CHAPTER 3

Mutual intersection: large deviations

3.1. High moment asymptotics

One of the major goals of this chapter is to provide a precise estimate to the
tail probability

P{a(0,17) > ¢}

as t — 0o. By Theorem 1.2.8, the problem is in connection to the study of the high
moment asymptotics posted as

E[a([o, 1]1’)’”} (m — o).

By comparing (2.2.8) and (2.2.19), it seems that the high moment asymptotics for
E[a([0,7] x -+ x [0,7,])"]

more tractable. The question is: What can we say about the quantity

m P
/(Rd)m dzy - -dxy, [ Z H G(l‘a(k) — l‘g(kl)):|

oceX,, k=1
when m — oco?
We generalize this problem to the study of
m P
/ F(dml)---ﬂ'(da’:m){ Z HK(xa(kl),l‘g(k))}
0ES, k=1

where (E,&,m) is a measure space, K(z,y) is a non-negative measurable function
on E x E, and x,(5) = 7o is an arbitrary but fixed point in E.

THEOREM 3.1.1. Let p > 1 be fized. Assume that the kernel satisfies:
(1) Irreducibility: K(x,y) > 0 for every (z,y) € E x E.
(2) Symmetry: K(z,y) = K(y,z) for every (x,y) € E X E.
(3) Integrability:
e=sw [ [ K@ura)iwrom) <o
f EXE
where the supremum is taken over all f satisfying

[ 1s@lErn(an) =1
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60 3. MUTUAL INTERSECTION: LARGE DEVIATIONS
Then

o 1 . P
1$T?L1£of p” log L /m m(dxy) -+ w(dzy,) [ Z H K(2o(—1), Tok))

o€, k=1

(3.1.1) >plogo.

Proof. Let f € L (E,E&,m) be a bounded, non-negative function such that

3.1.2 6= inf K(xg,z)>0
( ) z; f(2)>0 (70, 2)

and that

Let g(z) = fzﬁ——i(x) and h(z) = f%7(z). Then f(z) = \/g(z)h(z) and

By boundedness of f(z), there is ¢ > 0 such that g(x) > eh?(z). By Holder
inequality, we get

(3.1.3) {/m m(dzy) - - 7(da,y,) { > HK To(k_1) T a(k))r}w

cEX,, k=1

Z/m n(dxy) - - w(dwy,) (Hg xk) Z ﬁK(fa(k—l)vxa(k))

o€, k=1

:m;/m w(dy) -+ (dzy) (ngk)Hka 1 2)
—ml [ w(dan) - m(d) K (o, 00 50a)

{H g(rp_1) K (51, 21) g(xk)} 9(m)
> Sem! /E () wldmn)h(z)

{H g(zp—1) K (zp—1, 7) g(xk)}h(fﬂm)

= dem!(h, T™ h)
where the linear operator T: L2(E, &, m) — L?(E,E, ) is defined as

=g /Ka:y\/ Ya(y)w(dy) he L2(E,E, ).

For any hy,he € L2(E, &, ) with ||h1]|| = ||h2]] = 1, we get

hl,Thg / K l‘ y V9 hl \/ hg dy)
EXE
— [ K)ol o)Vl de)w(dy) = (Thi,ha)
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That is, T' is symmetric. In addition,

1
<]’L1,Th2> = Z{<h1 + hg,T(hl + ]’L2)> — <I’L1 — h27T(h1 — h2)>}
Notice that
(1 = o, T h2)>’

< / / K (2, y)v/9(@) |71 (2) £ ha(@) /5@ | (4) = h(y) | (da)m(dy).
ExE

By Holder inequality, we get

/E |\/9(7)(h1($) + h2($))’%7r(dx)

<{/ gp’wx)w(dx)}%{ /| |h1<x>ih2<x>2w<dx>}”%

D

-{/ fﬁﬂ(w)ﬂ(dx)};;ll{ [ ) £ o) Pacan |

{[Eh1(x)ih2(w)|27r(dx)}2;;1.

Consequently,
(1 == ha, T & o)) < g/ Iy () £ ha (@) Pr(da).
E
Hence,

1 0
(h1,Thg) < ZQ{th + hall? + [[h1 — ho|?} = §(|\h1\|2 + [|h2]|?) = o

Therefore, T' is a bounded linear operator. This, together with symmetry, implies
that T is self-adjoint.

According to Theorem E.2 in the Appendix, the self-adjoint operator T admits
the spectral integral representation

(3.1.4) T / T AE(dN).

Using Corollary E.5 in the Appendix, ;: have

(3.1.5) T = /Oo ATTLE(dN).

By (E.15) in the Appendix, the above ;epresentations lead to
(3.1.6) (h, ThY = / = (),

(3.1.7) (h, TRy — / A (V)

where p, is a measure on R with

pun(R) = L h%(z)m(dx) = 1

(i.e., pp, is a probability measure).
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When m is odd (so m — 1 is even), by Jensen inequality, we have

(h, T 1h) > (/ Ain d/\> - ((h,Th>)m71
-(/ MK(x,ng(—x)h(ocwg(—y)h(y)w(dx)w(dy))m1

= (/ EXEK(m,y)f(w)f(y)w(d:c)w(dy))m_l.

Summarizing our argument, when m is odd, we have

[ 5 ]

oEX,, k=1

m—1

p(m—1)
z(aey’(m!)?( / [ EK(x,y)f(x)f(y)w(dx)w(dw) |

When m is even, a slight modification of (3.1.3) gives us

{/ m(dxy) - - - m(da,y,) { > HK Lo (k1) xg(k))] }1/,,

o€EX, k=1
> ¢(6, €)m!(h, T™2h)

for some ¢(d, €) > 0. So the argument based on spectral representation leads to the
lower bound

P
/m (dl‘l d]?m |: Z HK To(k—1) Lo(k )):l

oc€X, k=1

p(m—2)
> (s e><m!>f’( [ x@ar@mmssa)
Thus, we conclude that

m p
lim inf l log ﬁ / N W(d:pl) .. ~7r(dxm) |: H K(xg(k_l), Zg(k)):|

m—oo M

Finally, the desired conclusion follows from the following two facts:

First, the supremum in the definition of o can be taken over the non-negative
I

Second, by irreducibility assumption the set of functions f satisfying (3.1.2) is
dense in non-negative functions in LT (E,E, ). O

The upper bound is much more difficult. Indeed, we are able to establish the
upper bound only in the case when FE is a finite set.
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THEOREM 3.1.2. Fiz p > 1, let E be a finite set and let K: E x E — R* be
non-negative function such that K(x,y) = K(y,x) for any x,y € E. Let w be a
non-negative function on E. Then

1 1
lim sup — log Z m(x1) - m(@m)
1, yTm
m p
(3.18) 2> HK(xg(k_n,%(k))]
c€EX, k=1

< plogsup > K(,y)f(2)f(y)m()m(y)

z,yeE

where the supremum is taken over all functions f on Q satisfying

S If @)= () = 1.

z€E

Proof. We may assume that m(x) > 0 for every x € E, for otherwise we can
remove all zero points of 7 from E. Let

be the empirical measure generated by x = (21, - ,%;,). Notice that for each
o € X,,, we have

Yo L= lxer=y) = 1.

Y1 Yym€E
We have
ST E@o-1y o))
cEX,, k=1
= Y lumew D Yooy H K(Zo(k-1), To(h))
Y, ym €L 0ED,
= Z 1{L¥"=u} H K(ykfla yk) Z 1{x00':y}-
Y1, YmEE k=1 oEX,,
We claim that
Z Lixoo=y} = H (mu(m))'
TEX zek
Indeed, for each x € E there are, respectively, exactly mu(x) of x1,--- ,x,, and
exactly mu(z) of y1,- -, ym which are equal to z. Therefore, there are (mu(x))'

ways to match each z-valued component of y with each xz-valued component of x.
Thus, the claim follows from multiplication principle.
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Consequently,

m

Z H K(xa(k—l)v xd(k))

oeX,, k=1

1 (ne) 3

1{Lym:u} H K(ykfh yk)

Y1, Ym€EE k=1

Let ¢ > 1 be the conjugate number of p and define ¢, (x)
Then

= la) Vo (z) 17
m

> eu)eulym) [T K Wr-1, )
Y1, Ym EE k=1
> > ou) o) in—y [T K k-1, me)

Y1, YmEE k=1

= ( 11 @u(x)m“(x)) > e [T K -1 u)

EEE ylV--. )yMreE

k=1
where the last step follows from the fact that when LY, = u, there are mu(x) factors
in the product ¢, (1)

x
¢u(xy,) which are equal to ¢, (x) for any € E
Summarizing the above steps, we have

i, 3wt

Z1,,emEE

Z HK To(k—1),T a'(k)):|
o€, k=1
A

z€E
X { S eulyn) - eulym) HK(yk—l,yk):| .

Y1, YmEE k=1
Define g, (z) = p(z)¥ 7 (x)~Y/9. Then ¢, (z) = g,(z)7(x) for every x € E and
Y gi@m(z) = plz) =1,

sup g, (z) < sup w(x)*l/q.
e E el zelE
Consequently,

1
(3.1.9) (1) > 77(331)...7r(a:m){

Ti,TmEE

rEE

m P
Z H K(%(kn,%(k))]

oe¥,, k=1

< Z W(Il)ﬂ'(mm)[ﬁ( H (mu(

o)) (L entor) ]’
reE z€E
<[ 5 oo mton(TL o) T 1,00

9 y1, ym€E k=1

where the supremum on the right hand side is taken for all non-negative functions
g on FE satisfying

> gl@)m(x) =1, supg(z)<c
2EE zeE



3.1. HIGH MOMENT ASYMPTOTICS 65

and where ¢ = sup m(x) Y/,

rEE
For each g,
m m
Z (Y1 (HQ )H (Yre—1, k)
Y1, ym€EE k=1 k=1
= Z m(y1) -+ 7 (Ym) K (20, 1)V g
Y1, YmEE

{\/ 9(Yk—1 HK Yk—1,Yk)\V g }\/ Tpm)
gc( sup K(z,y) ( ) Z m(y1) - 7 (Ym)ho(y1)

z,yek zeE Y1, Ym EE

(VI TT K 1.0 Va0 )
k=2
=c( sup K(z,y)) ( Z W(x)) (ho, T™ *hg)

T.yek zeE

—1/2
where ho(y) = ( Y B 77(3:)) on F and the bounded self-adjoint linear operator

T: L*(E,E,7) — L2(E,E, ) is defined by

=Vo(@) > K@, y)Vah(y)r(y) heL(EE ).

yeE

Similarly to (3.1.7), we have
(o)
<h0,Tm*1h0>:/ A gy (dA).
—00

By the fact that ||ho|| = 1, pp, is a probability measure on R. By Theorem E.3 in
the Appendix, pup, is supported on the interval

{Wlll‘l‘fl(h Th), \\21\1\£1<h’Th>]

Thus,

m—1
(ho, T™ ho) < <max{’ inf (h,Th)|, | sup <h,Th>’}>
[[h]l=1

Ihll=1
m—1
_ Hiﬁil > K(x,y)\/g<x>h<x>\/g<y)h<y>w<x>w<y>\

z,yeE

Write f(z) = y/g(z)h(z). Then f(z) > 0 and

3 e {Zg }%{Zh%)w(x)}z%zl

zek zeE z€E
Consequently,
(ho, T hg) < @™
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where
e=sp{ X Ko [0 T 1501 =1}
z,yeE TEE
Summarizing our argument, we have

) 1

(3.1.10) lim sup — log sup Z 7(y1) - 7 (Ym)
m—oo 1M g

Y1, Ym €L
X ( 11 g(yk-)) I K i1, 9x) < logo.
k=1 k=1

In view of (3.1.9), it remains to show that

(3.1.11) lim sup E log Z m(xy) 7 (Xm)

m—o00
T1,,Tm E€EE

x [%( IT (mut@))) (11 w(mywm)lr <0.

zeE el

Let P, (E) be the set of the probability measures v on E such that for each
x € E, v(x) = k/n for some integer 0 < k < m.

> w(xl)...w(xm){ﬁ(n )(HSD m”(z)lr

T1,,Tm ER ’ zEE zelE

Z 1{u:u} Z 71—('/1:1) T 7T(.’I,‘m)

VEP, (E) Ty, TmEE

(I o) (I evtm) |
S Y a@)wlen)

VEPm(E) z1, ,am€EE

<[ (IT twtont) (T enter) ]

reE zeE

X

IN

By Stirling formula, we get

m! ~V2rmm™e™™ and (mv(z))! < Cy/my(z)(my(z )"W (@) —mw(2)
where z € E. Hence,
1

(T tmte))t) < @72 T o).

reE zeE
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Recall that ¢, (z) = v(x)Y97(x)'/P. Therefore,

S (@) m(am) [i( 11 (mu(x))!> ( 11 wu(x)’””(x))l]p

T1, o, xmEE reE rck
#(E) /2 @)y

< CPmp ST @) -wlan) [ (W(x))

T1, T €F 2€E
— OPmP#(E)/2 Z v(zy) - v(z,) = CPmP#E)/2,

T1, T EE

Consequently,
1 my(zx) -1?
> atan)eaton) | (TT o)) (T outrm)

T, Tm €E " z€E zeE

< MO (P, (B)).

Finally, (3.1.11) follows from the fact that #{P,,(E)} is equal to the number of
the non-negative lattice solutions (k(x); z € E) of the equation

Z k(x) =m

z€E

and that the latter is equal to

(m%ﬂ)@ 1 1) |

3.2. High moment of «([0,71] x -+ x [0,7,])
We now return to the intersection local time «(A) of independent d-dimensional

Brownian motions Wi (t),- -, W,(t). Throughout we assume that p(d — 2) < d.
Define

(321) p= sup{ / /R ..., Glo = 9) (@) (y)dady; /R @) = 1}.

LEMMA 3.2.1. Under p(d —2) < d, we get

1/p
0<p< ( Gp(x)dx> < 00.

Rd

Proof. The lower bound p > 0 is obvious. We now prove the upper bound. Let
the non-negative f on R? satisfy

/Rdfzi%l(x)dx =1
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We finally reach the bound

(/OM |g(x)2pd:c>1/p - %/o:o g/ () |Pda

2p oo 1/ 0o
<tV 0 s L[ roma) 1 [ )

feF —00 —o00

uniformly over g € F, which leads to the desired conclusion. O

In the case d > 2, the local time L(t, ) no longer exists. We may introduce

L(t,z,e) = /0 pe(W(s) — z)ds

instead. With some slight modification on the proof of (4.2.3), we can prove the
following.

THEOREM 4.2.3. For eachd>1,p>1 and e, 0 > 0,

1 1/p
lim - logEexp {9(/ Lp(t,x,e)dx> }
t—oo t Rd
2 Yroq
= sup {9(/ [g(z,€)] pdx) - f/ |Vg(a:)|2dx}
g€Fa Rd 2 Jra

where Fq is defined in (4.1.22) and

seo={ [ nide-pe) rewt

4.3. Two-dimensional case

Recall that in Section 2.4 we constructed the renormalized self-intersection local
time ([0, t]2) (formally written in (2.4.1)) run by a 2-dimensional Brownian motion
W (t). The discussion naturally leads to the “renormalized” polymer models

(43.1)  Py(A) = CA')\IE(exp {20, 1]1)}1{W(.)€A}> Ac cfo,1],R2},

(432)  Py(A4) = GAIE(exp{ — ([0, 1]1)}1{W(.)€A}> Acc{,1],R?}

where N
Cy =Eexp {)\"/([0, 1]2<)} and Cy =Eexp { - xv([o, 1]2<)}
are normalizers.
In view of Theorem 2.4.2, éA < oo for all A > 0. In the term of physics, it
shows that there is no phase transition in the self-repelling polymer model given in

(4.3.2). On the other hand, we shall show that there is a A > 0 such that C = oo
for sufficiently large A > 0. An important question is to find the Ay > 0 such that

< 0 )\ < )\Oa
(4.3.3) Eexp{M([Ov 1]2<)}

o0 A > Ao
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In physics, the value \q is critical to the “melt-down” of a self-attracting polymer.
We shall identify A in terms of the Gagliardo-Nirenberg constant.

THEOREM 4.3.1. Let £(2,2) > 0 be the best constant of the Gagliardo-Nirenberg
inequality

(4.3.4) 1flls <CVIVARVIIL - feW!2(®?)

where
Wh2(R?) = {f € L2(R?); VfeL*(RY].
Then
lim 1log]P’{’y([O 12) > t} = —k(2,2)74
t—oo ¢ V<) = ’

Proof. Let 0 < A\g < oo be defined by (4.3.3). Then

lim sup — ! logIP’{ ([o, 12) > t} = —Ag.

t—o0

Theorem 2.4.2 implies that A\g > 0. To establish the upper bound, we need to show
that Ao > x(2,2)~%. For this purpose we may assume that \g < co.

Consider the decomposition
0. 112) = (10, 1/212) + 7 ([1/2112) + (10, 1/2] x [1/2.1]).

It gives that for each € > 0,

—Xo < max { lim sup — 1ogP{ ([0,1/2]%) +7([1/2,1]%) > 1+ et}7

t—o00

lim sup — log}P’{ ([0,1/2] x [1/2,1]) > 1;615}}.

t—o0

By Proposition 2.3.4,
d
7([0,1/2) x [1/2.1]) £
Taking d = p =2 in (3.3.4),

lim %logP{a([O, 1]2) > t} = —r(2,2)"%

t—o00

{a([o, 12) — Ea(o, 1]2)}.

N~

Consequently,

tli)r&%logﬁ”{fy([o, 1/2] % [1/2,1]) > - ;et} = —(1-)r(2,2)"

Observe that fy([ 1/2]2) and v([1/2,1]%) are independent and have the same
law as (1/2)7([0,1]2). According to the definition of Ao,

B {22 (0.1/22) (01721} = (Eesp (1 (0.12)}) < o

for every A < Ag. A standard application of Chebyshev inequality leads to

lim sup - 1ogIP>{ (0,1/22) +~([1/2,1]%) > #t} < —(1+ 6.

t—o0
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Summarizing our argument, we have
X < max{ 1+ r —(1— e)n(z,2)74}.

By the fact that A\g > 0, we must have A\g > (1 — €)x(2,2)"*. Letting e — 07 we
have proved the upper bound

(4.3.5) lim sup — logIP’{’y([O, 12) > t} < —k(2,2)7%

t—o0 t

To establish the lower bound, recall that

L(t,z,e) = /0 De (W(s) — x)ds

and notice that

/R2 L3(t,,€)dr = 2//{0§T<S§t} poe (W (r) — W (t))drds.

By Theorem 4.2.7 (with p = 2) for any 6 > 0,

1 1/2
lim —log]Eexp{G(// p2c(W(r) — W(t))drds) }
t—oo t {0<r<s<t}

(L) 3 e

Let t = n be a positive integer and write

(4.3.6) //{0< . }pge (W(r) — W(t))drds

n—1 n
=" Be([0 k] x [k ke +1]) + > Be((k — 1, k1),
k=1 k=1
Here we recall that

Be(A) = /Apg6 (W(T) - W(s))drds,

B(A) = /A 50(W (r) — W(s))drds

are the random measures discussed in Section 2.3 (with p = d = 2). By Theorem
2.3.2 and by a treatment similar to the one used in Proposition 2.3.4 we conclude
that for any fixed n,

ni: Be([0, k] x [k, k +1]) =% ni: B([0, k] x [k, k + 1])
k=1 k=1

in Lm(Q, A,P) for all m > 0.
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Notice that the second term on the right hand side of (4.3.6) is bounded by C.n
for some constant C. > 0. So we have

Jim L jog Eexp {o(gﬁe([o,k} x [k, k + 1]))1/2}

e {% (/R 9@ EW) = 5 /. |Vg($)|2da:}.

By Lemma 1.2.6, this leads to

D i E o Z i { {iﬁf([o, K] x [k, k + 1})] m}1/2

2
== sup { (/ (z,€) dx) - —/ |Vg(x)|2dx}.
gE]'-z 2 R4

We now claim that for any € > 0, integers m,n > 1,

n—1

(4.3.8) ]E[Z Be([0, k] x [k, k + 1])} " <E fi B([0, k] x [k, k + 1])]

m

Indeed, write
D= JI[0,k] x [k, k+1].
By Fourier inversion (Theorem B.1, Appendix), we get

pac(x) = (27r)*2/ e exp{ - e|)\\2}d)\.
]R2
Thus,

n—1

Zﬁe 0 k] x [k, k—l—l / drdspg6 W(r) — (5))d7~ds

/ dhexp { — €[A]? }/ drdsexp { —iX- (W W(s))}.

Consequently,

E[nzlﬁe([&k} x ko ki + 1])]m
k=1
= /(R2)m d)\l---dAmexp{ — GI;P\HZ}

X / . dridsy -+ - drpdsm, exp{ — %Var (i e (W (re) — W(s@)) }
’ k=1

Therefore, for any 0 < € < ¢,

]E{Zﬁe([o,k] < kot 1})]7” < E[Zﬂé/([o,k} “ kit 1])]m,
k=1 k=1

which leads to (4.3.8) by letting € — 0.
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By (4.3.7) and (4.3.8),

1 0o om n—1 m~ 1/2
lim inf — log > W{E[Zﬂ([o,k] x [k, k + 1])} }
m=0 ’ k=1

> L sup {\/§9</ g*(z,€) d:c) — 7/ [Vg(zx de}
2 gEF2 R2

When € — 0T, the right hand side converges to

1/2
1 1
5 sup {\/—9</ lg()] dx) - 5/ |Vg(x)|2da:} = 50%(2,2)4
gEF2 R4

where the equality follows from Theorem C.1, Appendix (with d = p = 2). Thus,

m — m~y 1/2
(4.3.9) lim inf g log Z o {E[Zﬁ([o,k] x [k, k + 1})] }
k=1
> 592,4(2,2)4 (6 > 0).

Notice that (4.3.9) alone is not enough for the lower bound of the large deviation.
In the following effort, we strengthen (4.3.9) into an equality.

By the scaling property, (4.3.5) can be rewritten as
hmsup logIP’{ ([0,n)%) > )\nQ} < -M6(2,2)70 0 (A >0).

Similarly to the decomposition (4.3.6), we have

n—1

(4.3.10)  y([0,n]%) =Y B([0, k] x [k, k +1]) Z]EB ([0,k] x [k, k +1])

k=1
Z k—1,k2%

Notice that

n—1 k+1
(4.3.11) > EB([0,K] x [k, k +1]) Z// S_Tdsdr
k=1

n—1

1
:—Z{log (k+1) logk}:%nlogn.

The random variables v([k — 1, k|2) (k=1,2---) form an i.i.d. exponentially
integrable sequence. By a standard application of Chebyshev inequality, we get

(4.3.12) lim ! log]P’{‘ Zn:fy([k -1, k]i)’ > en2} = —00
k=1

n—o0o nN

Summarizing our argument, we have

n—1

lim sup — logIP’{ Z B([0,k] x [k, k + 1]) > )\nQ} < —Ak(2,2)7%
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By Lemma 1.2.9 (part (2)) and Lemma 1.2.10, this leads to

hmsup logz { {Zﬁ ([0, k] x kk+1])r}1/2

1
< sup {9)\1/2 - —)\ (2,2)” } —0%k(2,2)%.
A>0 2

Combining this with (4.3.9) gives us

m~ 1/2
nangoﬁlogz { {Zﬁ ([0, k] x kk+1})] } :%92,1(2,2)4.

Applying Theorem 1.2.7, we get

lim —logIP’{ Zﬁ 0,k] x [k, k +1]) > )\nz} — An(2,2)71

n—o00 N,

We bring this back to the decomposition (4.3.10). By (4.3.11) and (4.3.12),
.1 -
nh_)rrgo ElogP{’y([O,n]i) > )\nz} = —Mk(2,2)74,

which ends the proof. O

Comparing Theorem 4.3.1 with (3.3.4) (with d = p = 2), one can see that
the intersection local time oz([O, 1/ 2]2) obeys the same large deviation principle as
7([0,1]2). This observation is crucial in our proof of the upper bound part of

Theorem 4.3.1, since «([0,1/2]?) < 271a([0,1]%); so the tail of «([0,1/2]%) is given
by Theorem 3.3.2. We try to turn our mathematical argument into the following
intuitive explanation:

Cut the Brownian path {W(t); 0<t< 1} into two paths at the middle point
W (1/2) and shift the whole system so the cutting point W (1/2) becomes the origin
after shifting. If we reverse the direction of the path before the time ¢ = 1/2,
then the resulted two paths are trajectories of two independent Brownian motions
running up to time 1/2.

The total self-intersection of the original path {W(t); 0<t< 1} is the sum of
the intersection within each sub-path and the intersection between two sub-paths.
When d = 2, the first type intersection out-numbers the second type intersection
(that is the main reason why $([0,1]2) = oo (Proposition 2.3.6)). The renor-
malization subdues the short range intersection so that these two intersections are
comparable. By chance, the ratio is 1 to 1 here in the sense of large deviations.
That is to say, about half of 'y([O, 1]2<) is made of a random quantity distributed as
a([0,1/2]%). As for another half, it is equal to the sum of the (renormalized) self-
intersection local times of two independent paths and each of them can be analyzed
in the way proposed above.

The proportion between these two types of intersection varies in different set-
tings. From later development, we shall see that finding the ratio is an important
part of establishing the large deviations related to self intersections.

The following theorem shows a completely different tail asymptotic behavior.
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THEOREM 4.3.2. There is a constant 0 < L < oo such that for any 6 > 0,

lim ¢~27? 1og]P’{ ([O, 1}2<) > Hlogt} =—L.

t—o0

Proof. One needs only to prove Theorem 4.3.2 in the case § = (27)~!. That is,
o1 _
(4.3.13) Jim = logIP’{ —5([0,1)2) > (2m) " 1ogt} =L

for some 0 < L < co. Indeed, the general statement will follows from (4.3.13) if we
substitute ¢ by t277.

The argument for (4.3.13) is based on sub-additivity. Define

1
(4.3.14) Zy = —5-tlogt = v([0,£]2) t>o0.

For any s,t > 0,

Zori =~ (s + ) loa(s + 1) = (10, 512) =7 ([s,s + 12)
— B([0,s] x [s,s+t]) + EB([0, s] x [s,s+1])
< — 5 (s + 1) log(s + ) — 7([0,2)
—([s,s+t]2) + EB([0, s] x [s, s+ 1]).
By Proposition 2.3.4, we get
EB([0, s] x [s,s + t]) = Ea([0, s] x [0,1])

= /R d:c{/ospu(x)du] {/Otpu(x)du} /()S/Otpuﬂ(o)dudv

where the second equality follows from Le Gall’s moment formula in the special
case d = p =2 and m = 1. By a straightforward calculation, we have

//pwv dudv——// u+vdudv

{(s +t)log(s+t) — slogs — tlogt}

“or
Summarizing our argument gives us
(4.3.15) Zsy < Zs+ Z4
where
7z, = —%tlogt —v([s,s+t]2)
is independent of Z; and Z 4 Z;. This means that Z; is sub-additive.

By Theorem 2.4.7, and the fact 'y([(), 5]2<) L 57([0, 1]2<), for any A > 0, one can
take § > 0 sufficiently small so that

Eexp {AZg} < o0
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By sub-additivity given in (4.3.15), therefore, we conclude that!
(4.3.16) E exp {AZt} <oo VA0

By (4.3.15) again, for any s,¢ > 0,

Eexp {27TZS+,5} < Eexp {271’25 }IE exp {QWZt}
or,

(s+ t)*(S”)IEexp{ —2my([0, s + t]2<)}

< <ssEeXp{ —2my([0, s]i)}) <ttIEexp{ — 277([0,2) })

By Lemma 1.3.1, the limit

1 -
(4.3.17) Jim > log (t tIEeXp{ - 27T“/([07t]2<)}> =4

exists with A < co. By Lemma 4.3.3 below, A > —oco. Let t = n be integer. By
Stirling formula and by scaling, we get

lim flog Eexp{ — 2mny([0, 1]2<)} =A+1.

n—o00 N

Finally, applying Theorem 1.2.8 to the non-negative random variable
Y = exp{ —2my([0, 1]2<)}

leads to (4.3.13) with

(4.3.18) L =exp{-1— A}.

We end this section by establishing the following lemma.
LEMMA 4.3.3.

lim inf 1 log <n"Eexp{ —27y([0,n)%) }) > —o00.

n—o00 n

Proof. By (4.3.10) and (4.3.11)

n*”EeXp{ —2#7([0,11}1)}
= exp { - QWZ’V([k - 1,k2%) - 2772_: B([0, k] x [k, k + 1])}
k=1 k=1

n—1

Z 6727rMnEeXp { — 2 Z B([O; k] X [k, k + 1])}

k=1

— em2mMnp{ Z (1 ) > Mn}.

1Here we are not allowed to apply Theorem 1.3.5 directly for lack of monotonicity.
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By Chebyshev inequality, for any 0 < A < x(2,2)~4

{ny ) > Mn} < emmAM (Eexp{)\'y([o 12 )})n

and the right hand side can be exponentially small to a requested level by choosing
sufficiently large M. To complete the proof, therefore, we need only to establish
the lower bound

n—1

(4.3.19) Eexp{ —ZWZB([O, k] x [k,k—l—l})} >t
k=1

for some constant ¢; > 0 and sufficiently large n.

Let the 1-dimensional Brownian motion Wy(t) be the first component of W (t)
and write

Dy ={ sup [Wo(s) ~ | < 5}

0<s<n
where 0 < § < 1/2 is fixed. Notice that on D,,

iﬁ([o,k] x [k, k+1]) = z_:ﬁ([k— 1 k] x [k, k+1]).

Consequently, for any N > 0,

(4.3.20) ]Eexp{ —~ 2#712 B([0, K] x [k, k + 1])}

k=1

> Elexp{ 727rnz_:ﬁ([kf 1, k] x [k,k+1])}1pwl
k=1

. e_gﬂzvn{p(pn) - IP’{ gﬁ([k — 1L,k % [k, k+1]) > Nn}}

k=1

Write
ZB k—1,k] x [k, k+1])

_Zﬁ 1),2k — 1] x [2k — 1,2Kk])

+Z[3 2k — 1,2Kk] x [2k, 2k +1]).

Observe that
11»{ Bk —1,K) x [k, k+1]) > Nn}
S B([20k — 1), 2k — 1] x [2k — 1,2k]) > 2—1Nn}

+ ]P{ S B([2k — 1,2k x [2k, 2k +1])) > 2*1Nn}.
k
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By the fact that the sequence
ﬂ([Z(k—l),Qk—l]><[2k:—1,2k]) k=1,2,---

is an i.i.d. with common distribution the same as ([0, 1]?),

{Zﬂ 1),2k = 1] x 2% — 1,2k])) > 27 Nn}

< e 2ImAN <IE exp {/\a([O, 1]2) }> '

where \ > 0 is chosen in order that
Eexp {)\a([O, 1]2)} < 0o0.

Similarly,
]P’{ 3" B([2k — 1,2K] x [2k, 2k + 1]) > 2’1Nn}
k

< 2N (]E exp {Aa([0,1]?) }) y

Thus, by triangular inequality, we get

{ZB k— 1,k x [k, k + 1) an}
<22 AN <Eexp {)\a([(), 1]2)}>"

On the other hand,

Dy={ sup [Wi(s)~s| <o}
0<s<n—1

0 sup |(Woln—1+5) = Wo(n — 1) — s+ (Wo(n — 1) = (n — 1))| < 6}.
0<s<1

By independence of increments,

P(D,) > P(D,_;) int Pw{ sup [Wo(s) — 5| < 5}.
|z|<8 0<s<1
Repeating our argument,
P(D,) > ( inf P, { sup |Woy(s) —s| < 5}) =cj,
|z|<o 0<s<1

where

co = inf ]P’x{ sup |Wo(s) —s| < 5} >0
|=z|<o 0<s<1

Thus, one can take N > 0 sufficiently large so that
{ZB k— 1,k x [k, k +1]) > Nn} < “P(D,).

Hence, (4.3.19) follows from (4.3.20).
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