
Introduction: The Enchanting
World of Topology

Enticements to Topology
The Möbius band and the Klein bottle may be the most famous objects of topology.
These twisted surfaces are intriguing, thought-provoking, and beautiful—perfect de-
scriptors of topology.

A Klein bottle.

Butwe’ve gotten ahead of ourselves. No introduction to topology should startwith-
out recounting the most famous characterization of a topologist. A joke, among some
admittedly nerdy people, is that a topologist is a person who can’t tell the difference
between a coffee cup and a doughnut. This apparent insult to topologists is really an
observation about how topology considers when two absurdly elastic objects can be de-
formed continuously into one another—like elastic doughnuts and coffee cups can (try
it). For this reason, topology enjoys the nickname “rubber sheet geometry.” Actually,
topology contains many facets besides rubber sheet geometry.

Perhaps the driving impulse behind topology is the urge to find the essence of fa-
miliar objects and concepts. The real line and continuous functions are part of familiar
mathematics. When we isolate the fundamentals of those ideas, we create the subject
of topology. Topology finds a way to isolate the most essential features that underlie
ideas such as convergence, connectedness, continuity, and dimension.

1



2 Introduction: The Enchanting World of Topology

One by-product of seeking essentials is that we discover incredible insights and
entertaining examples that challenge our understanding of those fundamentals. For
example, when we consider the basic idea of counting and extend that idea to infinity,
we learn that infinity itself comes in more than one size. Or when thinking about
connectedness, we consider the graph of the function 𝑓(𝑥) = sin(1/𝑥) for 0 < 𝑥 ≤ 1
togetherwith the interval on the 𝑦-axis between−1 and 1. Should that set be considered
connected or not connected?

The iconic Möbius band and the Klein bottle invite our curiosity to play. We can
imagine being a 2-dimensional bug whose universe is a Möbius band while our cousin
lives on the surface of a doughnut or a sphere. And immediately a cascade of questions
delight us. What features are the same in our world and our cousin’s? How can we tell
the difference between our worlds when our immediate neighborhoods look the same?

It may appear that such questions are trivial or inconsequential; however, the his-
tory of science has taught us repeatedly that explorations of abstract, mathematical
concepts continually surprise us with their applicability to the real world, and topol-
ogy is no exception.

The concepts of topology—including insights garnered from conceiving of a uni-
verse of unrealistically elasticmaterial—have found applications from cosmology to bi-
ology. Descriptions of the potential shape and structure of our entire universe depend
on topological ideas—including ideas arising from trying to distinguish aMöbius band
from the surface of a sphere. At the other end of the size spectrum, topology provides
insight into string theory, formulated to describe themost fundamental building blocks
of the physical universe. And the structure and behavior of twistedDNAmolecules can
be studied using the topological concepts of knots and links.

Topology is a subject whose power arises from the impulse to abstract essential
features from complex situations and then to let our curiosity roam while striving to
truly understand what is essential about fundamental ideas.

The whole of topology arises from employing various learnable strategies of dis-
covery and exploration. In the chapters to come, we will point out these methods of
creativity and you will see how new mathematical ideas emerge.

Learning to Create Mathematics
People are generally better persuaded by the reasons which they have them-
selves discovered than by those which have come in to the mind of others.

—Blaise Pascal, Pensees #10

Every student spends the vastmajority of the first years ofmathematics instruction
believing that mathematics is a subject that some brilliant dead people in the past cre-
ated and that nowwe learn. It was during an inquiry-based-learning topology class that
the authors’ eyes were opened to the idea that mathematics is something that human
beings create by virtue of thought that is within the reach of regular people—including
ourselves—and not just specially endowed geniuses. So the theorems that appear in
this book have played a special role in our development as mathematicians and, more
generally, as people who seek to be effective thinkers in all areas of our lives.
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Educational researchers now unanimously emphasize the importance of active
struggle as a central experience for meaningful learning and for making the learning
have a permanent effect. There are many inquiry-based learning methods of instruc-
tion; however, the fundamental ingredient is the students’ engagement in doing math-
ematics for themselves.

So it is a special honor for us to be able to present the topological challenges in
this book as opportunities for students or others to enjoy the process of discovering
wonderful mathematical proofs and insights. Each theorem statement or exercise in
this book is a puzzle to be thought through and added to an ever-growing toolbox of
insights and techniques—insights and techniques both about topology and about how
to think in general. The topological theorems in this book were among the first occa-
sions when we personally proved theorems on our own. For us these challenges were
a candy jar filled with delectable treats, and we hope that you too find many hours of
pleasure from grappling with these intriguing ideas.

This book contains essentially no proofs of theorems. Instead, it presents theorem
statements in an order designed to guide you to discover topology on your own.

Each of the remaining chapters is devoted to a topic in topology. After a brief
introduction, the remaining sections of each chapter consist of examples, definitions,
exercises, and theorem statements. Those sections are where the fun lies, because your
challenge is to devise proofs of all the theorems and answers to all the exercises. Note
that exercises are often implicit theorem statements, and the implicit prompt is to prove
the statement. In proving the exercises and theorems, you will be creating and ex-
ploring the wonderful mathematical techniques and ideas that are the essence of the
subject.

The examples, exercises, and theorem statements are ordered in such a way that
each theorem can be proved by the diligent reader. Of course, all the theorems in topol-
ogy were originally proved by people who had never seen the ideas before. This book
presents the statements in such a way that you will have the genuine experience of
discovering the insights that make the theorems true.

Many of the theorems are difficult to prove or require an insight thatmay not occur
to you right away. After you have gained additional experience, youwill often look back
on a theorem and see it as far more meaningful, clearer, and easier than it appeared at
first. But there is no royal road to understanding. The struggle is where the learning
comes—and where the enjoyment and satisfaction are.

No reader should expect to successfully prove all the theorems, and that is fine.
Some theorems may require weeks of effort that is rewarded with an “aha!” moment
of joyful insight and resolution. Some theorems may seem impossible and you may
reluctantly eventually feel the need to seek other sources to find a proof. However,
having toiled on a theorem, you will find that the insights you encounter in a proof
will be far more significant to you even if you do not succeed in discovering the proofs
for yourself.

Working with the concepts; grappling with the fine details of the definitions, ex-
amples, and theorems; and struggling to find the right way to look at an unfamiliar
world is the experience that this book offers. The strategy of persevering through dif-
ficulties and enjoying the struggle as well as the triumphs makes the experience of
this book meaningful. That process makes the mathematics come to life, but it also
awakens many people to an extremely satisfying method for dealing with the whole
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range of unknown situations that arise constantly in all areas of life. Persistence, self-
confidence, and skill at coming up with creative ideas are among the lessons that this
experience helps to develop.

Introduction to Set-Theoretic Topology
Our journey through topology will begin with the part of topology referred to as point-
set topology or set-theoretic topology. It arose from an impulse to find the essence of
mathematics.

At the end of the 19th century, mathematicians embarked on a programwhose aim
was to axiomatize all of mathematics. The goal was to emulate the format of Euclidean
geometry in the sense of explicitly stating a collection of definitions and unproved ax-
ioms and then proving all mathematical theorems from those definitions and axioms.
The foundation on which this program rested was the concept of a set. Axioms for set
theory were proposed and then the goal was to cast known mathematical theorems in
set-theoretic terms. So the challenge for mathematicians was to take familiar objects,
such as the real line, and familiar concepts, such as continuity and convergence, and
recast them in terms of sets. From this effort arose the concept of a topological space,
and the field of topology was born.

The first half of this book is an introduction to point-set or set-theoretic topology.
It begins with a chapter on cardinality—the concept that extends to infinity the basic
concept of counting. What should the analogy to simple counting be when you are
trying to compare the sizes of sets that are infinite? The study of infinite sets could
well be regarded as one of the triumphs of human thought. The concept of cardinality
provides a foundational part of the basis of topology.

We next create the definition of a topological space by looking at familiar math-
ematical objects like the real line and plane with an eye toward finding out what is
fundamental about certain subsets of those spaces. By abstracting features of sets that
are important in the familiar definitions of continuity and convergence, we are led to
the definition of a topological space. The definition of a topological space opens the
door for the explorations that make up the rest of this book.

After defining a mathematical object that is as fundamental as a topological space,
the next steps are to see the consequences of the definition. One thread of exploration
involves creating examples of topological spaces that illustrate the range of possibilities
for topological spaces. Another thread involves creating concepts that capture distinc-
tions among features of spaces. These distinctions create categories of concepts.

One sequence of properties are called separation properties because they capture
ideas concerning what types of subsets can be separated from one another by putting
them in disjoint special sets described by the topology. Another collection of proper-
ties refers back to our concept of cardinality. This collection of properties explores
the implications of having some features of a topological space being countable or
uncountable—words describing cardinality. Another category of properties are the
covering properties such as compactness, which turns out to capture many important
features of spaces and maps.

As we create these properties of topological spaces and investigate their conse-
quences, we find that the exploration becomes increasingly interesting and nuanced
as we proceed. Part of the reason for the ever-increasing interest is that as we become
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aware of more features of topological spaces, we encounter ever-increasing numbers of
potential interactions among those properties. So we find that covering properties to-
gether with countability properties have implications about separation properties, for
example.

One of the consequences of seeking essentials is that the familiar objects and con-
cepts that generated the ideas to begin with later become increasingly fascinating as
we come to appreciate their topological connections. After learning about the topolog-
ical view of convergence and continuity, the definition of those ideas that wemay have
learned in calculus or analysis will become clearer and more meaningful. After learn-
ing about the topological distinctions of connectedness, we see that being connected
has far more nuance and interest than it did before we explored the idea topologically.
The idea of distance takes on a new meaning after we define the topological idea of a
metric. And then we are led to see how the purely topological ideas that we developed
in the earlier chapters are related to the property of having ametric, that is, a concept of
distance in a space. Characterizing those topological spaces that are metrizable is ap-
propriately one of the objectives inmaking the connection between set-theoretic topol-
ogy and the concept of metric that seems so fundamental to ideas such as Euclidean
spaces.

The more we learn, the richer the world of topology becomes. We hope you enjoy
the journey.


