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2𝑛-vertex theorem, 261

Agnesi curve, 74
angle function, 100
for the tangent indicatrix, 101
formula, 103

antipodal point, 222
arc length, 23
function, 22

Arzelá-Ascoli theorem, 315
asteroid, 67, 76, 252

Barbier theorem, 228
Bieberbach theorem, 238
Blaschke formula, 234
Blaschke selection theorem, 318
Bonnesen isoperimetric inequality, 191
boundary
of a set, 172
point, 171

bump function, 227

cardioid, 75, 78
catenary, 8, 91
Cauchy formula, 233
Cauchy integral formula, 135
center of curvature, 43
circle
circumscribed, 190
inscribed, 190
of radius 𝑅, 4

osculating, 43
unit, 32

closure of a set, 172
connected component, 118
contact point
of order three, 44
of order two, 44

continuous deformation, 114
convex hull, 243
convex set, 120, 202
coordinate function, 3
Cornu spiral, 54
curvature, 33
function, 33
function of a curve with image
contained in ℂ, 50

function of the involute, 70
identically zero, 34
in polar coordinates, 40
of a regular curve, 35, 37
of Cornu spiral, 54
of the cycloid, 67
of the ellipse, 66
of the rose, 41
total, 148
total absolute, 155

curve
algebraic, 3
algebraic of constant width, 238
closed, 3, 4
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closed and differentiable, 143
closed of class 𝒞𝑟, 143
constant, 16
continuous, 3
continuous with image contained in
ℂ, 49

convex, 197
deformation, 114
end point of a, 3
homotopic to zero, 119, 120
locally convex, 195
of class 𝒞∞, 16
of class 𝒞𝑟, 16
of constant width, 221
parallel, 58
parameter of a, 3
parametrization of a, 3
parametrized, 3
parametrized by arc length, 24
parametrized by arc length with
image contained in ℂ, 49

parametrized with image contained
in ℂ, 49

periodic, 3
piecewise class 𝒞1, 181
polygonal, 24
positively oriented, 175
regular, 17
simple, 4
singular, 17
smooth, 16
starting point of a, 3
strictly convex, 198
strictly locally convex, 195
trace of a, 3

curve-shortening flow, 273
grim reaper translating soliton, 359
homothetic solution, 273
of normalized curves, 335, 337
self-expander, 274
self-shrinker, 274
self-similar solution, 273
translating soliton, 359

curves
congruent, 55
homotopic, 119
juxtaposition of, 112
regularly homotopic, 145

cusp, 14, 17
cycloid, 20
generalized, 267

deltoid, 246
diameter, 167, 220

ellipse, 5
epicycloid, 77
epitrochoid, 78
Euler formula, 48, 133
evolute, 65
alternate length of the, 256
of the cardioid, 92
of the circle, 66
of the cycloid, 67
of the ellipse, 67
of the tractrix, 91
singular points of, 66

exterior point, 171

Fatou
lemma, 331

field
normal, 30
of class 𝒞𝑟, 29
tangent, 30
unit normal, 31
unit tangent, 31

figure eight, 88
focal point, 43
formula for the intersection number,

129
Four-vertex theorem, 257, 264
generalization, 261

Frenet
equation for curves in ℂ, 50
equations, 35
frame, 35

Fundamental theorem
of algebra, 133
of plane curves, 53

Gage isoperimetric inequality
first version, 240
second version, 318

Gage theorem, 318
Gagliardo-Nirenberg type inequality,
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Gaussian normal image, 32
Gaussian normal map, 32
graph of a function, 8
Grayson theorem, 335
proof of, 355

Green theorem, 181
grim reaper translator, 359

Hölder continuous function of order 𝛼,
314

Hahn-Mazurkiewicz theorem, 176
Hausdorff
convergence, 317
distance, 317

Hilbert curve, 15
holomorphic function, 134
homogeneous function of degree𝑚,

360
homotopy, 119
regular, 145

Hopf Umlaufsatz, 150
hyperbola, 6
hypocycloid, 76

image set, 3
indicatrix
normal, 31
tangent, 31

inflection point, 94
strong, 94

inscribed square problem, 248
interior of a set, 172
interior point, 171
intersection number, 123, 125
intersection point
isolated, 125
transversal, 123

invariant
by rotation, 37
under translations, 37

involute, 70
string construction of the, 70

isoperimetric inequality, 182
for piecewise class 𝒞1 curves, 188
of Andrews and Bryan, 337

Jordan curve, 4, 166
Jordan curve theorem, 166, 176
regular, 172

Lebesgue number, 167
lemniscate, 8
of Bernoulli, 86
of Gerono, 88

limaçon, 80
generalized, 266

line, 21
as the only curve of curvature zero,
34

bitangent, 247
in the complex plane, 49
normal to a curve with image
contained in ℂ, 50

support, 202
tangent to a curve with image
contained in ℂ, 50

Lipschitz function, 314
Lissajous curve, 10
local canonical form, 55, 56
locally connected set, 176
logarithmic spiral, 93, 139
logocyclic curve, 82

maximum principle, 298
Mean value theorem, second form, 254
Mellish theorem, 245
Moore curve, 15

Neile parabola, 9

open cover of a set, 166
opposite point, 245
oriented angle, 100
oval, 245
oval sine curve, 267
ovals of Cassini, 87

Parseval identity, 186
path-connected set, 118
Peano curve, 15
period, 3
piriform, 267
Poincaré-Bohl theorem, 121
point of intersection, 20
polar coordinates, 11
tangential, 232

radial-tangential angle, 138
radius of curvature, 43
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real scalar product, 50
regular polygon, 246
reparametrization
by arc length, 26
negative, 22
of a curve, 22
positive, 22
proper, 22

Reuleaux
polygon, 246
triangle, 223

rigid
motions, 37
transformations, 37

rose
with 3 petals, 162
with 𝑛 petals, 83
with 12 petals, 41

Rosenthal and Szász theorem, 236
rotation, 55
map, 37
matrix, 286

rotation index, 144
of the lemniscate, 145

Rouché theorem, 121

Sard theorem, 131
scalar acceleration, 20
scalar velocity, 17
of a curve with image contained in
ℂ, 49

Schur theorem, 214
Schwarz theorem, 218
self-expander, 274
self-shrinker, 274
semicubical parabola, 9
sequence of functions
uniformly bounded, 314
uniformly equicontinuous, 314

set of complex numbers, 46
Sobolev inequality, 301
spiral, 27
Archimedean, 12, 49
logarithmic, 13
sinusoidal, 90

Stoker theorem, 160
strophoid, 82
support function, 231

Tait-Kneser theorem, 44
tangent line, 18
Toeplitz conjecture, 248
trace of a curve, 34
with image contained in ℂ, 49

tractrix, 91
translation, 55
map, 37

translator, 359
tubular neighborhood, 171
existence of, 167

Turning tangents theorem, 150

uniform convergence, 315

vector
tangent, 17
unit normal, 31
unit tangent, 31
velocity, 17
velocity of a curve with image
contained in ℂ, 49

vertex of a curve, 251

Whitney-Graustein theorem, 146
width of a curve, 219
winding number, 107
Wirtinger inequality
first version, 187
second version, 290
third version, 370




