
Chapter 1

Primes and factorization

This chapter gives a brief introduction to some ideas in algebra and num-
ber theory. The central objects of study in number theory are the integers
ℤ = {. . . , −3, −2, −1, 0, 1, 2, 3, . . .}, the natural numbers ℕ = {1, 2, 3, . . .},
and the rational numbers ℚ = {𝑎/𝑏 ∶ 𝑎, 𝑏 ∈ ℤ, 𝑏 ≠ 0}. These objects are
among the simplest examples of algebraic structures that we shall study
throughout the book. The integers are one of the simplest examples of a
group (under the operation of addition), and they also form a ring under
addition andmultiplication. The rationals are one of the simplest exam-
ples of a field. We shall begin by defining these notions carefully. Our
immediate goal after that will be to discuss prime numbers and factor-
ization. In particular, we shall show that integers admit a unique factor-
ization into prime numbers, but we will develop the notions and proofs
so that they generalize to other interesting rings as well—for example,
to the ring of Gaussian integers ℤ[𝑖], and to the ring of polynomials over
a field (both defined below).

1.1. Groups

Definition 1.1. A group is a set𝐺 with a binary operation, denoted ⋅ (or
∗, or +, or ×, or just omitted), satisfying the following properties:

• If 𝑎 and 𝑏 are in 𝐺 then 𝑎 ⋅ 𝑏 is also in 𝐺.
• Associativity: For any 𝑎, 𝑏, 𝑐 in 𝐺 we have

𝑎 ⋅ (𝑏 ⋅ 𝑐) = (𝑎 ⋅ 𝑏) ⋅ 𝑐.
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• There is an identity element (denoted 𝑒) with the property that for
any 𝑎 ∈ 𝐺 one has

𝑎 ⋅ 𝑒 = 𝑒 ⋅ 𝑎 = 𝑎.

• For every 𝑎 ∈ 𝐺 there is an inverse element 𝑎−1 such that
𝑎 ⋅ 𝑎−1 = 𝑎−1 ⋅ 𝑎 = 𝑒.

Note that in our definition we do not insist that 𝑎 ⋅ 𝑏 = 𝑏 ⋅ 𝑎 for all 𝑎
and 𝑏. Groups in which 𝑎 ⋅ 𝑏 = 𝑏 ⋅ 𝑎 are called commutative (or abelian)
groups.

In our definition of a group, we only required the existence of an
identity element 𝑒, but in fact one can see that such an identity element
must be unique. For, if 𝑒1 and 𝑒2 were two identity elements for a group
𝐺, then we must have 𝑒1 ⋅ 𝑒2 = 𝑒1 (since 𝑒2 is an identity), and also that
𝑒1 ⋅ 𝑒2 = 𝑒2 (since 𝑒1 is an identity), and therefore 𝑒1 = 𝑒2. Similarly you
should check that there is a unique inverse for any element 𝑎 ∈ 𝐺 (see
Exercise 1(i) below).

Another useful property that follows from the definition is the can-
cellation law. If 𝑎, 𝑏, 𝑐 are any elements of a group 𝐺 with 𝑎𝑏 = 𝑎𝑐,
then we can “cancel 𝑎 on both sides” and conclude that 𝑏 = 𝑐. Pre-
cisely, multiply both sides of the relation 𝑎𝑏 = 𝑎𝑐 (on the left) with 𝑎−1,
obtaining 𝑎−1(𝑎𝑏) = 𝑎−1(𝑎𝑐). Using the associative property we find
𝑎−1(𝑎𝑏) = (𝑎−1𝑎)𝑏 = 𝑒𝑏 = 𝑏 and similarly 𝑎−1(𝑎𝑐) = (𝑎−1𝑎)𝑐 = 𝑒𝑐 = 𝑐,
and thus the cancellation law is justified.

Example 1.2. The set of integers ℤ with the usual addition operation
forms an abelian group. The identity is 0 and the inverse of a number 𝑛
is −𝑛.

The rational numbersℚ, the real numbersℝ, and the complex num-
bers ℂ are all examples of abelian groups under the usual addition oper-
ation. The non-zero rational numbers (denotedℚ×), non-zero real num-
bers ℝ×, and non-zero complex numbers ℂ× are groups under the usual
multiplication operation (with the identity being 1 now).

Example 1.3. Let 𝐺 be a group with the operation denoted by ⋅. If 𝑔 is
an element of 𝐺, then we can “multiply” 𝑔 with itself (precisely, we are
using the operation ⋅ on 𝑔 repeatedly), arriving at elements 𝑔 ⋅ 𝑔 which
we denote naturally by 𝑔2, 𝑔 ⋅ 𝑔 ⋅ 𝑔 = 𝑔3, and so on. Considering also
the inverse of 𝑔, namely 𝑔−1, we are led to elements 𝑔−2, 𝑔−3, and so on.
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Note that the inverse of 𝑔𝑛 is simply 𝑔−𝑛, and that the “law of exponents”
holds: 𝑔𝑖 ⋅ 𝑔𝑗 = 𝑔𝑖+𝑗 . Consider the set 𝐻 = {𝑔𝑛 ∶ 𝑛 ∈ ℤ}, which is a
subset of 𝐺, and in fact is also a group in its own right under the same
operation ⋅ (check that the properties in the definition hold). The set
𝐻 is an example of a subgroup of 𝐺, and is known as the cyclic group
generated by the element 𝑔.

For example, if we consider the group ℤ under addition, then the
subgroup generated by 2 consists of all the even numbers {2𝑛 ∶ 𝑛 ∈ ℤ}.
For other examples, consider the groupℂ∗ of non-zero complex numbers
under multiplication. The group generated by 𝜋 consists of the infinite
set {𝜋𝑛 ∶ 𝑛 ∈ ℤ}. We can also obtain finite subgroups: the group gener-
ated by 1 is simply {1}, while the group generated by−1has two elements
{1, −1}. More generally, for any natural number 𝑛 we can start with the
complex number 𝑒2𝜋𝑖/𝑛 (an 𝑛-th root of unity), and this generates the 𝑛-
element group {𝑒2𝜋𝑖/𝑛, 𝑒4𝜋𝑖/𝑛, 𝑒6𝜋𝑖/𝑛, . . . 𝑒2𝜋𝑖𝑛/𝑛 = 1}. This gives one way
of thinking about the cyclic group of size 𝑛.

Example 1.4. Whilewewill only be concernedwith the simplest groups
(like ℤ) and most of our discussions will involve abelian groups, we give
a few important examples of non-abelian groups. As one example of a
group that is not abelian, (andwhich youmight have encountered before
in linear algebra) look at 2×2matrices with real entries and determinant
not equal to zero. The group operation here is matrix multiplication,
and the identity element of the group is the identity matrix. The condi-
tion that the determinant is not zero allows one to invert matrices. This
group is denoted as 𝐺𝐿2(ℝ) (here 𝐺𝐿 stands for General Linear), and
you can similarly think of 𝑛 × 𝑛matrices with real entries and non-zero
determinant obtaining the group𝐺𝐿𝑛(ℝ). Another related example is to
look at 𝑛 × 𝑛matrices with real entries and determinant equal to 1, and
again with matrix multiplication as the group operation—this group is
denoted by 𝑆𝐿𝑛(ℝ) (with 𝑆𝐿 standing for Special Linear, and “special”
indicating here the specification that the determinant is 1). A third ex-
ample is the symmetric group 𝑆𝑛 of all permutations of an 𝑛-element
set (usually thought of as {1, 2, . . . , 𝑛}). By a “permutation” we mean a
bijective function on the 𝑛-element set, and the group operation here
is composition of functions. You may have encountered permutations
while discussing the determinant in linear algebra.
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1.2. Rings

Definition 1.5. A ring 𝑅 is a set together with two binary operations,
usually denoted by + and ×, and satisfying the following properties:

• Under the operation +, the set 𝑅 forms an abelian group. The
(additive) identity of this group is denoted by 0.

• The operation × is associative 𝑎 × (𝑏 × 𝑐) = (𝑎 × 𝑏) × 𝑐.
•Multiplication is distributive over addition:

𝑎 × (𝑏 + 𝑐) = 𝑎 × 𝑏 + 𝑎 × 𝑐, and (𝑎 + 𝑏) × 𝑐 = 𝑎 × 𝑐 + 𝑏 × 𝑐.

Two other desirable properties, which need not be satisfied by gen-
eral rings, are:

• Commutativity of multiplication: 𝑎 × 𝑏 = 𝑏 × 𝑎.
• Existence of a multiplicative identity: There exists an element 1

with 𝑎 × 1 = 1 × 𝑎 = 𝑎 for all 𝑎 ∈ 𝑅.
A ring which satisfies the last two properties above is called a com-

mutative ring with identity. We will only be interested in such commu-
tative rings with identity, but it may be useful to have one example of
a non-commutative ring. A natural example, related to Example 1.4 for
groups, is the ring 𝑀𝑛(ℝ) of 𝑛 × 𝑛 matrices with real entries with the
usual operations of matrix addition and multiplication.

From now on, ring will always mean, for us, a commutative ring with
identity. We will remind you of this assumption from time to time, but it is
assumed throughout the text.

In any ring 𝑅, 0 × 𝑎 = 0 for all 𝑎 ∈ 𝑅. To see this, note that 0 × 𝑎 =
(0 + 0) × 𝑎 = 0 × 𝑎 + 0 × 𝑎 by the distributive law. Canceling one 0 × 𝑎
from both sides of the relation 0 × 𝑎 = 0 × 𝑎 + 0 × 𝑎 (recall that we are
allowed to cancel in a group), we obtain 0 × 𝑎 = 0.

Example 1.6. If the multiplicative identity 1 is the same as the additive
identity 0, then the ring can have only one element 0: indeed, we must
have 1 × 𝑎 = 𝑎 = 0 × 𝑎 = 0. This is a trivial example of a ring, called
the zero ring; it consists of one element 0, and is described by the boring
properties 0 + 0 = 0 × 0 = 0. We shall henceforth assume that 0 ≠ 1, to
avoid this example.
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Example 1.7. Note that ℤ is a commutative ring with identity for the
usual addition and multiplication operations. The additive identity is 0
and the multiplicative identity is 1.
Example 1.8. The Gaussian integers are defined by ℤ[𝑖] = {𝑎 + 𝑏𝑖 ∶
𝑎, 𝑏 ∈ ℤ}, and this forms a commutative ring with identity under the
usual operations of addition and multiplication. Precisely, here 𝑖 is a
symbol denoting √−1, so that any occurrence of 𝑖 × 𝑖 may be replaced
with−1. Adding 𝑎+𝑏𝑖 to 𝑐+𝑑𝑖 results in (𝑎+𝑏)+(𝑐+𝑑)𝑖, andmultiplying
(𝑎 + 𝑏𝑖) and (𝑐 + 𝑑𝑖) results in 𝑎𝑐 + 𝑎𝑑𝑖 + 𝑏𝑐𝑖 + 𝑏𝑑𝑖 × 𝑖 (as demanded by
the distributive law), which simplifies to (𝑎𝑐 − 𝑏𝑑) + (𝑎𝑑 + 𝑏𝑐)𝑖.

Similarly you may check that ℤ[√−5] = {𝑎+𝑏√−5 ∶ 𝑎, 𝑏 ∈ ℤ} (for
example) is also a ring, under usual addition and multiplication. Again,
think of√−5 as standing for some symbol which when multiplied with
itself yields −5. Later on, while discussing quotient rings, we shall give
a more precise description of what exactly we are doing in these two
examples.
Example 1.9. You may have seen something about congruences in the
integers, which we will discuss in more detail and generality later. Let
𝑛 ≥ 2 be a natural number. We say that two integers 𝑎 and 𝑏 are con-
gruent mod 𝑛 if 𝑛 divides their difference 𝑎 − 𝑏. By a congruence class
𝑎 mod 𝑛 we mean the set of all integers that are congruent to 𝑎 mod
𝑛. Any integer lies in precisely one of the congruence classes 0 mod 𝑛,
1 mod 𝑛, . . ., 𝑛 − 1 mod 𝑛 (the remainder obtained upon dividing by 𝑛).
These 𝑛 congruence classes inherit operations + and × from addition
and subtraction in the integers. By this we mean that if we add any two
integers in the congruence classes 𝑎 mod 𝑛 and 𝑏 mod 𝑛, then we will
obtain an integer in the congruence class (𝑎 + 𝑏) mod 𝑛; and similarly
if we multiply two such integers, we would obtain an integer in the con-
gruence class 𝑎𝑏 mod 𝑛. The ring obtained in this way is denoted by
ℤ/𝑛ℤ and is a finite ring of size 𝑛.

As mentioned already, we will discuss this notion more precisely
later (see Section 3.2), and work towards understanding the structure of
this ring. For the present, you may wish to consider special cases such
as 𝑛 = 2, 3, or 6 and check how the ring operations work in these cases.
Example 1.10. Given a ring 𝑅, we can form an important example of a
ring by considering polynomials in a variable 𝑥 with coefficients in the
ring 𝑅. This is known as the polynomial ring over 𝑅 and is denoted by
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𝑅[𝑥]. The elements of 𝑅[𝑥] are polynomials of the form 𝑓(𝑥) = 𝑎0 +
𝑎1𝑥 + . . . + 𝑎𝑛𝑥𝑛, where 𝑛 is a non-negative integer, and 𝑎0, . . ., 𝑎𝑛 are
elements of the ring 𝑅. Usually one has in mind that 𝑎𝑛 ≠ 0, so that
𝑥𝑛 is the leading power of 𝑥 in the polynomial 𝑓(𝑥), but be careful to
allow for the zero polynomial 𝑓(𝑥) = 0where all the coefficients are 0. If
𝑔(𝑥) = 𝑏0+𝑏1𝑥+. . .+𝑏𝑚𝑥𝑚 is another polynomial with coefficients in𝑅,
then their sum (𝑓+𝑔) is defined as the polynomial (𝑓+𝑔)(𝑥) = ∑𝑗 𝑐𝑗𝑥𝑗
with 𝑐𝑗 = 𝑎𝑗 + 𝑏𝑗 (with the understanding that 𝑎𝑗 = 0 for 𝑗 > 𝑛, and
𝑏𝑗 = 0 for 𝑗 > 𝑚); although we haven’t specified the range of values
for 𝑗, clearly 𝑐𝑗 = 0 if 𝑗 > max(𝑚, 𝑛). Similarly the product of the two
polynomials 𝑓 and 𝑔 is given by

(𝑓𝑔)(𝑥) = 𝑎0𝑏0 + (𝑎1𝑏0 + 𝑎0𝑏1)𝑥 + . . . + 𝑎𝑛𝑏𝑚𝑥𝑚+𝑛.

You would already be familiar with polynomials whose coefficients
are real numbers (the polynomial ring ℝ[𝑥]) or complex numbers (the
ring ℂ[𝑥]), and we can now consider further examples such as ℤ[𝑥], or
the more exotic (ℤ/6ℤ)[𝑥].

1.3. Integral domains and fields

Let 𝑅 be a ring (as always, commutative with identity and with 0 ≠ 1).
Since 𝑅 forms a group under addition, we have the cancellation law 𝑎 +
𝑏 = 𝑎 + 𝑐 implies 𝑏 = 𝑐. Is there a cancellation law for multiplication?
Since 0×𝑎 = 0 for all elements 𝑎 ∈ 𝑅, wemay have 0×𝑏 = 0×𝑐without
necessarily having 𝑏 = 𝑐. Less trivially, even if 𝑎 ≠ 0 it may happen that
𝑎𝑏 = 𝑎𝑐 without 𝑏 being equal to 𝑐. For example, in the ring ℤ/6ℤ we
have 2 mod 6 × 3 mod 6 = 4 mod 6 × 3 mod 6 (both are 0 mod 6) but
2 mod 6 ≠ 4 mod 6. The problem is that it is possible for rings 𝑅 to have
non-zero elements 𝑎 and 𝑏 such that the product 𝑎𝑏 equals 0. Indeed in
ℤ/6ℤ we have 2 mod 6 × 3 mod 6 = 0 mod 6. We isolate this undesired
behavior, and define a class of rings that are better behaved and permit
cancellation with respect to multiplication.

Definition 1.11. Let 𝑅 be a commutative ring with identity, and with
0 ≠ 1. A non-zero element 𝑎 of 𝑅 is called a zero divisor if there is a non-
zero element 𝑏 with 𝑎𝑏 = 0. A ring 𝑅 that has no zero divisors is called
an integral domain.

Example 1.12. The ring ℤ, and the ring of Gaussian integers ℤ[𝑖] are
both integral domains. To see why ℤ[𝑖] is an integral domain, note that
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(𝑎 + 𝑏𝑖) × (𝑐 + 𝑑𝑖) = 0 implies that (𝑎 − 𝑏𝑖)(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖)(𝑐 − 𝑑𝑖) =
(𝑎2 + 𝑏2)(𝑐2 + 𝑑2) = 0. The last relation gives that a product of non-
negative integers is 0, so that either 𝑎2 + 𝑏2 = 0 (so that 𝑎 = 𝑏 = 0) or
𝑐2 + 𝑑2 = 0 (so that 𝑐 = 𝑑 = 0).

Lemma 1.13. Let 𝑅 be an integral domain, and let 𝑎 be a non-zero ele-
ment of 𝑅. If 𝑎𝑏 = 𝑎𝑐 then 𝑏 = 𝑐.

Proof. Rewrite the relation 𝑎𝑏 = 𝑎𝑐 as 𝑎𝑏−𝑎𝑐 = 0, or 𝑎(𝑏−𝑐) = 0 (here
by 𝑏 − 𝑐we naturally mean 𝑏 + (−𝑐)). Since 𝑅 is an integral domain, the
relation 𝑎(𝑏−𝑐) = 0 implies that either 𝑎 = 0 or 𝑏−𝑐 = 0. By assumption
𝑎 ≠ 0, and so we must have 𝑏 − 𝑐 = 0, or 𝑏 = 𝑐. □

Note that this proof is different from that of the cancellation law
in a group, because the element 𝑎 ∈ 𝑅 may not have a multiplicative
inverse; nevertheless, ruling out zero divisors is sufficient to make the
cancellation law work.

Definition 1.14. Let 𝑅 be a ring, and 𝑓 be a non-zero polynomial in
𝑅[𝑥]. Write 𝑓 = 𝑎0 + 𝑎1𝑥 + . . . + 𝑎𝑛𝑥𝑛, with 𝑎𝑛 ≠ 0. Then we call 𝑛 the
degree of the polynomial 𝑓, and denote it by deg(𝑓). Note that the degree
of the zero polynomial is left undefined; one convention is to define it to
be −∞.

We may expect that if two non-zero polynomials 𝑓 and 𝑔 are multi-
plied, then the degree of 𝑓𝑔 should be the sum of the degree of 𝑓 and the
degree of 𝑔. But this may fail owing to zero divisors in 𝑅: for example the
polynomials 2𝑥 and 3𝑥 in (ℤ/6ℤ)[𝑥] both have degree 1, but their prod-
uct is the zero polynomial of undefined degree. For integral domains,
our expectation about degrees is true.

Proposition 1.15. Let 𝑅 be an integral domain. Then the polynomial
ring 𝑅[𝑥] is also an integral domain. Moreover, if 𝑓 and 𝑔 are non-zero
polynomials in 𝑅[𝑥] then the degree of 𝑓𝑔 equals the sum of the degrees of
𝑓 and 𝑔.

Proof. Let 𝑓 be a non-zero polynomial. Then we may write 𝑓(𝑥) =
𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + . . . + 𝑎0, where 𝑎𝑗 ∈ 𝑅, and 𝑎𝑛 ≠ 0. The degree of
𝑓 is then 𝑛, which is a non-negative integer. Let 𝑔 be another non-zero
polynomial 𝑄(𝑥) = 𝑏𝑚𝑥𝑚 + . . . + 𝑏0 with 𝑏𝑚 ≠ 0, so that 𝑔 has degree
𝑚. Then 𝑓(𝑥)𝑔(𝑥) = 𝑎𝑛𝑏𝑚𝑥𝑚+𝑛 + lower powers of 𝑥, and since 𝑅 is an
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integral domain 𝑎𝑛𝑏𝑚 ≠ 0. Thus 𝑓(𝑥)𝑔(𝑥) is a non-zero polynomial of
degree𝑚+ 𝑛, proving our proposition. □

Example 1.16. Thus ℤ[𝑥], ℚ[𝑥], ℂ[𝑥], ℤ[𝑥, 𝑦] = (ℤ[𝑥])[𝑦] are all inte-
gral domains.

Definition 1.17. In a ring 𝑅, elements that have multiplicative inverses
are called units. Thus, 𝑢 ∈ 𝑅 is a unit if there exists 𝑣 ∈ 𝑅 with 𝑢𝑣 = 1.

Since 0 × 𝑎 = 0 for all 𝑎 ∈ 𝑅, we cannot expect 0 to be a unit (recall
that we are ignoring the zero ring where 0 = 1). Further, if 𝑎 is a zero
divisor, then 𝑎 cannot be a unit. To see this, suppose there is a multi-
plicative inverse 𝑎−1 of 𝑎 (thus 𝑎𝑎−1 = 1), and also a non-zero element
𝑏 ∈ 𝑅 with 𝑎𝑏 = 0. Then we must have 0 = 𝑎−1 × 0 = 𝑎−1 × 𝑎𝑏 = 𝑏,
which contradicts 𝑏 being non-zero.

Check that the units of a ring 𝑅 (always commutative with identity)
form a group under multiplication: this group is denoted by 𝑅×.

Example 1.18. The units of ℤ are just±1. For instance, wemay see this
by considering the size, or absolute value, of integers. If 𝑎 is a non-zero
integer, with an inverse 𝑎−1, then 1 = 𝑎𝑎−1 and so 1 = |𝑎| × |𝑎−1|. Thus
either 𝑎 or 𝑎−1must have absolute value atmost 1, but the only non-zero
integers with absolute value at most 1 are ±1.

The units in the Gaussian integers ℤ[𝑖] are ±1, and ±𝑖. Again we
may see this by using a notion of size, or absolute value; this time using
the absolute value of complex numbers, or more precisely the square of
the absolute value in the complex numbers. Consider 𝑁 ∶ ℤ[𝑖] → ℤ≥0
defined by 𝑁(𝑎 + 𝑏𝑖) = 𝑎2 + 𝑏2, and 𝑁 is often called a norm function.
You should check that the norm is multiplicative, by which we mean
that 𝑁(𝛼𝛽) = 𝑁(𝛼)𝑁(𝛽). Therefore if 𝑢 is a unit then 𝑁(𝑢) = 1 (for
𝑢𝑣 = 1 and so 𝑁(𝑢)𝑁(𝑣) = 1, and both 𝑁(𝑢) and 𝑁(𝑣) are non-negative
integers). Since 𝑎2 + 𝑏2 = 1 only if 𝑎 = ±1 and 𝑏 = 0, or 𝑎 = 0 and
𝑏 = ±1, it follows that the units in ℤ[𝑖] are ±1 and ±𝑖.

Definition 1.19. A field is an integral domain 𝑅 where all non-zero el-
ements are units.

Example 1.20. You would already be familiar with the field of rational
numbers ℚ, real numbers ℝ, and complex numbers ℂ.
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Example 1.21. A less familiar example may be
ℚ(𝑖) = {𝑎 + 𝑏𝑖 ∶ 𝑎, 𝑏 ∈ ℚ}.

You should check that this is a field (see Exercise 7 below), and note
that this field bears the same relation to the ring of Gaussian integers
ℤ[𝑖] that the field of rational numbers ℚ bears to the ring ℤ. Recall ℚ is
obtained from ℤ by considering fractions 𝑎/𝑏 (with 𝑎, 𝑏 ∈ ℤ, and 𝑏 ≠ 0)
with the understanding that two fractions 𝑎1/𝑏1 and 𝑎2/𝑏2 are equal if
𝑎1𝑏2 = 𝑎2𝑏1. Similarly ℚ(𝑖) may be obtained from ℤ[𝑖] by considering
fractions (𝑎 + 𝑏𝑖)/(𝑐 + 𝑑𝑖), with 𝑐 + 𝑑𝑖 ≠ 0.

More generally, starting with an integral domain 𝑅 we may con-
struct a field of fractions by considering expressions 𝑎/𝑏 with 𝑎, 𝑏 ∈ 𝑅
and 𝑏 ≠ 0, with the understanding that 𝑎1/𝑏1 and 𝑎2/𝑏2 are the same
if 𝑎1𝑏2 = 𝑎2𝑏1 (as in the familiar example ℚ). One adds and multiplies
such fractions in the usual way 𝑎1/𝑏1 + 𝑎2/𝑏2 = (𝑎1𝑏2 + 𝑎2𝑏1)/(𝑏1𝑏2),
and 𝑎1/𝑏1 × 𝑎2/𝑏2 = (𝑎1𝑎2)/(𝑏1𝑏2).

You may be familiar with another example of this construction:
Starting with the polynomial ringℝ[𝑥], which is an integral domain, we
obtain the field of rational functions ℝ(𝑥) which consists of expressions
𝑓(𝑥)/𝑔(𝑥) where 𝑓, 𝑔 are elements of ℝ[𝑥] with 𝑔 ≠ 0.

Example 1.22. Check that ℤ/2ℤ and ℤ/3ℤ are fields, but ℤ/6ℤ is not a
field (indeed, it is not an integral domain). These give our first examples
of finite fields, and one of our goals in this book is to determine and
describe all such finite fields.

Example 1.23. If 𝔽 is a field, then the units of the polynomial ring 𝔽[𝑥]
are the non-zero constants in 𝔽.

1.4. Divisibility: primes and irreducibles

With these preliminaries in place, we turn to the main goal of this chap-
ter, which is to develop ideas of divisibility and factorization in rings,
generalizing the familiar notion of prime numbers in the integers and
the factorization of integers into prime numbers. Let us begin with the
definition (and notation) for divisibility.

Definition 1.24. Let 𝑅 be a ring, and let 𝑎 and 𝑏 be elements of 𝑅. We
say that 𝑎 divides 𝑏, and write 𝑎|𝑏, if there is an element 𝑐 ∈ 𝑅 such that
𝑏 = 𝑎𝑐.
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Example 1.25. Since all our rings have a multiplicative identity 1, note
that 𝑎|𝑎 for any 𝑎 ∈ 𝑅. If 𝑎|𝑏 and 𝑏|𝑐 then check that 𝑎|𝑐. Further note
that 𝑎|0 for any 𝑎 ∈ 𝑅.

Example 1.26. If 𝑎 in 𝑅 is a unit, then 𝑎|𝑏 for any 𝑏 ∈ 𝑅 (since we can
write 𝑏 = 𝑎(𝑎−1𝑏)). This remark implies that the notion of divisibility is
not interesting in a field. Indeed, in a field every non-zero element is a
unit, and therefore all non-zero elements divide all elements of a field.

Example 1.27. A natural question that arises from our definition is
whether 𝑐 is unique when we write 𝑏 = 𝑎𝑐. Note that if 𝑎 = 0, then
𝑏 must also be 0, but 𝑐 may be an arbitrary element of the ring. Let us
avoid this pathological case, and ask what happens when 𝑎 ≠ 0. Con-
sider the ring 𝑅 = ℤ/15ℤ, and take 𝑎 = 3 mod 15 and 𝑏 = 0 mod 15.
Note that 𝑎|𝑏 here, but we may write 𝑏 = 𝑎𝑐with 𝑐 = 0, 5, or 10 mod 15.
Another weird feature of this ring is that 3 mod 15 divides 6 mod 15, but
also 6 mod 15 divides 3 mod 15 = 3×6 mod 15. This allows us to factor
3 mod 15 indefinitely: 3 mod 15 = 3 × 6 mod 15 = 3 × 6 × 6 mod 15,
and so on.

Theweirdness in this example arises from zero divisors, and to avoid
such pitfalls, we shall develop ideas of divisibility and factorizations in
the context of integral domains. If 𝑅 is an integral domain, and 𝑎|𝑏with
𝑎 ≠ 0, then there is a unique way to write 𝑏 = 𝑎𝑐. Indeed, if 𝑏 = 𝑎𝑐1 =
𝑎𝑐2, then wemay use Lemma 1.13 to cancel 𝑎 and conclude that 𝑐1 = 𝑐2.

Lemma 1.28. Let 𝑅 be an integral domain. If 𝑎 and 𝑏 are non-zero ele-
ments of 𝑅 and 𝑎|𝑏 and 𝑏|𝑎 then 𝑎 = 𝑏𝑢 for a unit 𝑢.

Proof. Since 𝑎|𝑏 we may write 𝑏 = 𝑎𝑐. Since 𝑏|𝑎 we may write 𝑎 = 𝑏𝑑.
Therefore 𝑎 = 𝑏𝑑 = 𝑎𝑐𝑑. Since 𝑅 is an integral domain, and 𝑎 ≠ 0
we may use Lemma 1.13 to cancel 𝑎 from both sides of the relation 𝑎 =
𝑎𝑐𝑑. Thus we obtain 1 = 𝑐𝑑, so that 𝑐 and 𝑑 are units. This proves the
lemma. □

If 𝑎 and 𝑏 are elements of a ring 𝑅 with 𝑎 = 𝑏𝑢 for a unit 𝑢, then 𝑎
and 𝑏 are called associates.

Our observations so far suggest that to develop ideas of factorization
and irreducibility in rings, we should focus on integral domains: the the-
ory for fields is uninteresting, while the presence of zero divisors leads to
pathologies as in Example 1.27. In the next few sections we will develop
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a satisfactory theory of factorization into primes or irreducibles, which
will cover important examples such as the integers ℤ, the Gaussian in-
tegers ℤ[𝑖], and the polynomial ring 𝔽[𝑥] over any field 𝔽. We begin by
defining the notions of prime and irreducible, which will turn out to be
the same in some important examples (such as the integers), but which
in general are different notions.
Definition 1.29. Let 𝑅 be an integral domain. An element 𝑎, not zero
and not a unit, is called irreducible if 𝑎 = 𝑏𝑐 implies that either 𝑏 or 𝑐
is a unit. An element 𝑎 (not zero or a unit) is called reducible if it is not
irreducible.

In other words, an irreducible element cannot be factored as a prod-
uct of two elements in 𝑅, except in trivial ways writing it as a unit times
an associate. In the integers, this definition of an irreducible gives num-
bers 𝑛 that are only divisible by ±1 and ±𝑛.
Definition 1.30. Let 𝑅 be an integral domain. An element 𝑝, not zero
and not a unit, is called prime if 𝑝|𝑎𝑏 implies 𝑝|𝑎 or 𝑝|𝑏.
Lemma 1.31. In any integral domain, all primes are irreducibles.

Proof. Suppose 𝑝 is prime, and write 𝑝 = 𝑎𝑏. We will show that 𝑎 or
𝑏 must necessarily be a unit, so that 𝑝 would be irreducible. Since 𝑝
is prime and 𝑝|𝑎𝑏, either 𝑝|𝑎 or 𝑝|𝑏. Say 𝑝|𝑎, so that 𝑎 = 𝑝𝑐. Then
𝑝 = 𝑎𝑏 = 𝑝𝑏𝑐, and cancelling 𝑝 from both sides of 𝑝 = 𝑝𝑏𝑐 we obtain
𝑏𝑐 = 1. Therefore 𝑏 is a unit, completing our proof. □
Example 1.32. The converse to Lemma 1.31 is not true in general, and
there are integral domains in which not all irreducibles are primes. For
instance, in the integral domain ℤ[√−5] one can show that 2, 3, (1 +
√−5) and (1−√−5) are all irreducible (see Exercise 11 below). However,
2 divides (1+√−5)×(1−√−5) = 6 but 2 does not divide either (1+√−5)
or (1−√−5). In other words, in ℤ[√−5] the element 2 is irreducible but
not prime.

In the next section we shall describe a particularly nice class of in-
tegral domains in which the notions of primes and irreducibles match.
The point of the two definitions (as we shall soon see) is that it is of-
ten easy to prove the existence of a factorization of elements into irre-
ducibles, and it is often easy to prove that a factorization into primes is
unique. So it would indeed be nice if the two notions were the same!



12 1. Primes and factorization

1.5. Ideals and Principal Ideal Domains (PIDs)

We begin with the definition of an ideal which will be a key concept in
our later discussions.

Definition 1.33. Let 𝑅 be a ring (as always commutative with identity).
A non-empty subset 𝐼 of 𝑅 is called an ideal if

(i) 𝑎 + 𝑏 belongs to 𝐼 for all 𝑎 and 𝑏 in 𝐼, and
(ii) 𝑎𝑟 belongs to 𝐼 for all 𝑎 ∈ 𝐼 and all 𝑟 ∈ 𝑅.

Example 1.34. Since ideals are non-empty, every ideal contains some
element 𝑎, and therefore contains 0 × 𝑎 = 0. Thus every ideal contains
0, and the set {0} itself forms an ideal, called the zero ideal. Further, the
whole ring 𝑅 is also an ideal.

If an ideal 𝐼 contains a unit 𝑢, then it must contain 𝑢𝑢−1 = 1, and
hence must contain all elements in 𝑅 (upon using property (ii)). Thus if
𝑅 is a field, then there are only two ideals in 𝑅, namely {0} and 𝑅.

Example 1.35. If 𝑎 is any element in 𝑅, then the set of multiples of 𝑎,
namely {𝑎𝑟 ∶ 𝑟 ∈ 𝑅}, forms an ideal. We denote this ideal by (𝑎),
and call this the ideal generated by 𝑎. More generally, if 𝑎1, . . ., 𝑎𝑛 are
elements of 𝑅, then the ideal generated by them is

(𝑎1, . . . , 𝑎𝑛) = {𝑎1𝑟1 + 𝑎2𝑟2 + . . . + 𝑎𝑛𝑟𝑛 ∶ 𝑟1, . . . , 𝑟𝑛 ∈ 𝑅}.

You should check that this is indeed an ideal.

Definition 1.36. In any ring 𝑅 an ideal (𝑎) generated by one element is
called a principal ideal. An integral domain where every ideal is princi-
pal is called a Principal Ideal Domain (abbreviated PID).

Example 1.37. The integers form a basic example of a PID. To see this,
suppose 𝐼 is an ideal in ℤ. If 𝐼 = {0} then it is clearly principal. Suppose
then that 𝐼 contains non-zero elements, and let 𝑛 be the smallest positive
integer in 𝐼. We claim that 𝐼 = (𝑛) is the set of multiples of 𝑛. If this is
not true then there must be some integer𝑚 ∈ 𝐼 which is not a multiple
of 𝑛. Divide𝑚 by 𝑛 to extract a quotient and remainder: thus𝑚 = 𝑛𝑞+𝑟
with 1 ≤ 𝑟 < 𝑛. Since 𝑚 and 𝑛𝑞 are in the ideal 𝐼, it follows that 𝑟must
also be in 𝐼. But this contradicts the assumption that 𝑛 was the smallest
positive integer in 𝐼. In Section 1.8 we shall generalize this idea and give
further examples of PIDs.
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Example 1.38. The polynomial ring over the integers ℤ[𝑥] gives an ex-
ample of a familiar integral domain that is not a PID. Consider the ideal
𝐼 generated by 2 and 𝑥. Thus 𝐼 consists of all polynomials of the form
2𝑓 + 𝑥𝑔 with 𝑓 and 𝑔 ∈ ℤ[𝑥]. Or, in other words, the elements of 𝐼 are
all polynomials 𝑎0+𝑎1𝑥+. . .+𝑎𝑛𝑥𝑛 with 𝑎𝑖 ∈ ℤ and satisfying the extra
condition that the constant coefficient 𝑎0 is even. Suppose 𝐼 is principal,
and generated by ℎ ∈ ℤ[𝑥]. Since 2 ∈ 𝐼, we must have ℎ|2, forcing ℎ to
be ±1, or ±2. But ℎ = ±1 is not possible since 𝐼 is not all of ℤ[𝑥] (for
instance 1 ∉ 𝐼), and ℎ = ±2 is not possible since 2 + 𝑥 ∈ 𝐼.

1.6. Greatest common divisors

Definition 1.39. Let 𝑎 and 𝑏 be two elements in an integral domain 𝑅,
with at least one of 𝑎 or 𝑏 being non-zero. An element 𝑑 ∈ 𝑅 that divides
both 𝑎 and 𝑏 is called a common divisor of 𝑎 and 𝑏. A common divisor 𝑔
of 𝑎 and 𝑏 is called a greatest common divisor if every common divisor of
𝑎 and 𝑏 also divides 𝑔.

Note, we have not said anything about the existence or uniqueness
of the greatest common divisor. Indeed in Exercise 11 below, you will
find an example of an integral domain where there are are elements that
do not have a greatest common divisor. Further, if a greatest common
divisor 𝑔 exists, then you should check that 𝑔𝑢 is also a greatest common
divisor for any unit 𝑢. But apart from this, the greatest common divisor
(if it exists) is unique—for if 𝑔1 and 𝑔2 are two greatest common divisors
then 𝑔1|𝑔2 (since 𝑔1 is a common divisor and 𝑔2 is a greatest common
divisor) and similarly 𝑔2|𝑔1, and nowuse Lemma 1.28 to conclude that 𝑔1
and 𝑔2 are associates. We may sometimes refer to “the greatest common
divisor” (when a greatest common divisor exists), but this refers to an
arbitrary choice among the associates.

We now show that in a PID, the greatest common divisor of two
elements can always be found, and moreover it is a linear combination
of the two elements.

Proposition 1.40. If𝑅 is a PID then there exists a greatest commondivisor
𝑔 for any two elements 𝑎 and 𝑏 (not both zero). Further we may write

𝑔 = 𝑎𝑥 + 𝑏𝑦
for some elements 𝑥, 𝑦 in 𝑅.
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Proof. Given 𝑎 and 𝑏 consider the ideal 𝐼 = (𝑎, 𝑏) generated by 𝑎 and 𝑏.
That is, 𝐼 = {𝑎𝑥 + 𝑏𝑦 ∶ 𝑥, 𝑦 ∈ 𝑅}. Since 𝑅 is a PID, the ideal 𝐼 must be
principal. Say 𝐼 = (𝑑). We claim that 𝑑 is a gcd of 𝑎 and 𝑏 (and all other
gcd’s are associates of 𝑑).

Note that 𝐼 consists of the multiples of 𝑑, and since 𝐼 contains 𝑎 and
𝑏, it follows that 𝑎 and 𝑏 are both multiples of 𝑑. Thus 𝑑 is a common
divisor of 𝑎 and 𝑏.

If 𝑓 is a common divisor of 𝑎 and 𝑏, then 𝑓 divides all elements of
the form 𝑎𝑥 + 𝑏𝑦; that is, 𝑓 divides all elements of 𝐼. Therefore 𝑓 must
divide 𝑑. This proves that 𝑑 is a gcd, and the proposition follows. □

Example 1.41. In the integral domainℤ[𝑥] the only commondivisors of
2 and 𝑥 are the units±1. Therefore their gcdmay be taken as 1. However
note that 1 cannot be written as a linear combination 2𝑓+𝑥𝑔with 𝑓, 𝑔 ∈
ℤ[𝑥]. This is in keeping with what we already saw in Example 1.38: ℤ[𝑥]
is not a PID.

Recall that in Lemma 1.31 we established that in any integral do-
main all primes are irreducible. We now establish a partial converse,
showing that in a PID all irreducibles are prime.

Proposition 1.42. Let 𝑅 be a principal ideal domain. An element of 𝑅 is
irreducible if and only if it is prime.

Proof. We already know that primes are irreducible, so what remains
is to show that irrreducibles are prime. Let 𝑝 be an irreducible in 𝑅, and
we wish to show that 𝑝 is prime. Suppose 𝑝 divides 𝑎𝑏 and 𝑝 does not
divide 𝑎; we now show that 𝑝 must divide 𝑏, which will complete the
proof.

Consider the gcd of 𝑝 and 𝑎. Since 𝑝 is irreducible, it has no factors
besides units and associates of 𝑝. Since 𝑝 does not divide 𝑎, it follows
that the gcd of 𝑝 and 𝑎 can only be a unit, and so we may take the gcd to
be 1 (which is associate to all units). Therefore Proposition 1.40 tells us
that

1 = 𝑎𝑥 + 𝑝𝑦
for some elements 𝑥 and 𝑦 in 𝑅. Multiplying both sides by 𝑏we find that
𝑏 = 𝑎𝑏𝑥+𝑝𝑏𝑦. Since 𝑝|𝑎𝑏, we have 𝑝|𝑎𝑏𝑥, and obviously 𝑝 divides 𝑝𝑏𝑦.
Therefore 𝑝must divide 𝑏 = 𝑎𝑏𝑥 + 𝑝𝑏𝑦, which is what we wanted. □
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1.7. Unique factorization

We are now ready to address the questions of the existence and unique-
ness of factorization into irreducibles in integral domains. Let us begin
by defining the problem precisely.

Let 𝑅 be an integral domain. By factoring an element 𝑎 ∈ 𝑅 (non-
zero) into irreducibles, we mean writing

𝑎 = 𝑢𝑝1𝑝2⋯𝑝𝑘,

where 𝑢 is a unit, and the 𝑝𝑖 are irreducibles (possibly with repetitions).
The first question is whether such a factorization exists. If it does, the
next question is whether it is unique. To clarify what uniquenessmeans,
suppose

𝑎 = 𝑢𝑝1𝑝2⋯𝑝𝑘 = 𝑣𝑞1𝑞2⋯𝑞ℓ
are two factorizations. Then we would like to assert that 𝑘 = ℓ, and
that each 𝑝𝑖 can be paired with an associate 𝑞𝑗—that is, apart from
units/associates the 𝑝𝑖’s and 𝑞𝑗 ’s are just permutations of the same list
of elements.

Definition 1.43. An integral domainwhere every non-zero element has
a unique factorization into irreducibles as above is called a Unique Fac-
torization Domain (UFD).

Proposition 1.44. In a UFD, primes and irreducibles are the same. Fur-
ther, any two elements 𝑎 and 𝑏 (not both 0) have a gcd.

Proof. Suppose 𝑅 is a UFD, and let 𝑝 ∈ 𝑅 be irreducible. We wish to
show that 𝑝 is prime. Suppose 𝑝 divides 𝑎𝑏. Factor 𝑎 into irreducibles
𝑎 = 𝑢𝑝1⋯𝑝𝑘, and 𝑏 into irreducibles 𝑏 = 𝑣𝑞1⋯𝑞ℓ. Thus 𝑎𝑏 =
𝑢𝑣𝑝1⋯𝑝𝑘𝑞1⋯𝑞ℓ is the unique factorization of 𝑎𝑏 into irreducibles.
Since 𝑝 is an irreducible dividing 𝑎𝑏, it must be the case that 𝑝 is an
associate of one of 𝑝1, . . ., 𝑝𝑘, 𝑞1, . . ., 𝑞ℓ. If it is an associate of one of the
𝑝𝑖’s then 𝑝|𝑎, and if it is an associate of one of the 𝑞𝑗 ’s then 𝑝|𝑏. Thus we
have shown that 𝑝|𝑎𝑏 implies 𝑝|𝑎 or 𝑝|𝑏; in other words, 𝑝 is prime.

To show that the gcd of any two elements 𝑎 and 𝑏 exists, factor 𝑎 and
𝑏 into irreducibles (or, what we now know to be the same,
primes). Let us express these factorizations as 𝑎 = 𝑢𝑝𝑒11 𝑝

𝑒2
2 ⋯𝑝𝑒𝑘𝑘 and

𝑏 = 𝑣𝑝𝑓11 𝑝𝑓22 ⋯𝑝𝑓𝑘𝑘 where the 𝑝1, . . ., 𝑝𝑘 are distinct primes (all the



16 1. Primes and factorization

primes appearing in the factorization of either 𝑎 or 𝑏) and the expo-
nents 𝑒𝑖 and 𝑓𝑖 are non-negative integers. Then you should check that
𝑝min(𝑒1,𝑓1)
1 𝑝min(𝑒2,𝑓2)

2 . . . 𝑝min(𝑒𝑘,𝑓𝑘)
𝑘 is the gcd of 𝑎 and 𝑏. □

Theorem 1.45. Every PID is a UFD.

Proof of the existence of a factorization. Let 𝑅 be a PID, and take a
non-zero element 𝑎 in 𝑅. If 𝑎 is a unit or is irreducible, then we may
stop. Else we can find a factor 𝑎1 of 𝑎 with 𝑎1 not being a unit, and 𝑎1
not an associate of 𝑎 (that is, 𝑎 = 𝑎1𝑏1 with both 𝑎1 and 𝑏1 not being
units). If 𝑎1 is irreducible, then look at whether 𝑏1 is irreducible. Else
extract a factor 𝑎2 of 𝑎1, which again is neither a unit nor an associate of
𝑎1. Keep proceeding in this manner. If the process terminates then we
would have found a factorization into irreducibles. If the process does
not terminate, then we must have a chain 𝑎, 𝑎1, 𝑎2, . . . with 𝑎𝑖+1|𝑎𝑖, and
𝑎𝑖+1 not a unit, and not an associate of 𝑎𝑖. We need to show that this last
situation cannot happen.

Since 𝑎1|𝑎, it follows that the ideal (𝑎) (being the set of multiples of
𝑎) is contained in the ideal (𝑎1) (because a multiple of 𝑎 is automatically
a multiple of 𝑎1). Thus the discussion above gives a chain of ideals

(𝑎) ⊂ (𝑎1) ⊂ (𝑎2) . . . .

We will now show that this chain stabilizes and gives the same ideal
from some point onwards. Let 𝐼 denote the union ∪𝑛(𝑎𝑛). We claim that
𝐼 is an ideal. Indeed if 𝑐 ∈ 𝐼 then for some 𝑛 we must have 𝑐 ∈ (𝑎𝑛),
and therefore 𝑟𝑐 ∈ (𝑎𝑛) for any element 𝑟 ∈ 𝑅, which implies 𝑟𝑐 ∈ 𝐼.
Similarly if 𝑐 and 𝑑 are in 𝐼 then 𝑐 ∈ (𝑎𝑛) and 𝑑 ∈ (𝑎𝑚) for some 𝑛 and
𝑚, and if 𝑛 ≤ 𝑚 (say) then both are contained in (𝑎𝑚), and therefore
so is their sum, which must now also be in 𝐼. This verifies that 𝐼 is an
ideal. Since 𝑅 is a PID it follows that 𝐼 = (𝑟) from some 𝑟 ∈ 𝐼. But
then 𝑟 must be contained in some (𝑎𝑛). So for any 𝑚 ≥ 𝑛, we have
(𝑟) ⊂ (𝑎𝑛) ⊂ (𝑎𝑚) ⊂ 𝐼 = (𝑟), and so all ideals from (𝑎𝑛) onwards are
equal to 𝐼 = (𝑟), and the chain has stabilized.

Once the chain stabilizes we have (𝑎𝑛) = (𝑎𝑛+1), which means
that 𝑎𝑛 and 𝑎𝑛+1 are multiplies of each other, and therefore must be
associates. But this contradicts our assumption, and thus completes the
proof of the existence of a factorization. □
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The same proof of the existence of a factorization into irreducibles
wouldwork in integral domainswhere every ideal is generated byfinitely
many elements— such rings are calledNoetherian, after themathemati-
cian Emmy Noether.

Proof of the uniqueness of factorization. Suppose that 𝑎 can be fac-
tored into irreducibles as 𝑢𝑝1⋯𝑝𝑘 and also as 𝑣𝑞1⋯𝑞ℓ where the 𝑝𝑖
and 𝑞𝑗 are irreducibles. ByProposition 1.42weknow that the irreducibles
𝑝𝑖 and 𝑞𝑗 are also primes. Now 𝑝1 divides 𝑞1⋯𝑞ℓ, and since 𝑝1 is prime
wemust have 𝑝1 divides 𝑞𝑗 for some 𝑗. Since 𝑞𝑗 is irreducible, this forces
𝑝1 to be an associate of 𝑞𝑗 . Since we’re in an integral domain, we can
“cancel” (but recall howwe did this in Lemma 1.13) 𝑝1 and 𝑞𝑗 from both
sides of the equation 𝑢𝑝1⋯𝑝𝑘 = 𝑣𝑞1⋯𝑞ℓ, and repeat the argument.
This proves the uniqueness part. □

At present, we know from Example 1.37 that the integers ℤ form
a PID and are therefore a UFD. In the next section, we shall see more
examples of PIDs by generalizing the ideas in Example 1.37.

There is no converse to Theorem 1.45: there are UFDs that are not
PIDs. Without going into details, let us point out that the polynomial
ring ℤ[𝑥] is a UFD (this may not be surprising to you, but does require
proof), but we saw already in Example 1.38 that ℤ[𝑥] is not a PID.

1.8. Euclidean domains

A particularly nice family of rings (which will all be PIDs) are Euclidean
domains, which generalize the idea in Example 1.37.

Definition 1.46. An integral domain 𝑅 is said to have a division algo-
rithm if there is a “norm function”𝑁 ∶ 𝑅−{0} → ℤ≥0 with the following
property:

If 𝑎 and 𝑏 are elements of𝑅with 𝑏 ≠ 0, then there exists a “quotient”
𝑞 and a “remainder” 𝑟 such that 𝑎 = 𝑞𝑏 + 𝑟, and either 𝑟 = 0, or 𝑁(𝑟) <
𝑁(𝑏).

An integral domain 𝑅 is called Euclidean if it possesses a division
algorithm.
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The key fact in the division algorithm is that the remainder 𝑟 can
be made smaller in size (using the norm function 𝑁 as a notion of size)
than 𝑏.

Example 1.47. The integersℤ satisfy a division algorithmwith thenorm
𝑁 being the absolute value of an integer 𝑎. One way to form the remain-
der when dividing 𝑎 by 𝑏 is to subtract an appropriate multiple of 𝑏 so
that one lands inside the interval [0, |𝑏|). This is what we discussed in
Example 1.37. Another possibility is to use signed remainders, and en-
sure that −|𝑏|/2 ≤ 𝑟 < |𝑏|/2, so that here |𝑟| ≤ |𝑏|/2. One way to think
of the division algorithm is that we are looking at the rational number
𝑎/𝑏 and the quotient 𝑞 is the largest integer below 𝑎/𝑏 (also known as
the floor ⌊𝑎/𝑏⌋). For the signed remainder case take instead the quotient
to be the integer nearest to 𝑎/𝑏.

Example 1.48. We now show that the Gaussian integers ℤ[𝑖] are also a
Euclidean domain. The norm map is 𝑁(𝑎 + 𝑏𝑖) = 𝑎2 + 𝑏2, which is the
square of the absolute value of the complex number 𝑎+𝑏𝑖, and we claim
that with this map the Gaussian integers satisfy a division algorithm. To
see this, suppose 𝛼 and 𝛽 ≠ 0 are in ℤ[𝑖]. Note that we can divide 𝛼 by
𝛽 in the field ℚ(𝑖) = {𝑥 + 𝑖𝑦 ∶ 𝑥, 𝑦 ∈ ℚ} (see Example 1.21): one does
this by “rationalizing the denominator”, that is, multiplying numerator
and denominator by the complex conjugate 𝛽. So we can find rational
numbers 𝑥 and 𝑦 such that

𝛼
𝛽 = 𝑥 + 𝑖𝑦.

Now take the nearest integer 𝑟 to 𝑥, and 𝑠 to 𝑦 and set 𝜌 = 𝑟 + 𝑠𝑖 ∈ ℤ[𝑖].
Note that

𝛼 = 𝛼
𝛽𝛽 = 𝜌𝛽 + (𝛼𝛽 − 𝜌)𝛽,

and we are thinking of 𝜌 ∈ ℤ[𝑖] as the quotient and

𝛼 − 𝜌𝛽 = (𝛼𝛽 − 𝜌)𝛽 = ((𝑥 − 𝑟) + 𝑖(𝑦 − 𝑠))𝛽 ∈ ℤ[𝑖]

as the remainder. Since |𝑟 − 𝑥| ≤ 1/2 and |𝑠 − 𝑦| ≤ 1/2, we obtain

𝑁(𝛼 − 𝜌𝛽) = 𝑁(𝛽)((𝑟 − 𝑥)2 + (𝑠 − 𝑦)2) ≤ (14 +
1
4)𝑁(𝛽) =

𝑁(𝛽)
2 .

Thus we have found a remainder with smaller norm than 𝛽, and so the
division algorithm holds. Note that above we made use of the fact that
the norm 𝑁(𝑥 + 𝑖𝑦) = 𝑥2 + 𝑦2 may be thought of also as a function on
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ℚ(𝑖) and satisfies the multiplicative property that 𝑁(𝛼𝛽) = 𝑁(𝛼)𝑁(𝛽)
(see Example 1.18).

We should add a warning here that even though the same word
“norm” is used in Example 1.18 and in the definition of the division
algorithm, the two notions are distinct. In particular, the norm in the
definition of the division algorithm need not be multiplicative (see the
next example).

Exercises 17 and 18will give further examples of Euclidean domains
where variants of this technique work. It can be quite difficult to deter-
mine whether a given integral domain is Euclidean or not. For instance,
for a long time it was unknown whether the ring ℤ[√14] is Euclidean,
and only recently has this been determined to be Euclidean (due to M.
Harper [13]).

Example 1.49. The polynomial ring over a field 𝔽, namely 𝔽[𝑥], is our
third (and important) example of a Euclidean domain. The Euclidean
norm function here is the degree of a polynomial. The division algo-
rithm is given by long division of polynomials. Suppose we want to di-
vide 𝑓(𝑥) = 𝑎𝑛𝑥𝑛 + . . . + 𝑎0 by 𝑔(𝑥) = 𝑏𝑚𝑥𝑚 + . . . + 𝑏0 (with 𝑔(𝑥) ≠ 0)
and extract a remainder of degree < 𝑚. If 𝑛 < 𝑚, then simply write
𝑓(𝑥) = 0 ⋅ 𝑔(𝑥)+𝑓(𝑥). If 𝑛 ≥ 𝑚, then note that 𝑓(𝑥)− (𝑎𝑛/𝑏𝑚)𝑥𝑛−𝑚𝑔(𝑥)
is a polynomial of degree ≤ (𝑛 − 1), and we can now try to divide this
polynomial by 𝑔(𝑥) and extract a remainder. So by induction the proof
goes through.

Notice that the norm used here, the degree of a polynomial, is not
multiplicative. Indeed the degree of the product of two polynomials is
the sum of the degrees of the factors.

Note that the key property used here is that (𝑎𝑛/𝑏𝑚) makes sense
because we are working over a field 𝔽. It would not be enough to work
just over an integral domain. For example in the polynomial ring ℤ[𝑥]
we cannot divide 𝑥2 by 2𝑥 and get a remainder of degree< 1. In fact, we
shall see shortly that ℤ[𝑥] is not a Euclidean domain.

Proposition 1.50. Every Euclidean domain is a principal ideal domain.

Proof. The proof follows closely the argument in Example 1.37. Sup-
pose 𝑅 is a Euclidean domain, and let 𝐼 be an ideal in 𝑅. If 𝐼 = {0} there
is nothing to prove. Suppose then that 𝐼 is larger, and look at the norms
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of all the non-zero elements of 𝐼. All these norms lie in the set of non-
negative integers, and so we may find an element 𝑏 ∈ 𝐼 (with 𝑏 ≠ 0) of
smallest norm.

We claim that the ideal 𝐼 is the set of multiples of 𝑏. Suppose instead
that 𝑎 is an element of 𝐼 with 𝑏 not dividing 𝑎. Then we may write (by
the division algorithm) 𝑎 = 𝑏𝑞 + 𝑟 with 𝑟 ≠ 0 and 𝑁(𝑟) < 𝑁(𝑏). Since
𝑟 = 𝑎 − 𝑏𝑞, we must also have 𝑟 ∈ 𝐼, but this contradicts the minimality
of 𝑁(𝑏). Therefore 𝐼 is the principal ideal (𝑏). □

Example 1.51. The ringℤ[𝑥] is not a principal ideal domain, and there-
fore not a Euclidean domain. Exercise 19 shows that the ring 𝑅 = ℤ[(1+
√−19)/2] is not a Euclidean domain. However one can show that this
ring is a PID; thus the converse to Proposition 1.50 does not hold.

Since every Euclidean domain is a PID, and every PID is a UFD,
we conclude that the Gaussian integers and the polynomial ring over a
field are both UFDs. In the next chapter, we shall discuss primes in the
usual integers. Later in §3.4we shall discusswhat primes look like in the
Gaussian integers, and in §4.1 we shall discuss primes in the polynomial
ring over a field, whichwill be of importance in our construction of finite
fields.

Integral domains: ℤ[√−5], ℤ[√15], ℤ[√−13]

UFD: ℤ[𝑥], ℝ[𝑥, 𝑦]

PID: ℤ[(1 + √−19)/2], ℤ[(1 + √−163)/2]

Euclidean domains:
ℤ, ℤ[𝑖], 𝔽[𝑥], ℤ[√14], ℤ[√2]

The figure above depicts the inclusions among our notions of inte-
gral domains, UFD’s, PID’s, and Euclidean domains, and also gives ex-
amples (just for information, and not with complete proofs) to show that
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these inclusions are strict. Some, but by no means all, of these examples
will be discussed further in the exercises.

We end this chapter with one last remark on gcd’s. In a UFD we
saw that the gcd of any two elements 𝑎 and 𝑏 (not both zero) exists, and
in a PID we saw that the gcd may be expressed as a linear combination
𝑎𝑥+𝑏𝑦with 𝑥, 𝑦 ∈ 𝑅. In a Euclidean domain, we can go one step better
and give an algorithm to compute the gcd, and to find 𝑥 and 𝑦 as well.
This is known as the Euclidean algorithm.
TheEuclidean algorithm. Let 𝑎 and 𝑏 be two elements (not both zero)
in a Euclidean domain 𝑅.

If 𝑏 = 0 then the gcd is 𝑎 (or an associate of 𝑎), and clearly the gcd
is 𝑎 × 1 + 𝑏 × 0.

If 𝑏 ≠ 0, then use the division algorithm to write 𝑎 = 𝑞𝑏+ 𝑟; if 𝑟 = 0
then 𝑏 is the gcd. If 𝑟 ≠ 0, then 𝑁(𝑟) < 𝑁(𝑏) (by the division algorithm),
and now note that the gcd of 𝑎 and 𝑏 is the same as the gcd of 𝑏 and 𝑟
(check this carefully!). Said differently, the ideal (𝑎, 𝑏) is the same as the
ideal (𝑏, 𝑟).

Now use the same procedure with the pair 𝑎, 𝑏 replaced by the pair
𝑏, 𝑟. Note that if you have an expression for the gcd of 𝑏 and 𝑟 as 𝑏𝑣+ 𝑟𝑤
then substituting 𝑟 = 𝑎 − 𝑞𝑏 we obtain a linear combination of 𝑎 and 𝑏,
namely 𝑏𝑣 + (𝑎 − 𝑏𝑞)𝑤 = 𝑎𝑤 + 𝑏(𝑣 − 𝑞𝑤).

Note that the Euclidean algorithm works by progressively finding
elements of smaller norm in the ideal (𝑎, 𝑏) until we find a non-zero
element with smallest norm. Compare this with the proof of Proposition
1.50.

Finally note that inℤ (use signed remainders), orℤ[𝑖], the Euclidean
algorithm is very rapid since at each step the norm decreases (at least) by
a factor of 2. We haven’t discussed precisely what it means to be a rapid
algorithm, but we will turn to this in Chapter 8.

1.9. Exercises

1. Let 𝐺 be a group.
(i) Show that every element 𝑔 ∈ 𝐺 has a unique inverse.
(ii) Suppose that for any two elements 𝑥 and 𝑦 in𝐺wehave (𝑥𝑦)−1 =

𝑥−1𝑦−1. Show that 𝐺 is abelian.
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2. Consider ℝ2 = {(𝑥, 𝑦) ∶ 𝑥, 𝑦 ∈ ℝ} with operations of + and × defined
by component-wise addition and multiplication. Give a brief explana-
tion of why ℝ2 is a ring with these operations. Is this ring an integral
domain? Describe the units and zero divisors (if any) in this ring.

3. Let 𝜖 ≠ 0 denote a symbol with 𝜖2 = 0. Define a ring ℤ[𝜖] = {𝑎 + 𝑏𝜖 ∶
𝑎, 𝑏 ∈ ℤ} with the natural way of adding and multiplying (subject to the
𝜖 × 𝜖 = 0 requirement). This is vague, but what I really want is for you
to work out what is intended, and it should remind you of calculus and
“infinitesimals”. Is this ring an integral domain? Describe the units in
this ring.

4. In any ring 𝑅, show that if 𝑢 is a unit then so are the powers 𝑢𝑛 for
any 𝑛 ∈ ℤ. (Interpret 𝑢𝑛 as 𝑢 multiplied by itself 𝑛 times, for positive
integers 𝑛; interpret 𝑢0 as 1; and 𝑢−𝑛 as (𝑢−1)𝑛.)

5. Show that ℤ[√2] = {𝑎 + 𝑏√2 ∶ 𝑎, 𝑏 ∈ ℤ}, ℤ[√3] = {𝑎 + 𝑏√3 ∶ 𝑎, 𝑏 ∈
ℤ} and ℤ[√7] = {𝑎 + 𝑏√7 ∶ 𝑎, 𝑏 ∈ ℤ} are all rings, and indeed integral
domains (with usual addition and multiplication). In explaining why
these are integral domains, you may assume that √2, √3 and √7 are
irrational, but you must explain why that is relevant. In this problem, I
don’t want you to think of√2,√3,√7 as real numbers (and therefore of
these rings as subrings of the real numbers), but instead as just symbols
whose squares equal 2, 3 and 7, rather like 𝜖 in Problem3whichwe could
have thought of as√0.

6. Show that the rings ℤ[√2], ℤ[√3] and ℤ[√7] all have infinitely many
units.

7. Define ℚ(𝑖) = {𝑎 + 𝑏𝑖 ∶ 𝑎, 𝑏 ∈ ℚ} and ℚ(√7) = {𝑎 + 𝑏√7 ∶ 𝑎, 𝑏 ∈ ℚ}.
Show that these are examples of fields.

8. Let 𝑅 be a finite ring. Let 𝑎 be an element of 𝑅, and assume that 𝑎 ≠ 0
and that 𝑎 is not a zero divisor. Show that the map𝑚𝑎 ∶ 𝑅 → 𝑅 defined
by𝑚𝑎(𝑟) = 𝑎𝑟 (thus𝑚𝑎 is the map “multiplication by 𝑎”) is a bijection.
Conclude that 𝑎 is a unit.

9. Let 𝐼 and 𝐽 be two ideals in a ring 𝑅. Prove that 𝐼 ∩ 𝐽 is also an ideal in
𝑅.
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10. Given two ideals (𝑚) and (𝑛) in the integers ℤ, describe the ideal
(𝑚) ∩ (𝑛). Is (𝑚) ∪ (𝑛) necessarily an ideal? Describe the smallest ideal
that contains both (𝑚) and (𝑛).

11. Consider the ring ℤ[√−5] = {𝑎 + 𝑏√−5 ∶ 𝑎, 𝑏 ∈ ℤ} and define the
norm𝑁(𝑎+𝑏√−5) = 𝑎2+5𝑏2. (Note: we are only calling this function a
norm, but it is not required to satisfy the properties of a (Euclidean) norm
as in Definition 1.46. Indeed the point of this exercise is to show that
ℤ[√−5] is not a UFD, and hence not a PID, and hence not a Euclidean
domain.)

(i) Prove that the norm is multiplicative: that is,𝑁(𝛼𝛽) = 𝑁(𝛼)𝑁(𝛽)
for any 𝛼, 𝛽 in the ring. Determine the units in the ring. Show that
if the norm of an element is prime (as an integer) then that element is
irreducible.

(ii) Prove that 2, 3, 1+√−5 and 1−√−5 are all irreducibles, and so
6 = 2 × 3 = (1 + √−5)(1 − √−5) is a genuine failure of uniqueness of
factorization into irreducibles. Thus ℤ[√−5] is not a UFD.

(iii) Give two elements 𝑎, 𝑏 in this ring for which no greatest com-
mon divisor exists.

(iv) Give an example of an ideal in this ring that is not principal.

12. Using the norm in Exercise 11 as a notion of size, show that every
non-zero element in ℤ[√−5] can be factored into irreducibles.
13. Let 𝑅 be a ring, and 𝐴 and 𝐵 be two ideals in 𝑅. Define 𝐴𝐵 to be the
set of all elements in 𝑅 of the form∑𝑛

𝑗=1 𝑎𝑗𝑏𝑗 for any natural number 𝑛,
and with 𝑎𝑗 ∈ 𝐴 and 𝑏𝑗 ∈ 𝐵. Show that 𝐴𝐵 is an ideal of 𝑅.

14. Let 𝑅 be the ring ℤ[√−5] and define the four ideals

𝐴 = (2, 1 + √−5), 𝐵 = (3, 1 + √−5),

𝐶 = (2, 1 − √−5), 𝐷 = (3, 1 − √−5).

(i) Show that 𝐴 = 𝐶, and compute the products (as defined in Exer-
cise 13)

𝐴𝐵,𝐴𝐶, 𝐵𝐷, and 𝐶𝐷.

(ii) As ideals in 𝑅, note the factorizations

(6) = (2) × (3) = (1 + √−5) × (1 − √−5).
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How does your work in part (i) suggest a way to restore unique factor-
ization (at the level of ideals)? Explain briefly.

Historically, ideals originated in attempts to rectify the failure of
unique factorization that was observed in rings such as ℤ[√−5]. Nine-
teenth centurymathematiciansweremotivated by problems such asFer-
mat’s last theorem to study factorization in general integral domains, and
recognized that the failure of unique factorization foiled many attempts
at proving Fermat’s last theorem. This story is part of algebraic number
theory, and see [17] for an introduction.

15. A ring (commutative with identity, as usual) is called Noetherian if
every ideal can be generated by finitely many elements in the ring. Let
𝑅 be an integral domain, and suppose 𝑅 is Noetherian. Show that all
non-zero elements in 𝑅 admit a factorization into irreducibles.

16. Let 𝑅 be a Euclidean domain with associated “norm function” 𝑁. If
𝑁(𝑎) = 0 for some non-zero element 𝑎 of 𝑅, show that 𝑎must be a unit.

17. (i) Let 𝑘 be a positive integer congruent to 3 (mod 4). Show that
ℤ[(1 +√−𝑘)/2] = {𝑎 + 𝑏(1 +√−𝑘)/2 ∶ 𝑎, 𝑏 ∈ ℤ} is an integral domain.

(ii) Define the norm

𝑁(𝑎 + 𝑏(1 + √−𝑘)/2) = (𝑎 + 𝑏
2)

2
+ 𝑘𝑏2

4 .

Prove that this function takes values in the non-negative integers, and is
multiplicative 𝑁(𝛼𝛽) = 𝑁(𝛼)𝑁(𝛽) for any two elements in the ring.

(iii) Prove that when 𝑘 = 3, 7, and 11 these rings are Euclidean.

18. Show that the rings ℤ[√2] = {𝑎 + 𝑏√2 ∶ 𝑎, 𝑏 ∈ ℤ}, ℤ[√3] = {𝑎 +
𝑏√3 ∶ 𝑎, 𝑏 ∈ ℤ}, andℤ[√−2] = {𝑎+𝑏√−2 ∶ 𝑎, 𝑏 ∈ ℤ} are all Euclidean
domains. Hint: Try to generalize the notion of norm from Exercise 17
(multiply by an appropriate “conjugate”) and see whether it satisfies the
division algorithm.

19. This exercise shows that the ring 𝑅 = ℤ[(1 + √−19)/2] is not Eu-
clidean.

(i) Prove that the only units of 𝑅 are ±1.
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(ii) Suppose there is a norm function on 𝑅 that makes 𝑅 Euclidean
(this need not be the same function as in Exercise 17). Let 𝑠 be an ele-
ment in 𝑅 with 𝑠 ≠ 0, ±1 and having smallest norm. Prove that for any
𝑎 ∈ 𝑅, we must have 𝑠|𝑎 or 𝑠|(𝑎 + 1) or 𝑠|(𝑎 − 1).

(iii) Taking 𝑎 = 2, and now using the norm in Exercise 17 (or other-
wise), show that 𝑠 must be ±2 or ±3. Show that neither ±2 nor ±3 has
the property given in (ii) above, completing the proof.




