
1
Overture

In this chapter, we briefly introduce some of the main themes found throughout this
book. Specifically, in Section 1.1, we introduce some mathematical problems that mo-
tivate what we study in this book, and in Section 1.2, we introduce just one of the
physical applications that motivate what we study.

1.1 Mathematicalmotivation: Series of functions
As youmay have seen in Analysis I, or in calculus, the exponential function 𝑒𝑥 is equal
to the following infinite series for all real 𝑥:

𝑒𝑥 =
∞
∑
𝑛=0

𝑥𝑛
𝑛! = 1 + 𝑥 + 𝑥2

2! +
𝑥3
3! +⋯ . (1.1.1)

If you’ve forgotten from analysis (or calculus) what it means for a function to be equal
to an infinite series, we’ll go over all of that again in Section 4.1; in fact, in Section 4.5,
we will actually use (1.1.1) to give a rigorous definition of the exponential function. For
now, it’s enough to remember that an infinite series is the limit of its partial sums, that
is, the limit as 𝑁 → ∞ of the sum of its terms up through term number 𝑁.

In some sense, one main goal of this course is to make sense of the somewhat
similar-looking

𝑥 =
∞
∑
𝑛=1

(−1)𝑛+1 (sin(2𝜋𝑛𝑥)𝑛𝜋 )

= sin(2𝜋𝑥)
𝜋 − sin(4𝜋𝑥)

2𝜋 + sin(6𝜋𝑥)
3𝜋 − sin(8𝜋𝑥)

4𝜋 +⋯ ,
(1.1.2)

which, as it turns out, holds for − 1
2
< 𝑥 < 1

2
.

However, at this point, there are several questions you might ask about (1.1.2):

• Why on earth would you want to replace the function 𝑥with the stuff on the right-
hand side of (1.1.2)?
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• If you think back to what you know about trig functions, the right-hand side of
(1.1.2) is periodic with period 1; how could it be equal to 𝑥? Moreover, it can be
shown (Problem 1.1.1) that the right-hand side must be equal to 0 when 𝑥 is any
integer multiple of 1

2
. (At least that explains why (1.1.2) fails for 𝑥 = ± 1

2
.)

• How on earth can we prove something like (1.1.2)?

Figure 1.1.1. The two sides of (1.1.2), with partial
sums 10, 15, and 20

See Section 1.2 for an application that gives one answer to the first question. An
answer to the second question, and another partial answer to the first, comes from
comparing the graphs of 𝑥 and the partial sums of the series in (1.1.2), as shown in
Figure 1.1.1. We see that themysterious series of (1.1.2) is not really approximating the
function 𝑓(𝑥) = 𝑥; it’s really approximating the function you get by taking 𝑓(𝑥) = 𝑥
for − 1

2
< 𝑥 < 1

2
and repeating it along the real line with period 1.

The last question is harder, so for the moment, we’ll answer it with a question few
people would ask at this point:

• In what sense do we mean “=” in (1.1.2)?

The idea that there might be different ways to say that functions are equal, or approx-
imately equal, is one of the central ideas of this book and also leads to the very useful
idea of function space that is the focus of Part 2.

But we’re getting ahead of ourselves here, so let’s return to another motivating
problem. Again, as you may have seen in Analysis I, or calculus, we can take the de-
rivative of the right-hand side of (1.1.1) using term-by-term differentiation:

𝑑
𝑑𝑥

∞
∑
𝑛=0

𝑥𝑛
𝑛! =

∞
∑
𝑛=0

𝑑
𝑑𝑥 (

𝑥𝑛
𝑛! ) =

∞
∑
𝑛=1

𝑥𝑛−1
(𝑛 − 1)! =

∞
∑
𝑘=0

𝑥𝑘
𝑘! = 𝑒𝑥. (1.1.3)
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Note that the 𝑛 = 0 term drops out because we are taking the derivative of a constant,
and we make the substitution 𝑘 = 𝑛−1 to get the final equality. In any case, assuming
we can push 𝑑

𝑑𝑥 into an infinite sum the same as we can push 𝑑
𝑑𝑥 into a finite sum,

we see that 𝑒𝑥 is its own derivative, or in other words, 𝑒𝑥 is a solution to the differential
equation 𝑦′ = 𝑦.

As wewill see in Part 3, one of themain applications of series like the one in (1.1.2)
is in solving differential equations, which means that it would be very helpful to have
term-by-term differentiation available to us. However, operations that work well with
power series can go very wrong with other series. For example, if we try to take the
derivative of the series in (1.1.2) term-by-term, we get

𝑑
𝑑𝑥

∞
∑
𝑛=1

(−1)𝑛+1 (sin(2𝜋𝑛𝑥)𝑛𝜋 ) ?=
∞
∑
𝑛=1

(−1)𝑛+1 𝑑𝑑𝑥 (
sin(2𝜋𝑛𝑥)

𝑛𝜋 )

=
∞
∑
𝑛=1

(−1)𝑛+12 cos(2𝜋𝑛𝑥).
(1.1.4)

As it turns out, the right-hand side of (1.1.4) diverges for every value of 𝑥 (see Prob-
lem 1.1.2); in any case, it certainly bears no resemblance to the “correct” derivative of
1 (for 𝑥 not an odd integer multiple of 1

2
).

The moral here is that even if we have a series expansion for a function, as in
(1.1.2), there is no reason to think we can take term-by-term derivatives of that series
and still be sure that everything works. Again, finding conditions under which series
like (1.1.2) are “durable” enough to survive taking derivatives is another one of the
central problems of this course.

Problems.

1.1.1. Use your calculus knowledge of trig functions to prove that the right-hand side
of (1.1.2) is equal to 0 whenever 𝑥 = 𝑘/2 for some 𝑘 ∈ 𝐙.

1.1.2. Use your calculus knowledge of trig functions to prove that if 𝑥 = 𝑝/𝑞, where
𝑝, 𝑞 ∈ 𝐙, 𝑞 ≠ 0, then cos(2𝜋𝑛𝑥) = 1 for infinitely many 𝑛 > 0. (It follows that
lim
𝑛→∞

cos(2𝜋𝑛𝑥) ≠ 0, and therefore, by the 𝑛th term test from calculus, Analysis I,
or Corollary 4.1.10, the series in (1.1.4) diverges.)
Note: If 𝑥 is irrational, one can also show, with more effort, that cos(2𝜋𝑛𝑥) is very
close to 1 for infinitely many 𝑛 > 0, with much the same consequences.

1.2 Physical motivation: Acoustics
For real-valued functions, the fundamentalmathematical problemof Part 2 of this book
can be expressed in the following (slightly simplified) manner:

Suppose we have a function 𝑓 on 𝐑 that is periodic with period 1 (i.e.,
𝑓(𝑡 + 1) = 𝑓(𝑡) for all 𝑡 ∈ 𝐑). When can we express 𝑓 as a series of the
form

𝑓(𝑡) = 𝑎0 +
∞
∑
𝑛=1

(𝑎𝑛 cos(2𝜋𝑛𝑡) + 𝑏𝑛 sin(2𝜋𝑛𝑡))? (1.2.1)
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A series of the form (1.2.1), or its complex-valued generalization that we will see in
Chapter 6, is called a Fourier series.

While the above question is both concise and relatively precise, it may seem some-
what unmotivated to the first-time reader. One motivation for this question comes
from the study of acoustics, or the study of sound waves. In mathematical acoustics,
we model an idealized periodic sound wave, or tone, as a function 𝑓 ∶ 𝐑 → 𝐑 of time 𝑡
that is periodic with period 1. See Figure 1.2.1 for a simulation of what this might look
like.

Figure 1.2.1. Two cycles of a simulated sound wave

Acoustically, we may then interpret (1.2.1) as follows:

• The fact that 𝑓 has period 1 means that the fundamental frequency of the tone rep-
resented by 𝑓 is 1. (The reader should not worry that this somehow limits our
discussion, as we may use this same setting to study tones having any fundamen-
tal frequency we want, by adjusting the units of time 𝑡 to be the reciprocal of the
fundamental frequency.)

• The summand 𝑎1 cos(2𝜋𝑡)+𝑏1 sin(2𝜋𝑡) is called the first harmonic of the tone, and
the quantity 𝑎21 + 𝑏21 represents the amount of energy of the tone contained in its
first harmonic.

• Similarly, the summand 𝑎2 cos(4𝜋𝑡) + 𝑏2 sin(4𝜋𝑡) is called the second harmonic of
the tone, and 𝑎22 + 𝑏22 represents the amount of energy contained in the second
harmonic. Using calculations that the reader may recall from precalculus, we see
that the frequency of the second harmonic is twice the fundamental frequency.

• In general, the summand 𝑎𝑛 cos(2𝜋𝑛𝑡)+𝑏𝑛 sin(2𝜋𝑛𝑡) is called the 𝑛th harmonic of
the tone, 𝑎2𝑛 + 𝑏2𝑛 represents the amount of energy contained in the 𝑛th harmonic,
and the frequency of the 𝑛th harmonic is 𝑛 times the fundamental frequency.

• The infinite sum
∞
∑
𝑛=1

(𝑎2𝑛 + 𝑏2𝑛), which, as we shall see, converges given only mild

assumptions on 𝑓, represents the total energy of the tone. One of the central ideas
of acoustics (see the epigraph to Chapter 6) is that the distinctive sound quality, or
timbre, of a given tone, is determined by the relative strengths of its harmonics.



1.2. Physical motivation: Acoustics 5

Higher harmonics can be exhibited physically on almost any musical stringed in-
strument. For example, the first picture in Figure 1.2.2 shows the C string of a cello
being played at a fundamental frequency of roughly 65.4 Hz (cycles per second). In
the second picture, we see how lightly placing a finger exactly halfway down the C
string suppresses the odd harmonics, leaving only the natural even harmonics of the C
string and producing a sound that not only has a fundamental frequency of 130.8 Hz
(in musical terms, up one octave) but also has a timbre that is purer, or at least less
complex, than the ordinary sound of the cello C string. For mathematical details of
this explanation, see Remark 11.4.6.

Figure 1.2.2. Harmonics in action on a cello

We hope this brief discussion gives some idea of how obtaining a decomposition
like (1.2.1) might provide a lot of information about a given tone. For a readable and
mathematically sound introduction to the rest of the subject of Fourier series and acous-
tics, much of which should be accessible to a reader who understands Part 2 of this
book, see Alm and Walker [AW02].



5
The idea of a function space

. . . [T]here is a difference between numbers and numbers that matter.
This is what separates data from metrics. You can’t pick your data, but
you must pick your metrics.

—Jeff Bladt and Bob Filbin, “Know the Difference Between Your
Data and Your Metrics,” Harvard Business Review, March 4, 2013

In this brief chapter, we motivate some of the main ideas of Part 2 of this book.
First, starting fromanold conundrumdue to LewisCarroll, in Section 5.1, we introduce
the question: What is a reasonable way to determine how close two functions are?
More precisely, in Section 5.2, we argue that, when trying to find a“good” or “best”
approximation to a given function 𝑓, we should choose a suitable function space 𝑉
and look at a reasonable metric (see Section 2.3) on 𝑉 to determine how good that
approximation is. Finally, as it turns out, our favorite metric on function spaces is best
described in terms of an abstract version of dot products, so in Section 5.3, we review
the properties of ordinary Euclidean dot products, which the reader may have seen in
multivariable calculus or physics.

5.1 Which clock keeps better time?
In “The Two Clocks,” Lewis Carroll asked:

Which is better, a clock that is right only once a year, or a clock that
is right twice every day?

“The latter,” you reply, “unquestionably.” Very good, now attend.
I have two clocks: one doesn’t go at all, and the other loses a

minute a day: which would you prefer?

Now the answer to the second questionmay seem obvious, but (asMr. Carroll puts
it) attend: If clock #2 loses a minute a day and no one realizes that or fixes clock #2,
then after several months or years, clock #2 will be quite far off from the actual time.
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116 Chapter 5. The idea of a function space

Of course, after several more months or years, clock #2 will be back to being nearly on
time.

So which clock is better? More precisely, what’s a reasonable way to quantify the
question of which clock is better? One way to resolve this dilemma is to ask:

Question 5.1.1. Which clock is, on average, less wrong?

The reason this version of the clock question is convenient is that, as the reader
may recall from calculus, the average value of an integrable 𝑓 ∶ [𝑎, 𝑏] → 𝐑 is defined
to be

1
𝑏 − 𝑎 ∫

𝑏

𝑎
𝑓(𝑡) 𝑑𝑡. (5.1.1)

To quantify this fully, let 𝑡 be time in days, and assuming 24-hour clocks, let 𝑓(𝑡)
be the actual time, let 𝑠(𝑡) = 0 be the time on the stopped clock, and let ℓ(𝑡) be the
time on the lagging clock. Then assuming both clocks are correct at midnight (𝑡 = 0)
of some particular day, we see that the magnitude (absolute value) of the errors of the
stopped and lagging clocks are

|𝑓(𝑡) − 𝑠(𝑡)| = |24𝑡| for − 1
2
≤ 𝑡 ≤ 1

2
, (5.1.2)

|𝑓(𝑡) − ℓ(𝑡)| = |
|
𝑡
60
|
| for −720 ≤ 𝑡 ≤ 720, (5.1.3)

respectively, where |𝑓(𝑡) − 𝑠(𝑡)| is periodic with period 1 and |𝑓(𝑡) − ℓ(𝑡)| is periodic
with period 1440. It therefore makes sense to take the average of |𝑓(𝑡) − 𝑠(𝑡)| on the in-
terval [− 1

2
, 1
2
] and the average of |𝑓(𝑡) − ℓ(𝑡)| on the interval [−720, 720]. (The finicky

readermayprefer to take both averages on [−720, 720], but the periodicity of |𝑓(𝑡) − 𝑠(𝑡)|
implies that we will get the same answer.)

So we may now ask, precisely:

Question 5.1.2. Which average error is greater:

1
( 1
2
) − (− 1

2
)
∫

1
2

− 1
2

|𝑓(𝑡) − 𝑠(𝑡)| 𝑑𝑡 or 1
720 − (−720) ∫

720

−720
|𝑓(𝑡) − ℓ(𝑡)| 𝑑𝑡? (5.1.4)

Now, there are many other possible measures of average error. For example, sup-
pose large errors concern us more than small ones; in that case we might, for example,
replace the average of the error with the average of the squared error. More generally:

Question 5.1.3. For 𝑝 = 2, which average error is greater:

1
( 1
2
) − (− 1

2
)
∫

1
2

− 1
2

|𝑓(𝑡) − 𝑠(𝑡)|𝑝 𝑑𝑡 or 1
720 − (−720) ∫

720

−720
|𝑓(𝑡) − ℓ(𝑡)|𝑝 𝑑𝑡? (5.1.5)

How about 𝑝 > 1 other than 𝑝 = 2?

The answers to the above questions will be left as problems, but we hope that the
reader has at least gotten a flavor of what it means to measure the distance between
two functions.
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Problems.

5.1.1. Calculate the average errors

1
( 1
2
) − (− 1

2
)
∫

1
2

− 1
2

|𝑓(𝑡) − 𝑠(𝑡)| 𝑑𝑡, 1
720 − (−720) ∫

720

−720
|𝑓(𝑡) − ℓ(𝑡)| 𝑑𝑡. (5.1.6)

Which clock is more accurate, on average?

5.1.2. Calculate the “average squared errors”

1
( 1
2
) − (− 1

2
)
∫

1
2

− 1
2

|𝑓(𝑡) − 𝑠(𝑡)|2 𝑑𝑡, 1
720 − (−720) ∫

720

−720
|𝑓(𝑡) − ℓ(𝑡)|2 𝑑𝑡. (5.1.7)

Which clock is more accurate, on average?

5.1.3. For 𝑝 > 1, 𝑝 ≠ 2, calculate the two average “errors-raised-to-the-𝑝th-power”

1
( 1
2
) − (− 1

2
)
∫

1
2

− 1
2

|𝑓(𝑡) − 𝑠(𝑡)|𝑝 𝑑𝑡, 1
720 − (−720) ∫

720

−720
|𝑓(𝑡) − ℓ(𝑡)|𝑝 𝑑𝑡. (5.1.8)

Which clock is more accurate, on average, and how does that depend on 𝑝?

5.2 Function spaces and metrics
As we saw in Section 5.1, one way tomake the question “Which function is closer?” (or
later, “Which approximation is better?”) precise is to define what will turn out to be a
metric on functions (see Section 2.3). However, to ensure that these kinds of “metrics”
actually satisfy the axioms of a metric (Definition 2.3.1), we need to do several things;
most prominently, we must specify a function space on which such a metric is to be
defined. We therefore come to the following definition.

Definition 5.2.1. Let 𝑋 be a set. We define a function space on 𝑋 to be a collection
𝑉 of (complex-valued) functions, all with the same domain 𝑋 , such that the following
properties hold:

(1) (Nonempty) 𝑉 contains the zero function 0(𝑥) = 0.

(2) (Closed under addition) For 𝑓, 𝑔 ∈ 𝑉 , 𝑓 + 𝑔 ∈ 𝑉 .

(3) (Closed under scalar multiplication) For 𝑓 ∈ 𝑉 and 𝑐 ∈ 𝐂, 𝑐𝑓 ∈ 𝑉 .

A subset of a function space 𝑉 that is itself a function space is called a function sub-
space, or simply a subspace, of𝑉 . If𝑉 is a function space, oftenwe call𝑓 ∈ 𝑉 a function
when 𝑓 is being considered in terms of analysis and call 𝑓 a vector when we think of 𝑓
as an element of an unspecified abstract function space.

If the reader has any familiarity with linear algebra, then the following example
will show how Definition 5.2.1 encompasses the standard examples of a first course in
linear algebra.
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Example 5.2.2. Let𝑉 be the set of all complex-valued functions on𝑋 = {1, … , 𝑛}. Then
certainly 𝑉 satisfies the axioms of Definition 5.2.1; moreover, if we write the values of
𝑓 ∶ 𝑋 → 𝐂 as the vector (𝑓(1), … , 𝑓(𝑛)), we see that 𝑉 can be identified with 𝐂𝑛, the
space of all complex row vectors of length 𝑛. In this context, the zero function (0, … , 0)
is also called the zero vector.

Remark 5.2.3. The reader familiar with axiom-based linear algebra will note that, by
the Subspace Theorem (Theorem B.4), a function space on 𝑋 is precisely a subspace
of 𝐅(𝑋, 𝐂); see Appendix B for details. In any case, the main point of Definition 5.2.1
is that functions in a function space can be manipulated algebraically like vectors in a
vector space; for example, we can form arbitrary linear combinations of functions in a
function space 𝑉 and still stay in 𝑉 .

Some familiar results can be rephrased in terms of function spaces as follows.

Example 5.2.4. For 𝑋 ⊆ 𝐂, it follows immediately from Theorem 3.1.5 that the set
of all continuous functions on 𝑋 is a function space on 𝑋 . Similarly, if 𝑋 ⊆ 𝐂 is a set
such that every point of 𝑋 is a limit point of 𝑋 , then by Theorem 3.2.8, the set of all
differentiable functions on 𝑋 is a function space on 𝑋 ; and by Corollary 3.4.3, the set of
all integrable functions on a closed interval [𝑎, 𝑏] is a function space on [𝑎, 𝑏] denoted
by ℛ(𝑋).

In the rest of this book, we will be particularly interested in spaces of functions
defined by their degrees of smoothness (continuity and differentiability), bringing us
to the following definition.

Definition 5.2.5. Let 𝑋 be a nonempty subset of 𝐂 such that every point of 𝑋 is a
limit point. We define 𝐶0(𝑋) to be the set of all continuous 𝑓 ∶ 𝑋 → 𝐂, which is a
function space by Theorem 3.1.5. Similarly, for any positive integer 𝑟, we define 𝐶𝑟(𝑋)
to be the set of all 𝑓 ∶ 𝑋 → 𝐂 with continuous 𝑟th derivatives, which is a function
space by Theorems 3.2.8 and 3.1.5. We also define 𝐶∞(𝑋) to be the set of all 𝑓 ∶ 𝑋 → 𝐂
with 𝑟th derivatives for every positive integer 𝑟, which is a function space for analogous
reasons. Finally, when𝑋 is an interval in𝐑, we defineℛ(𝑋) to be the set of all integrable
functions on 𝑋 , which is a function space by Corollary 3.4.3.

Note that by Corollary 3.2.7 and Theorem 3.4.5, we have that
ℛ(𝑋) ⊃ 𝐶0(𝑋) ⊃ 𝐶1(𝑋) ⊃ 𝐶2(𝑋) ⊃ ⋯ ⊃ 𝐶∞(𝑋). (5.2.1)

Definition5.2.6. Wewill also occasionally usemultivariable versions of𝐶𝑟(𝑋). Specif-
ically, for a function 𝑓(𝑥, 𝑦) of two variables on a domain 𝑋 ⊆ 𝐑 × 𝐑, to say that
𝑓 ∈ 𝐶𝑟

𝑥(𝑋) means that for any fixed 𝑦0 ∈ 𝐑, 𝑓(𝑥, 𝑦0) is in 𝐶𝑟(𝑋) as a function of 𝑥, and
similarly for 𝑓 ∈ 𝐶𝑟

𝑦(𝑋). Finally, to say that 𝑓 ∈ 𝐶𝑟(𝑋) means that every 𝑟th partial
derivative of 𝑓 exists and is continuous; in particular, by Theorem 3.6.18, if 𝑓 ∈ 𝐶1(𝑋),
then 𝑓 is itself continuous.

Example 5.2.7. To give some key examples, Theorem 4.5.2 implies that 𝑒𝑥 ∈ 𝐶∞(𝐑).
More generally, the chain rule and other derivative laws then imply that for any 𝛼 ∈ 𝐂,
𝑘 ∈ 𝐑, 𝑒𝛼𝑥, cos(𝑘𝑥), and sin(𝑘𝑥) are all in 𝐶∞(𝐑).
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Example 5.2.8. For the readerwho has seen the Schwartz space 𝒮(𝐑) from Section 4.7,
Theorem 4.7.2 implies that 𝒮(𝐑) is a function space on 𝐑.

We also define a special case of function spaces that will be the source of most of
our main examples, at least until Part 4 of this book.

Definition 5.2.9. To say that the domain of a function 𝑓 is the circle 𝑆1 means that:
• The domain of 𝑓 is 𝐑.
• For all 𝑥 ∈ 𝐑, 𝑓(𝑥 + 1) = 𝑓(𝑥).
We think of such functions as being defined on the circle because they are determined
by their values on [0, 1], with 𝑓(0) = 𝑓(1), and identifying the ends of a closed interval
gives a circle.

Continuity, limits, and derivatives are all defined as usual for functions on 𝑆1, but
integrals are defined differently: To say that 𝑓 ∶ 𝑆1 → 𝐂 is integrable means that

∫
𝑆1
𝑓(𝑥) 𝑑𝑥 = ∫

1

0
𝑓(𝑥) 𝑑𝑥 = ∫

1
2

− 1
2

𝑓(𝑥) 𝑑𝑥 (5.2.2)

exists. Note that if 𝑓 is integrable on either [0, 1] or [− 1
2
, 1
2
], (5.2.2) holds by periodicity

and additivity of domain; in fact, the integral of 𝑓 may be computed on any interval
[𝑎, 𝑎 + 1] in 𝐑.

As in (5.2.1), we have
ℛ(𝑆1) ⊃ 𝐶0(𝑆1) ⊃ 𝐶1(𝑆1) ⊃ 𝐶2(𝑆1) ⊃ ⋯ ⊃ 𝐶∞(𝑆1). (5.2.3)

Example 5.2.10. To give a key example, by Theorem 4.5.7, for any 𝑛 ∈ 𝐙, the functions
𝑒𝑛(𝑥) = 𝑒2𝜋𝑖𝑛𝑥 (Definition 4.6.1) are all in 𝐶∞(𝑆1).

Convention 5.2.11. Since every 𝑥 ∈ 𝐑 differs from some 𝑥0 ∈ [0, 1) by an integer,
a function 𝑓 ∶ 𝑆1 → 𝐂 is determined by its values on [0, 1). We will therefore often
describe such an 𝑓 by a formula that is only meant to apply when 0 ≤ 𝑥 < 1, or
similarly, is only meant to apply when − 1

2
≤ 𝑥 < 1

2
, and so on.

Example 5.2.12. It is not too hard to find functions in 𝐶0(𝑆1) that are not in 𝐶1(𝑆1);
for example, we have the “periodized” absolute value function given by 𝑓(𝑥) = |𝑥| for
− 1
2
≤ 𝑥 ≤ 1

2
, as per Convention 5.2.11. We can then construct functions contained in

𝐶𝑘(𝑆1) but not in 𝐶𝑘+1(𝑆1) by repeated indefinite integration; see Problem 5.2.1.

To better connect the idea of a function space back to Section 5.1, we now give one
example of a metric on a space of functions. (The reader interested in our most promi-
nent examples of metrics on function spaces may want to glance ahead at Sections 7.2
and 7.6.)

Definition 5.2.13. For 𝑋 a closed and bounded subset of 𝐂 and 𝑓, 𝑔 ∈ 𝐶0(𝑋), we
define

𝑑(𝑓, 𝑔) = sup {|𝑓(𝑥) − 𝑔(𝑥)| ∣ 𝑥 ∈ 𝑋} . (5.2.4)
(Note that Corollary 3.1.16 ensures that 𝑑(𝑓, 𝑔) is finite.)
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Theorem 5.2.14. For 𝑋 a closed and bounded subset of 𝐂, the function 𝑑(𝑓, 𝑔) given by
(5.2.4) defines a metric on 𝐶0(𝑋).

We call 𝑑(𝑓, 𝑔) the 𝐿∞ metric on 𝐶0(𝑋).
Proof. First, 𝑑(𝑓, 𝑔) ≥ 0 because 𝑑(𝑓, 𝑔) is the supremumof a set of nonnegative num-
bers. It is also clear that 𝑑(𝑓, 𝑔) = 𝑑(𝑔, 𝑓) and that 𝑑(𝑓, 𝑔) = 0 if and only if 𝑓 = 𝑔, so it
remains only to verify the triangle inequality, which we do in Problem 5.2.2.

Note that the quantity 𝑑𝑛 that appears in the “alternative definition” of uniform
convergence (Lemma 4.3.6) is, in the terms of (5.2.4), precisely 𝑑𝑛 = 𝑑(𝑓𝑛, 𝑓). In fact,
it follows from Lemmas 2.4.16 and 4.3.6 that 𝑓𝑛 converges to 𝑓 uniformly on 𝑋 if and
only if 𝑓𝑛 converges to 𝑓 in the 𝐿∞ metric on 𝐶0(𝑋). Along those lines, we have:

Theorem 5.2.15. For 𝑋 a closed and bounded subset of 𝐂, we have that 𝐶0(𝑋) is a com-
plete metric space (Definition 2.5.4) under the 𝐿∞ metric.

Proof. First, we observe that if 𝑓𝑛 is a sequence in 𝐶0(𝑋) that is Cauchy with re-
spect to the 𝐿∞ metric, then 𝑓𝑛 is a uniformly Cauchy sequence of functions on 𝑋
(Problem 5.2.3). Therefore, by Theorem 4.3.5, 𝑓𝑛 must converge uniformly to some
𝑓 ∶ 𝑋 → 𝐂. By Theorem 4.3.12, a sequence of continuous functions that converges
uniformly must converge to a continuous function, and the theorem follows.

We also take this opportunity to introduce (or review) some terminology from lin-
ear algebra that we will use occasionally.

Definition 5.2.16. For a function space 𝑉 , to say that a finite subset {𝑓1, … , 𝑓𝑛} ⊆ 𝑉 is
linearly independent means that if 𝑎1𝑓1 +⋯ + 𝑎𝑛𝑓𝑛 = 0 for some coefficients 𝑎𝑖 ∈ 𝐂,
then every coefficient 𝑎𝑖 = 0.

Definition 5.2.17. For a function space 𝑉 and a finite subset 𝑆 = {𝑓1, … , 𝑓𝑛} ⊆ 𝑉 , the
span of 𝑆 is defined to be the set {𝑎1𝑓1 +⋯+ 𝑎𝑛𝑓𝑛 ∣ 𝑎𝑖 ∈ 𝐂} ⊆ 𝑉 .

For more on function spaces in the context of axiom-based linear algebra, see Ap-
pendix B.

Problems.

5.2.1. Suppose 𝑓 ∈ 𝐶𝑘(𝑆1) for some 𝑘 ∈ 𝐙, 𝑘 ≥ 0, and let

𝑎 = ∫
1

0
𝑓(𝑥) 𝑑𝑥, 𝑔(𝑥) = 𝑓(𝑥) − 𝑎, 𝐹(𝑥) = ∫

𝑥

0
𝑔(𝑡) 𝑑𝑡. (5.2.5)

(a) Prove that 𝐹(𝑥 + 1) = 𝐹(𝑥).
(b) Prove that 𝐹 ∈ 𝐶𝑘+1(𝑆1).

5.2.2. (Proves Theorem 5.2.14) Let 𝑋 be a subset of 𝐂, and for 𝑓, 𝑔 ∈ 𝐶0(𝑋), define
𝑑(𝑓, 𝑔) = sup {|𝑓(𝑥) − 𝑔(𝑥)| ∣ 𝑥 ∈ 𝑋} . (5.2.6)

(a) Find real-valued 𝑓, 𝑔, ℎ ∈ 𝐶0([0, 1]) such that 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) for all
𝑥 ∈ [0, 1] and 𝑑(𝑓, ℎ) ≠ 𝑑(𝑓, 𝑔) + 𝑑(𝑔, ℎ).

(b) For 𝑓, 𝑔, ℎ ∈ 𝐶0(𝑋), prove that 𝑑(𝑓, ℎ) ≤ 𝑑(𝑓, 𝑔) + 𝑑(𝑔, ℎ).
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5.2.3. (Proves Theorem 5.2.15) Let 𝑋 ⊆ 𝐂 and let 𝑓𝑛 be a sequence in 𝐶0(𝑋) that is
Cauchywith respect to the𝐿∞metric. Prove that𝑓𝑛 is a uniformlyCauchy sequence
of functions on 𝑋 .

5.2.4. Let 𝑋 = [𝑎, 𝑏], and for 𝑓, 𝑔 ∈ 𝐶0(𝑋), define
𝑑(𝑓, 𝑔) = sup {|𝑓(𝑥) − 𝑔(𝑥)| ∣ 𝑥 ∈ 𝑋} . (5.2.7)

Prove for 𝑎 ∈ 𝐂 that 𝑑(𝑎𝑓, 0) = |𝑎| 𝑑(𝑓, 0).

5.3 Dot products
The previous sections of this chapter introduced the ideas behind two of the key tools
we will use to study Fourier series, namely, function spaces and metrics defined upon
them. Our favoritemetric on a function space will be what is known as the 𝐿2metric, as
thatmetric allows us to introduce geometry through a generalization of the dot product
known as an inner product. Therefore, in this section, we briefly review the geometry
of dot products.

Recall that the dot product ⋅ ∶ 𝐑𝑛 × 𝐑𝑛 → 𝐑 is defined to be
(𝑥1, … , 𝑥𝑛) ⋅ (𝑦1, … , 𝑦𝑛) = 𝑥1𝑦1 +⋯+ 𝑥𝑛𝑦𝑛 (5.3.1)

for all (𝑥1, … , 𝑥𝑛), (𝑦1, … , 𝑦𝑛) ∈ 𝐑𝑛.
The dot product has the following algebraic properties, as the readermay recall (or

check by calculation).

Theorem 5.3.1. For 𝑣, 𝑤, 𝑥 ∈ 𝐑𝑛 and 𝑐 ∈ 𝐑, we have the following properties:
(1) 𝑣 ⋅ 𝑤 = 𝑤 ⋅ 𝑣.

(2) (𝑣 + 𝑤) ⋅ 𝑥 = 𝑣 ⋅ 𝑥 + 𝑤 ⋅ 𝑥.

(3) (𝑐𝑣) ⋅ 𝑤 = 𝑐(𝑣 ⋅ 𝑤).

(4) If 𝑥 = (𝑥1, … , 𝑥𝑛), then 𝑥 ⋅ 𝑥 = 𝑥21 +⋯+ 𝑥2𝑛.

Proof. Problem 5.3.1.

What may be less familiar to the reader is that many key features of Euclidean
geometry can be expressed in terms of dot products. For example, Theorem 5.3.1(4)
shows that the standard Euclidean length of a vector 𝑣 is ‖𝑣‖ = √𝑣 ⋅ 𝑣. It is also a fact
from 2- and 3-dimensional geometry that if 𝜃 is the angle between vectors 𝑣 and 𝑤,
then

cos 𝜃 = 𝑣 ⋅ 𝑤
‖𝑣‖ ‖𝑤‖ . (5.3.2)

Generalizing to 𝐑𝑛, we may instead define the angle 𝜃 between nonzero 𝑣, 𝑤 ∈ 𝐑𝑛 by
𝜃 = cos−1 ( 𝑣 ⋅ 𝑤

‖𝑣‖ ‖𝑤‖). In particular, if 𝑣 ⋅ 𝑤 = 0, then 𝜃 = 𝜋/2, and we say that 𝑣 and𝑤
are orthogonal.

Orthogonality turns out to be useful for many reasons. For example, to say that
{𝑣1, … , 𝑣𝑘} ⊆ 𝐑𝑛 is orthonormalmeans that

𝑣𝑖 ⋅ 𝑣𝑗 = {1 if 𝑖 = 𝑗,
0 if 𝑖 ≠ 𝑗.

(5.3.3)
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Orthonormal bases also give conveniently computed coordinates, in that if {𝑣1, … , 𝑣𝑛}
is an orthonormal set in 𝐑𝑛 and

𝑤 = 𝑎1𝑣1 +⋯+ 𝑎𝑛𝑣𝑛 (5.3.4)

for some 𝑤 ∈ 𝐑𝑛, then 𝑎𝑖 = 𝑤 ⋅ 𝑣𝑖 (Problem 5.3.2).
As we shall see in Section 7.1, the dot product also generalizes to 𝐂𝑛 in a straight-

forward manner (Example 7.1.5). For now, however, we generalize the dot product in
a different manner, so we can introduce an example that is quite important later.

Definition 5.3.2. Let 𝑋 = 𝐍 or 𝐙. While a function 𝑎 ∶ 𝑋 → 𝐂 is, technically speak-
ing, either a sequence or a “two-sided sequence,” we will later need to work with se-
quences of such functions, so in the context we are about to consider, we use the nota-
tion 𝑎(𝑥) to refer to 𝑎 ∶ 𝑋 → 𝐂.

In any case, for 𝑋 = 𝐍 or 𝐙, we define ℓ2(𝑋) to be the set of all 𝑎 ∶ 𝑋 → 𝐂 such
that

‖𝑎(𝑥)‖2 = ∑
𝑥∈𝑋

|𝑎(𝑥)|2 (5.3.5)

is finite. Note that since (5.3.5) is a series with nonnegative terms, it can be shown
that the order of summation does not matter (see Appendix A), so the same definition
actually works for any countable set 𝑋 .

It turns out that we can think of ℓ2(𝑋) (𝑋 = 𝐍 or 𝐙) as a function space with a dot
product on it, in the following sense.

Theorem 5.3.3. For 𝑋 = 𝐍 or 𝐙, ℓ2(𝑋) is a function space, and for 𝑎(𝑥), 𝑏(𝑥) ∈ ℓ2(𝑋),

⟨𝑎(𝑥), 𝑏(𝑥)⟩ = ∑
𝑥∈𝑋

𝑎(𝑥)𝑏(𝑥) (5.3.6)

converges absolutely.

Proof. For 𝑎(𝑥), 𝑏(𝑥) ∈ ℓ2(𝑋) and 𝑐 ∈ 𝐂, standard properties of series imply that
‖𝑐𝑎(𝑥)‖2 = |𝑐|2 ‖𝑎(𝑥)‖2, and the fact that𝑎(𝑥)+𝑏(𝑥) ∈ ℓ2(𝑋) is proved in Problem5.3.3.
It follows that ℓ2(𝑋) is a function space on𝑋 . As for the absolute convergence of (5.3.6),
again, see Problem 5.3.3.

See Problem 7.1.9 for an alternative proof of Theorem 5.3.3.

Problems.

5.3.1. (Proves Theorem 5.3.1) Fix 𝑣, 𝑤, 𝑥 ∈ 𝐑𝑛 and 𝑐 ∈ 𝐑.

(a) Prove that 𝑣 ⋅ 𝑤 = 𝑤 ⋅ 𝑣.
(b) Prove that (𝑣 + 𝑤) ⋅ 𝑥 = 𝑣 ⋅ 𝑥 + 𝑤 ⋅ 𝑥.
(c) Prove that (𝑐𝑣) ⋅ 𝑤 = 𝑐(𝑣 ⋅ 𝑤).
(d) Prove that if 𝑣 = (𝑣1, … , 𝑣𝑛), then 𝑣 ⋅ 𝑣 = 𝑣21 +⋯+ 𝑣2𝑛.

5.3.2. Suppose {𝑣1, … , 𝑣𝑛} is an orthonormal set in 𝐑𝑛 and 𝑤 = 𝑎1𝑣1 + ⋯ + 𝑎𝑛𝑣𝑛 for
some 𝑤 ∈ 𝐑𝑛. Prove that 𝑎𝑖 = 𝑣𝑖 ⋅ 𝑤.
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5.3.3. (Proves Theorem 5.3.3) Let 𝑋 = 𝐍 or 𝐙 and suppose that 𝑎(𝑥), 𝑏(𝑥) ∈ ℓ2(𝑋).
(a) Prove that for all 𝑥 ∈ 𝑋 ,

|𝑎(𝑥)𝑏(𝑥)| ≤ 1
2 |𝑎(𝑥)|

2 + 1
2 |𝑏(𝑥)|

2 . (5.3.7)

(b) Prove that
⟨𝑎(𝑥), 𝑏(𝑥)⟩ = ∑

𝑥∈𝑋
𝑎(𝑥)𝑏(𝑥) (5.3.8)

converges absolutely.
(c) Prove that 𝑎(𝑥) + 𝑏(𝑥) ∈ ℓ2(𝑋).
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PDEs and diagonalization

The same expression whose abstract properties geometers had consid-
ered, and which in this respect belongs to general analysis, represents as
well the motion of light in the atmosphere, as it determines the laws of
diffusion of heat in solid matter, and enters into all the chief problems
of the theory of probability.

— Joseph Fourier, The Analytical Theory of Heat

[Improbability] generators were often used to break the ice at parties by
making all the molecules in the hostess’s undergarments leap simulta-
neously one foot to the left, in accordance with the Theory of Indetermi-
nacy. Many respectable physicists said that they weren’t going to stand
for this, partly because it was a debasement of science, but mostly be-
cause they didn’t get invited to those sorts of parties.

—Douglas Adams, The Hitchhiker’s Guide to the Galaxy

In this chapter, we give a brief introduction to the partial differential equations
(PDEs) that we will solve as our main application of Fourier series, both coming from
classical physics (Section 9.1) and quantum mechanics (Section 9.2). We also survey
some finite-dimensional linear algebra (Section 9.3) that we hope will give the reader
some context for the infinite-dimensional linear algebra in Chapter 10.

9.1 Some PDEs from classical physics
JosephFourier inventedwhat is nowknown as Fourier analysis in order to solve certain
partial differential equations, or PDEs, arising from physics. In this section, we intro-
duce and give brief derivations of the heat and wave equations from classical physics,
and in the next section, we discuss a PDE coming from quantum mechanics.

For reasons that will become clear (see Section 10.2), the key examples all involve
the second derivative in some way, so we first discuss how to approximate 𝑓″(𝑥) for a

203
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given 𝑥. Now, by Definition 3.2.2, if 𝑓 is differentiable at 𝑥, for small Δ𝑥, we have

𝑓′(𝑥) ≈ 𝑓(𝑥 + Δ𝑥) − 𝑓(𝑥)
Δ𝑥 , (9.1.1)

with equality asΔ𝑥 → 0. So if we only know the value of 𝑓(𝑥) at evenly spaced intervals
of length Δ𝑥 > 0, then the right-hand side of (9.1.1), which we hereby call𝑚+, gives a
reasonable approximation of 𝑓′(𝑥). More symmetrically, since 𝑥+Δ𝑥/2 is themidpoint
of 𝑥 and 𝑥+Δ𝑥, we can think of𝑚+ as approximating 𝑓′(𝑥 +Δ𝑥/2); and similarly, the
backwards secant slope

𝑚− = 𝑓(𝑥) − 𝑓(𝑥 − Δ𝑥)
Δ𝑥 (9.1.2)

gives a reasonable approximation of 𝑓′(𝑥 − Δ𝑥/2). We might therefore reasonably ap-
proximate

𝑓″(𝑥) ≈ 𝑚+ −𝑚−
Δ𝑥 = 𝑓(𝑥 + Δ𝑥) − 2𝑓(𝑥) + 𝑓(𝑥 − Δ𝑥)

(Δ𝑥)2 , (9.1.3)

and in fact, one can prove that we get equality as Δ𝑥 → 0 (Problem 9.1.1).
Turning now to the problem that first inspired Fourier, we consider the following

initial value problem:

Question 9.1.1. Suppose we have a 1-dimensional wire, possibly circular, such that
the temperature at position 𝑥 and time 𝑡 = 0 is a given function 𝑢(𝑥, 0) = 𝑓(𝑥). Solve
for 𝑢(𝑥, 𝑡), the temperature at position 𝑥 and time 𝑡 > 0.

heat flow in

Δxx+

Δx

Δxx− x

heat flow in

Figure 9.1.1. Model of a heated wire

We canmodel Question 9.1.1 using Fourier’s Law of heat conduction, which states
the rate of heat flow in/out of an object in a given direction is proportional to the tem-
perature gradient (rate of temperature change) in that direction. For example, as shown
in Figure 9.1.1, the rate of heat flowing from a piece of the wire of length Δ𝑥 centered
at 𝑥 + Δ𝑥 to a piece of the wire of length Δ𝑥 centered at 𝑥 is

𝑘1 (
𝑢(𝑥 + Δ𝑥, 𝑡) − 𝑢(𝑥, 𝑡)

Δ𝑥 ) (9.1.4)

for some constant 𝑘1 > 0. (The reader should check that the signs in (9.1.4) make
sense; e.g., if the piece at 𝑥 + Δ𝑥 is warmer than the piece at 𝑥, then the piece at 𝑥 gets
warmer over time.)

Let 𝑄 be the total heat contained in a piece of the wire of length Δ𝑥 centered at 𝑥.
Assuming that heat is only transferred along thewire, and not through the surrounding
material, by summing the heat flow from the pieces at 𝑥 + Δ𝑥 and 𝑥 − Δ𝑥 to the piece
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at 𝑥, we see that (Figure 9.1.1)
Δ𝑄
Δ𝑡 = 𝑘1 (

𝑢(𝑥 + Δ𝑥, 𝑡) − 𝑢(𝑥, 𝑡)
Δ𝑥 + 𝑢(𝑥 − Δ𝑥, 𝑡) − 𝑢(𝑥, 𝑡)

Δ𝑥 )

= 𝑘1
𝑢(𝑥 + Δ𝑥, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − Δ𝑥, 𝑡)

Δ𝑥 .
(9.1.5)

Furthermore, since temperature is defined to be (up to a constant depending only on
the material in the wire) the average amount of heat per unit mass, we have that Δ𝑄 =
𝑘2(𝜌Δ𝑥)Δ𝑢 for some constant 𝑘2 > 0, where 𝜌 is the (uniform) density of the wire in
mass per unit length. Therefore,

Δ𝑢
Δ𝑡 = ( 𝑘1𝑘2𝜌

) 𝑢(𝑥 + Δ𝑥, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − Δ𝑥, 𝑡)
(Δ𝑥)2 . (9.1.6)

Taking the limit as Δ𝑡, Δ𝑥 → 0, applying (9.1.3), and changing units to eliminate con-
stants, we get the heat equation:

𝜕2𝑢
𝜕𝑥2 =

𝜕𝑢
𝜕𝑡 . (9.1.7)

The heat equation (9.1.7) has several other physical interpretations. For example,
if 𝑢(𝑥, 𝑡) describes the concentration of (say) a gas along a linear pipe, amathematically
similar derivation shows that under simplified conditions, (9.1.7) describes the diffu-
sion of that gas over time. Less straightforwardly, the Black-Scholes equation is a model
in mathematical finance that determines fair pricing for what is known as a European
(stock) option:

𝜕𝑉
𝜕𝑡 + 𝑟𝑠𝜕𝑉𝜕𝑠 +

𝜎2𝑠2
2

𝜕2𝑉
𝜕𝑠2 − 𝑟𝑉 = 0. (9.1.8)

It turns out that (9.1.8) is equivalent to the heat equation under a change of variables;
see, for example, Stein and Shakarchi [SS03, p. 170].

Another of our motivating PDEs comes from the following situation.

Question 9.1.2. Suppose we have a 1-dimensional wire, held taut at both ends so that
it vibrates a small amount vertically, as compared to its length. (Think of a string on a
stringed instrument.) Suppose also that we know the initial height 𝑢(𝑥, 0) = 𝑓(𝑥) and
the initial (vertical) velocity 𝜕𝑢𝜕𝑡 (𝑥, 0) = 𝑔(𝑥) of the wire at position 𝑥. Solve for 𝑢(𝑥, 𝑡),
the height of the string at position 𝑥 and time 𝑡 > 0.

Figure 9.1.2. Ball-and-spring model of a vibrating
wire

We canmodel Question 9.1.2 with the following “ball-and-spring” approximation.
Imagine that our 1-dimensional wire is made of individual particles (“balls”), linked to
each other by springs representing the tension of the wire, and assume that the wire
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is pulled tight enough that the balls are effectively constrained to move only vertically,
as shown in Figure 9.1.2. A real-life version of the ball-and-spring model from San
Francisco’s Exploratoriummuseum can also be seen in Figure 9.1.3; here, the rods are
attached to a central axle so that the “balls” on the ends of the rods onlymove vertically.

Figure 9.1.3. A real-life ball-and-springmodel, op-
erated by the author’s daughter

The ball-and-spring approximation can be turned into a PDE as follows. Suppose
thewire is being pulledwith a uniform tension ofmagnitude 𝜏. Then by action-reaction
(Newton’s Third Law), at time 𝑡, each piece of the wire of length Δ𝑥 is pulled at both
ends by a force with magnitude 𝜏 and direction determined by (roughly speaking) the
slope of 𝑢(𝑥, 𝑡) in the 𝑥 direction. Specifically, the vertical force on the piece of wire of
length Δ𝑥 centered at 𝑥 coming from the tension pulling in the positive 𝑥 direction is

𝜏 ( Δ𝑢+
√(Δ𝑥)2 + (Δ𝑢+)2

) ≈ 𝜏 (𝑢(𝑥 + Δ𝑥, 𝑡) − 𝑢(𝑥, 𝑡)
Δ𝑥 ) , (9.1.9)

where the approximation in (9.1.9) again comes from the assumption that the wire
is pulled tight enough that vertical motion is much smaller than horizontal motion.
Adding the analogous force coming from the negative 𝑥 direction and applying
𝐹 = 𝑚𝑎 (Newton’s Second Law), we have

𝜏 (𝑢(𝑥 + Δ𝑥, 𝑡) − 𝑢(𝑥, 𝑡)
Δ𝑥 + 𝑢(𝑥 − Δ𝑥, 𝑡) − 𝑢(𝑥, 𝑡)

Δ𝑥 ) = 𝜌Δ𝑥𝜕
2𝑢
𝜕𝑡2 , (9.1.10)

where 𝜌 is again the uniform density of the wire in mass per unit length. Dividing
by Δ𝑥, taking limits, and rescaling units to eliminate constants, we obtain the wave
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equation:
𝜕2𝑢
𝜕𝑥2 =

𝜕2𝑢
𝜕𝑡2 . (9.1.11)

Like the heat equation, the wave equation (9.1.11) has other useful interpreta-
tions. One important application comes from Maxwell’s equations for the electrical
field 𝐄(𝑥, 𝑦, 𝑧) and the magnetic field 𝐁(𝑥, 𝑦, 𝑧) in a region of empty space:

∇ × 𝐄 = −1𝑐
𝜕𝐁
𝜕𝑡 , ∇ × 𝐁 = 1

𝑐
𝜕𝐄
𝜕𝑡 ,

∇ ⋅ 𝐄 = 0, ∇ ⋅ 𝐁 = 0.
(9.1.12)

One can use multivariable calculus to show that up to constants, (9.1.12) reduces to
a system of three 3-dimensional wave equations (Problem 9.1.2). We may therefore
think of (9.1.11) as modelling electromagnetic waves in (1-dimensional) space over
time, giving, for example, plane wave solutions of the form 𝑒𝑖𝑘(𝑥−𝑡) (Problem 9.1.3).

Now, both the heat and wave equations can be stated for 𝑢 ∶ 𝑆1 → 𝐂, though
for the wave equation, 𝑆1 only makes physical sense as a domain if we think of 𝑢 as,
for example, a periodic electromagnetic wave. For applications, however, it is perhaps
more interesting to consider the following boundary value problems:

Question 9.1.3. Solve the heat and wave equations on the domain [𝑎, 𝑏] under the
following boundary conditions:
(1) Dirichlet boundary conditions: We require that 𝑢(𝑎, 𝑡) = 𝑢(𝑏, 𝑡) = 0 for all 𝑡. For the

heat equation, this means holding the temperature of the wire at 0 at both ends;
for the wave equation, this means holding the wire fixed at height 0 at both ends.

(2) Neumann boundary conditions: We require that 𝜕𝑢𝜕𝑥(𝑎, 𝑡) =
𝜕𝑢
𝜕𝑥(𝑏, 𝑡) = 0 for all 𝑡.

For the heat equation, by Fourier’s Law, this means that there is no heat flow in or
out of the wire at its ends (i.e., perfect insulation). For the wave equation, this is
perhaps somewhat less natural, but one might imagine the ends of the wire sliding
up and down fixed vertical rods.

Problems.
9.1.1. Prove that if 𝑓″(𝑥) exists, then

lim
ℎ→0

𝑓(𝑥 + ℎ) − 2𝑓(𝑥) + 𝑓(𝑥 − ℎ)
ℎ2 = 𝑓″(𝑥). (9.1.13)

9.1.2. For a vector field 𝐹(𝑥, 𝑦, 𝑧) = (𝐹1(𝑥, 𝑦, 𝑧), 𝐹2(𝑥, 𝑦, 𝑧), 𝐹3(𝑥, 𝑦, 𝑧)) and a scalar func-
tion 𝑓(𝑥, 𝑦, 𝑧) we define the grad of 𝑓 and the curl and div of 𝐹 by

∇𝑓 = (𝜕𝑓𝜕𝑥 ,
𝜕𝑓
𝜕𝑦 ,

𝜕𝑓
𝜕𝑧 ) , (9.1.14)

∇ × 𝐹 = (𝜕𝐹3𝜕𝑦 − 𝜕𝐹2
𝜕𝑧 ,

𝜕𝐹1
𝜕𝑧 − 𝜕𝐹3

𝜕𝑥 ,
𝜕𝐹2
𝜕𝑥 − 𝜕𝐹1

𝜕𝑦 ) , (9.1.15)

∇ ⋅ 𝐹 = 𝜕𝐹1
𝜕𝑥 + 𝜕𝐹2

𝜕𝑦 + 𝜕𝐹3
𝜕𝑧 , (9.1.16)

respectively. We also define ∇2𝑓 = 𝜕2𝑓
𝜕𝑥2 +

𝜕2𝑓
𝜕𝑦2 +

𝜕2𝑓
𝜕𝑧2 , and we define ∇

2𝐹 compo-
nentwise:

∇2𝐹 = (∇2𝐹1, ∇2𝐹2, ∇2𝐹3). (9.1.17)
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(a) For a vector field 𝐹(𝑥, 𝑦, 𝑧), as above, prove that
∇ × (∇ × 𝐹) = ∇(∇ ⋅ 𝐹) − ∇2𝐹. (9.1.18)

(You may assume that partial derviatives commute; e.g., 𝜕𝜕𝑥
𝜕
𝜕𝑦 = 𝜕

𝜕𝑦
𝜕
𝜕𝑥 .)

(b) Prove that if 𝐄 and 𝐁 satisfy Maxwell’s equations

∇ × 𝐄 = −1𝑐
𝜕𝐁
𝜕𝑡 , ∇ × 𝐁 = 1

𝑐
𝜕𝐄
𝜕𝑡 ,

∇ ⋅ 𝐄 = 0, ∇ ⋅ 𝐁 = 0
(9.1.19)

in empty space, then

∇2𝐄 = 1
𝑐2
𝜕2𝐄
𝜕𝑡2 , (9.1.20)

a systemof three 3-dimensionalwave equations. (Again, assumepartial deriva-
tives commute.)

9.1.3. Verify by computation that for any 𝑘 ∈ 𝐂, 𝑒𝑖𝑘(𝑥−𝑡) is a solution to the wave equa-
tion 𝜕2𝑢

𝜕𝑥2 =
𝜕2𝑢
𝜕𝑡2 .

9.2 Schrödinger’s equation
Our third and final motivating PDE comes from quantum mechanics and addresses
the following question.

Question 9.2.1. Explain why, when the energy levels of oxygen (O2) molecules are
measured, those energy levels are distributed not continuously, but discretely, or in
other words, in a quantizedmanner.

The phenomenon from Question 9.2.1 is illustrated in Figure 9.2.1, which gives a
rough idea of what the energy levels (bright lines) look like in the visible part of the
spectrum for photons coming from a sample of oxygenmolecules that are excited (e.g.,
heated) and then transition to a lower energy state by emitting a photon. Note that
these energy levels (or, actually, differences between energy levels) appear to be con-
centrated in narrow bands, as opposed to, say, some kind of more even or continuous
distribution.

redderbluer

Figure 9.2.1. Sketch of emission spectrum of oxy-
gen molecules

Now, the answer to Question 9.2.1 cannot be obtained from ordinarymechanics in
the straightforward manner that we obtained the heat and wave equations. Indeed, no
less an authority than Feymann [Fey11, III.16] calls Schrödinger’s equation a matter
of inspired guesswork. Nevertheless, following a number of sources (such as Eisberg
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and Resnick [ER85, Ch. 5] and Holland [Hol07, pp. 284–285]), with hindsight, we can
approximate Schrödinger’s heuristic reasoning as follows.

First off, we note that the bond of a diatomic molecule likeO2 can be modeled as a
“spring,” as shown in Figure 9.2.2. In that model, if 𝑥 is the displacement from equilib-
rium bond length (distance between the two oxygen nuclei), then the corresponding
force 𝐹(𝑥) applied to the system is

𝐹(𝑥) = −𝑘1𝑥 (9.2.1)

for some constant 𝑘1 > 0. Note that if the bond length is longer than equilibrium
(𝑥 > 0), then (9.2.1) indicates that attracting forces shorten it, and vice versa.

Figure 9.2.2. A diatomic molecule is like a spring

Applying 𝐹 = 𝑚𝑎 to rewrite (9.2.1) as 𝑚𝑎 + 𝑘1𝑥 = 0, multiplying by 𝑣 = 𝑑𝑥
𝑑𝑡 ,

and integrating with respect to 𝑡 gives a potential energy function 𝑉(𝑥) = 1
2𝑘1𝑥

2 that
satisfies the conservation of energy equation

1
2𝑚𝑣

2 + 1
2𝑘1𝑥

2 = 𝐸, (9.2.2)

where 12𝑚𝑣
2 represents the kinetic energy of the electron and 𝐸 is the (constant) total

energy in the system. Rewriting (9.2.2) in terms of momentum 𝑝 = 𝑚𝑣, we then get

𝑘2𝑝2 +
1
2𝑘1𝑥

2 = 𝐸. (9.2.3)

Following Schrödinger, with the benefit of hindsight, we can now turn (9.2.3)
into an operator equation using de Broglie’s theory of “matter waves.” In that the-
ory, de Broglie posited that a particle expressing wave-like properties in one spatial
dimension can be modeled by a plane wave

𝑢(𝑥, 𝑡) = 𝑒𝑖(𝑝𝑥−𝐸𝑡)/𝑘3 , (9.2.4)

where 𝑝 and 𝐸 are the (constant) momentum and energy of the particle, respectively.
(Compare Problem 9.1.3.) Differentiating (9.2.4) and rearranging terms, we see that

−𝑖𝑘3
𝜕𝑢
𝜕𝑥 = 𝑝𝑢, 𝑖𝑘3

𝜕𝑢
𝜕𝑡 = 𝐸𝑢. (9.2.5)

If we then think of (9.2.5) as equations among operators on 𝑢, we have that

−𝑖𝑘3
𝜕
𝜕𝑥 = 𝑝, 𝑖𝑘3

𝜕
𝜕𝑡 = 𝐸. (9.2.6)

Substituting into (9.2.3), we get the operator equation

−𝑘4
𝜕2
𝜕𝑥2 +

1
2𝑘1𝑥

2 = 𝑖𝑘3
𝜕
𝜕𝑡 . (9.2.7)

So what do the two sides of (9.2.7) operate on? Well, the final quantum leap (pun
intended) is to suppose that our particle is represented by a state functionΨ(𝑥, 𝑡)whose
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interpretation will be discussed later. For now, we merely note that after adjusting
constants, (9.2.7) gives

−𝜕
2Ψ
𝜕𝑥2 + 4𝜋2𝑥2Ψ = 𝑖𝜕Ψ𝜕𝑡 . (9.2.8)

This is Schrödinger’s equation for the quantum harmonic oscillator and is our final mo-
tivating PDE problem:

Question 9.2.2. Solve Schrödinger’s equation for the quantum harmonic oscillator
(9.2.8), given some initial complex-valued state Ψ(𝑥, 0).

Remark 9.2.3. Note that in (9.2.8), the specific forces governing the quantum har-
monic oscillator only appear via the potential energy function 𝑉(𝑥) = 1

2𝑘1𝑥
2. We may

therefore obtain Schrödinger’s equation for any number of other physical situations by
changing the potential 𝑉(𝑥). For many examples, and much more about the general
theory of Schrödinger’s equation, see Teschl [Tes09].

9.3 Diagonalization
In this section, we review some relevant material from linear algebra to give the reader
some motivation for the material on operators in Chapter 10 and beyond.

As the reader may recall, the most common application of linear algebra is to be
able to solve matrix equations of the form 𝐴𝑥 = 𝑏. (Here, we restrict our attention
to the case where 𝐴 is an 𝑛 × 𝑛 matrix and 𝑥 and 𝑏 are unknown and known 𝑛 ×
1 column vectors, respectively.) Solving 𝐴𝑥 = 𝑏 in general takes some effort (e.g.,
Gaussian reduction), but one easy case happens when 𝐴 is diagonal, i.e., of the form

[
𝑎11

⋱
𝑎𝑛𝑛

] (blank entries are 0), for then 𝐴𝑥 = 𝑏 just becomes 𝑛 independent one-

variable equations. It would therefore certainly be convenient to be able to reduce the
general case of 𝐴𝑥 = 𝑏 to the diagonal case, in the sense that if 𝑃−1𝐴𝑃 = 𝐷, where
𝐷 is diagonal, then a solution 𝑦 of 𝐷𝑦 = 𝑃−1𝑏 gives a solution 𝑥 = 𝑃𝑦 to 𝐴𝑥 = 𝑏
(Problem 9.3.1). Perhaps more importantly, we can obtain much information, both
quantitative and qualitative, about solutions to 𝐴𝑥 = 𝑏 from the entries of 𝐷. (See
below for some examples.)

To get more traction on this problem of diagonalization, it is helpful to have the
following abstraction available.

Definition 9.3.1. A linear operator on 𝐂𝑛 is a linear transformation 𝑇 ∶ 𝐂𝑛 → 𝐂𝑛

(i.e., a map such that for all 𝑥, 𝑦 ∈ 𝐂𝑛 and 𝑎, 𝑏 ∈ 𝐂, 𝑇(𝑎𝑥 + 𝑏𝑦) = 𝑎𝑇(𝑥) + 𝑏𝑇(𝑦)).

For example, if 𝐴 is an 𝑛 × 𝑛 matrix with entries in 𝐂, then 𝑇(𝑥) = 𝐴𝑥 defines a
linear operator on 𝐂𝑛; indeed, for the rest of this section, we assume that 𝑇(𝑥) = 𝐴𝑥.
We may also therefore restate the problem of solving 𝐴𝑥 = 𝑏 as solving 𝑇(𝑥) = 𝑏.

In these terms, the key to diagonalization is the following circle of ideas.

Definition 9.3.2. Let 𝑇 be a linear operator on𝐂𝑛. To say that 𝑣 ∈ 𝐂𝑛 is an eigenvector
of 𝑇means that 𝑣 ≠ 𝟎 and 𝑇(𝑣) = 𝜆𝑣 for some 𝜆 ∈ 𝐂. To say that 𝜆 ∈ 𝐂 is an eigenvalue
of 𝑇 means that 𝑇(𝑣) = 𝜆𝑣 for some eigenvector 𝑣 of 𝑇. Jointly, if 𝑣 ≠ 𝟎 and 𝑇(𝑣) = 𝜆𝑣,
we say that 𝑣 is an eigenvector of 𝑇 with eigenvalue 𝜆.
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The following term is nonstandard, but we introduce it here because we will find
it to be quite useful.

Definition 9.3.3. Let 𝑇 be a linear operator on 𝐂𝑛. An eigenbasis for 𝑇 is a basis
{𝑢1, … , 𝑢𝑛} for 𝐂𝑛 such that each 𝑢𝑖 is an eigenvector of 𝑇.

Suppose 𝑃 is an 𝑛 × 𝑛matrix whose columns are {𝑢1, … , 𝑢𝑛}. We recall from linear
algebra that {𝑢1, … , 𝑢𝑛} is a basis for 𝐂𝑛 if and only if 𝑃 is invertible. The following is
then a necessary and sufficient condition for diagonalization.

Theorem 9.3.4. Let 𝐴 be an 𝑛 × 𝑛matrix, and let 𝑇(𝑥) = 𝐴𝑥. If 𝑃 is an invertible 𝑛 × 𝑛
matrix with columns {𝑢1, … , 𝑢𝑛}, then the following are equivalent:
(1) 𝑃−1𝐴𝑃 is diagonal.

(2) {𝑢1, … , 𝑢𝑛} is an eigenbasis for 𝑇.

Furthermore, if those conditions hold, then 𝐷 = 𝑃−1𝐴𝑃 = [
𝜆1

⋱
𝜆𝑛
], where 𝜆𝑖 is the

eigenvalue of 𝑢𝑖.

Proof. Problem 9.3.2.

If𝐴 (or equivalently, 𝑇) can be diagonalized, we obtain a number of consequences.
For example:

• The eigenvalues {𝜆1, … , 𝜆𝑛} are the only eigenvalues of 𝑇 (Problem 9.3.4).

• 𝑇 is invertible if and only if all of the 𝜆𝑖 ≠ 0 (Problem 9.3.5).

In the above light, the reader can think of the material that we will consider in
Chapter 10 as analogous to the finite-dimensional diagonalization theory we just de-
scribed. More specifically, our basic strategy in studying operators is:

(1) We look at a linear operator 𝑇 on a function space. Often 𝑇 is defined in terms of
derivatives, like 𝑇(𝑓) = −𝑓″. (The precise definition of operator is more subtle
than one might think; see Section 10.1.)

(2) We find an orthogonal eigenbasis for 𝑇 that we use to define (generalized) Fourier
series. For 𝑇(𝑓) = −𝑓″, one such eigenbasis is {𝑒𝑛}, where 𝑒𝑛(𝑥) = 𝑒2𝜋𝑖𝑛𝑥. (See
Section 10.4.)

(3) As a consequence, we see (Theorem 10.4.3) that

𝑇 (
∞
∑
𝑛=1

𝑐𝑛𝑒𝑛) =
∞
∑
𝑛=1

𝜆𝑛𝑐𝑛𝑒𝑛, (9.3.1)

where 𝜆𝑛 is the eigenvalue of 𝑒𝑛. Note that in the finite-dimensional case, (9.3.1)
follows from the linearity of 𝑇, but in the infinite-dimensional case, (9.3.1) is far
from obvious.

Looking ahead even further, the main idea of Chapter 11 can then be described as
applying diagonalization to solve problems like those from Sections 9.1 and 9.2.
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Problems.

9.3.1. Suppose 𝐴, 𝐷, and 𝑃 are 𝑛 × 𝑛 matrices, 𝑃 is invertible, and 𝑃−1𝐴𝑃 = 𝐷. Prove
that for column vectors 𝑦, 𝑏 ∈ 𝐂𝑛, 𝐷𝑦 = 𝑃−1𝑏 if and only if 𝐴(𝑃𝑦) = 𝑏.

9.3.2. (Proves Theorem 9.3.4) Let 𝐴 be an 𝑛 × 𝑛 matrix, let 𝑇(𝑥) = 𝐴𝑥, and let 𝑃 be an
invertible 𝑛 × 𝑛matrix with columns {𝑢1, … , 𝑢𝑛}. Let 𝐷 = 𝑃−1𝐴𝑃.
(a) Prove that 𝐷 is diagonal if and only if {𝑢1, … , 𝑢𝑛} is an eigenbasis for 𝑇.

(b) Prove that if 𝐷 is diagonal, then 𝐷 = [
𝜆1

⋱
𝜆𝑛
], where 𝜆𝑖 is the eigenvalue

of 𝑢𝑖.

9.3.3. Let 𝐴 = [0 0
1 0]. Prove that if 𝑃 is an invertible 2 × 2matrix, then 𝑃

−1𝐴𝑃 is not a
diagonal matrix.

9.3.4. Suppose 𝑇 is a linear operator on 𝐂𝑛 and {𝑢1, … , 𝑢𝑛} is an eigenbasis for 𝑇 with
corresponding eigenvalues {𝜆1, … , 𝜆𝑛}. Prove that if 𝜆 ∈ 𝐂 is not equal to any of the
𝜆𝑖 and 𝑇(𝑣) = 𝜆𝑣, then 𝑣 = 0.

9.3.5. Suppose 𝑇 is a linear operator on 𝐂𝑛 and ℬ = {𝑒1, … , 𝑒𝑛} is an eigenbasis for 𝑇
with corresponding eigenvalues {𝜆1, … , 𝜆𝑛}.
(a) Prove that if 𝜆𝑖 = 0 for some 𝑖, then 𝑇 is not invertible.
(b) Prove that if 𝜆𝑖 ≠ 0 for all 𝑖, then 𝑇 is invertible.
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The integrals which we have obtained are not only general expressions
which satisfy the differential equation, they represent in the most dis-
tinctmanner the natural effectwhich is the object of the phenomenon. . . .
[W]hen this condition is fulfilled, the integral is, properly speaking, the
equation of the phenomenon; it expresses clearly the character andprogress
of it, in the samemanner as the finite equation of a line or curved surface
makes known all the properties of those forms.

— Joseph Fourier, The Analytical Theory of Heat

In this chapter, we introduce the Fourier transform, which one may view as the
continuous analogue of Fourier series; that is, instead of Fourier coefficients ̂𝑓(𝑛) for
𝑛 ∈ 𝐙, we look at the transform ̂𝑓(𝛾) for 𝛾 ∈ 𝐑. After discussing some context
(Section 12.1) and establishing fundamental tools (Section 12.2), we first establish the
Fourier transform in the friendly confines of 𝒮(𝐑) (Sections 12.3 and 12.4) and then
extend it to all of 𝐿2(𝐑) (Section 12.5).

12.1 The big picture
At this point, it seems appropriate to take stock, with the benefit of hindsight, of what
we have done so far.

In terms of overall theory, oneway to look at Part 2 of this book is that we answered
the following question:

Question 12.1.1. Given 𝑓 ∈ 𝐿2(𝑆1), to what extent can we recover 𝑓 from its Fourier
coefficients

̂𝑓(𝑛) = ⟨𝑓, 𝑒𝑛⟩ = ∫
1

0
𝑓(𝑥)𝑒𝑛(𝑥) 𝑑𝑥? (12.1.1)

263
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As the reader may recall, Question 12.1.1 is not a question we initially set out to
answer in Chapter 6, but it is a question for which we found a complete answer in the
Inversion Theorem for Fourier Series (Theorem 8.1.1), whichwe repeat here in slightly
different terms.

Theorem 12.1.2. If 𝑓 ∈ 𝐿2(𝑆1), then 𝑓 = ∑
𝑛∈𝐙

̂𝑓(𝑛)𝑒𝑛(𝑥) in the 𝐿2 metric. In particular,

we can recover 𝑓 completely from its Fourier coefficients ̂𝑓(𝑛).

Froma theoretical point of view, theFourier transform is the analogue of theFourier
coefficient mapping 𝑓 ↦ ̂𝑓(𝑛) that we get when we replace 𝑆1 with 𝐑 and 𝐙 with 𝐑.
More precisely, consider the following question.

Question 12.1.3. Given 𝑓 ∈ 𝐿2(𝐑), to what extent can we recover 𝑓 from the function
̂𝑓 ∶ 𝐑 → 𝐂 defined by

̂𝑓(𝛾) = ∫
∞

−∞
𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥? (12.1.2)

The function ̂𝑓 defined by (12.1.2) is called the Fourier transform of 𝑓. Note that
with the Fourier transform, instead of having coefficients ̂𝑓(𝑛) that define a function
on 𝐙, we have coefficients ̂𝑓(𝛾) that define a function on 𝐑. Reasoning analogously,
since ̂𝑓(𝑛) represents the “frequency response” of a wave of known period 1 in each
discrete-valued frequency 𝑛 ∈ 𝐙, we can think of ̂𝑓(𝛾) as representing the frequency
response of a possibly nonperiodic wave in each continuously valued frequency 𝛾 ∈ 𝐑.
In any case, we will eventually end up with much the same result:

Theorem12.1.4 (InversionTheorem for the Fourier Transform). If𝑓 ∈ 𝐿2(𝐑)and ̂𝑓(𝛾)
is defined by (12.1.2), then 𝑓 can be recovered from ̂𝑓(𝛾) by the inverse Fourier transform

𝑓(𝑥) = ∫
∞

−∞
𝑓(𝛾)𝑒2𝜋𝑖𝑥𝛾 𝑑𝛾. (12.1.3)

By now, the reader may be used to our delaying the proof of key results like the In-
version Theorem until later (Theorem 12.5.5). What may not be as apparent is that not
only are there problems to overcome in the proof of Theorem 12.1.4, there are actually
problems in the statement of Question 12.1.3. Most notably, if 𝑓 ∈ 𝐿1(𝐑), then the inte-
gral (12.1.2) is well-defined (Problem 12.1.1), but if we only know that 𝑓 ∈ 𝐿2(𝐑), then
(12.1.2) might not be well-defined (Problem 12.1.2). (In particular, note that (12.1.2)
is not an inner product in 𝐿2, because 𝑒2𝜋𝑖𝛾𝑥 ∉ 𝐿2(𝐑).) Conversely, if we only know
that 𝑓 ∈ 𝐿1(𝐑), ̂𝑓may not be in 𝐿1(𝐑) (Problem 12.1.3), causing problems defining the
inverse transform (12.1.3).

We therefore need to find a way to extend the definition of (12.1.2) to all of 𝐿2(𝐑).
Our basic strategy will be to develop the necessary theory in the space of Schwartz
functions 𝒮(𝐑) (Sections 4.7 and 4.8) first and then, since 𝒮(𝐑) is dense in 𝐿2(𝐑), extend
to 𝐿2(𝐑) by taking limits. Exactly how this works will unfold in the rest of this chapter,
but in any case, we hope the reader now has some idea of why we will need to prove
many of our main results twice.
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We also take this opportunity to review/recapmaterial wewill need about calculus
on 𝒮(𝐑). Specifically, we remind the reader:
• Section 4.7 describes 𝒮(𝐑) and its basic properties.

• Section 4.8 carries over results for integrals on finite intervals to improper inte-
grals on 𝐑. In particular, we have improper versions of integration by parts (Theo-
rem 4.8.7), differentiating an integral (Theorem 4.8.8), and Fubini’s Theorem (The-

orem 4.8.11). We also have the integral∫
∞

−∞
𝑒−𝜋𝑥2 𝑑𝑥 = 1 (Theorem 4.8.6).

In connection with the latter material, we will need several background lemmas.
As with Section 4.8 itself, the first-time reader may choose to take these lemmas as
given and return to their proofs later. Our first lemma is a “separation of variables”
technique taken from Stein and Shakarchi [SS03, Ch. 5, Prop. 1.11].

Lemma 12.1.5. If 𝑓 ∈ 𝐶0(𝐑) is rapidly decaying (Definition 4.7.1), then for any 𝑘 ≥ 0,
there exists some 𝐶𝑘 > 0 such that

|𝑓(𝑥 − 𝑦)| ≤ ( 𝐶𝑘
|𝑥|𝑘

) (1 + |𝑦|)𝑘 (12.1.4)

for all 𝑥, 𝑦 ∈ 𝐑.

Proof. Problem 12.1.4.

Our other lemma describes some specific cases when Fubini’s Theorem 4.8.11 ap-
plies.

Lemma12.1.6. Suppose𝑓, 𝑔 ∈ 𝒮(𝐑)and𝐺 ∈ 𝐶1(𝐑2) is such that𝐺, 𝜕𝐺𝜕𝑥 , and
𝜕𝐺
𝜕𝑦 are all

bounded. Then the following functions satisfy the hypotheses of Fubini’s Theorem 4.8.11.

(1) The function 𝐹(𝑥, 𝑦) = 𝐺(𝑥, 𝑦)𝑓(𝑥)𝑔(𝑦).

(2) The function 𝐹(𝑥, 𝑦) = 𝐺(𝑥, 𝑦)𝑓(𝑥 − 𝑦)𝑔(𝑦).

Proof. Problem 12.1.5.

Problems.

12.1.1. Prove that if 𝑓 ∈ 𝐿1(𝐑), then

̂𝑓(𝛾) = ∫
∞

−∞
𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥 (12.1.5)

is well-defined.

12.1.2. Define 𝑓 ∶ 𝐑 → 𝐑 by

𝑓 = {
0 if 𝑥 < 1,
1
𝑥 if 𝑥 ≥ 1.

(12.1.6)

Prove that 𝑓 ∈ 𝐿2(𝐑), but for any 𝛾 ∈ 𝐑, 𝑓(𝑥)𝑒2𝜋𝑖𝛾𝑥 is not Lebesgue integrable
on 𝐑.
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12.1.3. Define 𝑓 ∶ 𝐑 → 𝐑 by

𝑓 = {1 if −1 ≤ 𝑥 ≤ 1,
0 otherwise.

(12.1.7)

(a) Prove that for 𝛾 ≠ 0,

̂𝑓(𝛾) = ∫
∞

−∞
𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥 = ∫

1

−1
𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥 = sin(2𝜋𝛾)

𝜋𝛾 . (12.1.8)

(b) Let 𝑔(𝑥) = sin(𝜋𝑥)
𝜋𝑥 . Prove that for 𝑛 ∈ 𝐍,

∫
𝑛+1

𝑛
|𝑔(𝑥)| 𝑑𝑥 ≥ 1

𝜋(𝑛 + 1) (
2
𝜋) . (12.1.9)

(c) Prove that the improper integral ∫
∞

1

|||
sin(𝜋𝑥)
𝜋𝑥

||| 𝑑𝑥 diverges, and therefore,

̂𝑓 ∉ 𝐿1(𝐑).

12.1.4. (Proves Lemma 12.1.5) Prove that if 𝑓 ∈ 𝐶0(𝐑) is rapidly decaying (Defini-
tion 4.7.1), then for any 𝑘 ≥ 0, there exists some 𝐶𝑘 > 0 such that

|𝑓(𝑥 − 𝑦)| |𝑥|𝑘 ≤ 𝐶𝑘(1 + |𝑦|)𝑘 (12.1.10)

for all 𝑥, 𝑦 ∈ 𝐑. In other words, prove that |𝑓(𝑥 − 𝑦)| ( |𝑥|𝑘

(1 + |𝑦|)𝑘 ) is bounded on

𝐑 × 𝐑.

12.1.5. (Proves Lemma 12.1.6) Suppose 𝑓, 𝑔 ∈ 𝒮(𝐑) and 𝐺(𝑥, 𝑦) ∈ 𝐶1(𝐑2) is such that
𝐺, 𝜕𝐺𝜕𝑥 , and

𝜕𝐺
𝜕𝑦 are all bounded.

(a) Let 𝐹(𝑥, 𝑦) = 𝐺(𝑥, 𝑦)𝑓(𝑥)𝑔(𝑦). Prove that 𝐹, 𝜕𝐹𝜕𝑥 , and
𝜕𝐹
𝜕𝑦 are all integrable by

separation (Definition 4.8.9).

(b) Let 𝐹(𝑥, 𝑦) = 𝐺(𝑥, 𝑦)𝑓(𝑥−𝑦)𝑔(𝑦). Prove that 𝐹, 𝜕𝐹𝜕𝑥 , and
𝜕𝐹
𝜕𝑦 are all integrable

by separation.

12.2 Convolutions, Dirac kernels, and calculus
on 𝐑

Recall that convolution (Section 8.2), Dirac kernels (Section 8.3), and well-chosen sub-
stitutions (such as Lemma 8.2.1) were key tools in proving the Inversion Theorem for
Fourier Series in Section 8.4. In this section, we establish the analogous results for
𝒮(𝐑), replacing integrals on 𝑆1 with (improper) integrals on 𝐑. The main idea is that
because functions in 𝒮(𝐑) are so well-behaved, both in terms of differentiability and in
terms of decay at infinity, we can more or less reuse the arguments of Sections 8.2–8.4,
replacing integrals on 𝑆1 with integrals on 𝐑.

We begin with the 𝐑 versions of translation invariance and scaling.
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Lemma 12.2.1. For 𝑓 ∈ 𝒮(𝐑), 𝑎 ∈ 𝐑, 𝑎 ≠ 0, we have

∫
∞

−∞
𝑓(𝑥 + 𝑎) 𝑑𝑥 = ∫

∞

−∞
𝑓(𝑥) 𝑑𝑥, (12.2.1)

∫
∞

−∞
𝑓(𝑎𝑥) 𝑑𝑥 = 1

|𝑎| ∫
∞

−∞
𝑓(𝑥) 𝑑𝑥. (12.2.2)

Note the sign when 𝑎 < 0 in (12.2.2), which is perhaps the only surprise here.
Proof. Problem 12.2.1.

Our first big idea to consider is convolution on 𝐑.

Definition 12.2.2. For 𝑓, 𝑔 ∈ 𝐿2(𝐑), the convolution 𝑓 ∗ 𝑔 ∶ 𝐑 → 𝐂 is defined by the
formula

(𝑓 ∗ 𝑔)(𝑥) = ∫
∞

−∞
𝑓(𝑥 − 𝑡)𝑔(𝑡) 𝑑𝑡. (12.2.3)

Note that if 𝑓(𝑡) ∈ 𝐿2(𝐑) as a function of 𝑡, so are 𝑓(−𝑡) and 𝑓(𝑥−𝑡), which means that
(12.2.3) is well-defined; in fact, for fixed 𝑥, (12.2.3) is the inner product of 𝑓(𝑥 − 𝑡) and
𝑔(𝑡) as functions of 𝑡.

Convolutions on𝐑have the sameproperties as convolutions on𝑆1 (Theorem8.2.4),
though again, the new wrinkle is that we need to be careful about convergence of inte-
grals on𝐑. In addition, we have the key additional property that convolution preserves
𝒮(𝐑), or more generally, the property of rapid decay.

Theorem 12.2.3. If 𝑓, 𝑔 ∈ 𝐶0(𝐑) are rapidly decaying (Definition 4.7.1), then 𝑓 ∗ 𝑔 is
rapidly decaying. Moreover, suppose 𝑓, 𝑔, ℎ ∈ 𝒮(𝐑). Then:
(1) (𝑓 ∗ 𝑔)(𝑥) = (𝑔 ∗ 𝑓)(𝑥).

(2) ((𝑓 ∗ 𝑔) ∗ ℎ)(𝑥) = (𝑓 ∗ (𝑔 ∗ ℎ))(𝑥).

(3) 𝑑
𝑑𝑥((𝑓 ∗ 𝑔)(𝑥)) = (𝑑𝑓𝑑𝑥 ∗ 𝑔) (𝑥).

(4) 𝑓 ∗ 𝑔 ∈ 𝒮(𝐑).

Proof. The rapid decay of 𝑓 ∗ 𝑔 is the most interesting part of this theorem; see Prob-
lem 12.2.2. The other statements are proven by arguments that mirror the analogous
arguments of Section 8.2; see Problems 12.2.3–12.2.6.

Next, we define Dirac kernels in much the same way as the analogous kernels de-
fined on 𝑆1. The main difference is that instead of an integer parameter 𝑛 → ∞, we
use a continuous parameter 𝑡 → 0.

Definition 12.2.4. A Dirac kernel on𝐑 is a one-parameter family of continuous func-
tions 𝐾𝑡 ∶ 𝐑 → 𝐑 (𝑡 ∈ 𝐑, 𝑡 > 0) that are integrable on 𝐑 such that:

(1) For all 𝑡 > 0 and all 𝑥 ∈ 𝐑, 𝐾𝑡(𝑥) ≥ 0.

(2) For all 𝑡 > 0,∫
∞

−∞
𝐾𝑡(𝑥) 𝑑𝑥 = 1.
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(3) For any fixed 𝜂 > 0, we have

lim
𝑡→0+

∫
|𝑥|≥𝜂

𝐾𝑡(𝑥) 𝑑𝑥 = 0. (12.2.4)

In other words, for any 𝜂 > 0 and 𝜖 > 0, there exists some 𝛿(𝜂, 𝜖) > 0 such that for
0 < 𝑡 < 𝛿(𝜂, 𝜖), we have

1 − 𝜖 < ∫
𝜂

−𝜂
𝐾𝑡(𝑥) 𝑑𝑥 ≤ 1. (12.2.5)

As in Section 8.4, the key result is:

Theorem 12.2.5. If {𝐾𝑡} is a Dirac kernel and 𝑓 ∈ 𝒮(𝐑), then
lim
𝑡→0+

(𝑓 ∗ 𝐾𝑡)(𝑥) = 𝑓(𝑥) (12.2.6)

uniformly on 𝐑 (i.e., with convergence independent of 𝑥 ∈ 𝐑).

To prove Theorem 12.2.5, following the proof of Theorem 8.4.1, we first bound the
integral of |𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| |𝐾𝑡(𝑦)| for 𝑦 close to 0.

Lemma 12.2.6. For any 𝜖1 > 0, there exists some 𝜂1(𝜖1) > 0 such that for 0 < 𝜂 < 𝜂1(𝜖1),
any 𝑥 ∈ 𝐑, and any 𝑡 > 0, we have

∫
𝜂

−𝜂
|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| |𝐾𝑡(𝑦)| 𝑑𝑦 < 𝜖1. (12.2.7)

Proof. Problem 12.2.7.

Secondly, for fixed 𝜂 > 0, by keeping 𝑦 away from 0 and letting 𝑡 → 0, we can also
force the integral of |𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| |𝐾𝑡(𝑦)| on |𝑦| ≥ 𝜂 to be as small as we like.

Lemma 12.2.7. For any fixed 𝜂 > 0 and 𝜖2 > 0, there exists some 𝛿2(𝜂, 𝜖2) such that for
0 < 𝑡 < 𝛿2(𝜂, 𝜖2) and any 𝑥 ∈ 𝐑, we have

∫
|𝑦|≥𝜂

|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| |𝐾𝑡(𝑦)| 𝑑𝑦 < 𝜖2. (12.2.8)

Proof. Problem 12.2.8.

As in the proof of Theorem 8.4.1, Lemmas 12.2.6 and 12.2.7 combine to prove the
desired theorem.

Proof of Theorem 12.2.5. Problem 12.2.9.

Of course, Theorem12.2.5 is not ofmuchusewithout a concrete example of aDirac
kernel.

Example 12.2.8. The Gauss kernel {𝐺𝑡} is

𝐺𝑡(𝑥) =
1
𝑡 exp (

−𝜋𝑥2
𝑡2 ) , (12.2.9)

as shown in Figure 12.2.1.
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Figure 12.2.1. The Gauss kernel 𝐺𝑡(𝑥) (𝑡 = 1, 1
2
, 1
4
)

Theorem 12.2.9. The Gauss kernel is a Dirac kernel.

Proof. Problem 12.2.10.

Remark 12.2.10. We pause here to give an interpretation of the convolution 𝑓∗𝑔 that

complements the one given in Remark 8.2.5. Suppose∫
∞

−∞
𝑔(𝑡) 𝑑𝑡 = 1 and 𝑔(𝑡) ≥ 0. If

we think of the integrand 𝑓(𝑥 − 𝑡)𝑔(𝑡) 𝑑𝑡 as being the value of 𝑓 taken from 𝑥 − 𝑡 with
weight 𝑔(𝑡), then

(𝑓 ∗ 𝑔)(𝑥) = ∫
∞

−∞
𝑓(𝑥 − 𝑡)𝑔(𝑡) 𝑑𝑡, (12.2.10)

the value of 𝑓 ∗ 𝑔 at 𝑥, is obtained by averaging the values of 𝑓 taken from 𝑥 − 𝑡 with
weight 𝑔(𝑡). Very loosely speaking, keeping Figure 12.2.1 and the example 𝑔(𝑥) = 𝐺𝑡(𝑥)
in mind, the values of (𝑓 ∗ 𝑔)(𝑥) are obtained by taking each 𝑓(𝑥) and smearing it out
to nearby values 𝑥+ 𝑡 with weight 𝑔(𝑡). (Note that the+ in 𝑥+ 𝑡 is not a mistake: If the
value of 𝑓 is taken from 𝑥 − 𝑡 with weight 𝑔(𝑡), then the value of 𝑓 is sent to 𝑥 + 𝑡 with
weight 𝑔(𝑡).)

Again, see Sections 13.3 and 14.2 for further related discussion and other interpre-
tations of convolution.

Problems.

12.2.1. (Proves Lemma 12.2.1) Suppose 𝑓 ∈ 𝒮(𝐑), 𝑎 ∈ 𝐑.

(a) Prove that∫
∞

−∞
𝑓(𝑥 + 𝑎) 𝑑𝑥 = ∫

∞

−∞
𝑓(𝑥) 𝑑𝑥.

(b) For 𝑎 > 0, prove that∫
∞

−∞
𝑓(𝑎𝑥) 𝑑𝑥 = 1

𝑎 ∫
∞

−∞
𝑓(𝑥) 𝑑𝑥.
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(c) For 𝑎 < 0, prove that∫
∞

−∞
𝑓(𝑎𝑥) 𝑑𝑥 = −1𝑎 ∫

∞

−∞
𝑓(𝑥) 𝑑𝑥.

12.2.2. (Proves Theorem 12.2.3) Suppose 𝑓, 𝑔 ∈ 𝐶0(𝐑) are rapidly decaying (Defini-
tion 4.7.1). Prove that (𝑓 ∗ 𝑔)(𝑥) is rapidly decaying.

12.2.3. (Proves Theorem 12.2.3) For 𝑓, 𝑔 ∈ 𝒮(𝐑), prove that (𝑓 ∗ 𝑔)(𝑥) = (𝑔 ∗ 𝑓)(𝑥).

12.2.4. (Proves Theorem 12.2.3) For 𝑓, 𝑔, ℎ ∈ 𝒮(𝐑), prove that

((𝑓 ∗ 𝑔) ∗ ℎ)(𝑥) = (𝑓 ∗ (𝑔 ∗ ℎ))(𝑥). (12.2.11)

12.2.5. (Proves Theorem 12.2.3) For 𝑓, 𝑔 ∈ 𝒮(𝐑), prove that

𝑑
𝑑𝑥((𝑓 ∗ 𝑔)(𝑥)) = (𝑑𝑓𝑑𝑥 ∗ 𝑔) (𝑥). (12.2.12)

12.2.6. (Proves Theorem 12.2.3) Suppose 𝑓, 𝑔 ∈ 𝒮(𝐑). Prove that 𝑓 ∗ 𝑔 ∈ 𝒮(𝐑).

For Problems 12.2.7–12.2.9, assume that {𝐾𝑡} is a Dirac kernel (Definition 12.2.4)
and 𝑓 ∈ 𝒮(𝐑).

12.2.7. (Proves Lemma 12.2.6) Prove that for any 𝜖1 > 0, there exists some 𝜂1(𝜖1) > 0
such that for 0 < 𝜂 < 𝜂1(𝜖1), any 𝑥 ∈ 𝐑, and any 𝑡 > 0, we have

∫
𝜂

−𝜂
|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| |𝐾𝑡(𝑦)| 𝑑𝑦 < 𝜖1. (12.2.13)

12.2.8. (Proves Lemma 12.2.7) Prove that for any fixed 𝜂 > 0 and 𝜖2 > 0, there exists
some 𝛿2(𝜂, 𝜖2) such that for 0 < 𝑡 < 𝛿2(𝜂, 𝜖2) and any 𝑥 ∈ 𝐑, we have

∫
|𝑡|≥𝜂

|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)| |𝐾𝑡(𝑦)| 𝑑𝑦 < 𝜖2. (12.2.14)

12.2.9. (Proves Theorem 12.2.5) Prove that for any 𝜖 > 0, there exists some 𝛿(𝑓, 𝜖), not
depending on 𝑥 ∈ 𝐑, such that for all 𝑥 ∈ 𝐑 and all 𝑡 > 0, if 𝑡 < 𝛿(𝑓, 𝜖), then
|(𝑓 ∗ 𝐾𝑡)(𝑥) − 𝑓(𝑥)| < 𝜖. In other words, prove that 𝑓 ∗ 𝐾𝑡 converges uniformly to
𝑓 on 𝐑.

12.2.10. (Proves Theorem 12.2.9) Define

𝐺𝑡(𝑥) =
1
𝑡 exp (

−𝜋𝑥2
𝑡2 ) . (12.2.15)

(a) Prove that for any 𝑡 > 0,∫
∞

−∞
𝐺𝑡(𝑥) 𝑑𝑥 = 1.

(b) Fix 𝜂 > 0. Prove that lim
𝑡→0

∫
𝜂

−𝜂
𝐺𝑡(𝑥) 𝑑𝑥 = 1.
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12.3 The Fourier transform on 𝒮(𝐑)
We can now finally define the Fourier transform on 𝒮(𝐑).

Definition 12.3.1. For 𝑓 ∈ 𝒮(𝐑), we define the Fourier transform of 𝑓 to be

̂𝑓(𝛾) = ∫
∞

−∞
𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥. (12.3.1)

Note that the integral in (12.3.1) is well-defined because 𝑓 is rapidly decaying and con-
tinuous (see Example 4.8.5).

Remark 12.3.2. We will sometimes write the Fourier transform of 𝑓 as 𝑈(𝑓) = ̂𝑓.
When using this notation, it will sometimes be useful to let the transform variable also
be 𝑥, or in other words,

(𝑈(𝑓))(𝑥) = ̂𝑓(𝑥) = ∫
∞

−∞
𝑓(𝑦)𝑒−2𝜋𝑖𝑥𝑦 𝑑𝑦. (12.3.2)

As we shall see, the alternate choice of variables in (12.3.2) is especially useful when
we consider the Fourier transform as an operator, so we call this choice of variables
and the notation 𝑈(𝑓) for ̂𝑓 the operator notation for the Fourier transform.

We collect some important properties of the Fourier transform in the following
theorem.

Theorem 12.3.3. If the Fourier transform of 𝑓 ∈ 𝒮(𝐑) is ̂𝑓(𝛾) and 𝑎, 𝑏 ∈ 𝐑, 𝑏 > 0,
then the Fourier transforms of certain transformations of 𝑓 are given by Table 12.3.1. In
particular, the Fourier transform of 𝑓 ∈ 𝒮(𝐑) is differentiable.

Proof. Problems 12.3.1–12.3.3.

Function (in 𝑥) Fourier transform (in 𝛾)

𝑓(𝑥 + 𝑎) 𝑒2𝜋𝑖𝑎𝛾 ̂𝑓(𝛾)

𝑒2𝜋𝑖𝑎𝑥𝑓(𝑥) ̂𝑓(𝛾 − 𝑎)

𝑓(𝑏𝑥) 1
𝑏

̂𝑓 (𝛾𝑏)

𝑓(−𝑥) ̂𝑓(−𝛾)

𝑓′(𝑥) (2𝜋𝑖𝛾) ̂𝑓(𝛾)

(−2𝜋𝑖𝑥)𝑓(𝑥) ̂𝑓′(𝛾)

Table 12.3.1. Some Fourier transform identities

Remark 12.3.4. It will also be useful to restate Table 12.3.1 using operator notation
(Remark 12.3.2). First, for any 𝑎, 𝑏 ∈ 𝐑 and any polynomial 𝑝(𝑥), we define operators
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𝜏𝑎, 𝜇𝑎, 𝑠𝑏, and𝑀𝑝(𝑥) on 𝒮(𝐑) by
(𝜏𝑎(𝑓))(𝑥) = 𝑓(𝑥 + 𝑎), (𝜇𝑎(𝑓))(𝑥) = 𝑒2𝜋𝑖𝑎𝑥𝑓(𝑥),
(𝑠𝑏(𝑓))(𝑥) = 𝑓(𝑏𝑥), (𝑀𝑝(𝑥)(𝑓))(𝑥) = 𝑝(𝑥)𝑓(𝑥). (12.3.3)

Note that one must be careful when considering compositions of operators; for exam-
ple, since 𝑠−1(𝑓)(𝑥) = 𝑓(−𝑥),

(𝜏−𝑎(𝑠−1(𝑓)))(𝑥) = (𝑠−1(𝑓))(𝑥 − 𝑎) = 𝑓(−(𝑥 − 𝑎)) = 𝑓(𝑎 − 𝑥). (12.3.4)
In any case, we may restate Table 12.3.1 as

𝑈(𝜏𝑎(𝑓)) = 𝜇𝑎(𝑈(𝑓)), 𝑈(𝜇𝑎(𝑓)) = 𝜏−𝑎(𝑈(𝑓)),

𝑈(𝑠𝑏(𝑓)) =
1
𝑏𝑠1/𝑏(𝑈(𝑓)), 𝑈(𝑠−1(𝑓)) = 𝑠−1(𝑈(𝑓)),

𝑈 ( 𝑑𝑑𝑥(𝑓)) = 𝑀2𝜋𝑖𝑥(𝑈(𝑓)), 𝑈(𝑀−2𝜋𝑖𝑥(𝑓)) =
𝑑
𝑑𝑥𝑈(𝑓),

(12.3.5)

where again we assume that 𝑏 > 0.

As a result of Theorem 12.3.3, we see that the Fourier transform preserves 𝒮(𝐑):

Corollary 12.3.5. If 𝑓 ∈ 𝒮(𝐑), then ̂𝑓 ∈ 𝒮(𝐑).

Proof. Problem 12.3.4.

The following formula should be familiar from its 𝑆1 analogue (Theorem 8.2.4)
and is proven similarly. (Note that 𝑓 ∗ 𝑔 ∈ 𝒮(𝐑) by Theorem 12.2.3.)

Theorem 12.3.6. If 𝑓, 𝑔 ∈ 𝒮(𝐑), then 𝑓 ∗ 𝑔(𝛾) = ̂𝑓(𝛾) ̂𝑔(𝛾).

Proof. Problem 12.3.5.

We also have the following handy theorem, which we call the “Pass the Hat” for-
mula.

Theorem 12.3.7 (Pass the Hat). For 𝑓, 𝑔 ∈ 𝒮(𝐑), we have that

∫
∞

−∞
̂𝑓(𝑥)𝑔(𝑥) 𝑑𝑥 = ∫

∞

−∞
𝑓(𝑥) ̂𝑔(𝑥) 𝑑𝑥. (12.3.6)

Proof. Problem 12.3.6.

The readermay have noticed that we have not yet calculated any specific examples
of Fourier transforms. There are two good reasons: First, many natural examples are
not in 𝒮(𝐑); and second, even for functions in 𝒮(𝐑), this calculation is not easy. We do,
however, have the following crucial example.

Theorem 12.3.8. The Fourier transform of 𝑓(𝑥) = 𝑒−𝜋𝑥2 is ̂𝑓(𝛾) = 𝑒−𝜋𝛾2 ; in other
words, 𝑓 is its own Fourier transform, or𝑈(𝑓) = 𝑓. More generally, for 𝑡 > 0, let 𝐺𝑡(𝑥) =
1
𝑡 exp (

−𝜋𝑥2
𝑡2 ) be the Gauss kernel. Then

̂𝐺𝑡(𝛾) = 𝑒−𝜋𝑡2𝛾2 , 𝑈(𝑈(𝐺𝑡)) = ̂̂𝐺𝑡 = 𝐺𝑡. (12.3.7)

Proof. Problem 12.3.7.
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Problems.

12.3.1. (Proves Theorem 12.3.3) Suppose 𝑓 ∈ 𝒮(𝐑).

(a) Let 𝑔(𝑥) = 𝑓(𝑥 + 𝑎). Prove that ̂𝑔(𝛾) = 𝑒2𝜋𝑖𝑎𝛾 ̂𝑓(𝛾).
(b) Let ℎ(𝑥) = 𝑒2𝜋𝑖𝑎𝑥𝑓(𝑥). Prove that ̂ℎ(𝛾) = ̂𝑓(𝛾 − 𝑎).

12.3.2. (Proves Theorem 12.3.3) Suppose 𝑓 ∈ 𝒮(𝐑) and 𝑏 > 0.

(a) Let 𝑔(𝑥) = 𝑓(𝑏𝑥). Prove that ̂𝑔(𝛾) = 1
𝑏

̂𝑓 (𝛾𝑏).

(b) Let ℎ(𝑥) = 𝑓(−𝑥). Prove that ̂ℎ(𝛾) = ̂𝑓(−𝛾).

12.3.3. (Proves Theorem 12.3.3) Suppose 𝑓 ∈ 𝒮(𝐑).

(a) Let 𝑔(𝑥) = 𝑓′(𝑥). Prove that ̂𝑔(𝛾) = (2𝜋𝑖𝛾) ̂𝑓(𝛾).
(b) Let ℎ(𝑥) = (−2𝜋𝑖𝑥)𝑓(𝑥). Prove that ̂ℎ(𝛾) = ̂𝑓′(𝛾).

12.3.4. (Proves Corollary 12.3.5) Suppose 𝑓 ∈ 𝒮(𝐑).

(a) Prove that for any 𝛾 ∈ 𝐑, || ̂𝑓(𝛾)|| ≤ ∫
∞

−∞
|𝑓(𝑥)| 𝑑𝑥. (It follows that ̂𝑓 is bounded.)

(b) Prove that for any 𝑛, 𝑘 ≥ 0, 𝛾𝑛 ̂𝑓(𝑘)(𝛾) is the Fourier transform of ( 1
2𝜋𝑖

𝑑
𝑑𝑥)

𝑛

× (−2𝜋𝑖𝑥)𝑘𝑓(𝑥).
(c) Prove that for any 𝑛, 𝑘 ≥ 0, 𝛾𝑛 ̂𝑓(𝑘)(𝛾) is bounded.

12.3.5. (Proves Theorem 12.3.6) For 𝑓, 𝑔 ∈ 𝒮(𝐑), prove that 𝑓 ∗ 𝑔(𝛾) = ̂𝑓(𝛾) ̂𝑔(𝛾).

12.3.6. (Proves Theorem 12.3.7) Prove that if 𝑓, 𝑔 ∈ 𝒮(𝐑), then ∫
∞

−∞
̂𝑓(𝑥)𝑔(𝑥) 𝑑𝑥 =

∫
∞

−∞
𝑓(𝑥) ̂𝑔(𝑥) 𝑑𝑥.

12.3.7. (Proves Theorem 12.3.8) Let 𝑓(𝑥) = 𝑒−𝜋𝑥2 , and let 𝑦 = 𝐹(𝛾) = ̂𝑓(𝛾).

(a) Prove that 𝐹′(𝛾) = −2𝜋𝛾𝐹(𝛾).
(b) Find the value of 𝐹(0) by direct calculation.
(c) Prove that ̂𝑓 = 𝑓 by solving the differential equation 𝐹′(𝛾) = −(2𝜋𝛾)𝐹(𝛾).

(d) For 𝑡 ∈ 𝐑, 𝑡 > 0, let 𝐺𝑡(𝑥) be the Gauss kernel 𝐺𝑡(𝑥) =
1
𝑡 exp (

−𝜋𝑥2
𝑡2 ). Prove

that ̂𝐺𝑡(𝛾) = 𝑒−𝜋𝑡2𝛾2 .
(e) Prove that ̂̂𝐺𝑡 = 𝐺𝑡.

12.4 Inversion and the Plancherel theorem
In this section, we prove two important theorems about Fourier transforms on 𝒮(𝐑).
We begin with the Inversion Theorem in 𝒮(𝐑) (Theorem 12.4.2), for which we need
the following definition.
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Definition 12.4.1. For 𝑔(𝛾) ∈ 𝒮(𝐑), we define the inverse Fourier transform of 𝑔 to be

(𝑈∗(𝑔))(𝑥) = ∫
∞

−∞
𝑔(𝛾)𝑒2𝜋𝑖𝛾𝑥 𝑑𝛾. (12.4.1)

Note that the integral in (12.4.1) is defined for the same reasons as the integral in Def-
inition 12.3.1.

Note that because of our conventions of where we place 2𝜋, our inverse transform
greatly resembles our forward transform; with other conventions, a factor of 2𝜋, or
sometimes √2𝜋, appears more prominently in the inverse (see Remark 13.1.1 below).
The reader may also find our use of the name “inverse transform” a bit presumptuous;
fortunately, that name is justified by the following result.

Theorem 12.4.2 (Inversion Theorem in 𝒮(𝐑)). For 𝑓 ∈ 𝒮(𝐑), we have that

̂̂𝑓(𝑥) = ∫
∞

−∞
̂𝑓(𝛾)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝛾 = 𝑓(−𝑥). (12.4.2)

In other words, replacing 𝑥 with −𝑥, for 𝑓 ∈ 𝒮(𝐑), we have that 𝑈∗(𝑈(𝑓)) = 𝑓; i.e., the
inverse Fourier transform is indeed the inverse of the Fourier transform (𝑈∗ = 𝑈−1).

As indicated by its title, Theorem 12.4.2 (or rather, its 𝐿2 analogue yet to come)
is the Fourier transform analogue of the Inversion Theorem for Fourier Series, The-
orem 8.1.1. Note also that in operator notation (Remarks 12.3.2 and 12.3.4), Theo-
rem 12.4.2 is equivalent to saying that 𝑈(𝑈(𝑓)) = 𝑠−1(𝑓) for all 𝑓 ∈ 𝒮(𝐑).

Our second theorem is the transform version of the Isomorphism Theorem for
Fourier Series, Theorem 7.6.8, though the statement may not appear analogous at first.

Theorem 12.4.3 (Isomorphism Theorem in 𝒮(𝐑)). For 𝑓, 𝑔 ∈ 𝒮(𝐑), we have that
⟨ ̂𝑓, ̂𝑔⟩ = ⟨𝑓, 𝑔⟩, or in operator terms,

⟨𝑈(𝑓), 𝑈(𝑔)⟩ = ⟨𝑓, 𝑔⟩ . (12.4.3)

In particular, ‖𝑓‖ = ‖
‖ ̂𝑓‖‖.

In operator terms, Theorem 12.4.3 (or again, its 𝐿2 analogue to come) says that the
operator 𝑈 is an isomorphism of Hilbert spaces. (Compare Remark 7.6.9.) Operators
that satisfy (12.4.3) are also known as unitary operators.

Turning to the proof of Theorems 12.4.2 and 12.4.3, we begin with the following
lemmas, which we use to hide a bit of grunge.

Lemma 12.4.4. For 𝑓 ∈ 𝒮(𝐑) and constant 𝑥 ∈ 𝐑, let ℎ𝑥(𝑦) = 𝑓(−𝑥 − 𝑦). Then
̂̂𝑓(𝑥 − 𝑦) = ̂̂ℎ𝑥(𝑦), where the Fourier transform is calculated in the variable 𝑦.
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Proof. Using operator notation (Remark 12.3.4) in the variable 𝑦, we first observe that
since (𝑠−1(𝑓))(𝑦) = 𝑓(−𝑦),

(𝜏𝑥(𝑠−1(𝑓)))(𝑦) = 𝑓(−(𝑦 + 𝑥)) = 𝑓(−𝑥 − 𝑦) = ℎ𝑥(𝑦). (12.4.4)

Also recall that by (12.3.5), we have that

𝜏−𝑥𝑠−1𝑈𝑈 = 𝜏−𝑥𝑈𝑈𝑠−1 = 𝑈𝜇𝑥𝑈𝑠−1 = 𝑈𝑈𝜏𝑥𝑠−1. (12.4.5)

It follows that, still working with operator notation in the variable 𝑦,
̂̂𝑓(𝑥 − 𝑦) = (𝜏−𝑥( ̂̂𝑓))(−𝑦) = (𝜏−𝑥(𝑠−1( ̂̂𝑓)))(𝑦) = (𝑈(𝑈(𝜏𝑥(𝑠−1(𝑓)))))(𝑦) = ̂̂ℎ𝑥(𝑦).

(12.4.6)
The lemma follows.

Lemma 12.4.5. For 𝑔 ∈ 𝒮(𝐑), let ℎ(𝑥) = 𝑔(𝑥). Then ̂𝑔(𝛾) = ̂ℎ(−𝛾).

Proof. Problem 12.4.1.

We now prove our main results.

Proof of Theorem 12.4.2. Suppose 𝑓 ∈ 𝒮(𝐑). Define 𝑔(𝑥) = 𝑓(−𝑥) = (𝑠−1(𝑓))(𝑥), and
for fixed 𝑥 ∈ 𝐑, define ℎ𝑥(𝑦) = 𝑓(−𝑥 − 𝑦) = 𝑔(𝑥 + 𝑦), as in Lemma 12.4.4.

Then for any fixed 𝑡 > 0, we have

( ̂̂𝑓 ∗ 𝐺𝑡)(𝑥) = ∫
∞

−∞

̂̂𝑓(𝑥 − 𝑦)𝐺𝑡(𝑦) 𝑑𝑦

= ∫
∞

−∞

̂̂ℎ𝑥(𝑦)𝐺𝑡(𝑦) 𝑑𝑦 (Lemma 12.4.4)

= ∫
∞

−∞
ℎ𝑥(𝑦) ̂̂𝐺𝑡(𝑦) 𝑑𝑦 (Pass the Hat Theorem 12.3.7)

= ∫
∞

−∞
𝑔(𝑥 + 𝑦)𝐺𝑡(𝑦) 𝑑𝑦 (Theorem 12.3.8)

= ∫
∞

−∞
𝑔(𝑥 − 𝑦)𝐺𝑡(−𝑦) 𝑑𝑦 (Lemma 12.2.1)

= ∫
∞

−∞
𝑔(𝑥 − 𝑦)𝐺𝑡(𝑦) 𝑑𝑦 (𝐺𝑡 is an even function)

= (𝑔 ∗ 𝐺𝑡)(𝑥).

(12.4.7)

The theorem follows by taking lim
𝑡→0

on both sides and applying Theorem 12.2.5.

As for Theorem 12.4.3, see Problem 12.4.2 for a proof.
We end this section with some consequences of the Inversion Theorem in 𝒮(𝐑).

For example, reading Table 12.3.1 in reverse, we get a table of inverse transforms (Ta-
ble 12.4.1). We can also add the following identities to the list in (12.3.5):

𝑈2 = 𝑠−1,
𝑈∗ = 𝑈−1 = 𝑈𝑠−1 = 𝑠−1𝑈.

(12.4.8)
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Function (in 𝛾) Inverse transform (in 𝑥)
̂𝑓(𝛾 − 𝑎) 𝑒2𝜋𝑖𝑎𝑥𝑓(𝑥)

𝑒2𝜋𝑖𝑎𝛾 ̂𝑓(𝛾) 𝑓(𝑥 + 𝑎)

̂𝑓(𝑏𝛾) 1
𝑏

̂𝑓 (𝑥𝑏 )

̂𝑓(−𝛾) 𝑓(−𝑥)

(2𝜋𝑖𝛾) ̂𝑓(𝛾) 𝑓′(𝑥)
̂𝑓′(𝛾) (−2𝜋𝑖𝑥)𝑓(𝑥)

Table 12.4.1. Some inverse Fourier transform
identities

Problems.

12.4.1. For 𝑔 ∈ 𝒮(𝐑), let ℎ(𝑥) = 𝑔(𝑥). Prove that ̂𝑔(𝛾) = ̂ℎ(−𝛾).
12.4.2. Suppose 𝑓, 𝑔 ∈ 𝒮(𝐑). Prove that ⟨ ̂𝑓, ̂𝑔⟩ = ⟨𝑓, 𝑔⟩.

12.5 The 𝐿2 Fourier transform
In this section, we extend the definition of the Fourier transform and the results of
Sections 12.3 and 12.4 from the Schwartz space 𝒮(𝐑) to 𝐿2(𝐑). Instead of hard work,
we will achieve this mainly via

TOTAL ABSTRACT NONSENSE
Recall that by Corollary 8.5.7 and Theorem 2.4.17, every 𝑓 ∈ 𝐿2(𝐑) is the limit in

𝐿2 of some sequence of functions in 𝒮(𝐑). The following definition therefore at least
makes some initial sense.

Definition 12.5.1. For𝑓 ∈ 𝐿2(𝐑), choose some sequence𝑓𝑛 in𝒮(𝐑) such that lim𝑛→∞
𝑓𝑛 =

𝑓. We define the Fourier transform ̂𝑓 of 𝑓 to be
̂𝑓 = lim

𝑛→∞
̂𝑓𝑛, (12.5.1)

where ̂𝑓𝑛 is the Fourier transform of 𝑓𝑛 as a function in 𝒮(𝐑) (Definition 12.3.1) and
convergence in (12.5.1) is in the 𝐿2 metric.

Theorem 12.5.2. For 𝑓 ∈ 𝐿2(𝐑), the Fourier transform ̂𝑓 from Definition 12.5.1 is a
well-defined function in 𝐿2(𝐑). Specifically:
(1) If 𝑓𝑛 is a sequence of functions in 𝒮(𝐑) such that lim𝑛→∞

𝑓𝑛 = 𝑓 in the 𝐿2metric, then the
sequence ̂𝑓𝑛 converges to some ̂𝑓 ∈ 𝐿2(𝐑).

(2) If𝑓𝑛 and 𝑔𝑛 are two sequences in𝒮(𝐑) such that lim𝑛→∞
𝑓𝑛 = 𝑓 = lim

𝑛→∞
𝑔𝑛, then lim𝑛→∞

̂𝑓𝑛 =
lim
𝑛→∞

̂𝑔𝑛.
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Proof. Problems 12.5.1 and 12.5.2.

To make sure the theory works correctly, we also need to extend the inversion and
isomorphism theorems to 𝐿2 functions; and for applications, we need to extend some
of the formal properties of the Fourier transform (Theorems 12.3.3 and 12.3.6) to 𝐿2
functions. We begin with the following lemma.

Lemma 12.5.3. As in Remark 12.3.4, let 𝑠−1 ∶ 𝐿2(𝐑) → 𝐿2(𝐑) be defined by (𝑠−1(𝑓))(𝑥)
= 𝑓(−𝑥). Then for all 𝑓, 𝑔 ∈ 𝐿2(𝐑), we have ⟨𝑠−1(𝑓), 𝑠−1(𝑔)⟩ = ⟨𝑓, 𝑔⟩; consequently, 𝑠−1
is bounded and continuous.

Proof. Problem 12.5.3.

Curiously, it will be convenient to reverse the order of proof of the inversion and
isomorphism theorems that we used in Section 12.4.

Theorem12.5.4 (IsomorphismTheorem for the Fourier Transform). For𝑓, 𝑔 ∈ 𝐿2(𝐑),
we have that ⟨ ̂𝑓, ̂𝑔⟩ = ⟨𝑓, 𝑔⟩. In particular, ‖𝑓‖ = ‖

‖ ̂𝑓‖‖.

Proof. Problem 12.5.4.

Theorem 12.5.5 (Inversion Theorem for the Fourier Transform). For 𝑓 ∈ 𝐿2(𝐑), we
have that ̂̂𝑓(𝑥) = (𝑠−1(𝑓))(𝑥), or in other words, 𝑓(𝑥) = ̂̂𝑓(−𝑥).

Proof. Problem 12.5.5.

Perhaps the trickiest part of defining the 𝐿2 Fourier transform is actually making
sure that concrete formulas like (12.3.1) and (12.4.1) in our original definitions (Defi-
nition 12.3.1 and 12.4.1) make sense. The main technical issue is that if 𝑓 ∈ 𝐿2(𝐑) but
𝑓 ∉ 𝐿1(𝐑), then because

∫
∞

−∞
||𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥|| 𝑑𝑥 = ∫

∞

−∞
|𝑓(𝑥)| 𝑑𝑥 = +∞, (12.5.2)

the formula (12.3.1) is not well-defined as an ordinary Lebesgue integral (see Defini-
tion 7.5.1). We therefore need to use “improper Lebesgue integrals” in the following
sense.

Theorem 12.5.6. For 𝑓 ∈ 𝐿2(𝐑) and 𝑏 > 0, define

𝑓𝑏(𝑥) = {𝑓(𝑥) if |𝑥| ≤ 𝑏,
0 otherwise.

(12.5.3)

Then
̂𝑓(𝛾) = lim

𝑏→∞
̂𝑓𝑏(𝛾) = lim

𝑏→∞
∫

𝑏

−𝑏
𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥. (12.5.4)

Proof. We first consider the special case of 𝑔 ∈ 𝐿2(𝐑) with support contained in
[−𝑏, 𝑏]; that is, 𝑔(𝑥) = 0 for |𝑥| > 𝑏. In that case, the theorem reduces to proving
that

̂𝑔(𝛾) = ∫𝑔(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥 = ∫
𝑏

−𝑏
𝑔(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥. (12.5.5)
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Note that while (12.5.5) certainly seems reasonable, ̂𝑔(𝛾) is only defined to be the limit
of Fourier transforms of functions in 𝒮(𝐑), so we need to find a sequence providing
the desired result. The idea is that we want to find functions 𝑔𝑛(𝑥) ∈ 𝐶∞

𝑐 (𝐑) (see
Theorem 8.5.6) that approximate 𝑔(𝑥) closely on [−𝑏, 𝑏] and vanish outside a small
neighborhood of [−𝑏, 𝑏]; see Figure 12.5.1, in which the dashed lines represent 𝑔(𝑥)
and the solid lines represent 𝑔𝑛(𝑥), for what this might look like.

b+ δ−b−δ

Figure 12.5.1. Smoothly approximating a function
with compact support

To be precise, for each 𝑛 ∈ 𝐍, by Corollary 8.5.3, choose ℎ𝑛(𝑥) ∈ 𝐶∞(𝐑) (for
example, a trigonometric polynomial) such that

∫
𝑏

−𝑏
|ℎ𝑛(𝑥) − 𝑔(𝑥)|2 𝑑𝑥 < 1

2𝑛 . (12.5.6)

Note that we are not yet done because it may be the case that ℎ𝑛(𝑥) is large outside
[−𝑏, 𝑏].

Next, let

𝑀𝑛 = max {|ℎ𝑛(𝑥)| ∣ −𝑏 − 1 ≤ 𝑥 ≤ 𝑏 + 1} , 𝛿𝑛 =
1

4𝑛(𝑀𝑛 + 1)2 < 1, (12.5.7)

and by Theorem 8.5.5, choose a bump function 𝜙𝑛(𝑥) ∈ 𝐶∞(𝐑) with 𝜙(𝑥) = 1 on
[−𝑏, 𝑏] and 𝜙(𝑥) = 0 for 𝑥 ∉ [−𝑏 − 𝛿𝑛, 𝑏 + 𝛿𝑛]. Finally, let 𝑔𝑛(𝑥) = ℎ𝑛(𝑥)𝜙𝑛(𝑥), which
is in 𝒮(𝐑) because 𝜙𝑛(𝑥) has compact support.

Then

∫
∞

−∞
|𝑔𝑛(𝑥) − 𝑔(𝑥)|2 𝑑𝑥

= ∫
−𝑏

−𝑏−𝛿𝑛
|𝑔𝑛(𝑥)|

2 𝑑𝑥 +∫
𝑏

−𝑏
|ℎ𝑛(𝑥) − 𝑔(𝑥)|2 𝑑𝑥 +∫

𝑏+𝛿𝑛

𝑏
|𝑔𝑛(𝑥)|

2 𝑑𝑥

< 𝑀2
𝑛

4𝑛(𝑀𝑛 + 1)2 +
1
2𝑛 +

𝑀2
𝑛

4𝑛(𝑀𝑛 + 1)2 ≤
1
𝑛.

(12.5.8)

It follows that lim
𝑛→∞

𝑔𝑛 = 𝑔 in 𝐿2(𝐑), and therefore, in 𝐿2([−𝑏 − 1, 𝑏 + 1]). Moreover,

||||
̂𝑔𝑛(𝛾) −∫

𝑏

−𝑏
𝑔(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥

||||
≤ ∫

𝑏+1

−𝑏−1
|𝑔𝑛(𝑥) − 𝑔(𝑥)| 𝑑𝑥. (12.5.9)
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By Theorem 7.5.16, both sides of (12.5.9) go to 0 as 𝑛 → ∞, and the theorem follows in
the special case.

Returning to the general case, since ‖𝑓𝑏‖ ≤ ‖𝑓‖, 𝑓𝑏 ∈ 𝐿2(𝐑), which means that
𝑓𝑏 has a well-defined Fourier transform. Moreover, by the Isomorphism Theorem for
Fourier Transforms, Theorem 12.5.4, we see that

lim
𝑏→∞

‖
‖ ̂𝑓 − ̂𝑓𝑏‖‖ = lim

𝑏→∞
‖𝑓 − 𝑓𝑏‖ = 0 (12.5.10)

in the 𝐿2 metric, so ̂𝑓𝑏 conveges to ̂𝑓 in the 𝐿2 metric. The theorem then follows from
the special case.

In any case, Theorem 12.5.6 now ensures that we may compute the Fourier trans-
forms of functions in 𝐿2(𝐑) by (improper) integration. See Section 13.1 for some exam-
ples.

For applications, we also need to know that many of the formal properties of the
Fourier transform on 𝒮(𝐑) extend to 𝐿2 transforms. We first require a lemma.

Lemma 12.5.7. If 𝑓 ∈ 𝐶1(𝐑) ∩ 𝐿2(𝐑) and 𝑓′ ∈ 𝐿2(𝐑), then lim
𝑥→±∞

𝑓(𝑥) = 0.

Proof. By the Fundamental Theorem of Calculus, we see that

(𝑓(𝑥))2 = (𝑓(0))2 +∫
𝑥

0

𝑑(𝑓(𝑡)2)
𝑑𝑡 𝑑𝑡 = (𝑓(0))2 + 2∫

𝑥

0
𝑓(𝑡)𝑓′(𝑡) 𝑑𝑡. (12.5.11)

However, since 𝑓, 𝑓′ ∈ 𝐿2(𝐑),∫
∞

0
𝑓(𝑡)𝑓′(𝑡) 𝑑𝑡 is finite, and so lim

𝑥→∞
𝑓(𝑥) = 𝐿 for some

𝐿 ∈ 𝐂. However, if 𝐿 ≠ 0, then ∫
∞

0
𝑓(𝑥) 𝑑𝑥 diverges, so lim

𝑥→∞
𝑓(𝑥) = 0. The same

argument shows that lim
𝑥→−∞

𝑓(𝑥) = 0.

Theorem 12.5.8. If 𝑓, 𝑔 ∈ 𝐶0(𝐑)∩𝐿2(𝐑), then the 𝐿2 Fourier transforms of 𝑓 and 𝑔 have
the following properties.

(1) The first four rows of Table 12.3.1 (see Theorem 12.3.3) hold.

(2) If 𝑓 ∈ 𝐶1(𝐑) ∩ 𝐿2(𝐑) and 𝑓′(𝑥) ∈ 𝐿2(𝐑), then 𝑓′(𝛾) = (2𝜋𝑖𝛾) ̂𝑓(𝛾).

(3) Let 𝐹(𝑥, 𝑦) = 𝑓(𝑥 − 𝑦)𝑔(𝑦). If 𝑓, 𝑔 ∈ 𝐶1(𝐑) ∩ 𝐿2(𝐑) and 𝐹, 𝜕𝐹𝜕𝑥 , and
𝜕𝐹
𝜕𝑦 are all

integrable by separation (Definition 4.8.9), then 𝑓 ∗ 𝑔(𝛾) = ̂𝑓(𝛾) ̂𝑔(𝛾).

Proof. Since the proofs of the first four rows of Table 12.3.1 rely only on substitu-
tion, they extend to prove claim (1) under the above hypotheses. The previous proof of
claim (2) also extends under the stated conditions, as it uses only integration by parts
and the results of Lemma 12.5.7. Finally, since the limit definition (Definition 12.5.1)
and improper integral formula for the Fourier transform agree for functions in𝐶0(𝐑)∩
𝐿2(𝐑) (Theorem 12.5.6) and the proof of Theorem 12.3.6 relies only on Fubini’s Theo-
rem and substitution, that proof extends to the above hypotheses.

Remark 12.5.9. As mentioned earlier (see Problem 12.1.1), one can also extend the
Fourier transform to 𝐿1(𝐑). As we saw in Problem 12.1.3, there are some difficulties
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with doing so, but to give just a taste of the features of the 𝐿1 theory, the 𝐿1 transform
does have the following properties.

(1) If 𝑓 ∈ 𝐿1(𝐑), then ̂𝑓(𝛾) is bounded (as a function of 𝛾 ∈ 𝐑).

(2) If 𝑓 ∈ 𝐿1(𝐑), then ̂𝑓(𝛾) is continuous (as a function of 𝛾 ∈ 𝐑).
See Problem 12.5.6 for proofs. Given a full development of the Lebesgue integral, espe-
cially the full strength of Fubini’s Theorem, one can also extend convolution and the
property𝑓 ∗ 𝑔(𝛾) = ̂𝑓(𝛾) ̂𝑔(𝛾) to𝐿1(𝐑); see, for example, DymandMcKean [DM85, Sect.
2.6].

Problems.

12.5.1. (Proves Theorem 12.5.2) Suppose 𝑓𝑛 is a sequence of functions in 𝒮(𝐑) such that
lim
𝑛→∞

𝑓𝑛 = 𝑓 (in 𝐿2). Prove that the sequence ̂𝑓𝑛 converges to some 𝑔 ∈ 𝐿2(𝐑).

12.5.2. (Proves Theorem 12.5.2) Prove that if 𝑓𝑛 and 𝑔𝑛 are two sequences in 𝒮(𝐑) such
that lim

𝑛→∞
𝑓𝑛 = 𝑓 = lim

𝑛→∞
𝑔𝑛, then lim

𝑛→∞
̂𝑓𝑛 = lim

𝑛→∞
̂𝑔𝑛.

12.5.3. (Proves Lemma 12.5.3) Define 𝑠−1 ∶ 𝐿2(𝐑) → 𝐿2(𝐑) by (𝑠−1(𝑓))(𝑥) = 𝑓(−𝑥).
Prove that for all 𝑓, 𝑔 ∈ 𝐿2(𝐑), we have ⟨𝑠−1(𝑓), 𝑠−1(𝑔)⟩ = ⟨𝑓, 𝑔⟩.

12.5.4. (Proves Theorem 12.5.4) Suppose 𝑓, 𝑔 ∈ 𝐿2(𝐑). Prove that ⟨ ̂𝑓, ̂𝑔⟩ = ⟨𝑓, 𝑔⟩.

12.5.5. (Proves Theorem 12.5.5) Prove that if 𝑓 ∈ 𝐿2(𝐑), then ̂̂𝑓(𝑥) = (𝑠−1(𝑓))(𝑥).

12.5.6. (*) This problem develops some of the properties of the Fourier transform

̂𝑓(𝛾) = ∫
∞

−∞
𝑓(𝑥)𝑒−2𝜋𝑖𝛾𝑥 𝑑𝑥 (12.5.12)

on 𝐿1(𝐑).
(a) Prove that if 𝑓 ∈ 𝐿1(𝐑), then ̂𝑓(𝛾) is bounded as a function of 𝛾 ∈ 𝐑.
(b) Prove that if 𝑓 ∈ 𝐿1(𝐑), then ̂𝑓(𝛾) is continuous as a function of 𝛾 ∈ 𝐑.
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