
Introduction

Life is uncertain. Eat dessert first.
—Ernestine Ulmer

This book gives a different answer to the question: What should be covered in a
second undergraduate course in analysis?

One standard approach to undergraduate Analysis II is to study the theory of in-
tegration (either Riemann, Lebesgue, or both). This has the virtue of preparing stu-
dents for graduate study, or even giving them a head start on their graduate classes.
However, for students not headed to a doctoral program, and especially for students
thinking about Analysis II as the last analysis class they’ll ever take (or even the last
math class they’ll ever take), studying the theory of integration runs the risk of getting
involved in a significant amount of technical detail without ever seeing why we would
find Lebesgue integration useful.

Instead, in this course, we eat dessert first, with the following benefits:

• Applications: One of our main goals is to show that the theory you learn in analy-
sis can be used to solve “applied” problems rigorously in many different subjects,
ranging from partial differential equations, to mathematical quantum mechanics,
to signal processing (and also number theory, if you’re willing to call that an appli-
cation).

• Theory: Nevertheless, this is definitely a theory course, in which everything is
proven rigorously (with one major exception; see below). Furthermore, students
will encounter big, fundamental ideas that show up everywhere in mathematics
(and statistics!): metrics, function spaces, problems in convergence, solving anal-
ysis problems in terms of linear algebra, and different kinds of approximations.

• Future motivation: And finally, even though the design of this book comes from
thinking about “the last analysis course you’ll ever take,” studentswho continue on
to graduate study in analysis will actually learn things that are complementary to
their first graduate analysis courses, in that they’ll learn why the Lebesgue integral
is necessary before they dig in to see how it’s defined.

Of course, there’s a catch: To get to dessert, we skip the dinner of developing the
theory of the Lebesgue integral. Instead, we axiomatize the properties that we need it
to have and simply stipulate that it exists; see Section 7.5 if you want to check out how
this works. Note that we lose no applications, since all of the concrete calculations we
need can be done using Riemann integration, and the reader looking for rigor can fill
in the (considerable!) gap later in a course on Lebesgue integration.
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Wenowbriefly describe the rest of this book. After the equivalent of the overture of
amusical or opera (Chapter 1), Part 1 of the book proper can be thought of as a “reboot”
of Analysis I: We review the fundamental theory of functions of one real variable, but
we revamp the material to allow complex-valued outputs (and occasionally, inputs).
Sometimes the content of real-valued functions carries over almost intact, and some-
times we have to repeat or apply the old arguments twice, but the punchline is that
we obtain much the same results, with greater generality. Note that of the material
in Part 1, Chapter 4 is the chapter most likely to be new to the reader and is also the
chapter referred to most often in the rest of the book, as one of our main concerns is
the convergence of series of functions.

Part 2 starts our new material by asking the question: How can we determine the
“best” approximation of some particular type to a specified function? This leads us
to framing the approximation problem not just in terms of (pointwise) convergence,
but in terms of function spaces and the 𝐿2 metric. We then present one solution to the
approximation problem in the form of Fourier series, which are, in a sense to be made
precise, the best possible approximations to a (sufficiently nice) periodic function as an
infinite series of trigonometric functions.

In Part 3, we apply the theory of function spaces and Fourier series to solve prob-
lems from partial differential equations and quantum mechanics. For much of this
material, the basic idea is to express derivatives and integrals in terms of operators on
function spaces and to express a given problem in terms of linear algebra, or, specifi-
cally, as an eigenvalue problem.

Part 4 gives an introduction to the Fourier transform, which one can think of as a
continuous analogue of Fourier series. After establishing the fundamental theory, we
return to applications, including second looks at PDEs and quantummechanics and a
look at the interplay between the Fourier transform and Fourier series. We conclude
the book with a brief survey of what the reader might choose to learn next.

About problems in this book.

Q: What did one math book say to the other math book?
A: I’ve got a lot of problems.
—National Geographic Kids Almanac 2017

The reader will quickly notice that many, even most, of the results in this book do
not come with proofs. Instead, the proofs are left to be done either by the reader or in
class, by the instructor; indeed, proving important results of the book is the goal of the
great majority of its 400 problems. The idea is that students can cement their mastery
of Analysis I by applying it to build what comes next.

To suggest some ground rules:
• Problems that prove results of the text are marked with a note like (Proves Theorem

x.y.z). To maintain logical consistency, students should only use results appearing
before Theorem x.y.z in the book in the proof of Theorem x.y.z. An exception to
this rule comes when, for motivational purposes, we introduce the statement of a
theorem long before its proof; in those cases, the reader can use results up to the
point where the proof occurs, except, of course, for the result to be proven.

• For themost part, we provide structured approaches for solving problems, and Ap-
pendixD also has suggestions for key ideas to apply inmany problems. Wehopewe
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have included enough scaffolding and suggestions to make the problems tractable
for students who understand Analysis I well; we especially hope that readers using
this book for self-study find the suggestions to be helpful.

• On the other hand, some problems, marked by (*) , have less scaffolding and have
no corresponding suggestions in Appendix D. These starred problems are not nec-
essarily more difficult per se, though some of them definitely take some work and
a few are more open-ended, but they do require more independence on the part of
the reader.

Note that nearly all of the problems in Sections 2.6, 8.5, 11.3, 11.5–11.6, 13.3–13.4,
and 13.6–13.7 are starred, and note that those sections are mostly not required for
later material. Therefore, once the main theory is established, instructors look-
ing to challenge students’ understanding and independence can select a few topics
from these sections to cover, possibly only lightly, and then assign some of the ac-
companying starred problems.

How to use this book in a course. One reasonable approach to using the prob-
lems in this book in a lecture-based class is to do a few proofs (i.e., a few problems)
from a given section in lecture, as models; assign some problems as homework, per-
haps saving some for in-class exams; and omit the others for the sake of time. The
structure of the book also makes it well suited for an undergraduate capstone course
or an independent study/reading course.

The amount of the book that can be covered in one semester depends on howmuch
background the instructor chooses to rely on, as this book is designed to be accessible
to students with a range of preparation from Analysis I. Specifically, most first courses
will have covered through differentiation and the Mean Value Theorem (Section 3.2),
albeit only in 𝐑 and not in 𝐂; still others will have reached the Fundamental Theo-
rems of Calculus (Section 3.5); and ambitious courses may have covered series of func-
tions, perhaps up to power series (Section 4.4). In any case, we recommend covering
Chapters 2 and 3 at least at the level of review, so students can become familiar with
complex-valued versions of the usual Analysis I material, and again, Chapter 4 is likely
to be less familiar to even well-prepared students.

With that in mind, even if the review material is included, one should still be able
to get to the heat and wave equations in Chapter 11 comfortably. Alternatively, one
should also be able to cover the Fourier transform (Chapter 12) and possibly some of the
further applications (Chapter 13) by either covering the earlymaterial more lightly (for
students withmore background) or by reducing the amount of coverage of Chapters 9–
11; indeed, from Chapters 9–11, really only Section 10.1 is necessary for Chapters 12
and 13. A third option would be to cover only Parts 1 and 2 (i.e., Chapters 1–8), but in
greater depth, and treat the Inversion Theorem for Fourier Series as the culmination of
the course; one could then also spend more time on optional material like Sections 2.6
and 8.5.

As for which sections can be skipped without harming subsequent material, from
Part 1, Section 2.6 is optional, and Sections 4.7 and 4.8 are only used for the Fourier
transform. From Part 2, all of Section 8.5 except Subsection 8.5.1 is optional. In Part 3,
Sections 11.1 and 11.2 establish the basicmethods of Chapter 11, and after that, instruc-
tors or readers can choose applications suited to their interests. Similarly, in Part 4, the
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applications in Chapter 13 are fairly independent of each other, as are the sections of
Chapter 14.
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