describe surfaces of constant negative curvature. The
sine-Gordon equation is therefore of great importance in differential geom-
etry. Secondly, it is an example of an integrable system. This means that
the sine-Gordon equation (10.1) is a rather special nonlinear partial dif-
ferential equation for which there is a mathematical framework for solving
certain initial-value problems exactly. There exists a tool called the inverse-
scattering transform, which should be viewed as a nonlinear analogue of
the Fourier transform that is precisely adapted to the sine-Gordon equation
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(10.1). Some information on the inverse-scattering transform can be found
in Whitham [37], and more introductory details about integrable systems
can be found in Drazin and Johnson [8].

If in the sine-Gordon equation (10.1) the term sin(ϕ) is replaced by
mϕ, where m is a positive constant, then this equation becomes the Klein-
Gordon equation8 describing the relativistic quantum mechanics of a spin-
zero particle with mass m. More generally, equations of the form (10.1) with
the term sin(ϕ) replaced by an arbitrary, generally nonlinear, function of ϕ
are also frequently called Klein-Gordon equations. Thus the sine-Gordon
equation (10.1) is a special case of a Klein-Gordon equation involving the
sine function.

Like the sine-Gordon equation, the cubic nonlinear Schrödinger equa-
tion is another integrable nonlinear partial differential equation. However,
it must be stressed that this property is not inherited from that of the
sine-Gordon equation, from which it can be obtained by a multiple-scales
analysis. Indeed, as we have seen, the cubic nonlinear Schrödinger equa-
tion may be derived from other equations (in particular from Klein-Gordon
equations of a general form) that are not themselves integrable. This means
that many kinds of dispersive nonlinear waves become “more integrable”
in the weakly nonlinear limit. See Drazin and Johnson [8] for more infor-
mation about the integrability of the cubic nonlinear Schrödinger equation.
Another treatment can be found in Faddeev and Takhtajan [10].

Like the sine-Gordon equation and the cubic nonlinear Schrödinger equa-
tion, the 3-wave interaction equations also comprise an integrable system for
which there exist analytical methods for extracting and analyzing exact solu-
tions. See Ablowitz and Clarkson [1]. The Manley-Rowe relations constitute
a physically important subset of the infinitely many constants of motion in
the integrable case. The Manley-Rowe relations originated in the paper [26]
of Manley and Rowe.

Boussinesq was a French mathematician and physicist who made impor-
tant contributions to the field of hydrodynamics. The Boussinesq equation
is another one of the nonlinear partial differential equations that is, like the
sine-Gordon equation, the cubic nonlinear Schrödinger equation, and the 3-
wave interaction equations, an integrable system. Note that the parameter
ε in (10.49) need not be small for the equation to be integrable.

As it happens, the Korteweg-de Vries equation (10.51) is also an inte-
grable nonlinear partial differential equation. The Korteweg-de Vries equa-
tion is distinguished as being the first dispersive nonlinear wave equation
ever recognized to have this remarkable mathematical property. The initial
observation (at least the earliest sufficiently precise one) was made in 1965

8Oskar Klein, 1894–1977, and Walter Gordon, 1893–1939.
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by Zabusky and Kruskal [38], who were conducting numerical experiments
using the Korteweg-de Vries equation as a long-wave asymptotic model for
the Fermi-Pasta-Ulam chain. The inverse-scattering transform adapted to
the Korteweg-de Vries equation first appeared in 1967 in a paper of Gardner,
Greene, Kruskal, and Miura [14]. It turns out that the modified Korteweg-de
Vries equation introduced in Exercise 10.5 is also completely integrable, and
although it may seem strange, in many ways the theory of its solution by an
inverse-scattering transform is closer to that of the nonlinear Schrödinger
equation than to that of the Korteweg-de Vries equation. Also, note that
equations of the form ϕt + ϕpϕx + ϕxxx = 0 are not completely integrable
unless we are in one of the two special cases p = 1 or p = 2.

The original paper containing the numerical experiments of Fermi, Pasta,
and Ulam is [11]. For more information about water waves and the various
partial differential equation models for them, see Whitham [37]. Similar
asymptotic derivations of model equations in the case of slowly-varying to-
pography of the ocean floor can be found in Newell’s text [29], which also
contains lots of information about the theory of integrable systems.
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Galilean invariance, 423

gamma function Γ(z), 3, 48, 124

analytic continuation of, 201
factorial recursion relation for, 4, 58, 59,

65, 129
Laurent series for, 6, 47

Stirling’s formula for, 6

as an application of Laplace’s method,
71–72

as an application of the method of
steepest descents, 125

gas dynamics, 79

gas particles

collisions of, 79
inertia of, 80

gauge functions, 28, 326

Gaussian integral, 59
evaluation of, 59

general relativity

Einstein equations of, 78
generating function

in probability theory, 62

geometric series, 51, 202, 361, 380
analytic continuation of, 201, 203

geometrical optics, see optics, geometrical

global solution, 77, 79, 80, 82, 83

gradient vector, 98
gravitational acceleration, 434

gravitational forces, 79

gravity, 433
Green’s function

for the diffusion equation, 82

for the Schrödinger equation, 178
group velocity, 169–171, 408–410, 412, 415

Hamilton’s equations, 427
Hamilton-Jacobi equation, 310

Hankel function, 123

hard/soft springs, 432
harmonic function, 104, 105

harmonic oscillator, 384

harmonics, 385, 393, 405

fundamental, 393, 405, 407, 411–413, 417
higher, 405, 417

resonant, 393, 396, 405–407, 412, 413

second, 391, 412, 413
third, 406, 413

heat kernel, 82

Heaviside step function, 56
Hermitian matrix, 360, 362

Hessian matrix, 87, 186

negative definite, 88

Hilbert space, 365, 366, 368, 378, 400
finite-dimensional, 367

Hilbert’s 7th problem, 6

Hölder inequalities, 452
holomorphic function, 97

homogeneous solutions (of a
boundary-value problem), 312

hydrodynamics, 448

hydrogen bonds, 425

hyperbolic partial differential equation, 81,
167

hyperbolic velocities, 415
hypercube, 88, 89, 191

hypersphere, 183

hyperspherical coordinates, 91, 187, 189
hypersurface, 183

identity matrix, 356
implicit differentiation, 65, 69, 161, 190,

407, 409, 412

Implicit Function Theorem, 37, 64, 67, 68,
77, 83, 92, 156, 188, 190, 287

incomplete gamma function γ(z, x), 48, 336
large x expansion of, 51, 55

small x expansion of, 48

incompressibility constraint, 80
indicial equation, 219–222

induction (proof by), 283

inertia, 80, 176

inhomogeneity
spatially periodic, 259

inner asymptotics, 299, 321–325

inner expansion, 11
inner limit, 328

inner product, 359, 365–368

Euclidean, 359, 365–367
on L2(−π, π), 378

inner product space, 365

inner solution, 298
inner variable, 317, 322



462 Subject Index

nonlinear, 350

integrable system, 310, 447, 449
integral equations, 399

of Fredholm type, 313

system of, 291

integrating factor, 271, 319, 336, 399

modified, 284

integration by parts, 3, 47, 50, 57, 116, 128,
153, 163, 192, 273, 313, 344

applied to oscillatory integrals, 160–161

integration constants, 320, 324–327

interatomic force law

as a nonlinear spring, 425

intermediate limit, 326
intermediate scale, 326, 332

specific choice of, 340–342

intermediate variable, 326

internal layer, 311, 321, 325, 337–339

inverse temperature, 93

inverse-scattering transform, 193, 447, 449

inviscid fluid, 433

irrotational fluid, 433
isomonodromy theory, 252

iterates

sequence of, 232–234

iteration, 234

iteration (of integral equations), 232

Jacobi elliptic functions, 383

Jacobi polynomials, 73

Jacobian, 88, 92, 189, 191, 408
Jordan Normal Form, 363, 364

kernel, 358

kinetic energy, 426

Klein-Gordon equation, 165, 448

Klein-Gordon equation (nonlinear), 409,
448

Korteweg-de Vries equation, 13, 416,

424–425, 448

for the Fermi-Pasta-Ulam model,
432–433

for water waves, 444–447

linearized, see linearized Korteweg-de
Vries equation

modified, see modified Korteweg-de Vries

equation
weakly nonlinear, 416

L’Hôpital’s rule

inapplicability of, 83

laminar flows, 354

Langer transformation, 304–310, 350

advantages of, 309

nonlinear differential equation for, 307

Laplace transform, 44, 56
generalized, 252

in Borel summation theory, 248
inverse, 249

Laplace transform pair, 135

Laplace’s equation, 104, 434

Laplace’s method, 61–71, 151, 156
application to derivation of Stirling’s

formula, 71–72
application to shock waves, 73–87

for multidimensional integrals, 87–93

global versus local maxima in, 84
use in the method of steepest descents,

98

lattice points, xiv
counting using the method of stationary

phase, 183–185

lattice spacing, 403
Laurent series, 97

role in representation of solutions near
singular points, 210–212

layers (boundary and internal)

conditions on locations of, 324
thickness of, 322–323

leading term, 31, 84, 258, 265, 335, 394

Lebesgue Dominated Convergence
Theorem, 5, 113, 125, 152

left multiplication, 366

light cone, 167
light ray, 310

light waves

propagation of, 270

limit cycle, 397
linear combination, 20, 111, 200, 211, 256,

279, 280, 300, 365, 366, 369, 391, 404,
422

linear density, 109

linear operator, 359, 368
densely defined, 367

linear space

axioms of, 235–236
linearized Korteweg-de Vries equation, 165

little-oh, 17–20, 54, 58, 254, 283

of one, 19

relational notation for (�), 20
logarithmic derivative, 175, 265, 286

long wave limit, 423–425

long waves, 432
Lyapunov function, 395

magnifying glass, 317

Manley-Rowe relations, 422–423, 448
complete basis for, 423

marginal reduction in error, 285

matching, 293–300, 325–328
mathematical modeling, 78

new direction in, 171

Mathieu’s equation, 368–382
(anti)periodic solutions of



Subject Index 463

formal expansions for, 371–377
antiperiodic case of, 370

justification of formal expansions for,
377–382

periodic case of, 370
stable case of, 370
unstable case of, 370

matrix kernel, 291, 309
matrix norms (induced by �p)

equivalence of, 362
matter waves

dispersion relation for, 171–173
maximum principle, 104

mean flow
possibility of excitation of, 416, 430

rapid development of, 413
role of in water wave theory, 439

spontaneous excitation of, 410–417
mean term, 405, 411
Mean Value Theorem, 149, 234

mean values, 373
method of characteristics, xiv, 75–81, 84,

175
ambiguous predictions of, 84

method of Frobenius, 216–222, 249, 251
analytical aspect of, 217, 251

formal aspect of, 217
use of reduction of order in, 218, 221, 222

method of multiple scales, 400
application of to derivation of universal

equations, 401–425
for oscillatory problems, 391–397

justification of, 397–400

in boundary layer theory, 350–353
in the context of partial differential

equations, 406
method of stationary phase, 149–164

for multidimensional integrals, 181–192
method of steepest descents, 95–108, 151,

288
applied to oscillatory integrals, 150,

158–160
applied to selection of decaying solutions,

142–147

method of strained coordinates, see
Poincaré-Lindstedt method

method of undetermined coefficients, 352,
393

Minkowski inequalities, 347, 452
modal interactions, 422–423

model equations
universal, 13

modified Korteweg-de Vries equation, 416,
449

weakly nonlinear, 416
modulated wavetrains, 169–171
moments, 73

momentum, 426
monatomic chain, 425

monodromy (about singular points),

206–213
monodromy matrix, 208, 252

as a product of Stokes matrices, 246

diagonalizable, 221
eigenvalues of, 209, 217, 218, 220–222

invertibility of, 208

left (row) eigenvector of, 209, 211, 218,
221

of Floquet theory, 368–370

eigenvalues of, 369
similarity transforms of, 209

Morse Lemma, 193, 384

multidimensional integrals
Laplace’s method for, 87–93

the method of stationary phase for,

181–192
multiple wave resonances, 417–423

multiplicative identity, 236

multivaluedness, 127, 210

Navier-Stokes equations, 80

incompressible, 354
nearest-neighbor coupling, 402, 425

nearly monochromatic waves, 410

negativity condition, 313, 314, 335

Neumann series, 361, 362, 380
Newton’s equations, 427

Newton’s first law, 176

Newton’s method, 234, 235
Newton’s second law, 12, 402

Nobel Prize, 173

Nobel prize, 400
nonlinear coefficient β

for the Boussinesq equation, 415

for the sine-Gordon equation, 409

for water waves, 444
incorrect value of, 415

nonlinear lattices, xiv

nonlinear operator, 232, 272
modified, 285

nonlinear parameter β

for the Fermi-Pasta-Ulam model, 432
nonlinear Schrödinger equation, 13, 409,

410, 413, 415, 448

as the wrong model in absence of
dispersion, 432

defocusing case of, 410, 417, 432

focusing case of, 410, 417, 432
modulational instability of, 432

for the Fermi-Pasta-Ulam model,
427–432

for water waves, 436–444

universality class of, 409
nonuniformity, 264



464 Subject Index

norm, 233, 235

axioms of, 236–237
homogeneity of, 236

induced by an inner product, 365

of a matrix, 362

positive definiteness of, 236
triangle inequality for, 237

normal form

Jordan, see Jordan Normal Form

of the exponent, 87, 156

normal forms
analogues of, 14

normal vector, 93, 182

normed linear space, 233

axioms of, 237

nullspace, 358, 359
nullvector, 365

numerical methods, 36, 52, 53, 120, 315,

426, 449

for root finding, 233–235
Nusselt number, 253

open covering, 208

optics, 260
geometrical, 310

nonlinear, 410

optimal approximation, 27

order notation, 15

ordinary points, 200
series solutions about, 215–216

orthogonal polynomials, xiv, 73

orthogonal trajectories, 100

orthogonality, 360, 365

oscillatory integral, 149, 164
outer approximation, 11

outer asymptotics, 318–321

outer limit, 327

outer solution, 298

outer variable, 318, 322
overlap domain, 294, 296, 326

choice of scale in, 341–342

properties of, 297–298

size in relation to order of matching, 332

overtones, see harmonics, higher

Padé approximation, 147

Painlevé equations, 252

isomonodromy theory of, 252
parabolic cylinder functions, 147, 299

parabolic partial differential equation, 81

paradox, 13

parametric resonance, 260

and the WKB method, 270
parametrization

choice of in the method of steepest

descents, 107–108
parity (of functions), 380

partition of unity, 153, 163, 186
complementary function in, 154

paths of steepest descent, 98–103

global, 101

peptide groups, 425
period, 166

period of oscillation, 355

periodic solutions, 355
periodic solutions (near equilibrium),

383–384
perturbation problem, 12

of linear algebra, 356–368

degenerate theory of, 362–365, 375

nondegenerate theory of, 357–361
regular, 38–40, 254–263, 293

justification of formal expansion for,
260–263

singular, 13, 40–43, 263

rescaling to a regular problem, 43

phase, 151, 405
phase integral, 303, 304

phase plane, 384, 395, 397

phase portrait, 276
phase velocity, 166

photoelectric effect, 173

Planck’s constant, 172, 175
Poincaré-Hopf Index Theorem, 183

Poincaré-Lindstedt method, 388–391, 406

justification of, 397–400

point at infinity, 216, 223
Poisson Summation Formula, 183, 184

polar coordinates, 59

population dynamics, 78
potential energy, 426

potential function (for irrotational flow),

434
pressure, 80

principal axes, 87

principle of dominant balance, 40–43, 224,
225

for boundary-value problems, 320, 323,
325

in the WKB method, 265

propagation
finite speed of, 167

pseudoinverse, xiv, 359, 361, 378, 379, 382,

400
construction of using variation of

parameters, 378

quadratic formula, 315

quanta, 173

quantum mechanics, xiv, 300, 310
as a regularization of shock waves, 177

earliest form of, 304

relativistic
of spin-zero particles, 448



Subject Index 465

semiclassical limit of

heuristic approach, 174–177

rigorous approach, 177–181

semiclassical limit of by stationary phase,
171–181

quiescent state, 416

radius of convergence, 24, 35, 203, 254

random matrix theory, xiv, 94

partition function of, 93, 94

range, 358, 359, 365

orthogonal complement of, 367

rank

column, 363

equivalence, 363

row, 363

Rankine-Hugoniot condition, 110

rate of decay

of the error, 23

rational approximation, see Padé
approximation

rational functions, 197

reduced equation, 258, 312, 319, 351, 371,

403, 406, 411

inner, 323, 336

reduced problem, 254, 256, 258, 293, 356

reduction of order, 213–214, 221

use in the method of Frobenius, 218, 221,
222

refractive index

modulations in, 270

regular perturbation theory, 264

regularization, 79

relative error, 23

of order e(z), 23

remainder, 6, 38, 47, 50

rescaled error, 230

differential equation for, 230

integral equation for, 232, 240

rescaled variable, 11

rescaling, 40–43

in boundary/internal layer theory,

321–325

near a turning point, 304

nonlinear alternative to, 305

role in singular asymptotics, 264

residual, 261, 334, 343, 346–348

correction to, 343

Residue Theorem, 97, 126, 127, 138, 141

resonance, 173, 391

accidental, 406, 410, 411

resonant quartets, 420–422

two-parameter family of, 420

resonant triads, 418–419

one-parameter family of, 418

Reynolds number, 253

Riccati equation, 224–230, 240, 241, 246,
265, 267, 268, 271, 274, 275, 283, 286

application to regular singular points,
241–242

direction field for, 280

nullclines for, 280
Riemann sense of integration, 21

Riemann sum, 21, 52, 111, 141

Riemann-Lebesgue Lemma, 152

rigid translation, 408, 412
RNA molecules

base-pairs on

torsional vibrations of, 402
root finding, 36–43, 65, 356

numerical methods for, 233–235

rule of thumb, 39

saddle point method, 105

saddle points, 103–107

simple, 105, 113
saddle-node bifurcation, 179

sawtooth, 260

Schrödinger equation, 165, 193
initial data for, 174

interpretation of, 173–174

stationary, 300
approximate eigenvalues of, 303

dense packing of eigenvalues of, 304

eigenfunctions of, 302

eigenvalues of, 302
secular terms, 9, 386–387, 392, 395, 396,

400, 404–408, 411–413
associated with a resonant mean, 413

removal of, 388–391, 438

seed solution, 213, 214, 221
self-adjoint operator, 379

semiclassical limit, xiv

separation constant, 111, 253

separation of variables, 80, 110
series

well-ordered, 283

sheared graph, 74, 78
shock structure, see shock waves, structure

of

shock time, 78
shock waves, 73, 78, 108

regularization of, 78–80

structure of, 86
trajectories of, 85, 86

weakly viscous, xiv

analysis of via Laplace’s method,
73–87

simultaneous equations, 296

sine-Gordon equation, 402, 403, 407, 447,
448

nonlinear coefficient β for, 409
singular asymptotics, 263, 311



466 Subject Index

singular limit, see singular asymptotics
singular matrix, 365

singular perturbation theory, 263
singular points, 146, 200

irregular
asymptotic behavior of solutions near,

223–251

definition of, 212
definition of (practical), 222

formal series about, 223–229
true solutions near, 229–242

regular
analysis of via the Riccati equation,

241–242
definition of, 212

definition of (practical), 222
series solutions about, 216–222

regular versus irregular, 206–213
dichotomy defining, 212

slow times, 391, 393, 394

slowly-varying function, 264, 310
Sobolev inequality, 345

solid-state physics, 260, 425
solitons

bright, 410
dark, 410

of the Korteweg-de Vries equation, 425
of the nonlinear Schrödinger equation,

410
solvability conditions, 358–361, 363,

365–368, 379, 383, 390, 393, 394, 396,
399, 402, 408, 409, 412, 414, 438

as another eigenvalue problem, 363

as orthogonality conditions, 365
for periodic solutions of Mathieu’s

equation, 373, 374
sound speed, 411

spatial period, 259
spatial scales

multiple, 406
special functions, 335

Airy, see Airy functions
aspects of, xiv
classical, 123

gamma, see gamma function
Hankel, see Hankel function

incomplete gamma, see incomplete
gamma function

Jacobi elliptic, see Jacobi elliptic
functions

parabolic cylinder, see parabolic cylinder
functions

spectral decomposition, 358
spectral gap

for the Klein-Gordon equation, 167
spectral radius, 362
spring constant, 402

square root
analytic continuation of, 206

stable manifold, 276, 277

static phenomena, 355
stationary phase points, 151, 156

bifurcation of, 179

simple, 162

statistical thermodynamics, 426
steepest ascent directions, 232

steepest descent directions (angles), 231,
240, 241

different families of, 231, 241, 242

steepest descent paths
global, 106, 114

Stokes matrix, 244

for Airy’s equation, 245

relation to monodromy matrix, 246
triangular form of, 244

Stokes phenomenon, 23, 123, 229, 242–246

for first-order systems, 251
via Borel summation, 251

Stokes rays, 242, 251

canonical solutions associated with, 243
labeling of, 242

strained coordinate, 388, 391

subsonic frames of reference, 116
subspace

dense, 367, 379

of definition for a linear operator, 366

superconducting Josephson junction, 403
superposition principle, 80, 111

supersonic frames of reference, 116

surfaces of constant negative curvature, 447
symbol, 166

Taylor polynomials

zeros of, xiv, 106

Taylor series, 4, 6, 8, 24, 26, 37, 38, 48, 87,
97, 318

about a turning point, 287

of log(1 + t2), 58
of an even function, 59

of the exponential function, 106

remainder term in, 25, 53, 54, 65, 89, 254
use in analytic continuation, 201–203

Taylor’s Theorem, 25, 68, 156, 157

test function, 183
thermalization, 426

threshold distance (for the WKB method

near turning points), 283
topography, 434, 449

total degree, 424

total energy
of the Fermi-Pasta-Ulam model, 426

tracking stable and unstable manifolds, 277

transcendentally small term, 30
transform, 135
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transform integrals

asymptotics of, 135–142
transitional phenomena, 315

transitive property, 20

triangle inequality, 26, 34, 237, 348, 451

generalizations of, 452

triple-valued function, 78

triple-valued profile, 74

turbulent flows, 354

turning points, 277–310
higher-order, 278

multiple, 300–304

problems associated with, 278–280

simple, 277, 280, 283, 298, 301, 305

asymptotics near, 287–293

sneaking up on with the WKB method,
283–287

undisturbed depth, 433

uniform convergence, 380

uniform validity, 8, 11, 264, 390

uniformly valid approximation, 327
unique characteristic selection principle, 86,

177

variational character of, 86

unit vector

standard, 359
unitary ensemble, 93

universal amplitude equation, 409

universality, 13, 401–425

unstable manifold, 276

upper limit of integration

role in Watson’s Lemma, 55

variation of parameters, 256–260, 290, 308,
324, 352, 372, 374, 385, 387, 389

for first-order systems, 399

use in constructing a pseudoinverse, 378

variational principle, 353
vibrational modes, 426

viscosity, 80

vortex shedding, 354

water wave problem

bottom boundary condition for, 435

nondimensionalization of, 434–435

top boundary conditions for, 436
water waves, xiv, 433–447, 449

dispersion relation for, 438

Korteweg-de Vries equation for, 444–447

nondimensional measure of, 435

nonlinear coefficient β for, 444

nonlinear Schrödinger equation for,
436–444

wavelength stability threshold for, 444

Watson’s Lemma, 52–56, 61, 64, 65, 67, 69,
130, 139, 142, 145, 146, 248, 251

generalizations of, 56–60, 69
wave equation, 165

d’Alembert formula for, see d’Alembert
formula

nonlinear, 402
wave function, 174

phase of, 403

wave mechanics, 13
wave mixing, 418

wave of depression, 436
wave of elevation, 436

wavelength, 166, 259, 270
wavenumber, 166

waves
propagation of in an inhomogeneous

medium, 258
weak cubic nonlinearity, 398

perturbative approach to, 384–388,
391–394

weak damping, 395–397

weak quadratic nonlinearity
perturbative approach to, 390

weakly nonlinear oscillations, 382–400
Weber’s equation, 147, 197, 299, 300

perturbation of, 299, 310
well-ordering (of terms in a series), 283

WKB method, 283, 310, 311, 355, 371
application to Mathieu’s equation, 377

applied to optics, 270
directional character of approximations,

275–277, 280
failure of near turning points, 278
general, 263–268

nonlinear analogues of, 310
turning points in, 277–310

validity of (away from turning points),
270–275

when coefficients have asymptotic power
series, 268–270

WKBJ method, 310
Wronskian, 243, 257, 259, 369

constancy of, 369
of Ai(z) and Bi(z), 289, 294
use in detection of eigenvalues, 302

zero element, 235

zero-diffusion limit, 84–86
zero-frequency term, 391
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