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A Detailed Guide for
the Reader

Chapter 1. We present some basic results and facts from Riemannian
geometry. The results in this chapter, for the most part, either are used
or are analogous to results in the latter chapters on Ricci flow and other
geometric flows. Although we have included in this chapter what we feel
ideally the reader should know, he or she should be reassured that mastering
all of the contents of this chapter is not a prerequisite for studying Ricci flow!
Indeed, this chapter may be used as a reference to which the reader may
refer when necessary.

In Section 2 we give a quick review of metrics, connections, curvature,
and covariant differentiation. Of particular note are the Bianchi identi-
ties, the Lie derivative, and the covariant derivative commutator formulas
in Section 3, which have applications to the formulas we shall derive for
solutions of the Ricci flow. In Section 4 we recall the theory of differential
forms and discuss the Laplace operator for tensors and Bochner formulas
for differential forms. Since integration by parts is a useful technique in
geometric analysis and in particular Ricci flow, in Section 5 we recall the
divergence theorem and its consequences. We also give a quick review of the
de Rham theorem and the Hodge decomposition theorem. In Section 6 we
introduce the Weyl tensor and the decomposition of the Riemann curvature
tensor into its irreducible components. We consider some basic aspects of
locally conformally flat manifolds. In Section 7 we discuss Cartan’s method
of moving frames since it is a useful technique for computing curvatures, es-
pecially in the presence of symmetry. As an application, we give a proof of
the Gauss-Bonnet formula for surfaces using moving frames. We also discuss
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xxii A Detailed Guide for the Reader

hypersurfaces from the point of view of moving frames. Metric geometry has
important implications in Ricci flow, so we discuss (Section 8) the first and
second variation of arc length and energy of paths. Applications are Synge’s
theorem and the Hessian comparison theorem. We include the application
of the second variation formula to long geodesics and a variational proof of
the fact that Jacobi fields minimize the index form. We also discuss the first
and second variation formulas for the areas of hypersurfaces. Such formulas
have applications to minimal surface theory. In Section 9 we recall basic
facts about the exponential map such as the Gauss lemma, the Hopf-Rinow
theorem, Jacobi fields, conjugate and cut points, and injectivity radius esti-
mates for positively curved manifolds. Next (Section 10) we present geodesic
spherical coordinates using the exponential map. This is a convenient way
of studying (Hessian) comparison theorems for Jacobi fields, and by taking
the determinant, volume (Laplacian) comparison theorems. One may think
of these calculations as associated to hypersurfaces (the distance spheres
from a point) evolving in their normal directions with unit speed. (More
generally, one may consider arbitrary speeds, including the mean curvature
flow.) Observe that the Laplacian of the distance function is the radial de-
rivative of the logarithm of the Jacobian, which is the mean curvature of
the distance spheres. Similarly, the Hessian of the distance function is the
radial derivative of the logarithm of the inner product of Jacobi fields, which
is the second fundamental form of the distance spheres. We then begin to
discuss in more detail the Laplacian and Hessian comparison theorems in
Section 11. These results are essentially equivalent to the Bishop-Gromov
volume and Rauch comparison theorems and have important analogues in
Ricci flow. As an application, we prove the mean value inequality. In Section
12 we give detailed proofs of the Laplacian, volume and Hessian comparison
theorems. In the case of the Laplacian comparison theorem, we prove the
inequality holds in the sense of distributions. In Section 13 we discuss the
Cheeger-Gromoll splitting theorem, which relies on the Busemann functions
associated to a line being subharmonic (and hence harmonic), and the mean
value inequality. We then discuss the Toponogov comparison theorem. Left-
invariant metrics on Lie groups provide nice examples of solutions on Ricci
flow which can often be analyzed, so we introduce some background material
in Section 14. In the notes and commentary (Section 15) we review some
basic facts about the first and second fundamental forms of hypersurfaces in
Euclidean space, since we shall later discuss curvature flows of hypersurfaces
to compare with Ricci flow.

Chapter 2. Here we begin the study of Ricci flow proper. Before we
describe the contents of this chapter, we suggest that the reader may oc-
casionally refer to Chapter 4 for some explicit examples of solutions to the
Ricci flow; these examples may guide the reader’s intuition when studying
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the abstract derivations throughout the book. We start in Section 1 with
some historical remarks about geometric evolution equations. We also give
a brief layman’s description of how Ricci flow approaches the Thurston ge-
ometrization conjecture. The Ricci flow is like a heat equation for metrics.
One quick way of seeing this (Section 2) is to compute the evolution equa-
tion for the scalar curvature using a variation formula we derive later. We
get a heat equation with a nonnegative term. Because of this, we can apply
the maximum principle (Section 3) to show that the minimum of the scalar
curvature increases. The variation formula for the scalar curvature yields a
short derivation of Einstein’s equations as the Euler-Lagrange equation for
the total scalar curvature (Section 4). By modifying the total scalar curva-
ture, we are led to Perelman’s energy functional. Next (Section 5) we carry
out the actual computations of the variation of the connection and curva-
tures. When the variation is minus twice the Ricci tensor, we obtain the
evolution equations for the connection, scalar and Ricci curvatures under
the Ricci flow. This is the first place we encounter the Lichnerowicz Lapla-
cian which arises in the variation formula for the Ricci tensor. Since the
Ricci flow is a weakly parabolic equation, to prove short time existence, we
use DeTurck’s trick, which shows that it is equivalent to a strictly parabolic
equation (Section 6). Having derived the evolution equations for the Ricci
and scalar curvatures, we derive the evolution equation for the full Riemann
curvature tensor (Section 7). This takes the form of a heat equation with
a quadratic term on the right-hand side. In dimension 3, the form of the
quadratic term is especially simple. In the notes and commentary (Section
8) we discuss the symbol of the linearization of the Ricci tensor.

Chapter 3. We give a proof of Hamilton’s classification of closed 3-
manifolds with positive Ricci curvature using Ricci flow. Hamilton’s theo-
rem (Section 1) says that under the normalized (volume-preserving) Ricci
flow on a closed 3-manifold with positive Ricci curvature, the metric con-
verges exponentially fast in every Ck-norm to a constant positive sectional
curvature metric. The maximum principle for tensors (Section 2) enables us
to estimate the Ricci and sectional curvatures. We first show that positive
Ricci curvature and Ricci pinching are preserved. To control the curvatures,
it is convenient to generalize the maximum principle for symmetric 2-tensors
to a maximum principle for the curvature operator, and more generally, to
systems of parabolic equations on a vector bundle (Section 3). Using this
formalism, we show that the pinching of the curvatures improves and tends
to constant curvature at points and times where the curvature tends to in-
finity. This is the central estimate in the study of 3-manifolds with positive
Ricci curvature. Once we have a pointwise estimate for the curvatures, we
need a gradient estimate for the curvature in order to compare curvatures
at different points at the same time (Section 4). Based on the fact that the
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pinching estimate breaks the scale-invariance, we obtain a gradient of the
scalar curvature estimate which shows that a scale-invariant measure tends
to zero at points where the curvature tends to infinity. Combining the esti-
mates of the previous sections, we show that indeed the curvatures tend to
constant (Section 5). With control of the curvatures and assuming deriva-
tive estimates derived in a later chapter, we can show that the normalized
Ricci flow converges exponentially fast in each Ck-norm to a constant pos-
itive sectional curvature metric (Section 6). In the notes and commentary
(Section 7) we state some of the basic evolution equations under the mean
curvature flow. These formulas are somewhat analogous to the equations
for the Ricci flow.

Chapter 4. We discuss Ricci solitons, homogeneous solutions and other
special solutions. From the study of singularity formation we are interested
in solutions which exist for all negative time. Some of these solutions exist
also for all positive time, which makes them even more special. Of fun-
damental importance are gradient Ricci solitons (Section 1). We carefully
formulate the basic equations of a gradient Ricci soliton and show that gradi-
ent solitons can be put in a canonical form. It is interesting that Euclidean
space is not only a steady soliton but also a shrinking and an expanding
soliton (Section 2). We then briefly discuss the cylinder shrinking soliton.
For the Ricci flow on low-dimensional manifolds, it is particularly impor-
tant to consider complete Ricci solitons on surfaces with positive curvature.
The cigar soliton (Section 3) is such a soliton on the Euclidean plane, rota-
tionally symmetric, asymptotic to a cylinder at infinity and with curvature
decaying exponentially fast. We exhibit the cigar soliton in various coor-
dinate systems. An interesting rotationally symmetric ancient solution on
the 2-sphere is the Rosenau solution (Section 4). As time tends to negative
infinity, the Rosenau solution looks like a pair of cigars, one at each end.
Indeed, backward (in time) limits at the endpoints yield the cigar soliton.
Next we describe an explicit rotationally symmetric expanding soliton on
the plane with positive curvature (Section 5). The curvature also decays
exponentially fast as the distance to the origin tends to infinity. Moving
up one dimension, we obtain the Bryant soliton (Section 6). This is a rota-
tionally symmetric steady gradient Ricci soliton on Euclidean 3-space with
positive sectional curvature. Here the curvature decays inverse linearly and
the metric is essentially asymptotic to a paraboloid at infinity. This means
that at infinity the metric, after rescaling, limits to a cylinder in the same
sense that a parabola in the plane, after rescaling, limits to two parallel lines
after dilating about points which tend to infinity. Some of the most interest-
ing explicit examples are homogeneous solutions (Section 7). We consider
SU(2) and Nil and analyze the ode which arises from Ricci flow. Here, since
the isometry group acts transitively on the manifold, the Ricci flow reduces
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to a system of ordinary differential equations. In dimension 3, these systems
are largely well understood. We also consider the Ricci flow of bi-invariant
metrics on a compact Lie group. Under the Ricci flow, isometries persist
(Section 8). That is, the isometry group is nondecreasing. It is interesting to
ask if the isometry group remains constant under the Ricci flow. Analogous
to the Ricci flow on surfaces is the curvature shortening flow (CSF) of plane
curves (Section 9). The analogue of the cigar soliton is the grim reaper for
the CSF. The Rosenau solution also has an analogue for the CSF.

Chapter 5. In this chapter we discuss monotonicity formulas which
yield isoperimetric and volume ratio estimates. In Section 1 we discuss
isoperimetric inequalities and their relation with Sobolev inequalities. We
also derive the logarithmic Sobolev inequality from the L2 Sobolev inequal-
ity. In Section 2 we study the evolution of the length of paths and geodesics
in preparation for studying the evolution of the isoperimetric ratio on sur-
faces. Another proof, due to Hamilton, of the convergence of the Ricci flow
on a 2-sphere uses a monotonicity formula for the isoperimetric ratio (Section
3). In Section 4 we give a proof of Perelman’s no local collapsing theorem.
In Section 5 we present geometric applications of the no local collapsing
theorem. Of particular note are the consequent local injectivity radius esti-
mate and the fact that the cigar can be ruled out as a finite time singularity
model. The local injectivity radius estimate enables one to take limits of
dilations of finite time singular solutions on closed manifolds. To facilitate
the exposition of this, we present some preliminaries on the compactness
theorem for solutions of the Ricci flow. In Section 6 we give a shorter proof
of the classification of closed 3-manifolds with positive Ricci curvature using
Perelman’s no local collapsing theorem and the compactness theorem. Here
we only prove sequential convergence instead of exponential convergence. In
Section 7 we discuss Hamilton’s isoperimetric estimate for Type I singular
solutions in dimension 3.

Chapter 6. In this chapter we collect the analytic results and tech-
niques which are useful for singularity analysis. Estimates for all of the
derivatives of the curvature (Section 1) in terms of bounds on the curvature
enable one to show that the solution exists as long as the curvature remains
bounded (the long time existence theorem). Thus if a solution forms a sin-
gularity in finite time (i.e., cannot be continued past a finite time), then
the supremum of the curvature is infinity. In Section 2 we present the local
derivative of curvature estimates of W.-X. Shi. These estimates are funda-
mental in the study of singularities of the Ricci flow. Another basic tool to
study singular solutions is a Cheeger-Gromov-type compactness theorem for
a sequence of solutions of Ricci flow (Section 3). We present both the global
and local versions of this result. What is needed for this sequence is a curva-
ture bound and an injectivity radius estimate (to prevent collapsing). The
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sequences we usually consider arise from dilating a singular solution about
a sequence of points and times with the times approaching the singularity
time. An interesting application of compactness is Sesum’s result (Section
4) that a solution exists as long as its Ricci curvature is bounded. When
studying the formation of singularities on a 3-manifold, the Hamilton-Ivey
estimate is particularly useful (Section 5). Roughly speaking, it says that at
large curvature points, the largest sectional curvature is positive and much
larger than any negative sectional curvature in magnitude. It implies that
limits of dilations (which we call singularity models) have nonnegative sec-
tional curvature. Since nonnegative sectional curvature metrics are rather
limited geometrically and (especially) topologically, this is a crucial first step
in the surgery theory for singular 3-dimensional solutions. The Hamilton-
Ivey estimate also tells us that ancient 2- and 3-dimensional solutions with
bounded curvature have nonnegative sectional curvature. Nonnegative sec-
tional curvature in dimension 3 is a special case of nonnegative curvature
operator in all dimensions, a curvature condition which is preserved under
the Ricci flow. Such solutions satisfy the strong maximum principle (Sec-
tion 6), which says that either the solution has (strictly) positive curvature
operator or the holonomy reduces and the image and kernel of the curva-
ture operator are constant in time and invariant under parallel translation.
This rigidity result is especially powerful in dimension 3 (Section 7), where
it implies that a simply connected nonnegative sectional curvature solution
of the Ricci flow either has positive sectional curvature, splits as the prod-
uct of a surface solution with positive curvature (which is topologically a
2-sphere or the plane) and a line, or is the flat Euclidean space. In the notes
and commentary (Section 8) we note that the derivative estimates may be
improved if we assume bounds on some derivatives of the curvature.

Chapter 7. In Section 1 we present the spherical space form theorem
of Huisken, Margerin, and Nishikawa which says that for an initial Rie-
mannian manifold with sectional curvatures pointwise sufficiently close to
that of a constant positive curvature space, the normalized Ricci flow exists
for all time and converges to a constant positive curvature metric. In Sec-
tion 2 we outline the proof of Hamilton’s classification of 4-manifolds with
positive curvature operator. In higher dimensions (Section 3), a solution
with nonnegative curvature operator either has positive curvature operator,
a Kähler manifold with positive curvature operator on (1, 1)-forms, or is
a locally symmetric space. Except in dimension 4, where it was solved by
Hamilton, it is an open problem whether a closed Riemannian manifold with
positive curvature operator converges under the Ricci flow to a metric with
constant positive sectional curvature (spherical space form). A potentially
useful result in this regard, due to Tachibana, says that an Einstein metric
with positive curvature operator has constant sectional curvature and an
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Einstein metric with nonnegative curvature operator is locally symmetric.
The maximum principle discussed in Chapter 2 extends to complete non-
compact manifolds. In Section 4 we present some general results about the
maximum principle on noncompact manifolds. In Section 5 we survey some
results on complete solutions of the Ricci flow on noncompact manifolds.

Chapter 8. Here we begin our study of singularities. To study singu-
larities (Section 1), one takes dilations about sequences of points and times
where the time tends to the singularity time. The limit solutions of such
sequences, if they exist, are ancient solutions. It is useful to distinguish
singular and ancient solutions according to the rate of blowup of the curva-
ture. Type I singularities blow up in finite time at the rate of the standard
shrinking sphere. Type II singularities form more slowly in the sense that
in terms of the curvature scale, the time to blow up is longer than that of
Type I. On the other hand, as a function of time to blow up, the curvature
of a Type II singularity is larger than that of a Type I singularity. We also
give lower bounds (gap estimates) for the supremum of the curvature as a
function of time for singular and ancient solutions. Given a singularity type,
we describe ways of picking sequences of points and times about which to
dilate (Section 2). Suitable choices of such sequences lead to ancient so-
lution limits, called singularity models. Given an ancient solution, we can
also dilate again about a sequence of points and times. We also discuss the
prototype for a Type II singularity: the degenerate neckpinch. An interest-
ing open problem is to show that Type II singularities indeed exist, a result
which is known for the mean curvature flow. Since complete noncompact
ancient solutions are important in the study of singularities, we begin the
study of the geometry at infinity of such solutions under various hypotheses
(Section 3). Some useful geometric invariants of the geometry at infinity
are the asymptotic scalar curvature ratio and the asymptotic volume ratio.
To study the geometry at infinity, a useful technique is dimension reduction
(Section 4). Here we assume the asymptotic scalar curvature ratio (ASCR)
is infinite, that is, the lim sup of the scalar curvature times the square dis-
tance to an origin is equal to infinity. Roughly speaking, this says that the
scalar curvature has slower than quadratic decay. Using a point-picking-
type argument, we find good sequences of points tending to spatial infinity.
When ASCR is infinite and Rm ≥ 0, there exists a limit which splits as the
product of a one lower-dimensional solution with a line. In the notes and
commentary we note that numerical studies of a degenerate neckpinch have
been carried out by Garfinkle and Isenberg (Section 5).

Chapter 9. Considering ancient solutions on 2-dimensional surfaces
(Section 1), we show using the Harnack inequality that ancient solutions
with bounded curvature whose maximum is attained in space in time must
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be isometric to the cigar soliton. On the other hand, using Hamilton’s en-
tropy monotonicity, one can show that Type I ancient solutions are compact
and in fact isometric to the round shrinking sphere. Complementarily, Type
II ancient solutions (such as the Rosenau solution) must have a backward
limit which is the cigar soliton. Our discussion includes as a corollary the
classification of ancient κ-solutions on surfaces. An interesting result is that
noncompact ancient solutions on surfaces with time-dependent bounds on
the curvature can be extended to eternal solutions. We conjecture that eter-
nal solutions (without assuming the supremum of the curvature is attained)
are cigar solitons. Optimistically, one can hope that the only complete an-
cient surface solutions with bounded curvature are rotationally symmetric
and, in fact, belong to one of three types: either the cigar, or a surface
with constant curvature, or the Rosenau solution. In Section 2 we discuss
aspects of ancient solutions relating to their type. A Type I ancient solution
with positive curvature operator has infinite asymptotic scalar curvature ra-
tio. For Type II ancient solutions with positive curvature operators there
exist backward limits which are steady gradient Ricci solitons. We also
state and prove Perelman’s theorem that positively curved ancient solutions
have vanishing asymptotic volume ratio and infinite asymptotic scalar cur-
vature ratio. In Section 3 we give proofs of Hamilton’s results that steady
gradient Ricci solitons have infinite asymptotic scalar curvature ratio and
complete noncompact expanding gradient Ricci solitons with positive Ricci
curvature have positive asymptotic volume ratio. In Section 4 we discuss a
local injectivity radius estimate for steady gradient Ricci solitons not assum-
ing they are κ-noncollapsed. In Section 5 we discuss what is known about
3-dimensional singularities from the classical theory as well as Perelman’s
no local collapsing theorem. In dimension 3, by dimension reduction, there
exists a limit which splits as the product of a surface solution with a line.
By the no local collapsing theorem, the surface solution cannot be the cigar
soliton. By a previous result of Hamilton, the surface must then be a round
shrinking 2-sphere. In the case of a Type I ancient solution, we either have
a shrinking spherical space form or there exists a backward limit which is
a cylinder (2-sphere product with a line). For ancient κ-solutions the latter
cannot exist. We conjecture that the κ-noncollapsed condition can be re-
moved. In dimension 3 we also have another basic result of Perelman, the
nonexistence of noncompact shrinking gradient solitons with positive sec-
tional curvature (Section 6). In Section 7 we summarize the results in the
chapter and pose some conjectures about long-existing solutions, especially
in dimensions 2 and 3.

Chapter 10. We discuss various differential Harnack estimates. These
are sharp pointwise derivative estimates which usually enable one to com-
pare a solution at different points in space and time. In Ricci flow they
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have applications toward the classification of singularity models. We begin
with the heat equation (Section 1) and present the seminal Li-Yau estimate
for positive solutions. For manifolds with nonnegative Ricci curvature, the
estimate is sharp in the sense that equality is obtained for the fundamental
solution on Euclidean space. Since the Li-Yau estimate has a precursor in
the work of Yau on harmonic functions, we discuss the Liouville theorem for
complete manifolds with nonnegative Ricci curvature, which relies on a gra-
dient estimate. The Li-Yau estimate has a substantial extension to solutions
of the Ricci flow, due to Hamilton. To describe this, we begin with surfaces,
since the form of the inequality and its proof are much simpler in this case. In
Section 2 we prove a differential Harnack estimate for surfaces with positive
curvature. Ricci solitons again motivate the specific quantities we consider.
A perturbation of these arguments enables one to prove a Harnack estimate
for surfaces with variable signed curvature. Interestingly, the above (trace)
inequality may be generalized to a matrix inequality which, roughly speak-
ing, gives a lower bound for the Hessian of the logarithm of the curvature.
In this sense, the Harnack inequalities are somewhat analogous to the Lapla-
cian and Hessian comparison theorems of Riemannian geometry discussed in
Chapter 1. A fact related to Hamilton’s entropy is that in the space of met-
rics on a surface with positive curvature, its gradient is the matrix Harnack
quantity, which in dimension 2 is a symmetric 2-tensor. Next, in dimension
2, we consider a 1-parameter family of Harnack inequalities for the Ricci
flow coupled to a linear-type heat equation (Section 3). In one instance we
have the Li-Yau inequality, and in another instance we have the linear trace
Harnack estimate, which generalizes Hamilton’s trace estimate. An open
problem is to generalize this to higher dimensions. In the Kähler case, this
has been accomplished by one of the authors. With these preliminaries we
move on to Hamilton’s celebrated matrix Harnack estimate for solutions of
the Ricci flow with nonnegative curvature operator (Section 4). The spe-
cific Harnack quadratic under consideration is motivated directly from the
consideration of expanding gradient Ricci solitons. The trace inequality (ob-
tained from the matrix inequality by summing over an orthonormal basis)
is particularly simple to state and in all dimensions is surprisingly similar
to the 2-dimensional inequality. We show that the matrix inequality in di-
mension 2 is the same as the previous estimate which was in the form of
a symmetric 2-tensor being nonnegative. The proof of the matrix estimate
depends on a calculation, which at first glance looks quite complicated (Sec-
tion 5). However, using the formalism of considering tensors as vector-valued
functions on the principal frame bundle (either GL(n, R) or O(n)), we can
simplify the computations. The matrix Harnack quadratic is a bilinear form
on the Whitney sum of the bundle of 1-forms with the bundle of 2-forms. It
satisfies a heat-type equation with a quadratic nonlinear term analogous to
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the heat-type equation satisfied by the Riemann curvature tensor. Taking
bases of 1-forms and 2-forms, one can exhibit the quadratic nonlinearity as a
sum of squares when the curvature operator is nonnegative. This is the main
reason for why the matrix Harnack inequality may be proved by a maximum
principle argument. The trace Harnack inequality has a generalization to a
Harnack inequality for nonnegative definite symmetric 2-tensors satisfying
the Lichnerowicz Laplacian heat equation coupled to the Ricci flow (Section
6). This Harnack estimate generalizes the trace Harnack estimate. Using
this, we give a simplified proof of Hamilton’s result that ancient solutions
with nonnegative bounded curvature operator which attain the supremum
of their scalar curvatures are steady gradient Ricci solitons. Further investi-
gating the linearized Ricci flow, we give a pinching estimate for solutions to
the linearized Ricci flow on closed 3-manifolds. An open problem is to find
applications of this general estimate, perhaps in conjunction with the linear
trace Harnack estimate or other new estimates. In the notes and commen-
tary (Section 7) we briefly discuss the matrix Harnack estimate for the heat
equation, the Harnack estimate for the mean curvature flow, and some tools
for calculating evolution equations associated to Ricci flow.

Chapter 11. We discuss various space-time geometries which are rather
similar, culminating in Perelman’s metric on the product of space-time with
large-dimensional and large radius spheres. We begin with Hamilton’s no-
tion of the Ricci flow for degenerate metrics and the space-time connection of
Chu and one of the authors (Section 1). This connection is compatible with
the degenerate space-time metric and as a pair they satisfy the Ricci flow for
degenerate metrics. We state the formulas for the Riemann and Ricci tensors
of the space-time connection and observe curvature identities which suggest
that the metric-connection pair is a Ricci soliton. We observe (Section 2)
that the space-time Riemann curvature tensor is the matrix Harnack qua-
dratic and the space-time Ricci tensor is the trace Harnack quadratic. Next
we take the product of space-time with Einstein metric solutions of the Ricci
flow (Section 3). We also introduce a scalar parameter into the definition
of the potentially infinite space-time metric. We calculate the Levi-Civita
connections of these metrics and observe that they essentially tend to the
space-time connection defined in Section 1. It is particularly interesting that
the space-time Laplacians tend to the heat (forward or backward) operator
(depending on the sign of the scalar parameter). This fact depends on the
dimension tending to infinity. Next we compute the Riemann and Ricci
curvature tensors of the potentially infinite metrics. We observe that when
the scalar parameter is −1, the metric tends to Ricci flat (this is due to
Perelman). This is related to the developments on the �-function discussed
in [153]. We also recall the observation, again due to Perelman, that the
metrics are essentially potentially Ricci solitons (at least he observed this
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when the parameter is either −1 or 1). Renormalizing the space-time length
functional, we obtain the � -function (Section 4). Not only is the space-time
metric and connection related to the matrix Harnack estimate, it is also re-
lated to the linear trace Harnack estimate (Section 5). Here we need to make
some modifications to describe the relation. An auxiliary function f is intro-
duced and its definition is related to Perelman’s idea of fixing the measure
which he introduced when defining his energy and entropy. In the notes and
commentary we discuss a space-time formulation of flows of hypersurfaces
(Section 6) and its relation with Andrews’ Harnack inequalities.

Appendix A. In this appendix we discuss various aspects of geometric
analysis which are related to Ricci flow. In Section 1 we start with a short
compendium of some inequalities used in the book. In Section 2 we recall
some comparison theorems and explicit formulas for the heat kernel on Rie-
mannian manifolds and in particular on constant curvature spaces. Next
(Section 3) we discuss the Green’s function, which is related to the heat
equation and the geometry of the manifold. In Section 4 we give another
proof of the Liouville Theorem 10.8. We also (Section 5) recall some basic
facts about eigenvalues and eigenfunctions of the Laplacian. In the Ricci
flow it is useful to study the lowest eigenvalue of certain elliptic (Laplace-
like) operators. Li and Yau give a lower bound for the first eigenvalue on
a closed manifold with nonnegative Ricci curvature. Lichnerowicz’s result
gives a lower bound assuming a positive lower bound of the Ricci curva-
ture. We recall Reilly’s formula and its application to estimating the first
eigenvalue on manifolds with boundary. In Section 6 we discuss the defini-
tion of the determinant of the Laplacian via the zeta function regularization
and compute the difference of determinants on a Riemann surface. The
determinant of the Laplacian is an energy functional for the Ricci flow on
surfaces. Since the Ricci flow evolves metrics and is related to the heat equa-
tion, we discuss (Section 7) the asymptotics of the heat kernel associated
to the heat operator with respect to an evolving metric. The method is a
slight modification of the fixed metric case. For comparison with Ricci flow
monotonicity formulas, in Section 8 we recall some monotonicity formulas
for harmonic functions and maps. In Section 9 we recall the Bieberbach
theorem on the classification of flat manifolds; we approach the proof along
the lines of Gromov’s almost flat manifolds theorem.

Appendix B. In this appendix we discuss identities, inequalities, and
estimates for various flows including the Ricci flow, Yamabe flow, and the
cross curvature flow. It is interesting to compare these techniques. We
begin in Section 1 by recalling the statement of the convergence result for
the Ricci flow on closed surfaces. Next we consider the Kazdan-Warner
and Bourguignon-Ezin identities in Section 2, from which it follows that
a Ricci soliton on the 2-sphere has constant curvature. Then we turn our
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attention to Andrews’ Poincaré-type inequality (Section 3), which holds in
arbitrary dimensions. In dimension 2, it implies that Hamilton’s entropy is
monotone. This is useful in certain applications of the maximum principle,
especially for systems. One of the proofs of the convergence of the Ricci
flow on the 2-sphere relies on Ye’s gradient estimate for the Yamabe flow
of locally conformally flat manifolds with positive Yamabe invariant (Sec-
tion 4). The Aleksandrov reflection method is used to obtain the gradient
estimate. We also state Leon Simon’s asymptotic uniqueness theorem. An
interesting fact, which follows from the contracted second Bianchi identity,
is that the identity map from a Riemannian manifold to itself, where the
image manifold has the Ricci tensor as the metric (assuming it is positive), is
harmonic (Section 5). In dimension 3 there is a symmetric curvature tensor,
called the cross curvature tensor, which is dual to the Ricci tensor in the
following sense. The identity map from a Riemannian 3-manifold to itself,
where the domain manifold has the cross curvature tensor as the metric (as-
suming the sectional curvature is either everywhere negative or everywhere
positive), is harmonic. We show two monotonicity formulas for the cross
curvature flow which suggest that a negative sectional curvature metric on
a closed 3-manifold should converge to a constant negative sectional curva-
ture (hyperbolic) metric. In Section 6 we consider the time-derivative of the
supremum function. This has applications to maximum principles. Finally,
in the notes and commentary we note that in higher dimensions there are ar-
bitrarily pinched negative sectional curvature metrics which do not support
hyperbolic metrics.

Bibliography. We have included a number of references in the areas
of Ricci flow, geometric evolution equations, geometric analysis, and related
areas. Not all of the references are cited in the book. The references we do
not cite are included so that the interested reader may be aware of various
works in these fields which may be related to the topics discussed in this
book.
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Chapter 2

Fundamentals of the
Ricci Flow Equation

Wake up, Neo.... The Matrix has you.... Follow the white rabbit.1

We begin by giving an elementary introduction to how Ricci flow may be
used to approach the geometrization conjecture. The intent of this section is
only to give the reader some preliminary intuition about what type of results
one would like to prove about Ricci flow in dimension 3. Next we describe
some of the evolution equations for the curvatures of solutions to Ricci flow.
Since the scalar curvature satisfies a particularly simple equation, we start
with its evolution. This leads to the heat equation, for which a principal
tool is the maximum principle, which we discuss both when the manifold is
compact and noncompact. Although the Ricci flow is not exactly variational
in the usual sense, we consider the Einstein-Hilbert functional and see that
Ricci flow is similar to a gradient flow. In Section 4 we shall see a precise
way in which Ricci flow is a gradient flow, due to Perelman. We then discuss
some local coordinate calculations which lead to variation formulas for the
curvatures. Applying this to the Ricci tensor and its modification, we obtain
DeTurck’s trick, which is used to prove the short time existence of solutions
of Ricci flow on closed manifolds. In the last section we derive the formula
for the evolution of the Riemann curvature tensor under Ricci flow. In
dimension 3, the associated ode is particularly simple.

Some conventions that we follow throughout the rest of the book are
that RF is short for Ricci flow, g (s) denotes a general 1-parameter family of

1The quotations at the beginning of Chapters 2, 8, and 10 are from the movie ‘The Matrix’;
see Wachowski and Wachowski [544].
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96 2. Fundamentals of the Ricci Flow Equation

metrics (with variation field ∂
∂sgij = vij ,) and g (t) denotes a solution of the

Ricci flow. When we compute variation formulas, ∂
∂s denotes the variation

under a general variation ∂
∂sg = v of the metric, whereas ∂

∂t denotes the time
derivative under the Ricci flow.

1. Geometric flows and geometrization

1.1. Some geometric flows predating Ricci flow. Geometric flows
have been around at least since Mullins’ paper [427] in 1956 proposing
the curve shortening flow to model the motion of idealized grain bound-
aries. In 1964 the seminal paper of Eells and Sampson [208] introduced
the harmonic map heat flow and used it to prove the existence of harmonic
maps into targets with nonpositive sectional curvature. In 1974 Firey [225]
proposed the Gauss curvature flow to model the shapes of worn stones and
considered the case where the surface is invariant under the antipodal map.
In 1975 Hamilton [274] continued the study of the harmonic map heat flow
by considering manifolds with boundary. In 1978 Brakke [58] studied the
mean curvature flow and proved regularity properties for it.

1.2. Ricci flow and geometrization: a short preview. The first suc-
cess, in fact the main theorem of the seminal paper [275] by Richard Hamil-
ton in 1982, has the following topological consequence.

Theorem 2.1 (Hamilton, 3-manifolds with positive Ricci curvature). If(
M3, g

)
is a closed 3-manifold with positive Ricci curvature, then it is dif-

feomorphic to a spherical space form. That is, M3 admits a metric with
constant positive sectional curvature.

Here and throughout this book, closed means compact without bound-
ary. More ambitiously, one would like to use Ricci flow to prove the following
geometrization conjecture.

Conjecture 2.2 (Thurston geometrization). Every closed 3-manifold ad-
mits a geometric decomposition.

A corollary of the geometrization conjecture is the Poincaré conjec-
ture, which says that every simply connected closed topological 3-manifold
is homeomorphic to the 3-sphere and this is one of the Millennium prize
problems. We refer to the survey papers of Thurston [528] and Scott [488]
for background on the geometrization conjecture. Some recent surveys of
Ricci flow and the Poincaré/geometrization conjecture are Milnor [413] and
Morgan [418].

In this section we give a very rough and intuitive description of Hamil-
ton’s idea for using Ricci flow to approach Thurston’s geometrization conjec-
ture. In the following discussion all 3-manifolds will be closed and orientable.
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Start with a closed Riemannian manifold
(
M3

1 , g0

)
. We want to infer the ex-

istence of a geometric decomposition for M3
1 by studying the properties of a

solution
(
M3 (t) , g (t)

)
of the Ricci flow with surgeries with M3 (0) = M3

1

and g (0) = g0. By Ricci flow with surgeries we mean a sequence of solu-
tions

(
M3

i , gi (t)
)
, t ∈ [τi−1, τi], with τi−1 < τi ≤ ∞ and τ0 = 0, of Ricci

flow where
(
M3

i+1, gi+1 (τi)
)

is obtained from
(
M3

i , gi (τi)
)

by a geometric-
topological surgery. M3 (t) = M3

i and g (t) = gi (t) for t ∈ [τi−1, τi] so that
the manifold and metric are doubly defined at the surgery times τi.

The short and long time existence theorems imply that there exists a
unique maximal solution to the Ricci flow

(
M3

1 , g1 (t)
)
, t ∈ [0, T1), where

either
sup

M3
1×[0,T1)

|Rm(g1)| = ∞

or T1 = ∞. We say that the Ricci flow develops a singularity at time T1

and we call T1 the singular time. If T1 < ∞, then we want to prove that in
high curvature regions (near the singularity time) the metric looks like part
of an S2 × R cylinder (this is not quite true, but for the sake of simplicity
let’s assume this for now). At some appropriate time τ1 � T1 right before
the singularity forms we perform a geometric-topological surgery by cutting
out an S2×B1 from the cylindrical region, which has two disjoint 2-spheres
as its boundary: ∂

(
S2 ×B1

) ∼= S2 × S0 ∼= ∂
(
B3 × S0

)
, and we replace it

by two balls: B3 × S0.2 We call the new manifold
(
M3

2 , g1

)
, which may not

be connected. Let
(
M3

2 , g2 (t)
)
, t ∈ [τ1, T2), be the unique maximal solution

to the Ricci flow with g2 (τ1) = g1. Topologically, M3
2 and M3

1 are related
as follows. If M3

2
∼= M3

2,1 � M3
2,2 is the disjoint union of two connected

manifolds, then M3
1
∼= M3

2,1#M3
2,2. On the other hand, if M3

2 is connected,
then M3

1
∼= M3

2 #
(
S2 × S1

)
. The reason for this is that reversing the surgery

process, we see that M3
1 is obtained from M3

2 by attaching a handlebody.
Isotopying this handlebody so that it is attached to two 2-spheres inside a
3-ball in M3

2 , we see that M3
1 is the connected sum of M3

2 with an orientable
S2 bundle over S1 which must be S2 × S1.

Now repeat the process so that if T2 < ∞, then we perform a geometric-
topological surgery at some time τ2 � T2 to get

(
M3

3 , g2

)
, etc. As long as

Ti < ∞ for all i, we have surgery times τi � Ti. Hence, we either obtain a
finite sequence of solutions

(
M3

i , gi (t)
)
, t ∈ [τi−1, τi], where 1 ≤ i ≤ I < ∞

where the last solution
(
M3

I , gI (t)
)

is defined for t ∈ [τI−1,∞), or we obtain
an infinite sequence of solutions. In the latter case it is conceivable that
the sequence of surgery times {τi} accumulates to a finite time. This is a
major case which needs to be ruled out. Barring this, we obtain a solution

2In Perelman’s approach, the surgery is performed at the singularity time on the singular
manifold limit.
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of the Ricci flow with surgeries, consisting of a countable (infinite or finite)
sequence of solutions of the Ricci flow, which is defined for all time t ∈ [0,∞).
Next we want to infer the existence of a geometric structure on M3

i for i
large enough via a sufficient understanding of the geometric properties of a
metric gi (ti) where ti ∈ [τi−1, τi]. In particular, we want to show that the
manifold may be decomposed into pieces with incompressible tori boundary
whose interiors either admit complete, finite volume hyperbolic metrics or
are collapsed with bounded curvature in the sense of Cheeger and Gromov.

2. Ricci flow and the evolution of scalar curvature

Given a 1-parameter family of metrics g (t) on a Riemannian manifold Mn,
defined on a time interval I ⊂ R, Hamilton’s Ricci flow equation is

∂

∂t
gij = −2Rij .

For any C∞ metric g0 on a closed manifold Mn, there exists a unique solution
g (t) , t ∈ [0, ε), to the Ricci flow equation for some ε > 0, with g (0) = g0.
This was proved in Hamilton [275] and shortly thereafter a much simpler
proof was given by DeTurck [191] (see [192] for an improved version). We
shall discuss short time existence in Section 6.

First we look at some simple examples. Let Mn = Sn and let gSn denote
the standard metric on the unit n-sphere in Euclidean space. If g0 = r2

0gSn

for some r0 > 0 (r0 is the radius), then

(2.1) g (t) �
(
r2
0 − 2 (n− 1) t

)
gSn

is a solution to the Ricci flow with g (0) = g0 defined on the maximal time
interval (−∞, T ), where T � r2

0/2 (n− 1) . That is, under the Ricci flow, the
sphere stays round and shrinks at a steady rate.

Exercise 2.3 (Standard shrinking sphere). Show that the metric defined
by (2.1) is a solution to the Ricci flow. Hint: Use the scale-invariance of
the Ricci tensor (Exercise 1.11) and Rc (gSn) = (n− 1) gSn . Show that the
scalar curvature of the solution is given by

R (g (t)) =
n (n− 1)

r2
0 − 2 (n− 1) t

.

In particular, the solution with r2
0 = n (n− 1), which is defined on (−∞, n/2),

has scalar curvature R (g (t)) = 1
1−2t/n .

Exercise 2.4 (Homothetic Einstein solutions). Suppose that g0 is an Ein-
stein metric, i.e., Rc (g0) ≡ cg0 for some c ∈ R. Derive the explicit formula
for the solution g (t) of the Ricci flow with g (0) = g0. Observe that g (t)
is homothetic to the initial metric g0 and that it shrinks, is stationary, or
expands depending on whether c is positive, zero, or negative, respectively.
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Exercise 2.5 (Product solutions). Let (M1, g1 (t)) and (M2, g2 (t)) be solu-
tions of the Ricci flow on a common time interval I. Show that

(M1 ×M2, g1 (t) + g2 (t))

is a solution of the Ricci flow. Hint: See Exercise 1.68. In particular, if
(Mn, g (t)) is a solution of the Ricci flow, then so is

(
Mn × R, g (t) + dr2

)
(we can replace

(
R, dr2

)
by any static flat manifold).

Problem 2.6. What explicit solutions of the Ricci flow are there? Of course
we have the constant sectional curvature solutions, products and quotients
thereof. Some other solutions are the cigar and Rosenau solutions on R2

and S2, respectively (see Chapter 4). In addition, some homogeneous solu-
tions are explicit. It would be interesting to find more explicit solutions in
dimensions ≥ 3.

Given that we have short time existence, we are interested in the long
time behavior of the solution. Toward this end we want to derive the evo-
lution equations for the Riemann, Ricci and scalar curvatures

∂

∂t
Rijk�,

∂

∂t
Rij ,

∂

∂t
R

as well as other geometric quantities. We begin with the evolution equa-
tion for the scalar curvature since this is the easiest:

(2.2)
∂

∂t
R = ∆R + 2 |Rc|2 .

When n = 2, since then Rc = 1
2Rg, we have

(2.3)
∂

∂t
R = ∆R + R2.

Note the similarity to the heat equation ∂u
∂t = ∆u. To derive formula (2.2),

we recall the variation of scalar curvature.

Lemma 2.7 (Variation of scalar curvature). If ∂
∂sgij = vij , then

(2.4)
∂

∂s
R = −∆V + div (div v)− 〈v, Rc〉 ,

where V = gijvij = trace (v) is the trace of v.

For the derivation of this formula see (2.30) below. Note that div (div v) =
∇p∇qvpq. Plugging in v = −2Rc and using the contracted second Bianchi
identity 2∇qRpq = ∇pR, we obtain (2.2).

Exercise 2.8. Let
(
M2, h

)
be a Riemannian surface. Recall that if g = u ·h

for some function u on M, then

Rg = u−1 (Rh −∆h log u) .
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Using this equation and the fact that Rij = 1
2Rgij when n = 2, show that

g (t) = u (t) · h is a solution of the Ricci flow if and only if

(2.5)
∂u

∂t
= ∆h log u−Rh.

3. The maximum principle for heat-type equations

When we have heat-type equations, we can apply a powerful tool, the max-
imum principle. The maximum principle is basically the first and second
derivative tests in calculus. For elliptic equations on a manifold, the facts
we use are that if a function f : M → R attains its minimum at a point
x0 ∈ M, then

∇f (x0) = 0 and ∆f (x0) ≥ 0.

For equations of parabolic type (see Section 6 for the definition of parabolic),
such as the heat equation, a simple version gives the following.

Proposition 2.9 (Maximum principle for supersolutions of the heat equa-
tion). Let g (t) be a family of metrics on a closed manifold Mn and let
u : Mn × [0, T ) → R satisfy

∂

∂t
u ≥ ∆g(t)u.

Then if u ≥ c at t = 0 for some c ∈ R, then u ≥ c for all t ≥ 0.

Remark 2.10. To be more precise, we should call this the ‘minimum prin-
ciple’ since we obtain an estimate for the minimum of the supersolution.
But for convenience, we just call all such minimum or maximum principles
simply the maximum principle.

Proof. The idea is simply that given a time t0 ≥ 0, if the spatial minimum
of u is attained at a point x0 ∈ M, then

∂u

∂t
(x0, t0) ≥

(
∆g(t)u

)
(x0, t0) ≥ 0,

so that the minimum should be nondecreasing. Note that at (x0, t0) we
actually have (∇i∇ju) ≥ 0 (this is simply the second derivative test from
calculus). Recall that when we write (Aij) ≥ 0 for some matrix A, we mean
that it is nonnegative definite.

More rigorously, we proceed as follows. Given any ε > 0, define uε :
M × [0, T ) → R as

uε = u + ε (1 + t) .

Since u ≥ c at t = 0, we have uε > c at t = 0. Now suppose for some ε > 0
we have uε ≤ c somewhere in M × (0, T ). Then since M is closed, there
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exists (x1, t1) ∈ M × (0, T ) such that uε (x1, t1) = c and uε (x, t) > c for all
x ∈ M and t ∈ [0, t1). We then have at (x1, t1)

0 ≥ ∂uε

∂t
≥ ∆g(t)uε + ε > 0,

which is a contradiction. Hence uε > c on M × [0, T ) for all ε > 0 and by
taking the limit as ε → 0, we get u ≥ c on M × [0, T ). �

Applying the maximum principle to the equation for the scalar curvature
(2.2) yields

Corollary 2.11 (Lower bound of scalar curvature is preserved under RF).
If g (t) , t ∈ [0, T ), is a solution to the Ricci flow on a closed manifold with
R ≥ c at t = 0 for some c ∈ R, then

R ≥ c

for all t ∈ [0, T ). In particular, nonnegative (positive) scalar curvature is
preserved under the Ricci flow.

A simple extension of Proposition 2.9 that we shall find convenient to
use is the following (for a proof, see [163], Theorem 4.4 on p. 96).

Lemma 2.12 (Maximum principle—comparing with the ode). Suppose
g (t) is a family of metrics on a closed manifold Mn and u : Mn×[0, T ) → R
satisfies

∂

∂t
u ≤ ∆g(t)u + 〈X (t) ,∇u〉+ F (u) ,

where X (t) is a time-dependent vector field and F is a Lipschitz function.
If u ≤ c at t = 0 for some c ∈ R, then u (x, t) ≤ U (t) for all x ∈ Mn and
t ≥ 0, where U (t) is the solution to the ode

dU

dt
= F (U)

with U (0) = c.

Exercise 2.13. Prove Lemma 2.12. Hint: Use

(2.6)
∂

∂t
(u− U) ≤ ∆g(t) (u− U) + 〈X (t) ,∇ (u− U)〉+ F (u)− F (U)

and the Lipschitz property of F.

Remark 2.14. In the statement of Lemma 2.12 we may reverse the signs on
all of the inequalities (except t ≥ 0) to obtain that a supersolution to a semi-
linear heat equation is bounded below by any solution to the corresponding
ode with initial value less than or equal to the infimum of the initial value
of the supersolution of the pde.
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Exercise 2.15. Formulate the minimum principle for supersolutions of the
equation

(2.7)
∂

∂t
u ≥ ∆g(t)u + 〈X (t) ,∇u〉+ F (u) .

Let (Mn, g (t)) , t ∈ [0, T ), be a solution to the Ricci flow on a closed
manifold (or any solution where we can apply the maximum principle to
the evolution equation for the scalar curvature). Since |Rc|2 ≥ 1

nR2 (see
Exercise 1.50), equation (2.2) implies

(2.8)
∂

∂t
R ≥ ∆R +

2
n

R2.

Since the solutions to the ode
dρ
dt = 2

nρ2 are ρ (t) = n
nρ(0)−1−2t

, by the
maximum principle one has

(2.9) R (x, t) ≥ n

n (inft=0 R)−1 − 2t

for all x ∈ Mn and t ≥ 0. It ρ (0) > 0, then ρ (t) tends to infinity in finite
time. When M is closed, let Rmin (0) � inft=0 R. Hence

Corollary 2.16 (Finite singularity time for positive scalar curvature). If
(Mn, g0) is a closed Riemannian manifold with positive scalar curvature,
then for any solution g (t) , t ∈ [0, T ), to the Ricci flow with g (0) = g0 we
have

T ≤ n

2Rmin (0)
< ∞.

Besides studying the Ricci flow on closed manifolds, we shall consider
the Ricci flow on noncompact manifolds. This will be especially important
in singularity analysis.

Definition 2.17 (Complete solution). A solution g (t) , t ∈ I, of the Ricci
flow is said to be complete if for each t ∈ I, the Riemannian metric g (t)
is complete.

In addition, we say that a solution of the Ricci flow is ancient if it exists
on the time interval (−∞, 0].

Lemma 2.18 (Ancient solutions have nonnegative scalar curvature). If
(Mn, g (t)) , t ∈ (−∞, 0], is a complete solution to the Ricci flow with bounded
curvature on compact time intervals, then either R (g (t)) > 0 for all t ∈
(−∞, 0] or Rc (g (t)) ≡ 0 for all t ∈ (−∞, 0].

Proof. If Mn is closed, then we can apply the maximum principle by
Lemma 2.12 and Exercise 2.15. On the other hand, if Mn is noncompact,
then since the solution has bounded curvature on compact time intervals,
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we may still apply the maximum principle to the evolution equation for R
by Corollary 7.43 and Exercise 7.47. For any solution of the Ricci flow for
which we can apply the maximum principle on a time interval [0, T ], by (2.9)
we have

R (x, t) ≥ − n

2t

for t ∈ (0, T ]. Let α be any negative number. Since the solution is ancient,
it exists on the time interval [α, 0]. Thus, by translating time, we have

R (x, t) ≥ − n

2 (t− α)

for all x ∈ M and t ∈ (α, 0]. Taking the limit as α → −∞, we conclude that
R (x, t) ≥ 0 for all t ∈ (−∞, 0].

The strong maximum principle (see Corollary 6.55) implies either R > 0
always or R ≡ 0 always. In the latter case, by the evolution equation for R,
we deduce Rc ≡ 0. �

Exercise 2.19. Let u be a solution to the heat equation with respect to a
metric g (t) evolving by the Ricci flow:

∂u

∂t
= ∆g(t)u.

Recall from Exercise 1.40 that

∂

∂t
|∇u|2 = ∆ |∇u|2 − 2 |∇∇u|2 .

(1) From this deduce(
∂

∂t
−∆

)(
t |∇u|2 +

1
2
u2

)
≤ 0.

(2) Apply the maximum principle to conclude that if Mn is closed, then

(2.10) |∇u| ≤ U√
2t1/2

,

where U � maxt=0 |u| .

Exercise 2.20. Let u be a solution to the heat equation on a Riemannian
manifold (Mn, g) . Show that

∂

∂t
|∇u|2 = ∆ |∇u|2 − 2 |∇∇u|2 − 2Rij∇iu∇ju.

What estimate, analogous to the previous exercise, for |∇u| do you get as-
suming Rc ≥ 0? How about the case where Rc ≥ − (n− 1) K for some
constant K? Which curvature condition do you need to get decay of |∇u| as
t →∞?
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4. The Einstein-Hilbert functional

The game of Ricci flow, so to speak, is to control geometric quantities
associated to the metric as it evolves. The above Corollary 2.11 and
(2.9) are nice examples of this. Let’s now move onto the volume form dµ
(we assume that M is oriented). In general, if ∂

∂sgij = vij , then

(2.11)
∂

∂s
dµ =

1
2
V dµ,

where V � gijvij . This is easily seen from the local coordinate formula

(2.12) dµ =
√

det (gij)dx1 ∧ · · · ∧ dxn

in a positively oriented local coordinate system
{
xi
}

and the formula for the
variation of a determinant of a matrix A (s)

(2.13)
d

ds
log det A =

(
A−1

)ij d

ds
Aij ,

where log denotes the natural logarithm. We can see this from the standard
definition

det A =
∑

σ

sign (σ) A1σ(1) · · ·Anσ(n),

where the summation is over all permutations σ of {1, 2, . . . , n} . Differenti-
ating this formula, we get

d

ds
det A =

n∑
i,j=1

d

ds
Aij

∑
σ:σ(i)=j

sign (σ)A1σ(1) · · · Âiσ(i) · · ·Anσ(n),

where Âiσ(i) means to omit this factor and the second summation is over
all permutations σ such that σ (i) = j. Equation (2.13) now follows from
Cramer’s rule:(

A−1
)
ij

=
1

det A

∑
σ:σ(i)=j

sign (σ) A1σ(1) · · · Âiσ(i) · · ·Anσ(n).

Exercise 2.21 (Variation of the inverse of g). By differentiating the formula
gijgjk = δi

k, show that

(2.14)
∂

∂s
gij = −gikgj� ∂

∂s
gk�.

Of course, the global formula (2.11) is independent of the coordinates we
choose to derive the formula. The above formulas give a quick derivation of
the first variation formula for the Einstein-Hilbert (total scalar curvature)
functional

E (g) �
∫

M
Rdµ.
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Namely, if ∂
∂sgij = vij , then by (2.4) and (2.11)

d

ds
E =

∫
M

(
−∆V +∇p∇qvpq − 〈v, Rc〉+

1
2
RV

)
dµ

=
∫

M

〈
v,

1
2
Rg − Rc

〉
dµ.(2.15)

Note that (twice) the gradient flow of E is

(2.16)
∂

∂t
gij = 2 (∇E (g))ij = Rgij − 2Rij .

This looks sort of like Ricci flow, but this equation in fact is not parabolic,
and as such, short time existence is not expected to hold. Dropping the Rg
term on the rhs of (2.16) yields the Ricci flow.

Exercise 2.22. Given a metric g0, let

C � {ug0 : u > 0 and Vol (ug0) = 1}

be the space of unit volume metrics conformal to g0. Show that subject to the
constraint of lying in C, the critical points E have constant scalar curvature.

Exercise 2.23. Show that when n ≥ 3, the negative gradient flow of E in
a fixed conformal class (i.e., in [g0] � {g : g = eug0 for some u ∈ C∞ (M)})
is the Yamabe flow ∂

∂tg = −Rg.

Now let’s look at the total scalar curvature functional (2.15) from the
point of view of the Ricci flow. Instead of (2.16), we would like to get the
equation ∂

∂tgij = −2Rij , which is the Ricci flow. The undesirable term Rgij

in (2.16) is due to the variation of the volume form dµ in E (g) . How can
we get rid of this term? First, we should consider metrics up to geometric
equivalence, that is, up to the pull back by diffeomorphisms. In other words,
we consider the more general class of flows

∂

∂t
gij = −2 (Rij +∇i∇jf) ,

where f is a time-dependent function. Flows of this form are equivalent to
the Ricci flow since ∇i∇jf = (L∇fg)ij (see (1.24)). The following exercise
verifies this.

Exercise 2.24. Define a 1-parameter family of diffeomorphisms Ψ(t) :
M → M by

d

dt
Ψ(t) = ∇g(t)f(t),

Ψ(0) = id M .
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Show that ḡ(t) � Ψ(t)∗g(t) and f̄(t) � f ◦Ψ(t) satisfy

∂ḡij

∂t
= −2R̄ij ,(2.17)

∂f̄

∂t
= −∆̄f̄ +

∣∣∇̄f̄
∣∣2 − R̄.(2.18)

Now one way of making the variation of dµ zero is to introduce such a
function f and impose the condition

(2.19)
∂

∂s

(
e−fdµ

)
= 0

and to consider the functional

E (g) �
∫

M
Re−fdµ.

This does not quite work since the e−f factor introduces new terms in the
variation (the divergence-type terms no longer integrate out to zero). In
particular, d

dsE now has terms of the form∫
M

(−∆V +∇i∇jvij) e−fdµ

=
∫

M
vij

(
−∆

(
e−f
)

gij +∇i∇j

(
e−f
))

dµ,

which were not there when f = 0 (the original case of E). More specifically,

d

ds
E =

∫
M

∂R

∂s
e−fdµ

= −
∫

M
〈v, Rc〉 e−fdµ +

∫
M

(−∆V +∇i∇jvij) e−fdµ.

We can cancel the undesirable terms by introducing the Dirichlet energy-
type term ∫

M
|∇f |2 e−fdµ = 4

∫
M

∣∣∣∇e−f/2
∣∣∣2 dµ.

Assuming ∂
∂s

(
e−fdµ

)
= 0, we compute∫

M

(
∂

∂s
|∇f |2

)
e−fdµ

=
∫

M

(
−vij∇if∇jf + 2∇f · ∇

(
∂f

∂s

))
e−fdµ

since |∇f |2 = gij∇if∇jf . Integrating by parts and using ∂
∂sf = 1

2V (by
(2.19)), we find that the above is equal to∫

M

(
−vij (∇if∇jf) e−f + V ∆

(
e−f
))

dµ.
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Adding the above equations together, we obtain

d

ds

∫
M

(
R + |∇f |2

)
e−fdµ

=
∫

M
−〈v, Rc〉 e−fdµ

+
∫

M

(
−V ∆

(
e−f
)

+ (∇if∇jf −∇i∇jf) e−fvij

)
dµ

+
∫

M

(
−vij (∇if∇jf) e−f + V ∆

(
e−f
))

dµ

= −
∫

M
〈v, Rc +∇∇f〉 e−fdµ.(2.20)

So if we define

(2.21) F (g, f) �
∫

M

(
R + |∇f |2

)
e−fdµ,

then the gradient flow for F , under the constraint that e−fdµ is fixed, is

∂

∂t
gij = −2 (Rij +∇i∇jf) ,

∂

∂t
f = −R−∆f.

These are the equations Perelman imposed (see §1 of [452]). By (2.20), we
have the monotonicity formula

(2.22)
d

dt
F (g (t) , f (t)) = 2

∫
M
|Rc+∇∇f |2 e−fdµ ≥ 0.

Remark 2.25. The functional F (g, f) has been considered in string theory.
Perelman introduced it to the study of Ricci flow in [452].

Exercise 2.26. Show that∫
M
|∇f |2 e−fdµ =

∫
M

(∆f) e−fdµ.

This shows that we may rewrite F as

F (g, f) =
∫

M

(
R + 2∆f − |∇f |2

)
e−fdµ.

Motivations for doing this are given by (1.84) and (5.17).
In Section 4 of Chapter 5 we shall discuss the extension of the mono-

tonicity formula (2.22) for the energy functional to the entropy functional,
which has geometric applications in Ricci flow.
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5. Evolution of geometric quantities

We now proceed to discuss the variation of the Ricci tensor. Before we can
do this, we need to recall the variation of the Christoffel symbols.

Lemma 2.27 (Variation of Christoffel symbols). If g (s) is a 1-parameter
family of metrics with ∂

∂sgij = vij , then

(2.23)
∂

∂s
Γk

ij =
1
2
gk� (∇ivj� +∇jvi� −∇�vij) .

Proof. The derivation of this formula illustrates a nice trick in computing
evolutions of various geometric quantities such as the connection and the
curvatures. We compute at an arbitrarily chosen point p ∈ M in normal
coordinates centered at p so that Γk

ij (p) = 0. Note that ∂
∂xi gjk (p) = 0. In

such coordinates, ∇ka
j1···jq

i1···ir (p) = ∂
∂xk a

j1···jq

i1···ir (p) for any (r, q)-tensor a. Thus,
at p we have

∂

∂s
Γk

ij =
1
2
gk�

(
∂

∂xi

∂

∂s
gj� +

∂

∂xj

∂

∂s
gi� −

∂

∂x�

∂

∂s
gij

)
and (2.23) follows since ∇ivj� (p) = ∂

∂xi vj� (p) . Finally we note that since
both sides of (2.23) are the components of tensors, equation (2.23) in fact
holds as a tensor equation, that is, it is true for any coordinate system, not
just normal coordinates. �

Remark 2.28. In coordinate-free notation, (2.23) is
(2.24)〈(

∂

∂s
∇
)

(X, Y ) , Z

〉
=

1
2

((∇Xv) (Y, Z) + (∇Y v) (X, Z)− (∇Zv) (X, Y )) .

This formula may be derived directly from differentiating (1.4).

Corollary 2.29 (Evolution of Christoffel symbols under RF). Under the
Ricci flow ∂

∂tgij = −2Rij , we have

(2.25)
∂

∂t
Γk

ij = −gk� (∇iRj� +∇jRi� −∇�Rij) .

A nice consequence of this is the evolution of the Laplacian operator
acting on functions.

Lemma 2.30 (Evolution of Laplacian under RF). If (Mn, g (t)) is a solution
to the Ricci flow, then

∂

∂t

(
∆g(t)

)
= 2Rij · ∇i∇j ,

where ∆g(t) is the Laplacian acting on functions. In particular, when n = 2,
∂
∂t (∆) = R∆.
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Proof. We compute

∂

∂t

(
∆g(t)

)
=

∂

∂t

(
gij∇i∇j

)
= − ∂

∂t
gij · ∇i∇j − gij

(
∂

∂t
Γk

ij

)
∇k

and the result follows from

(2.26) gij

(
∂

∂t
Γk

ij

)
= −gk�

(
2gij∇iRj� −∇�R

)
= 0,

where we used the contracted second Bianchi identity. �

Exercise 2.31. Given ∂
∂sgij = vij , compute ∂

∂s

(
∆g(s)

)
.

Now we recall how to get the components of the curvature tensors from
the Christoffel symbols. Recall that the components of the Riemann curva-
ture (3, 1)-tensor defined by R

(
∂

∂xi ,
∂

∂xj

)
∂

∂xk = R�
ijk

∂
∂x� are given by (1.12):

(2.27) R�
ijk = ∂iΓ�

jk − ∂jΓ�
ik + Γp

jkΓ
�
ip − Γp

ikΓ
�
jp

and the Ricci tensor is Rij = Rp
pij . From this we calculate the variation of

the Ricci tensor in terms of the variation of the connection

(2.28)
∂

∂s
Rij = ∇p

(
∂

∂s
Γp

ij

)
−∇i

(
∂

∂s
Γp

pj

)
.

Just as in the proof of Lemma 2.27, this follows from computing at the
center in normal coordinates. This is a nice formula and we shall use this
later again. For now we just substitute (2.23) into this to obtain that if
∂
∂sgij = vij , then

(2.29)
∂

∂s
Rij =

1
2
∇� (∇ivj� +∇jvi� −∇�vij)−

1
2
∇i∇jV.

Recall that (div v)k � gij∇ivjk. Taking the trace, we obtain the variation
formula (2.4) for R

∂

∂s
R = gij

(
∂

∂s
Rij

)
− ∂

∂s
gij ·Rij(2.30)

= ∇�∇ivi� −∆V − vij ·Rij .

Commuting derivatives in (2.29) yields the variation of Ricci formula:

(2.31)
∂

∂s
Rij = −1

2

(
∆Lvij +∇i∇jV −∇i (div v)j −∇j (div v)i

)
.

Here ∆L denotes the Lichnerowicz Laplacian, which is defined by

(2.32) ∆Lvij � ∆vij + 2Rkij�vk� −Rikvjk −Rjkvik
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acting on symmetric 2-tensors. Recall that Rkij� � g�pR
p
kij . We obtain (2.31)

from (2.29) by the computation

∇� (∇ivj� +∇jvi�) = ∇i∇�vj� −R�ijmvm� −R�i�mvjm

+∇j∇�vi� −R�jimvm� −R�j�mvim

= ∇i (div v)j +∇j (div v)i − 2R�ijmv�m

+ Rimvjm + Rjmvim,

where we used the commutator formula (1.30). Note that (2.31) may be
rewritten as

∂

∂s
(−2Rij) = ∆Lvij +∇iXj +∇jXi,

where X = 1
2∇V − div v. This is related to DeTurck’s trick in proving short

time existence (see (2.47)).

Remark 2.32. By (1.50) we see that the Hodge Laplacian acts on 2-forms
formally in the same way that the Lichnerowicz Laplacian acts on symmetric
2-tensors.

The Lichnerowicz Laplacian is a fundamental operator; when acting on
symmetric 2-tensors in the context of Ricci flow, it is perhaps more natural
than the rough Laplacian ∆ = gij∇i∇j. Examples of this naturality are the
appearance of ∆L in the linearized Ricci flow equation (formula (2.43) below
is an example of this) and the following identity.

Lemma 2.33 (Commutator formula for the Hessian and the Lichnerowicz
heat operator). Under the Ricci flow, the Hessian and the Lichnerowicz
Laplacian heat operator commute. That is, for any function f of space and
time we have

(2.33) ∇i∇j

(
∂f
∂t −∆f

)
=
(

∂
∂t −∆L

)
∇i∇jf .

Proof. Using (1.30), we compute

∇i∇j∆f = ∇i∇j∇k∇kf

= ∇i∇k∇k∇jf −∇i (Rj�∇�f)

= ∇k∇i∇k∇jf −Rikj�∇�∇kf −Ri�∇j∇�f

−∇iRj�∇�f −Rj�∇i∇�f

= ∇k∇k∇i∇jf −∇k (Rikj�∇�f)−Rikj�∇�∇kf −Ri�∇j∇�f

−∇iRj�∇�f −Rj�∇i∇�f

= ∆∇i∇jf + (−∇jRi� +∇�Rij −∇iRj�)∇�f − 2Rikj�∇�∇kf

−Ri�∇j∇�f −Rj�∇i∇�f

= ∆L∇i∇jf − (∇iRj� +∇jRi� −∇�Rij)∇�f(2.34)
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where we used ∇kRikj� = ∇jRi�−∇�Rij (from the second Bianchi identity)
to get the last equality. Second, using (2.25), we compute

(2.35)
∂

∂t
(∇i∇jf) = ∇i∇j

(
∂f

∂t

)
+ (∇iRj� +∇jRi� −∇�Rij)∇�f.

Formula (2.33) now follows from combining the above two calculations. �

In other words, [
∇i∇j ,

∂

∂t
−∆L

]
= 0,

where ∆L � ∆ acting on functions. An immediate consequence of the above
lemma is the following.

Corollary 2.34. If g (t) satisfies the Ricci flow and f (t) satisfies the heat
equation ∂f

∂t = ∆f, then the Hessian satisfies the Lichnerowicz Laplacian
heat equation:

(2.36)
∂

∂t
(∇∇f) = ∆L (∇∇f) .

For further discussion of (2.36), see Section 6 in Chapter 10. Instead of
considering the heat operator, we may consider the backward heat operator.

Exercise 2.35 (Commutator of ∂
∂t + ∆L and ∇∇). Using the formulas

derived in the proof of Lemma 2.33, establish under the Ricci flow that we
have the identity
(2.37)

∇i∇j

(
∂f

∂t
+ ∆f

)
=
(

∂

∂t
+ ∆L

)
∇i∇jf − 2 (∇iRj� +∇jRi� −∇�Rij)∇�f.

Generalizing the above lemma, we have

Exercise 2.36. Show that under the Ricci flow, for any 1-form X(
∂

∂t
−∆L

)
(LX�g) = L[( ∂

∂t
−∆d)X]�g ;

that is,

(2.38)
(

∂

∂t
−∆L

)
(∇iXj +∇jXi) = ∇iYj +∇jYi,

where Y �
(

∂
∂t −∆d

)
X.

A useful consequence of the above exercise is the following.

Lemma 2.37. If (Mn, g (t)) is a solution to the Ricci flow and if X is a
vector field evolving by

(2.39)
∂

∂t
X i = ∆X i + Ri

kX
k,
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then hij � ∇iXj +∇jXi = (LXg)ij evolves by

(2.40)
∂

∂t
hij = ∆Lhij � ∆hij + 2Rkij�hk� −Rikhkj −Rjkhik.

Proof. The dual 1-form evolves by
∂

∂t
Xi = ∆Xi −RijXj = ∆dXi,

where ∆d � − (dδ + δd) . The result now follows from Exercise 2.36. �

Remark 2.38. A special case of (2.38) is formula (2.33). We may see this
as follows. Since

(
∂
∂t −∆d

)
df = d

(
∂
∂t −∆

)
f, by taking X = df, we have

from (2.38)(
∂

∂t
−∆L

)
(2∇i∇jf) = ∇i

((
∂

∂t
−∆d

)
(df)
)

j

+∇j

((
∂

∂t
−∆d

)
(df)
)

i

= 2∇i∇j

((
∂

∂t
−∆

)
f

)
,

which is (2.33).

Exercise 2.39. Show that if X is a Killing vector field, then

(2.41) ∇k∇jXi + R�kjiX� = 0.

Tracing (2.41), we have

(2.42) ∆Xi + R�iX� = 0.

Hence, if Mn is closed and the Ricci curvature is negative, then there are
no nontrivial Killing vector fields. For a generalization of this to conformal
Killing vector fields, see Proposition B.13.

Since, by the contracted second Bianchi identity,

∇i∇jR−∇i (div Rc)j −∇j (div Rc)i = 0,

equation (2.31) implies the following.

Lemma 2.40 (Evolution of the Ricci tensor under RF). Under the Ricci
flow,

(2.43)
∂

∂t
Rij = ∆LRij = ∆Rij + 2Rkij�Rk� − 2RikRjk .

Now, just as with the evolution equation for the scalar curvature, we
have a heat-type equation. However, there is an important difference: R is
a scalar function whereas Rij is a tensor. It is nice to know that we can still
apply the maximum principle. This (the maximum principle for tensors) is
the subject of the second section of the next chapter.
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Exercise 2.41. Calculate the evolution equation for Rij − αRgij , where
α ∈ R.

Exercise 2.42. Using (2.27), show that

Rijk� =
1
2

(∂i∂kgj� + ∂j∂�gik − ∂i∂�gjk − ∂j∂kgi�) + Q (g, ∂g) ,

where Q is quadratic in ∂g. (For a related formula, see (2.67).)

6. DeTurck’s trick and short time existence

The fundamental short time existence theorem for the Ricci flow on closed
manifolds is the following.

Theorem 2.43 (Hamilton, DeTurck—short time existence). If Mn is a
closed Riemannian manifold and if g0 is a C∞ Riemannian metric, then
there exists a unique smooth solution ḡ (t) to the Ricci flow defined on some
time interval [0, δ), δ > 0, with ḡ (0) = g0.

Using (2.31), we shall now present what is essentially DeTurck’s proof
(or DeTurck’s trick) of short time existence. First note that the principal
symbol of the nonlinear partial differential operator −2Rc (g) of the metric
g is nonnegative definite and has a nontrivial kernel which is due exactly to
the diffeomorphism invariance of the Ricci tensor (see Section 2.3 of [163] for
details). For this reason the Ricci flow equation is only weakly parabolic.
We search for an equivalent flow which is strictly parabolic (i.e., where
the principal symbol of the second-order operator on the rhs is positive
definite). Motivated by formula (2.31), given a fixed background connection
Γ̃, which for convenience we assume to be the Levi-Civita connection of a
metric g̃, we define the Ricci-DeTurck flow by

∂

∂t
gij = −2Rij +∇iWj +∇jWi ,(2.44)

g (0) = g0,

where the time-dependent 1-form W = W (g) is defined by

(2.45) Wj � gjkg
pq
(
Γk

pq − Γ̃k
pq

)
.

Note that if g (s) is a 1-parameter family of metrics with g (0) = g and

∂

∂s

∣∣∣∣
s=0

gij = vij ,

then

(2.46)
∂

∂s

∣∣∣∣
s=0

W (g (s))j = −Xj + zeroth-order terms in v,
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where X = 1
2∇V − div v as above. From (2.31) and (2.23) we compute

(2.47)
∂

∂s

∣∣∣∣
s=0

(−2Rij +∇iWj +∇jWi) = ∆Lvij + first-order terms in v.

Exercise 2.44. Verify formula (2.47).

From (2.47) it follows that the Ricci-DeTurck flow is strictly parabolic
and that given any smooth initial metric g0 on a closed manifold, there exists
a unique solution g (t) to the Ricci-DeTurck flow with g (0) = g0.

Another way of showing that the Ricci-DeTurck flow is a strictly par-
abolic system, besides computing the linearization of the modified Ricci
tensor as above, is to compute an expression for the modified Ricci tensor of
a metric g as an elliptic operator of g using a background metric g̃. We pro-
ceed to do this in the following; see (2.51) below for the end result. Recall
that the difference of two connections is a tensor:

(2.48) Ak
ij (t) � Γk

ij (t)− Γ̃k
ij =

1
2
gk�
(
∇̃igj� + ∇̃jgi� − ∇̃�gij

)
.

From (2.27) and the trick of computing the following tensor expressions at
any point (p, t) in a coordinate system where Γ̃k

ij (p) = 0, we have

(2.49) R�
ijk (t)− R̃�

ijk = ∇̃iA
�
jk − ∇̃jA

�
ik + Ap

jkA
�
ip −Ap

ikA
�
jp.

Substituting (2.48) into the above expression, we have

(2.50) R�
ijk (t)− R̃�

ijk = ∇̃
(
g−1∇̃g

)
+
(
g−1∇̃g

)2
= g−1∇̃∇̃g +g−2

(
∇̃g
)2

.

Replacing (2.50) by a more careful computation while still substituting
(2.48) in (2.49) yields

2R�
ijk − 2R̃�

ijk = g�m∇̃i

(
∇̃jgkm + ∇̃kgjm − ∇̃mgjk

)
− g�m∇̃j

(
∇̃igkm + ∇̃kgim − ∇̃mgik

)
+ g−2

(
∇̃g
)2

.

Tracing over i and �, we have

−2Rjk = 2R̃jk − g�m∇̃�

(
∇̃jgkm + ∇̃kgjm − ∇̃mgjk

)
+ g�m∇̃j

(
∇̃�gkm + ∇̃kg�m − ∇̃mg�k

)
+ g−2

(
∇̃g
)2

.

Since by definition (2.45)

Wj = gjkg
�mAk

�m,

we have

∇iWj = gjkg
�m∇iA

k
�m = gjkg

�m∇̃iA
k
�m + g ∗ g−3 ∗

(
∇̃g
)2

=
1
2
g�m∇̃i

(
∇̃�gmj + ∇̃mg�j − ∇̃jg�m

)
+ g ∗ g−3 ∗

(
∇̃g
)2
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and similarly for ∇jWi. Hence

− 2Rij +∇iWj +∇jWi

= 2R̃ij + g�m∇̃�∇̃mgij + g�m
(
∇̃i∇̃� − ∇̃�∇̃i

)
gjm

+ g�m
(
∇̃j∇̃� − ∇̃�∇̃j

)
gmi +

1
2
g�m
(
∇̃i∇̃j − ∇̃j∇̃i

)
g�m + g ∗ g−3 ∗

(
∇̃g
)2

= g�m∇̃�∇̃mgij + g−1 ∗ g ∗ g̃−1 ∗ R̃m + g ∗ g−3 ∗
(
∇̃g
)2

.

Hence the Ricci-DeTurck (2.44) flow may be expressed as

(2.51)
∂

∂t
gij = g�m∇̃�∇̃mgij + g−1 ∗ g ∗ g̃−1 ∗ R̃m + g ∗ g−3 ∗

(
∇̃g
)2

.

This also exhibits the strict parabolicity of the flow (recall that given tensors
A and B, A ∗B denotes a linear combination of contractions of A⊗B).

Now given a solution of the Ricci-DeTurck flow, we can solve the follow-
ing ode at each point in M :

∂

∂t
ϕt = −W ∗,(2.52)

ϕ0 = id,

where W ∗ (t) is the vector field dual to W (t) with respect to g (t) . Pulling
back g (t) by the diffeomorphisms ϕt, we obtain a solution

(2.53) ḡ (t) � ϕ∗
t g (t)

to the Ricci flow with ḡ (0) = g0. Indeed,

∂

∂t
ḡ (t) = ϕ∗

t

(
∂

∂t
g (t)

)
+

∂

∂s

∣∣∣∣
s=0

(
ϕ∗

t+sg (t)
)

= −2Rc (ϕ∗
t g (t)) + ϕ∗

t

(
LW (t)g (t)

)
− L(ϕ−1

t )∗W (t) (ϕ∗
t g (t))

= −2Rc (ḡ (t)) .

Next we shall show that this solution is unique by considering the har-
monic map heat flow. What is important to the study of Ricci flow is
that the following discussion also holds for the most part in the noncom-
pact case. This reduces the uniqueness problem on noncompact manifolds
to an existence problem about harmonic maps. Recall that given a map
f : (Mn, g) → (Nm, h) , the map Laplacian of f is defined by

(∆g,hf)γ = ∆g (fγ) + gij
(
Γ (h)γαβ ◦ f

) ∂fα

∂xi

∂fβ

∂xj
(2.54)

= gij

(
∂2fγ

∂xi∂xj
− Γk

ij

∂fγ

∂xk
+
(
Γ (h)γαβ ◦ f

) ∂fα

∂xi

∂fβ

∂xj

)
,
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where fγ � yγ ◦ f, and
{
xi
}

and {yα} are coordinates on M and N, respec-
tively. Note that ∆g,hf ∈ C∞ (f∗TN) , where f∗ (TN) → M is the pullback
vector bundle of TN by f. In (2.54), ∆g (fγ) denotes the Laplacian with
respect to g of the function fγ . As a special case, if M = N and f is the
identity map and we choose the x and y coordinates to be the same, then

(∆g,h id)k = gij
(
−Γ (g)kij + Γ (h)k

ij

)
.

Remark 2.45. The derivative df of a map f : Mn → Nm is a section of
the vector bundle E � T ∗M ⊗ f∗TN. On E there is a natural metric and
compatible connection ∇g,h defined by the (dual of the) Riemannian metric
g, its associated Levi-Civita connection on T ∗M, the pull back by f of the
metric h, and its associated Levi-Civita connection on TN. So ∇g,hdf is a
section of the bundle T ∗M ⊗S T ∗M ⊗f∗TN. The map Laplacian is the trace
with respect to g of ∇g,hdf

∆g,hf = tr g

(
∇g,hdf

)
.

A map f : (Mn, g) → (Nm, h) is called a harmonic map if ∆g,hf = 0.
Harmonic maps are critical points of the harmonic map energy

E (u) �
∫

M
|du|2 dµg,

where

|du|2 � gijhαβ
∂uα

∂xi

∂uβ

∂xj
.

In the case where N = R, a harmonic map is the same as a harmonic function
and the harmonic map energy is the same as the Dirichlet energy (A.27). If
M is 1-dimensional, then a harmonic map is the same as a constant speed
geodesic.

Remark 2.46. Given a diffeomorphism f : (Mn, g) → (Nn, h) , the map
Laplacian satisfies the following identity:

(2.55) (∆g,hf) (x) =
(
∆(f−1)∗g,h idN

)
(f (x)) ∈ C∞ (f∗TN) .

This corresponds to considering f as

(Mn, g)
f→
(
Nn,

(
f−1
)∗

g
)

id→ (Nn, h)

where the map on the left f is an isometry. More generally, if (Pn, k) and
(Nm, h) are Riemannian manifolds, F : Pn → Nm is a map and ϕ : Mn →
Pn is a diffeomorphism, then

(2.56) (∆k,hF ) (ϕ (y)) = (∆ϕ∗k,h (F ◦ ϕ)) (y) ,
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which corresponds to

(Mn, ϕ∗k)
ϕ→ (Pn, k) F→ (Nm, h) .

Formula (2.55) is the special case of (2.56) where n = m, Pn = Nm, F =
idN , ϕ = f and k =

(
f−1
)∗

g. To prove (2.56), we compute using local
coordinates

{
xi
}

on M, {za} on P, and {yα} on N :

(∆ϕ∗k,h (F ◦ ϕ))�

= ∆ϕ∗k

(
x� ◦ F ◦ ϕ

)
+ (ϕ∗k)αβ

(
Γ (h)�ij ◦ F ◦ ϕ

) ∂ (F ◦ ϕ)i

∂yα

∂ (F ◦ ϕ)j

∂yβ

=
(
∆k

(
x� ◦ F

))
◦ ϕ +

(
kab ◦ ϕ

)(
Γ (h)�

ij ◦ F ◦ ϕ
)(∂F i

∂za
◦ ϕ

)(
∂F j

∂zb
◦ ϕ

)
= (∆k,hF )� ◦ ϕ,

where ϕi = ϕ ◦ xi,
(
kab
)

is the inverse of (kab) �
(
k
(

∂
∂za

∂
∂zb

))
and since

∆ϕ∗g (u ◦ ϕ) = ∆gu

for a function u.

If Γ̃ is the Levi-Civita connection of a metric g̃, then equation (2.52) is
equivalent to

∂

∂t
ϕt = gpq

(
−Γk

pq + Γ̃k
pq

) ∂

∂xk
= ∆g,g̃ id = ∆ḡ(t),g̃ϕt.

In other words, if ḡ (t) is a solution to the Ricci flow and ϕt : Mn → Mn is
a solution to the harmonic map heat flow

∂

∂t
ϕt = ∆ḡ(t),g̃ϕt,

then the metrics g (t) �
(
ϕ−1

t

)∗
ḡ (t) satisfy the Ricci-DeTurck flow.

Now we can finally return to the uniqueness of solutions of the Ricci
flow on closed manifolds. We shall also indicate the issue which arises in the
complete noncompact case. Let g1 (t) and g2 (t) be two complete solutions
of the Ricci flow with g1 (0) = g2 (0) = g0 on Mn. Suppose that we can show
that there exist solutions ϕ1 (t) , ϕ2 (t) : Mn → Mn to the harmonic map
heat flow

∂

∂t
ϕi (t) = ∆gi(t),g0

ϕi (t) ,

ϕi (0) = id M

on some short time interval [0, ε). This is true when M is closed. Then the
metrics

ĝi (t) = ϕi (t)∗ gi (t) =
(
ϕi (t)−1

)∗
gi (t)
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are solutions of the Ricci-DeTurck flow with ĝ1 (0) = ĝ2 (0) = g0. By the
uniqueness theorem for the Ricci-DeTurck flow we have

ĝ1 (t) = ĝ2 (t) � ĝ (t)

for t ∈ [0, ε). We also have that ϕ1 (t) and ϕ2 (t) are solutions of the ode

(2.52)

d

dt
(ϕi (t)) = −W (t) ◦ ϕi (t) ,

ϕi (0) = id M ,

where
W (t)k � ĝ (t)pq

(
Γ (ĝ (t))k

pq − Γ (g0)kpq

)
.

Hence ϕ1 (t) = ϕ2 (t) for t ∈ [0, ε). We conclude that g1 (t) = g2 (t) for
t ∈ [0, ε). Thus the uniqueness problem reduces to the short time existence
problem for the harmonic map heat flow with respect to a time-dependent
domain metric. When M is compact, this follows from standard parabolic
theory and we are done with the proof of short time existence and unique-
ness.

We make some remarks about the complete noncompact case. For any
C∞ complete metric g0 with bounded sectional curvature on a noncompact
manifold Mn, a short time existence result for solutions to the Ricci flow
was proved by W.-X. Shi [501].

Definition 2.47 (Bounded curvature solution). We say that a solution
g (t) , t ∈ I, of the Ricci flow has bounded curvature (or bounded curva-
ture on compact time intervals) if on every compact subinterval [a, b] ⊂
I the Riemann curvature tensor is bounded. In particular, we do not assume
the curvature bound is uniform in time on noncompact time intervals.

Theorem 2.48 (W.-X. Shi). Given a complete metric g0 with bounded sec-
tional curvature on a noncompact manifold Mn, there exists a complete so-
lution g (t) , t ∈ [0, T ), of the Ricci flow on Mn with g (0) = g0 and bounded
curvature such that either supM×[0,T ) |Rm| = ∞ or T = ∞.

Problem 2.49 (Uniqueness of Ricci flow on noncompact manifolds). Under
what conditions does uniqueness hold for complete solutions to the Ricci flow
on noncompact manifolds?

Remark 2.50. On noncompact manifolds some technical issues arise in
establishing uniform estimates. The paper of Chen and Zhu [127] considers
the case of bounded curvature, whereas the paper of Tian and one of the
authors addresses the uniqueness of the standard solution [388]. For the
Kähler-Ricci flow, see [218].
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7. Reaction-diffusion equation for the curvature tensor

In this section we discuss the evolution equation satisfied by the Riemann
curvature tensor.

7.1. Evolution equation for Rijk�.

Lemma 2.51 (Evolution of Rm). The evolution of the Riemann cur-
vature tensor is given by

∂

∂t
Rijk� = ∆Rijk� + 2 (Bijk� −Bij�k + Bikj� −Bi�jk)(2.57)

− (RipRpjk� + RjpRipk� + RkpRijp� + R�pRijkp) ,

where

(2.58) Bijk� � −gprgqsRipjqRkr�s = −RpijqRq�kp.

This is a reaction-diffusion equation. In particular, the Laplacian
term is the diffusion term whereas the rest forms the reaction term. Note
that the reaction term on the rhs is essentially a quadratic in the Riemann
curvature tensor (we are also using the metric to perform contractions). The
reason for why there are four like terms for both the B and Rc ∗Rm terms
is that Rm satisfies the basic symmetry properties Rijk� = −Rjik� = Rk�ij ,
etc. Although the formula looks complicated, as we shall see below, the
derivation is actually straightforward.

Proof. From (2.27) we see that

(2.59)
∂

∂t
R�

ijk = ∇i

(
∂

∂t
Γ�

jk

)
−∇j

(
∂

∂t
Γ�

ik

)
.

Then substituting (2.23) into this yields

∂

∂t
Rijk� =

∂

∂t
R�

ijk +
(

∂

∂t
g�p

)
Rp

ijk

= −∇i∇jRk� −∇i∇kRj� +∇i∇�Rjk +∇j∇iRk�(2.60)

+∇j∇kRi� −∇j∇�Rik − 2R�pRijkp.

This does not look anything like a heat-type equation. Fortunately the
second Bianchi identity enables us to convert this into the desired heat-type
equation (2.57). In particular, we start out with

(2.61) ∆Rijk� = ∇p∇pRijk� = −∇p∇iRjpk� −∇p∇jRpik�.

Next we commute the p index closer to Rm, i.e.,

(2.62) ∆Rijk� = −∇i∇pRjpk� −∇j∇pRpik� + Rm ∗Rm,
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where Rm ∗Rm denotes a 4-tensor quadratic in Rm . Next we apply the
second Bianchi identity again to get

∆Rijk� = ∇i∇kRjp�p +∇i∇�Rjppk +∇j∇kRpi�p

+∇j∇�Rpipk + Rm ∗Rm(2.63)

= −∇i∇kRj� +∇i∇�Rjk +∇j∇kRi�

−∇j∇�Rik + Rm ∗Rm .(2.64)

Comparing this with (2.60) yields a formula of the form

∂

∂t
Rijk� = ∆Rijk� + Rm ∗Rm +Rc ∗Rm .

A detailed version of this calculation yields (2.57); see Exercise 2.54 below.
We also compute a more general version of equation (2.57) in detail in Chap-
ter 11 when we consider the evolution of the space-time Riemann curvature
tensor. �

Exercise 2.52. Show that Bijk� satisfies the symmetries

(2.65) Bijk� = Bji�k = Bk�ij .

Exercise 2.53. Show that if (Mn, g) has constant sectional curvature, then

Bijk� = − R2

n2 (n− 1)2
((n− 2) gijg�k + gikg�j) .

Exercise 2.54. Give a complete proof of (2.57). In particular, show that
Rm ∗Rm in (2.62), (2.63) and (2.64) are given by

Rm ∗Rm = RpijqRqpk� −RiqRjqk� + RpikqRjpq� + Rpi�qRjpkq

−RpjiqRqpk� + RjqRiqk� −RpjkqRipq� −Rpj�qRipkq.

Then use the definition of Bijk� and the first Bianchi identities in a suitable
way together with the fact that two terms in (2.60), i.e.,

−∇i∇jRk� +∇j∇iRk�,

yield a quadratic curvature term.

Exercise 2.55 (Variation of Rm). Show that if ∂
∂sgij = vij , then

∂

∂s
R�

ijk =
1
2
g�p

⎧⎨⎩
∇i∇jvkp +∇i∇kvjp −∇i∇pvjk

−∇j∇ivkp −∇j∇kvip +∇j∇pvik

⎫⎬⎭(2.66)

=
1
2
g�p (∇i∇kvjp −∇i∇pvjk −∇j∇kvip +∇j∇pvik)(2.67)

− 1
2
g�p (Rijkqvqp + Rijpqvkq) .
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7.2. Uhlenbeck’s trick. The Riemann curvature tensor may be consid-
ered as an operator

Rm : Λ2Mn → Λ2Mn

defined by

(2.68) Rm (α)ij � Rijk�α�k.

Definition 2.56. We call Rm the Riemann curvature operator (or
simply curvature operator). We say that (Mn, g) has positive (non-
negative) curvature operator if the eigenvalues of Rm are positive (non-
negative), and we denote this by Rm > 0 (Rm ≥ 0).

We can define the square of Rm by Rm2 = Rm ◦Rm : Λ2Mn → Λ2Mn.
It is interesting that there is another quadratic, like a square, which is
relevant to the evolution of Rm . To describe this, we recall the Lie algebra
structure on Λ2Mn defined by [U, V ]ij � gk� (UikV�j − VikU�j) for U, V ∈
Λ2Mn. Then Λ2Mn ∼= so (n) . Choose a basis {ϕα} of Λ2Mn and let Cαβ

γ

denote the structure constants defined by
[
ϕα, ϕβ

]
�
∑

γ Cαβ
γ ϕγ . We define

the Lie algebra square Rm# : Λ2Mn → Λ2Mn by

(2.69) (Rm #)αβ � Cγδ
α Cεζ

β Rm γε Rm δζ .

Note that if we choose {ϕα} so that Rm is diagonal, then for any 2-form η,
we have

(Rm #)αβηαηβ =
(
Cγδ

α ηα
)2

Rm γγ Rm δδ.

Hence, we see

Lemma 2.57. If Rm ≥ 0, then Rm# ≥ 0.

We have the following nice form for the evolution equation for Rm .

Lemma 2.58 (Evolution of the curvature operator).

(2.70)
∂

∂t
Rm = ∆ Rm+Rm 2 + Rm # .

Actually we have cheated a little bit; the actual equations include addi-
tional terms of the form Rc ∗Rm . By using what is known as Uhlenbeck’s
trick, one obtains (2.70). The idea is to choose a vector bundle E → M
isomorphic to the tangent bundle TM → M and a bundle isomorphism
ι0 : E → TM. Pulling back the initial metric, we get a bundle metric
h � ι∗0 (g0) on E. By using the metric g (t) to identify TM and T ∗M, we
may consider the Ricci tensor as a bundle map Rc (t) : TM → TM. We
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define a 1-parameter family of bundle isomorphisms ι (t) : E → TM by the
ode

d

dt
ι (t) = Rc (t) ◦ ι (t) ,(2.71)

ι (0) = ι0.

Let {ea} be a local basis of sections of E and let hab � h (ea, eb) . We compute
that

∂

∂t
[ι (t)∗ g (t)]ab

=
∂

∂t

[
ι (t)i

a ι (t)jb gij (t)
]

=
[

∂

∂t
ι (t)
]i

a

ι (t)j
b gij (t) + ι (t)ia

[
∂

∂t
ι (t)
]j

b

gij (t) + ι (t)ia ι (t)jb
∂

∂t
gij (t)

= Rc (t)i
k ι (t)ka ι (t)jb gij (t) + Rc (t)jk ι (t)i

a ι (t)kb gij (t)− 2ι (t)i
a ι (t)j

b Rij (t)

= 0.

Hence h = ι (t)∗ g (t) is independent of t. Using the bundle isomorphisms
ι(t), we can pull back tensors on M. In particular, we consider ι(t)∗Rm [g (t)],
which is a section of Λ2E∗ ⊗S Λ2E∗. It is this tensor which satisfies (2.70),
which is equivalent to

(2.72)
(

∂

∂t
−∆

)
Rabcd = 2(Babcd −Babdc + Bacbd −Badbc)

where Rabcd are the components of ι (t)∗ Rm [g (t)] , and

(2.73) Babcd � −RaebfRcedf .

To see this, first recall from (2.57) that

∂

∂t
Rijk� = ∆Rijk� + 2 (Bijk� −Bij�k + Bikj� −Bi�jk)

− (RipRpjk� + RjpRipk� + RkpRijp� + R�pRijkp) .

Now

∂

∂t
Rabcd =

∂

∂t

(
ιiaι

j
bι

k
c ι

�
dRijk�

)
= ιiaι

j
bι

k
c ι

�
d

∂

∂t
Rijk� + Rp

aRpbcd + Rp
bRapcd + Rp

cRabpd + Rp
dRabcp

and (2.72) follows from combining the above two equations (see also [277]
or [163], p. 180ff).
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7.3. The curvature operator in dimension 3. Now we get to what is
nice about dimension 3. Here, the Lie algebra structure of so (3) ∼= R3 is
simple, namely [U, V ] = U × V is the cross product. This implies Rm# is
the adjoint of Rm . If we diagonalize, i.e.,

Rm =

⎛⎝ λ 0 0
0 µ 0
0 0 ν

⎞⎠ ,

then Rm 2 + Rm # is also diagonal and

(2.74) Rm 2 + Rm # =

⎛⎝ λ2 + µν 0 0
0 µ2 + λν 0
0 0 ν2 + λµ

⎞⎠ .

So we understand the evolution equation for Rm in dimension 3 pretty well.

Exercise 2.59. Derive (2.74) from (2.69).

Hint: Use (7.14).

Exercise 2.60 (n = 3, principal sectional curvatures). When dim M = 3,
show that at each point there exists an orthonormal frame {e1, e2, e3} such
that the 2-forms ϕ1 � e∗2 ∧ e∗3, ϕ2 � e∗3 ∧ e∗1, ϕ3 � e∗1 ∧ e∗2 are eigenvectors
of Rm . In this case λ = 2 〈Rm(e2, e3) e3, e2〉 , µ = 2 〈Rm (e1, e3) e3, e1〉 ,
ν = 2 〈Rm (e1, e2) e2, e1〉 are twice the sectional curvatures.

Exercise 2.61. Show that if g has constant sectional curvature, then Rm ≡
2R

n(n−1) Id Λ2 .

Exercise 2.62. By examining the evolution equation for the Einstein tensor
1
2Rgij−Rij (whose eigenvalues are the principal sectional curvatures), verify
(2.70) where Rm 2 + Rm # is given by (2.74) when n = 3. (Compare with
Exercise 3.8.) Note that one needs to apply Uhlenbeck’s trick to the evolution
equation for 1

2Rg − Rc to get the exact correspondence.

8. Notes and commentary

Section 1. For more details about collapsing manifolds and their role in
Ricci flow, see Cheeger and Gromov [115], [116], Hamilton [291], Perelman
[452], [453], and Shioya and Yamaguchi [504].

Section 6. For a discussion of the relation between DeTurck’s trick and
the harmonic map heat flow, see Schoen [479] and §6 of Hamilton [287]
(there is also an exposition in Chapter 3, §4 of [163]). Let S2T ∗Mn denote
the bundle of symmetric covariant 2-tensors and let

σ � σD (−2Rc) (ζ) : S2T ∗Mn → S2T ∗Mn,
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where ζ ∈ T ∗M, denote the symbol of the linearization of the Ricci tensor
as a function of the metric. Recall from (2.31) that the linearization of
−2Rc is given by

D (−2Rc) (v)ij = ∆Lvij +∇i∇jV −∇i (div v)j −∇j (div v)i ,

where V � gijvij . The symbol is obtained by replacing ∇ by ζ ∈ T ∗M in
the highest- (i.e., second- ) order terms. Thus

σ (v)ij = [σD (−2Rc) (ζ)] (v)ij = |ζ|2 vij + ζiζjV − ζiζkvkj − ζjζkvki.

Assuming that ζ1 = 1 and ζi = 0 for i �= 1, one sees that for a symmetric
2-tensor v

σ (v)ij = vij if i, j �= 1,

σ (v)1j = 0 if j �= 1,(2.75)

σ (v)11 =
n∑

k=2

vkk

(see also Hamilton [275]). One checks that σ is given by a nonnegative
N ×N matrix, where N = n (n + 1) /2, and its kernel is the n-dimensional
subspace given by

kerσD (−2Rc) (ζ) =

{
v : vij = 0 for i, j �= 1 and

n∑
k=2

vkk = 0

}
.

This kernel is due exactly to the diffeomorphism invariance of the operator
g �→ −2Rc which we see as follows. Define the linear Bianchi operator

Bg : C∞ (S2T ∗Mn
)
→ C∞ (T ∗Mn)

by

Bg (h)k � gij

(
∇ihjk −

1
2
∇khij

)
so that Bg (−2Rc) = 0. One finds that

K � ker σBg (ζ) = imageσD (−2Rc) (ζ) ⊂ S2T ∗Mn

is equal to

K =

{
v : v1j = 0 for j �= 1 and v11 =

n∑
k=2

vkk

}
.

From (2.75) we see that

σ|K (v) = |ζ|2 v
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for any ζ ∈ T ∗Mn. We note that when n = 3, σ = σD (−2Rc) (ζ) is given
by

σ

⎛⎜⎜⎜⎜⎜⎜⎝

v11

v12

v13

v22

v33

v23

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 0 1 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

v11

v12

v13

v22

v33

v23

⎞⎟⎟⎟⎟⎟⎟⎠ .

See Buckland [62] for comparison with the cross curvature flow (see also
Section 5 of Appendix B for a short discussion of the cross curvature flow).

Section 7. A Riemannian manifold has 2-positive curvature oper-
ator if

λ1 (Rm) + λ2 (Rm) > 0.

That is, the sum of the lowest two eigenvalues of Rm is positive at every
point. H. Chen [128] has shown that if (Mn, g (0)) is a closed Riemannian
manifold with 2-positive curvature operator, then under the Ricci flow g (t)
has 2-positive curvature operator for all t > 0.
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