
Preface 

About tw o year s ago , w e develope d a  serie s o f lecture s o n mathemat -
ics fo r hig h schoo l students , whic h wer e hel d ever y othe r wee k a t Kyot o 
University. Kenj i Ueno , wh o i s one o f th e author s o f thi s book , bega n thi s 
program an d wa s primaril y responsibl e fo r initiatin g thes e lectures . Thi s 
unique lecture format too k roo t an d gre w due to Ueno' s keen understandin g 
of th e educatio n an d learnin g proces s an d th e suppor t an d enthusias m o f 
approximately fifty  hig h schoo l an d junio r hig h students . Toda y yo u ca n 
find thi s mathematica l lectur e forma t no t onl y a t Kyot o University , bu t a t 
many othe r universitie s i n Japan . 

On Decembe r 2 3 and 24 , 1994 , Kyoto Universit y hel d a  specia l progra m 
of lectures on Geometry a s part o f this series. Th e three authors of this boo k 
gave thei r presentation s o n differen t themes . Afte r th e schedule d lectures , 
two of the hig h school students who had attende d aske d i f we have any plan s 
to publis h a  boo k abou t th e materia l w e had jus t covered . 

As i t turn s out , w e wer e thinkin g abou t publishin g a  boo k base d o n 
this materia l because we felt tha t th e lecture forma t coul d no t reac h enoug h 
people. Onc e we limit the presentation strictly to lectures, the audience dras-
tically narrowed . Also , geographica l limitation s furthe r reduc e th e numbe r 
of people wh o hav e acces s to th e information . S o when w e were aske d i f we 
would publish , w e were determined t o d o so . A t tha t time , though, w e were 
not ye t prepare d t o arrang e an d publis h th e lectures . 

One night, one of the students suggested "Mathematic s a s a Gift t o Hig h 
School Students " a s the titl e of the book . Initially , thi s suggestion surprise d 
us. Inasmuc h a s our lecture s to hig h schoo l students wer e the sam e a s thos e 
given t o colleg e students , w e di d no t consciousl y differentiat e them . Th e 
high schoo l student s had , however , picke d u p o n a  poin t tha t bot h w e an d 
our colleg e students ha d missed—tha t educatio n i s a gift . I t i s a legacy tha t 
should b e hande d dow n an d talke d abou t throug h generations . I  believ e 
there i s a similarity between the concep t o f learning an d th e concep t o f land 
as somethin g t o b e inherite d fro m thos e wh o cam e befor e us : somethin g 
that ca n b e hande d dow n fro m generatio n t o generatio n a s a  preciou s an d 
irreplaceable object; I  think we have lost sight of a very important philosoph y 
that educatio n i s a n invaluabl e gift . Somethin g clicke d i n ou r mind s tha t 
night. W e decide d t o publis h a  boo k wit h th e titl e th e studen t suggested . 
The decision , whic h wa s mad e o n th e evenin g o f Decembe r 24th , wa s a 
suitable on e fo r Christma s Eve . 
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With th e assistanc e o f Iwanami-Shoten , ou r publisher , w e ar e abl e t o 
present thi s two-volume gif t o f mathematics. I t i s our hop e tha t ou r reader s 
will find the contents of these volumes to be like the joyous sound of a stream 
flowing fro m a  "spring " calle d mathematics . W e believe that thi s sound wil l 
be quite differen t fro m th e mathematics you learned before . W e believe tha t 
you wil l gain mor e tha n a  simple joy b y learnin g mathematic s i n a  fu n an d 
comprehensive way . W e hop e yo u fin d th e freedo m o f spiri t an d flexibility 
of min d tha t li e dee p withi n rationa l thinking . W e als o hop e tha t yo u wil l 
start readin g thi s boo k wit h a n attitud e o f optimis m an d finis h i t wit h a 
greater understandin g o f both mathematic s an d th e huma n mind . 

And no w for a  synopsis o f the content s o f this book : i n the firs t chapte r 
of Volume I,1 we show that wit h the use of a limited number o f mathematica l 
equations, we can clarify th e mysterious world of geometry hidde n i n curved 
surfaces. Thi s clarificatio n ca n be achieve d b y adopting a  more globa l poin t 
of view i n analyzin g geometrica l figures . Thi s globa l poin t o f view als o wil l 
lead u s toward s th e fiel d calle d topology . Thi s introductio n t o topolog y 
comes fro m th e lecture s o f Shigeyuk i Morita . A t th e en d o f Chapte r 1 , 
Lecture 2  i s th e proo f o f th e Poincare-Hop f theorem . Th e fina l ste p o f 
this proo f cam e fro m a  studen t a t on e o f Morita' s lecture s a t th e Toky o 
Institute o f Technology . Thi s studen t approache d Morit a afte r th e lectur e 
and explaine d hi s proo f method . Althoug h Morit a ha d show n a  differen t 
method o f proof i n hi s lecture a t th e institute , h e foun d th e student' s proo f 
interesting an d chos e i t fo r th e book . 

The secon d chapte r addresse s th e topi c o f dimensions . Yo u ma y fin d i t 
interesting to know that w e added thi s topic to the boo k a s a  result o f many 
questions abou t th e dimension aske d a t a  gathering afte r on e of our lectures . 
We have summarize d thes e question s an d presente d the m fro m a  somewha t 
general poin t o f view . 

Chapter 3  in Volume II covers the journey down the road of the history of 
trigonometric functions . Thes e function s wer e bor n fro m studyin g a  circle . 
From a  functiona l poin t o f vie w the y expres s th e infinit y hidde n i n circles . 
We finally  reac h th e concep t o f powe r serie s expansio n o f functions . Thi s 
road als o lead s t o th e birt h o f ellipti c functions . Thi s materia l come s fro m 
a lectur e give n b y Koj i Shiga . 

The mai n them e o f Chapte r 4 , whic h come s fro m th e lectur e o f Kenj i 
Ueno, i s a  geometri c theore m calle d th e Poncele t closur e theorem . Amon g 
the man y theorem s o f syntheti c geometr y develope d durin g th e nineteent h 
century, thi s theore m stand s ou t fo r it s extrem e beaut y o f simplicit y an d 
depth. Whe n you explore the relationship between ellipses and tangen t line s 
which appea r i n th e theore m fro m th e poin t o f view o f algebrai c geometry , 
you will arrive a t th e intersectio n poin t o f geometry an d algebra . Thes e tw o 
distinctly different fields  o f mathematics influence, deepen , and expand upo n 
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one another . Thi s relationshi p continue s t o influenc e moder n mathematics . 
Let u s wal k togethe r dow n thi s roa d t o a  heightene d understandin g o f th e 
mystical propertie s hidde n i n geometrica l figures.  W e hop e tha t a t th e en d 
of ou r journey yo u wil l experience th e joy o f learnin g geometry . 

You ca n rea d volume s an d chapter s o f thi s boo k i n an y order ; the y d o 
not hav e to b e studie d i n sequence . W e hope yo u wil l accep t an d enjo y ou r 
gift. 

March 199 5 
Koji Shig a 




