
The mathematician does not study pure
mathematics because it is useful; he studies
it because he delights in it, and he delights
in it because it is beautiful.

Henri Poincaré, mathematician & physicist1
Introduction

1.1 What Is this Book All About?

This book is intended to be used for a one-semester/quarter introduction to proof
course (sometimes referred to as a transition to proof course). The purpose of
this book is to introduce the reader to the process of constructing and writing
formal and rigorous mathematical proofs. The intended audience is mathemat-
ics majors andminors. However, this book is also appropriate for anyone curious
about mathematics and writing proofs. Most users of this book will have taken
at least one semester of calculus, although other than some familiarity with a
few standard functions in Chapter 8, content knowledge of calculus is not re-
quired. The book includes more content than one can expect to cover in a single
semester/quarter. This allows the instructor/reader to pick and choose the sec-
tions that suit their needs and desires. Each chapter takes a focused approach to
the included topics, but also includes many gentle exercises aimed at developing
intuition.

The following sections form the core of the book and are likely the sections
that an instructor would focus on in a one-semester introduction to proof course.
• Chapter 2: Mathematics and Logic. All sections.

• Chapter 3: Set Theory. Sections 3.1, 3.3, 3.4, and 3.5.

• Chapter 4: Induction. All sections.

• Chapter 7: Relations and Partitions. Sections 7.1, 7.2, and 7.3.

• Chapter 8: Functions. Sections 8.1, 8.2, 8.3, and 8.4.

• Chapter 9: Cardinality. All sections.
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2 Chapter 1. Introduction

Time permitting, instructors can pick and choose topics from the remaining sec-
tions. I typically cover the core sections listed above together with Chapter 6:
Three Famous Theorems during a single semester. The Instructor Guide contains
examples of a few possible paths through the material, as well as information
about which sections and theorems depend on material earlier in the book.

Mathematics, rightly viewed, possesses not
only truth, but supreme beauty—a beauty
cold and austere, like that of sculpture,
without appeal to any part of our weaker
nature, without the gorgeous trappings of
painting or music, yet sublimely pure, and
capable of a stern perfection such as only
the greatest art can show. The true spirit of
delight, the exaltation, the sense of being
more than Man, which is the touchstone of
the highest excellence, is to be found in
mathematics as surely as poetry.

Bertrand Russell, philosopher &
mathematician

1.2 What Should You Expect?

Up to this point, it is possible that your experience ofmathematics has been about
using formulas and algorithms. You are used to being asked to do things like:
“solve for 𝑥”, “take the derivative of this function”, “integrate this function”, etc.
Accomplishing tasks like these usually amounts tomimicking examples that you
have seen in class or in your textbook. However, this is only one part of math-
ematics. Mathematicians experiment, make conjectures, write definitions, and
prove theorems. While engaging with the material contained in this book, we
will learn about doing all of these things, especially writing proofs. Mathemati-
cians are in the business of proving theorems and this is exactly our endeavor.
Ultimately, the focus of this book is on producing and discovering mathematics.

Your progress will be fueled by your ability to wrestle with mathematical
ideas and to prove theorems. As you work through the book, you will find that
you have ideas for proofs, but you are unsure of them. Do not be afraid to tinker
and make mistakes. You can always revisit your work as you becomemore profi-
cient. Do not expect to do most things perfectly on your first—or even second or
third—attempt. The material is too rich for a human being to completely under-
stand immediately. Learning a new skill requires dedication and patience during
periods of frustration. Moreover, solving genuine problems is difficult and takes
time. But it is also rewarding!
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You may encounter many defeats, but you
must not be defeated.

Maya Angelou, poet & activist

1.3 An Inquiry-Based Approach

In many mathematics classrooms, “doing mathematics” means following the
rules dictated by the teacher, and “knowing mathematics” means remembering
and applying them. However, this is not a typical mathematics textbook and is
likely a significant departure from your prior experience, where mimicking pre-
fabricated examples led you to success. In order to promote a more active partic-
ipation in your learning, this book adheres to an educational philosophy called
inquiry-based learning (IBL). IBL is a student-centered method of teaching that
engages students in sense-making activities and challenges them to create or dis-
cover mathematics. In this book, you will be expected to actively engage with
the topics at hand and to construct your own understanding. You will be given
tasks requiring you to solve problems, conjecture, experiment, explore, create,
and communicate. Rather than showing facts or a clear, smooth path to a solu-
tion, this book will guide andmentor you through an adventure in mathematical
discovery.

This book makes no assumptions about the specifics of how your instruc-
tor chooses to implement an IBL approach. Generally speaking, students are
told which problems and theorems to grapple with for the next class sessions,
and then the majority of class time is devoted to students working in groups on
unresolved solutions/proofs or having students present their proposed solution-
s/proofs to the rest of the class. Students should—as much as possible—be re-
sponsible for guiding the acquisition of knowledge and validating the ideas pre-
sented. That is, you should not be looking to the instructor as the sole authority.
In an IBL course, instructor and students have joint responsibility for the depth
and progress of the course. While effective IBL courses come in a variety of forms,
they all possess a few essential ingredients. According to Laursen andRasmussen
(2019), the Four Pillars of IBL are:

• Students engage deeply with coherent and meaningful mathematical tasks.

• Students collaboratively process mathematical ideas.

• Instructors inquire into student thinking.

• Instructors foster equity in their design and facilitation choices.

This book can only address the first pillar while it is the responsibility of your
instructor and class to develop a culture that provides an adequate environment

https://www.colorado.edu/eer/sites/default/files/attached-files/laursenrasmussencommentaryauthorversion0219.pdf
https://www.colorado.edu/eer/sites/default/files/attached-files/laursenrasmussencommentaryauthorversion0219.pdf
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for the remaining pillars to take root. If you are studying this material indepen-
dent of a classroom setting, I encourage you to find a community where you can
collaborate and discuss your ideas.

Just like learning to play an instrument or sport, you will have to learn new
skills and ideas. Along this journey, you should expect a cycle of victory and de-
feat, experiencing a full range of emotions. Sometimes you will feel exhilarated,
other times youmight be seemingly paralyzed by extreme confusion. Youwill ex-
perience struggle and failure before you experience understanding. This is part
of the normal learning process. If you are doing things well, you should be con-
fused on a regular basis. Productive struggle and mistakes provide opportunities
for growth. As the author of this text, I am here to guide and challenge you, but I
cannot do the learning for you, just as a music teacher cannot move your fingers
and your heart for you. This is a very exciting time in your mathematical career.
You will experience mathematics in a new and profound way. Be patient with
yourself and others as you adjust to a new paradigm.

You could view this book as mountaineering guidebook. I have provided a
list of mountains to summit, sometimes indicating which trailhead to start at or
which trail to follow. There will always be multiple routes to top, some more
challenging than others. Some summits you will attain quickly and easily, others
might require amulti-day expedition. Oftentimes, your journeywill be lacedwith
false summits. Some summits will be obscured by clouds. Sometimes you will
have to wait out a storm, perhaps turning around and attempting another route,
or even attempting to summit on a different day after the weather has cleared.
The strength, fitness, and endurance you gain along the way will allow you to
take on more and more challenging, and often beautiful, terrain. Do not forget
to take in the view from the top! The joy you feel from overcoming obstacles and
reaching each summit under your ownwill and power has the potential to be life
changing. But make no mistake, the journey is vastly more important than the
destinations.

Don’t fear failure. Not failure, but low aim,
is the crime. In great attempts it is glorious
even to fail.

Bruce Lee, martial artist & actor

1.4 Structure of the Textbook

As you read this book, you will be required to digest the material in a meaningful
way. It is your responsibility to read and understand new definitions and their
related concepts. In addition, you will be asked to complete problems aimed at
solidifying your understanding of the material. Most importantly, you will be
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asked to make conjectures, produce counterexamples, and prove theorems. All
of these tasks will almost always be challenging.

The items labeled as Definition and Example are meant to be read and
digested. However, the items labeled as Problem, Theorem, and Corollary
require action on your part. Items labeled as Problem are sort of a mixed bag.
Some Problems are computational in nature and aimed at improving your under-
standing of a particular conceptwhile others ask you to provide a counterexample
for a statement if it is false or to provide a proof if the statement is true. Itemswith
the Theorem and Corollary designation are mathematical facts and the inten-
tion is for you to produce a valid proof of the given statement. Themain difference
between a theorem and a corollary is that corollaries are typically statements that
follow quickly from a previous theorem. In general, you should expect corollaries
to have very short proofs. However, that does not mean that you cannot produce
a more lengthy yet valid proof of a corollary.

Oftentimes, the problems and theorems are guiding you towards a substan-
tial, more general result. Other times, they are designed to get you to apply ideas
in a new way. One thing to always keep in mind is that every task in this book
can be done by you, the student. But it may not be on your first try, or even your
second.

Discussion of new topics is typically kept at a minimum and there are very
few examples in this book. This is intentional. One of the objectives of the items
labeled as Problem is for you to produce the examples needed to internalize un-
familiar concepts. The overarching goal of this book is to help you develop a
deep and meaningful understanding of the processes of producing mathematics
by putting you in direct contact with mathematical phenomena.

Don’t just read it; fight it! Ask your own
questions, look for your own examples,
discover your own proofs. Is the hypothesis
necessary? Is the converse true? What
happens in the classical special case? What
about the degenerate cases? Where does the
proof use the hypothesis?

Paul Halmos, mathematician

1.5 Some Minimal Guidance

Especially in the opening sections, it will not be clear what facts from your prior
experience in mathematics you are “allowed” to use. Unfortunately, addressing
this issue is difficult and is something we will sort out along the way. In addition,
you are likely unfamiliar with how to structure a valid mathematical proof. So
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that you do not feel completely abandoned, here are some guidelines to keep in
mind as you get started with writing proofs.

• The statement you are proving should be on the same page as the beginning
of your proof.

• You should indicate where the proof begins by writing “Proof.” at the begin-
ning.

• Make it clear to yourself and the reader what your assumptions are at the
very beginning of your proof. Typically, these statements will start off “As-
sume. . . ”, “Suppose. . . ”, or “Let. . . ”. Sometimes there will be some implicit
assumptions that we can omit, but at least in the beginning, you should get
in the habit of clearly stating your assumptions up front.

• Carefully consider the order in which you write your proof. Each sentence
should follow from an earlier sentence in your proof or possibly a result you
have already proved.

• Unlike the experiencemany of you hadwriting proofs in your high school ge-
ometry class, our proofs should bewritten in complete sentences. You should
break sections of a proof into paragraphs and use proper grammar. There are
some pedantic conventions for doing this that will be pointed out along the
way. Initially, this will be an issue that you may struggle with, but you will
get the hang of it.

• There will be many situations where you will want to refer to an earlier def-
inition, problem, theorem, or corollary. In this case, you should reference
the statement by number, but it is also helpful to the reader to summarize
the statement you are citing. For example, you might write something like,
“According to Theorem 2.3, the sum of two consecutive integers is odd, and
so. . . ” or “By the definition of divides (Definition 2.5), it follows that. . . ”. One
thingworth pointing out is that if we are citing a definition, theorem, or prob-
lem by number, we should capitalize “Definition”, “Theorem”, or “Problem”,
respectively (e.g., “According to Theorem 2.3. . . ”). Otherwise, we do not cap-
italize these words (e.g., “By the definition of divides. . . ”).

• There will be times when we will need to do some basic algebraic manipu-
lations. You should feel free to do this whenever the need arises. But you
should show sufficient work along the way. In addition, you should organize
your calculations so that each step follows from the previous. The order in
which we write things matters. You do not need to write down justifications
for basic algebraic manipulations (e.g., adding 1 to both sides of an equation,
adding and subtracting the same amount on the same side of an equation,
adding like terms, factoring, basic simplification, etc.).
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• On the other hand, you do need to make explicit justification of the logical
steps in a proof. As stated above, you should cite a previous definition, theo-
rem, etc. when necessary.

• Similar tomaking it clearwhere your proof begins, you should indicatewhere
it ends. It is common to conclude a proof with the standard “proof box” (□
or■). This little square at end of a proof is sometimes called a tombstone or
Halmos symbol after Hungarian-born American mathematician Paul Hal-
mos (1916–2006).

It is of utmost importance that you work to understand every proof. Ques-
tions—asked to your instructor, your peers, and yourself—are often your best
tool for determining whether you understand a proof. Another way to help you
process and understand a proof is to try and make observations and connections
between different ideas, proof statements and methods, and to compare various
approaches.

If you would like additional guidance before you dig in, look over the guide-
lines in Appendix A: Elements of Style for Proofs. It is suggested that you review
this appendix occasionally as you progress through the book as some guidelines
may not initially make sense or seem relevant. Be prepared to put in a lot of time
and do all the work. Your effort will pay off in intellectual development. Now,
go have fun and start exploring mathematics!

Our greatest glory is not in never falling, but
in rising every time we fall.

Confucius, philosopher

https://en.wikipedia.org/wiki/Paul_Halmos
https://en.wikipedia.org/wiki/Paul_Halmos




Pure mathematics is the poetry of logical
ideas.

Albert Einstein, theoretical physicist

2
Mathematics and Logic

Before you get started, make sure you have readChapter 1, which sets the tone for
the work we will begin doing here. In addition, you might find it useful to read
Appendix A: Elements of Style for Proofs. As stated at the end of Section 1.5, you
are encouraged to review this appendix occasionally as you progress through the
book as some guidelines may not initially make sense or seem relevant.

2.1 A Taste of Number Theory

It is important to point out that we are diving in head first here. As we get started,
we are going to rely on your intuition and previous experience with proofs. This
is intentional. What you will likely encounter is a general sense of what a proof
entails, but you may not be able to articulate the finer details that you do and
do not comprehend. There are going to be some subtle issues that you will be
confronted with and one of our goals will be to elucidate as many of them as pos-
sible. We need to calibrate and develop an intellectual need for structure. You
are encouraged to just try your hand at writing proofs for the problems in this
section without too much concern for whether you are “doing it the right way.”
In Section 2.2, we will start over and begin to develop a formal foundation for
the material in the remainder of the book. Once you have gained more expe-
rience and a better understanding of what a proof entails, you should consider
returning to this section and reviewing your first attempts at writing proofs. In
the meantime, see what you can do!

In this section, wewill introduce the basics of a branch ofmathematics called
number theory, which is devoted to studying the properties of the integers. The
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10 Chapter 2. Mathematics and Logic

integers is the set of numbers given by

ℤ ≔ {. . . , −3, −2, −1, 0, 1, 2, 3, . . .} .
The collection of positive integers also have a special name. The set of natural
numbers is given by

ℕ ≔ {1, 2, 3, . . .} .
Some mathematicians (set theorists, in particular) include 0 in ℕ, but this will
not be our convention. If you look closely at the two sets we defined above, you
will notice that we wrote ≔ instead of =. We use≔ to mean that the symbol or
expression on the left is defined to be equal to the expression on the right. The
symbol ℝ is used to denote the set of all real numbers. We will not formally
define the real numbers, but instead rely on your prior intuition and understand-
ing.

Because you are so familiar with many of the properties of the integers and
real numbers, one of the issues that we will bump into is knowing which facts
we can take for granted. As a general rule of thumb, you should attempt to use
the definitions provided without relying toomuch on your prior knowledge. The
order in which we develop things is important.

It is common practice in mathematics to use the symbol ∈ as an abbrevi-
ation for the phrase “is an element of” or sometimes simply “in.” For example,
the mathematical expression “𝑛 ∈ ℤ” means “𝑛 is an element of the integers.”
However, some care should be taken in how this symbol is used. We will only
use the symbol “∈” in expressions of the form 𝑎 ∈ 𝐴 , where𝐴 is a set and 𝑎 is an
element of 𝐴. We will write expressions like 𝑎, 𝑏 ∈ 𝐴 as shorthand for “𝑎 ∈ 𝐴
and 𝑏 ∈ 𝐴.” We should avoid writing phrases such as “𝑎 is a number ∈ 𝐴” and
“𝑛 ∈ integers”.

We will now encounter our very first definition. In mathematics, a defini-
tion is a precise and unambiguous description of the meaning of a mathematical
term. It characterizes the meaning of a word by giving all the properties and
only those properties that must be true. Check out Appendix B for a list of other
mathematical terms that we should be familiar with.

Definition 2.1. An integer 𝑛 is even if 𝑛 = 2𝑘 for some 𝑘 ∈ ℤ. An integer 𝑛 is
odd if 𝑛 = 2𝑘 + 1 for some 𝑘 ∈ ℤ.

Notice that we framed the definition of “even” in terms of multiplication as
opposed to division. When tackling theorems and problems involving even or
odd, be sure to make use of our formal definitions and not some of the well-
known divisibility properties. For now, you should avoid arguments that involve
statements like, “even numbers have no remainder when divided by two” or “the
last digit of an even number is 0, 2, 4, 6, or 8.” Also notice that the notions of
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even and odd apply to zero and negative numbers. In particular, zero is even
since 0 = 2 ⋅ 0, where it is worth emphasizing that the occurrence of 0 on the
righthand side of the equation is an integer. As another example, we see that −1
is odd since −1 = 2(−1) + 1. Despite the fact that −1 = 2(−1/2), this does not
imply that −1 is also even since −1/2 is not an integer. For the remainder of this
section, you may assume that every integer is either even or odd but never both.

Our first theorem concerning the integers is stated below. A theorem is a
mathematical statement that is proved using rigorous mathematical reasoning.
As with most theorems in this book, your task is to try your hand at proving the
following theorem. Give it a try.

Theorem 2.2. If 𝑛 is an even integer, then 𝑛2 is an even integer.

One crux in proving the next theorem involves figuring out how to describe
an arbitrary pair of consecutive integers.

Theorem 2.3. The sum of two consecutive integers is odd.

One skill we will want to develop is determining whether a givenmathemat-
ical statement is true or false. In order to verify that a mathematical statement
is false, we should provide a specific example where the statement fails. Such an
example is called a counterexample. Notice that it is sufficient to provide a sin-
gle example to verify that a general statement is not true. On the other hand, if
we want to prove that a general mathematical statement is true, it is usually not
sufficient to provide just a single example, or even a hundred examples. Such
examples are just evidence that the statement is true.

Problem 2.4. Determine whether each of the following statements is true or
false. If a statement is true, prove it. If a statement is false, provide a counterex-
ample.
(a) The product of an odd integer and an even integer is odd.

(b) The product of an odd integer and an odd integer is odd.

(c) The product of an even integer and an even integer is even.

(d) The sum of an even integer and an odd integer is odd.

For the statements that were true in the previous problem, youmay cite them
later in a future proof as if they are theorems.

Definition 2.5. Given 𝑛,𝑚 ∈ ℤ, we say that 𝑛 divides𝑚, written 𝑛|𝑚 , if there
exists 𝑘 ∈ ℤ such that 𝑚 = 𝑛𝑘. If 𝑛|𝑚, we may also say that 𝑚 is divisible by 𝑛
or that 𝑛 is a factor of𝑚.
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Problem 2.6. For 𝑛,𝑚 ∈ ℤ, how are the following mathematical expressions
similar and how are they different? In particular, is each one a sentence or simply
a noun?

(a) 𝑛|𝑚

(b) 𝑚
𝑛

(c) 𝑚/𝑛

In this section on number theory, we allow addition, subtraction, and mul-
tiplication of integers. In general, we avoid division since an integer divided by
an integer may result in a number that is not an integer. The upshot is that we
will avoid writing 𝑚

𝑛
. When you feel the urge to divide, switch to an equivalent

formulation using multiplication. This will make your life much easier when
proving statements involving divisibility.

Theorem2.7. The sumof any three consecutive integers is always divisible by three.

Problem 2.8. Let 𝑎, 𝑏, 𝑛,𝑚 ∈ ℤ. Determine whether each of the following state-
ments is true or false. If a statement is true, prove it. If a statement is false,
provide a counterexample.

(a) If 𝑎|𝑛, then 𝑎|𝑚𝑛.

(b) If 6 divides 𝑛, then 2 divides 𝑛 and 3 divides 𝑛.

(c) If 𝑎𝑏 divides 𝑛, then 𝑎 divides 𝑛 and 𝑏 divides 𝑛.

A theorem that follows almost immediately from another theorem is called
a corollary. See if you can prove the next result quickly using a previous result.
Be sure to cite the result in your proof.

Corollary 2.9. If 𝑎, 𝑛 ∈ ℤ such that 𝑎 divides 𝑛, then 𝑎 divides 𝑛2.

The next two theorems are likely familiar to you.

Theorem 2.10. If 𝑎, 𝑛 ∈ ℤ such that 𝑎 divides 𝑛, then 𝑎 divides −𝑛.

Theorem 2.11. If 𝑎, 𝑛,𝑚 ∈ ℤ such that 𝑎 divides𝑚 and 𝑎 divides 𝑛, then 𝑎 divides
𝑚+ 𝑛.

Notice that we have been tinkering with statements of the form “If. . . ,
then. . . ”. Statements of this formare called conditional propositions, whichwe
revisit in the next section. The phrase that occurs after “If” but before “then” is
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called the hypothesiswhile the phrase that occurs after “then” is called the con-
clusion. For example, in Problem 2.8(a), “𝑎|𝑛” is the hypothesis while “𝑎|𝑚𝑛”
is the conclusion. Note that conditional propositions can also be written in the
form “. . . if . . . ”, where the conclusion is written before “if” and the hypothesis af-
ter. For example, we can rewrite Problem 2.8(a) as “𝑎|𝑚𝑛 if 𝑎|𝑛”. While the order
of the hypothesis and conclusion have been reversed in the sentence, their roles
have not.

Whenever we encounter a conditional statement in mathematics, we want
to get in the habit of asking ourselves what happens when we swap the roles of
the hypothesis and the conclusion. The statement that results from reversing the
roles of the hypothesis and conclusion in a conditional statement is called the
converse of the original statement. For example, the converse of Problem 2.8(a)
is “If 𝑎|𝑚𝑛, then 𝑎|𝑛”, which happens to be false. The converse of Theorem 2.2 is
“If 𝑛2 is an even integer, then 𝑛 is an even integer”. While this statement is true
it does not have the same meaning as Theorem 2.2.

Problem 2.12. Determine whether the converse of each of Corollary 2.9, Theo-
rem 2.10, and Theorem 2.11 is true. That is, for 𝑎, 𝑛,𝑚 ∈ ℤ, determine whether
each of the following statements is true or false. If a statement is true, prove it. If
a statement is false, provide a counterexample.

(a) If 𝑎 divides 𝑛2, then 𝑎 divides 𝑛. (Converse of Corollary 2.9)

(b) If 𝑎 divides −𝑛, then 𝑎 divides 𝑛. (Converse of Theorem 2.10)

(c) If 𝑎 divides 𝑚 + 𝑛, then 𝑎 divides 𝑚 and 𝑎 divides 𝑛. (Converse of Theo-
rem 2.11)

The next theorem is often referred to as the transitivity of division of in-
tegers.

Theorem 2.13. If 𝑎, 𝑏, 𝑐∈ℤ such that 𝑎 divides 𝑏 and 𝑏 divides 𝑐, then 𝑎 divides 𝑐.

Once we have proved a few theorems, we should be on the look out to see if
we can utilize any of our current results to prove new results. There is no point
in reinventing the wheel if we do not have to.

Theorem 2.14. If 𝑎, 𝑛,𝑚 ∈ ℤ such that 𝑎 divides𝑚 and 𝑎 divides 𝑛, then 𝑎 divides
𝑚− 𝑛.

Theorem 2.15. If 𝑛 ∈ ℤ such that 𝑛 is odd, then 8 divides 𝑛2 − 1.
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Time spent thinking about a problem is
always time well spent. Even if you seem to
make no progress at all.

Paul Zeitz, mathematician

2.2 Introduction to Logic

In the previous section, we jumped in head first and attempted to prove several
theorems in the context of number theory without a formal understanding of
what it was we were doing. Likely, many issues bubbled to the surface. What is a
proof? What sorts of statements require proof? What should a proof entail? How
should a proof be structured? Let’s take a step back and do a more careful exam-
ination of what it is we are actually doing. In the the next two sections, we will
introduce the basics of propositional logic—also referred to as propositional
calculus or sometimes zeroth-order logic.

Definition 2.16. Aproposition is a sentence that is either true or false but never
both. The truth value (or logical value) of a proposition refers to its attribute
of being true or false.

For example, the sentence “All dogs have four legs” is a false proposition.
However, the perfectly good sentence “𝑥 = 1” is not a proposition all by itself
since we do not actually know what 𝑥 is.

Problem 2.17. Determine whether each of the following is a proposition. Ex-
plain your reasoning.

(a) All cars are red.

(b) Every person whose name begins with J has the name Joe.

(c) 𝑥2 = 4.

(d) There exists a real number 𝑥 such that 𝑥2 = 4.

(e) For all real numbers 𝑥, 𝑥2 = 4.

(f) √2 is an irrational number.

(g) 𝑝 is prime.

(h) Is it raining?

(i) It will rain tomorrow.

(j) Led Zeppelin is the best band of all time.
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The last two sentences in the previous problem may stir debate. It is not so
important that we come to consensus as to whether either of these two sentences
is actually a proposition or not. The good news is that in mathematics we do
not encounter statements whose truth value is dependent on either the future or
opinion.

Given two propositions, we can form more complicated propositions using
logical connectives.

Definition 2.18. Let 𝐴 and 𝐵 be propositions.
(a) The proposition “not 𝐴” is true if 𝐴 is false; expressed symbolically as ¬𝐴

and called the negation of 𝐴.
(b) The proposition “𝐴 and 𝐵” is true if both 𝐴 and 𝐵 are true; expressed sym-

bolically as 𝐴 ∧ 𝐵 and called the conjunction of 𝐴 and 𝐵.
(c) The proposition “𝐴 or 𝐵” is true if at least one of 𝐴 or 𝐵 is true; expressed

symbolically as 𝐴 ∨ 𝐵 and called the disjunction of 𝐴 and 𝐵.
(d) The proposition “If 𝐴, then 𝐵” is true if both 𝐴 and 𝐵 are true, or 𝐴 is false;

expressed symbolically as 𝐴⟹ 𝐵 and called a conditional proposition
(or implication). In this case, 𝐴 is called the hypothesis and 𝐵 is called the
conclusion. Note that 𝐴⟹ 𝐵may also be read as “𝐴 implies 𝐵”, “𝐴 only if
𝐵”, “𝐵 if 𝐴”, or “𝐵 whenever 𝐴”.

(e) The proposition “𝐴 if and only if 𝐵” (alternatively, “𝐴 is necessary and
sufficient for𝐵”) is true if both𝐴 and𝐵 have the same truth value; expressed
symbolically as 𝐴⟺ 𝐵 and called a biconditional proposition. If𝐴⟺
𝐵 is true, we say that 𝐴 and 𝐵 are logically equivalent.

Each of the boxed propositions is called a compound proposition, where𝐴 and
𝐵 are referred to as the components of the compound proposition.

It is worth pointing out that definitions in mathematics are typically written
in the form “𝐵 if𝐴” (or “𝐵 provided that𝐴” or “𝐵whenever𝐴”), where 𝐵 contains
the term or phrase we are defining and 𝐴 provides the meaning of the concept
we are defining. In the case of definitions, we should always interpret “𝐵 if 𝐴”
as describing precisely the collection of “objects” (e.g., numbers, sets, functions,
etc.) that should be identified with the term or phrase we defining. That is, if an
object does not meet the condition specified in 𝐴, then it is never referred to by
the term or phrase we are defining. Some authors will write definitions in the
form “𝐵 if and only if 𝐴”. However, a definition is not at all the same kind of
statement as a usual biconditional since one of the two sides is undefined until
the definition is made. A definition is really a statement that the newly defined
term or phrase is synonymous with a previously defined concept.
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We can form complicated compound propositions with several components
by utilizing logical connectives.

Problem 2.19. Let 𝐴 represent “6 is an even integer” and 𝐵 represent “4 divides
6.” Express each of the following compound propositions in an ordinary English
sentence and then determine its truth value.

(a) 𝐴 ∧ 𝐵

(b) 𝐴 ∨ 𝐵

(c) ¬𝐴

(d) ¬𝐵

(e) ¬(𝐴 ∧ 𝐵)

(f) ¬(𝐴 ∨ 𝐵)

(g) 𝐴⟹ 𝐵

Definition 2.20. A truth table for a compound proposition is a table that illus-
trates all possible combinations of truth values for the components of the com-
pound proposition together with the resulting truth value for each combination.

Example 2.21. If𝐴 and𝐵 are propositions, then the truth table for the compound
proposition 𝐴 ∧ 𝐵 is given by the following.

𝐴 𝐵 𝐴 ∧ 𝐵
T T T
T F F
F T F
F F F

Notice that we have columns for each of 𝐴 and 𝐵. The rows for these two col-
umns correspond to all possible combinations of truth values for 𝐴 and 𝐵. The
third column yields the truth value of 𝐴 ∧ 𝐵 given the possible truth values
for 𝐴 and 𝐵.

Each component of a compound proposition has two possible truth values,
namely true or false. Thus, if a compound proposition is built from 𝑛 component
propositions, then the truth table will require 2𝑛 rows.

Problem 2.22. Create a truth table for each of the following compound proposi-
tions. You should add additional columns to your tables as needed to assist you
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with intermediate steps. For example, youmight need four columns for the third
and fourth compound propositions below.

(a) ¬𝐴

(b) 𝐴 ∨ 𝐵

(c) ¬(𝐴 ∧ 𝐵)

(d) ¬𝐴 ∧ ¬𝐵

Problem 2.23. A coach promises her players, “If we win tonight, then I will buy
you pizza tomorrow.” Determine the cases in which the players can rightly claim
to have been lied to. If the team lost the game and the coach decided to buy them
pizza anyway, was she lying?

Problem 2.24. Use Definition 2.18(d) to construct a truth table for 𝐴 ⟹ 𝐵.
Compare your truth table with Problem 2.23. The combination you should pay
particular attention to is when the hypothesis is false while the conclusion is true.

In accordance with Definition 2.18(d), a conditional proposition 𝐴 ⟹ 𝐵 is
only false when the hypothesis is true and the conclusion is false. Perhaps you
are bothered by the fact that 𝐴 ⟹ 𝐵 is true when 𝐴 is false no matter what the
truth value of 𝐵 is. The thing to keep in mind is that the truth value of 𝐴 ⟹ 𝐵
relies on a very specific definition and may not always agree with the colloquial
use of “If. . . , then. . . ” statements that we encounter in everyday language. For
example, if someone says, “If you break the rules, then you will be punished”, the
speaker likely intends the statement to be interpreted as “You will be punished
if and only if you break the rules.” In logic and mathematics, we aim to remove
such ambiguity by explicitly saying exactly what we mean. For our purposes, we
should view a conditional proposition as a contract or obligation. If the hypoth-
esis is false and the conclusion is true, the contract is not violated. On the other
hand, if the hypothesis is true and the conclusion is false, then the contract is
broken.

We can often prove facts concerning logical statements using truth tables.
Recall that two propositions 𝑃 and 𝑄 (both of which might be complicated com-
pound propositions) are logically equivalent if 𝑃 ⟺ 𝑄 is true (see Definition
2.18(e)). This happens when 𝑃 and 𝑄 have the same truth value. We can ver-
ify whether 𝑃 and 𝑄 have the same truth value by constructing a truth table that
includes columns for each of the components of 𝑃 and𝑄, listing all possible com-
binations of their truth values, together with columns for 𝑃 and 𝑄 that lists their
resulting truth values. If the truth values in the columns for 𝑃 and 𝑄 agree, then
𝑃 and 𝑄 are logically equivalent, and otherwise they are not logically equivalent.
When constructing truth tables to verifywhether𝑃 and𝑄 are logically equivalent,
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you should add any necessary intermediate columns to aid in your “calculations”.
Use truth tables when attempting to justify the next few problems.

Theorem 2.25. If 𝐴 is a proposition, then ¬(¬𝐴) is logically equivalent to 𝐴.

The next theorem, referred to as De Morgan’s Law, provides a method for
negating a compound proposition involving a conjunction.

Theorem 2.26 (De Morgan’s Law). If 𝐴 and 𝐵 are propositions, then ¬(𝐴 ∧ 𝐵) is
logically equivalent to ¬𝐴 ∨ ¬𝐵.

Problem 2.27 (De Morgan’s Law). Let 𝐴 and 𝐵 be propositions. Conjecture a
statement similar to Theorem 2.26 for the proposition ¬(𝐴 ∨ 𝐵) and then prove
it. This is also called De Morgan’s Law.

We will make use of both versions De Morgan’s Law on on a regular basis.
Sometimes conjunctions and disjunctions are “buried” in a mathematical state-
ment, whichmakes negating statements tricky business. Keep this inmindwhen
approaching the next problem.

Problem 2.28. Let 𝑥 be your favorite real number. Negate each of the following
statements. Note that the statement in Part (b) involves a conjunction.

(a) 𝑥 < −1 or 𝑥 ≥ 3.

(b) 0 ≤ 𝑥 < 1.

Theorem 2.29. If 𝐴 and 𝐵 are propositions, then 𝐴 ⟺ 𝐵 is logically equivalent
to (𝐴⟹ 𝐵) ∧ (𝐵 ⟹ 𝐴).

Theorem 2.30. If 𝐴, 𝐵, and 𝐶 are propositions, then (𝐴 ∨ 𝐵) ⟹ 𝐶 is logically
equivalent to (𝐴⟹ 𝐶) ∧ (𝐵 ⟹ 𝐶).

We already introduced the following notion in the discussion following The-
orem 2.11

Definition 2.31. If 𝐴 and 𝐵 are propositions, then the converse of 𝐴 ⟹ 𝐵 is
𝐵 ⟹ 𝐴.

Problem 2.32. Provide an example of a true conditional proposition whose con-
verse is false.

Definition 2.33. If 𝐴 and 𝐵 are propositions, then the inverse of 𝐴 ⟹ 𝐵 is
¬𝐴⟹ ¬𝐵.



2.2. Introduction to Logic 19

Problem 2.34. Provide an example of a true conditional proposition whose in-
verse is false.

Based on Problems 2.32 and 2.34, we can conclude that the converse and
inverse of a conditional proposition do not necessarily have the same truth value
as the original statement. Moreover, the converse and inverse of a conditional
proposition do not necessarily have the same truth value as each other.

Problem 2.35. If possible, provide an example of a conditional proposition
whose converse is true but whose inverse is false. If this is not possible, explain
why.

What if we swap the roles of the hypothesis and conclusion of a conditional
proposition and negate each?

Definition 2.36. If 𝐴 and 𝐵 are propositions, then the contrapositive of 𝐴⟹
𝐵 is ¬𝐵 ⟹ ¬𝐴.

Problem 2.37. Let𝐴 and 𝐵 represent the statements from Problem 2.19. Express
each of the following in an ordinary English sentence.
(a) The converse of 𝐴⟹ 𝐵.
(b) The contrapositive of 𝐴⟹ 𝐵.

Problem 2.38. Find the converse and the contrapositive of the following state-
ment: “If Dana lives in Flagstaff, then Dana lives in Arizona.”

Use a truth table to prove the following theorem.

Theorem 2.39. If 𝐴 and 𝐵 are propositions, then 𝐴⟹ 𝐵 is logically equivalent
to its contrapositive.

So far we have discussed how to negate propositions of the form𝐴,𝐴∧𝐵, and
𝐴 ∨ 𝐵 for propositions 𝐴 and 𝐵. However, we have yet to discuss how to negate
propositions of the form 𝐴⟹ 𝐵. Prove the following result with a truth table.

Theorem 2.40. If 𝐴 and 𝐵 are propositions, then the implication 𝐴⟹ 𝐵 is logi-
cally equivalent to the disjunction ¬𝐴 ∨ 𝐵.

The next result follows quickly from Theorem 2.40 together with De Mor-
gan’s Law. You can also verify this result using a truth table.

Corollary 2.41. If 𝐴 and 𝐵 are propositions, then ¬(𝐴 ⟹ 𝐵) is logically equiva-
lent to 𝐴 ∧ ¬𝐵.
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Problem 2.42. Let𝐴 and 𝐵 be the propositions “√2 is an irrational number” and
“Every rectangle is a trapezoid,” respectively.
(a) Express 𝐴⟹ 𝐵 as an English sentence involving the disjunction “or.”
(b) Express ¬(𝐴⟹ 𝐵) as an English sentence involving the conjunction “and.”

Problem 2.43. It turns out that the proposition “If .99 = 9
10
+ 9

100
+ 9

1000
+⋯,

then .99 ≠ 1” is false. Write its negation as a conjunction.

Recall that a proposition is exclusively either true or false—it can never be
both.

Definition 2.44. A compound proposition that is always false is called a con-
tradiction. A compound proposition that is always true is called a tautology.

Theorem2.45. If𝐴 is a proposition, then the proposition¬𝐴∧𝐴 is a contradiction.

Problem 2.46. Provide an example of a tautology using arbitrary propositions
and any of the logical connectives ¬, ∧, and ∨. Prove that your example is in fact
a tautology.

I didn’t want to just know names of things. I
remember really wanting to know how it all
worked.

Elizabeth Blackburn, biologist

2.3 Techniques for Proving Conditional Propositions

Each of the theorems that we proved in Section 2.1 are examples of conditional
propositions. However, some of the statements were disguised as such. For ex-
ample, Theorem 2.3 states, “The sum of two consecutive integers is odd.” We can
reword this theorem as, “If 𝑛 ∈ ℤ, then 𝑛 + (𝑛 + 1) is odd.”

Problem 2.47. Reword Theorem 2.7 so that it explicitly reads as a conditional
proposition.

Each of the proofs that you produced in Section 2.1 had the same format,
which we refer to as a direct proof.

Skeleton Proof 2.48 (Proof of 𝐴 ⟹ 𝐵 by direct proof). If you want to prove
the implication 𝐴 ⟹ 𝐵 via a direct proof, then the structure of the proof is as
follows.
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Proof. [State any upfront assumptions.] Assume 𝐴.
. . . [Use definitions and known results to derive 𝐵] . . .

Therefore, 𝐵.

Take a fewminutes to review the proofs that you wrote in Section 2.1 and see
if you can witness the structure of Skeleton Proof 2.48 in your proofs.

The upshot of Theorem 2.39 is that if you want to prove a conditional propo-
sition, you can prove its contrapositive instead. This approach is called a proof
by contraposition.

Skeleton Proof 2.49 (Proof of 𝐴⟹ 𝐵 by contraposition). If you want to prove
the implication 𝐴 ⟹ 𝐵 by proving its contrapositive ¬𝐵 ⟹ ¬𝐴 instead, then
the structure of the proof is as follows.
Proof. [State any upfront assumptions.] We will utilize a proof by contrapo-
sition. Assume ¬𝐵.

. . . [Use definitions and known results to derive ¬𝐴] . . .
Therefore, ¬𝐴. We have proved the contrapositive, and hence if 𝐴, then
𝐵.

Wehave introduced the logical symbols¬,∧,∨,⟹, and⟺ since it provides
a convenient way of discussing the formality of logic. However, when writing
mathematical proofs, you should avoid using these symbols.

Problem 2.50. Consider the following statement: If 𝑥 ∈ ℤ such that 𝑥2 is odd,
then 𝑥 is odd.

The items below can be assembled to form a proof of this statement, but they
are currently out of order. Put them in the proper order.
(1) Assume that 𝑥 is an even integer.
(2) We will utilize a proof by contraposition.
(3) Thus, 𝑥2 is twice an integer.
(4) Since 𝑥 = 2𝑘, we have that 𝑥2 = (2𝑘)2 = 4𝑘2.
(5) Since 𝑘 is an integer, 2𝑘2 is also an integer.
(6) By the definition of even, there is an integer 𝑘 such that 𝑥 = 2𝑘.
(7) We have proved the contrapositive, and hence the desired statement is true.
(8) Assume 𝑥 ∈ ℤ.



22 Chapter 2. Mathematics and Logic

(9) By the definition of even integer, 𝑥2 is an even integer.
(10) Notice that 𝑥2 = 2(2𝑘2).

Prove the next two theorems by proving the contrapositive of the given state-
ment.

Theorem 2.51. If 𝑛 ∈ ℤ such that 𝑛2 is even, then 𝑛 is even.

Theorem 2.52. If 𝑛,𝑚 ∈ ℤ such that 𝑛𝑚 is even, then 𝑛 is even or𝑚 is even.

Suppose that we want to prove some proposition 𝑃 (which might be some-
thing like 𝐴 ⟹ 𝐵 or even more complicated). One approach, called proof by
contradiction, is to assume ¬𝑃 and then logically deduce a contradiction of the
form 𝑄 ∧ ¬𝑄, where 𝑄 is some proposition. Since this is absurd, the assumption
¬𝑃 must have been false, so 𝑃 is true. The tricky part about a proof by contradic-
tion is that it is not usually obvious what the statement 𝑄 should be.

Skeleton Proof 2.53 (Proof of 𝑃 by contradiction). Here is what the general
structure for a proof by contradiction looks like ifwe are trying to prove the propo-
sition 𝑃.

Proof. [State any upfront assumptions.] For sake of a contradiction, assume
¬𝑃.

. . . [Use definitions and known results to derive
some 𝑄 and its negation ¬𝑄.] . . .

This is a contradiction. Therefore, 𝑃.

Proof by contradiction can be useful for proving statements of the form𝐴⟹
𝐵, where ¬𝐵 is easier to “get your hands on,” because ¬(𝐴 ⟹ 𝐵) is logically
equivalent to 𝐴 ∧ ¬𝐵 (see Corollary 2.41).

Skeleton Proof 2.54 (Proof of 𝐴 ⟹ 𝐵 by contradiction). If you want to prove
the implication 𝐴 ⟹ 𝐵 via a proof by contradiction, then the structure of the
proof is as follows.

Proof. [State any upfront assumptions.] For sake of a contradiction, assume
𝐴 and ¬𝐵.

. . . [Use definitions and known results to derive
some 𝑄 and its negation ¬𝑄.] . . .

This is a contradiction. Therefore, if 𝐴, then 𝐵.
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Problem 2.55. Assume that 𝑥 ∈ ℤ. Consider the following proposition: If 𝑥 is
odd, then 2 does not divide 𝑥.
(a) Prove the contrapositive of this statement.

(b) Prove the statement using a proof by contradiction.

Prove the following theorem via a proof by contradiction. Afterward, con-
sider the difficulties one might encounter when trying to prove the result more
directly. The given statement is not true if we replace ℕwith ℤ. Do you see why?

Theorem 2.56. Assume that 𝑥, 𝑦 ∈ ℕ. If 𝑥 divides 𝑦, then 𝑥 ≤ 𝑦.

Oftentimes a conditional proposition can be proved via a direct proof and by
using a proof by contradiction. Most mathematicians view a direct proof to be
more elegant than a proof by contradiction. When approaching the proof of a
conditional proposition, you should strive for a direct proof. In general, if you
are attempting to prove 𝐴 ⟹ 𝐵 using a proof by contradiction and you end up
with ¬𝐵 and 𝐵 (which yields a contradiction), then this is evidence that a proof
by contradiction was unnecessary. On the other hand, if you end up with ¬𝑄 and
𝑄, where 𝑄 is not the same as 𝐵, then a proof by contradiction is a reasonable
approach.

In light of Theorem 2.29, if we want to prove a biconditional of the form
𝐴 ⟺ 𝐵, we need to prove both 𝐴 ⟹ 𝐵 and 𝐵 ⟹ 𝐴. You should always
make it clear to the reader when you are proving each implication. One approach
is to label each subproof with “(⟹)” and “(⟸)” (including the parentheses),
respectively. Occasionally, you will discover that the proof of one implication is
exactly the reverse of the proof of the other implication. If this happens to be the
case, you may skip writing two subproofs and simply write a single proof that
chains together each step using biconditionals. Such proofs will almost always
be shorter, but can be challenging to write in an eloquent way. It is always a safe
bet to write a separate subproof for each implication.

When proving each implication of a biconditional, youmay choose to utilize
a direct proof, a proof by contraposition, or a proof by contradiction. For example,
you could prove the first implication using a proof by contradiction and a direct
proof for the second implication.

The following theoremprovides an opportunity to gain some experiencewith
writing proofs of biconditional statements.

Theorem 2.57. Let 𝑛 ∈ ℤ. Then 𝑛 is even if and only if 4 divides 𝑛2.

Making learning easy does not necessarily
ease learning.

Manu Kapur, learning scientist
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2.4 Introduction to Quantification

In this section and the next, we introduce first-order logic—also referred to as
predicate logic, quantificational logic, and first-order predicate calculus.
The sentence “𝑥 > 0” is not itself a proposition because its truth value depends
on 𝑥. In this case, we say that 𝑥 is a free variable. A sentence with at least one
free variable is called a predicate (or open sentence). To turn a predicate into a
proposition, we must either substitute values for each free variable or “quantify”
the free variables. We will use notation such as 𝑃(𝑥) and 𝑄(𝑎, 𝑏) to represent
predicates with free variables 𝑥 and 𝑎, 𝑏, respectively. The letters “𝑃” and “𝑄”
that we used in the previous sentence are not special; we can use any letter or
symbol we want. For example, each of the following represents a predicate with
the indicated free variables.

• 𝑆(𝑥) ≔ “𝑥2 − 4 = 0”

• 𝐿(𝑎, 𝑏) ≔ “𝑎 < 𝑏”

• 𝐹(𝑥, 𝑦) ≔ “𝑥 is friends with 𝑦”
Note that we used quotation marks above to remove some ambiguity. What
would 𝑆(𝑥) = 𝑥2 − 4 = 0 mean? It looks like 𝑆(𝑥) equals 0, but actually we
want 𝑆(𝑥) to represent the whole sentence “𝑥2 − 4 = 0”. Also, notice that the
order in which we utilize the free variables might matter. For example, compare
𝐿(𝑎, 𝑏) with 𝐿(𝑏, 𝑎).

One way we can make propositions out of predicates is by assigning specific
values to the free variables. That is, if 𝑃(𝑥) is a predicate and 𝑥0 is specific value
for 𝑥, then 𝑃(𝑥0) is now a proposition that is either true or false.

Problem 2.58. Consider 𝑆(𝑥) and 𝐿(𝑎, 𝑏) as defined above. Determine the truth
values of 𝑆(0), 𝑆(−2), 𝐿(2, 1), and 𝐿(−3,−2). Is 𝐿(2, 𝑏) a proposition or a predi-
cate?

Besides substituting specific values for free variables in a predicate, we can
also make a claim about which values of the free variables apply to the predicate.

Problem2.59. Both of the following sentences are propositions. Decidewhether
each is true or false. What would it take to justify your answers?

(a) For all 𝑥 ∈ ℝ, 𝑥2 − 4 = 0.

(b) There exists 𝑥 ∈ ℝ such that 𝑥2 − 4 = 0.

Definition 2.60. “For all” is the universal quantifier and “there exists. . . such
that” is the existential quantifier.
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In mathematics, the phrases “for all”, “for any”, “for every”, and “for each”
can be used interchangeably (even though they might convey slightly different
meanings in colloquial language). We can replace “there exists. . . such that” with
phrases like “for some” (possibly with some tweaking of the wording of the sen-
tence). It is important to note that the existential quantifier is making a claim
about “at least one”, not “exactly one.”

Variables that are quantifiedwith a universal or existential quantifier are said
to be bound. To be a proposition, all variables of a predicate must be bound.

We must take care to specify the collection of acceptable values for the free
variables. Consider the sentence “For all 𝑥, 𝑥 > 0.” Is this sentence true or false?
The answer depends on what set the universal quantifier applies to. Certainly,
the sentence is false if we apply it for all 𝑥 ∈ ℤ. However, the sentence is true for
all 𝑥 ∈ ℕ. Contextmay resolve ambiguities, but otherwise, wemust write clearly:
“For all 𝑥 ∈ ℤ, 𝑥 > 0” or “For all 𝑥 ∈ ℕ, 𝑥 > 0.” The collection of intended values
for a variable is called the universe of discourse.

Problem 2.61. Suppose our universe of discourse is the set of integers.
(a) Provide an example of a predicate 𝑃(𝑥) such that “For all 𝑥, 𝑃(𝑥)” is true.
(b) Provide an example of a predicate 𝑄(𝑥) such that “For all 𝑥, 𝑄(𝑥)” is false

while “There exists 𝑥 such that 𝑄(𝑥)” is true.

If a predicate hasmore than one free variable, thenwe can build propositions
by quantifying each variable. However, the order of the quantifiers is extremely
important!

Problem 2.62. Let 𝑃(𝑥, 𝑦) be a predicate with free variables 𝑥 and 𝑦 in a universe
of discourse 𝑈. One way to quantify the variables is “For all 𝑥 ∈ 𝑈, there exists
𝑦 ∈ 𝑈 such that 𝑃(𝑥, 𝑦).” How else can the variables be quantified?

The next problem illustrates that at least some of the possibilities you discov-
ered in the previous problem are not equivalent to each other.

Problem 2.63. Suppose the universe of discourse is the set of people and con-
sider the predicate 𝑀(𝑥, 𝑦) ≔‶ 𝑥 is married to 𝑦″. We can interpret the formal
statement “For all 𝑥, there exists 𝑦 such that𝑀(𝑥, 𝑦)” as meaning “Everybody is
married to somebody.” Interpret themeaning of each of the following statements
in a similar way.
(a) For all 𝑥, there exists 𝑦 such that𝑀(𝑥, 𝑦).
(b) There exists 𝑦 such that for all 𝑥,𝑀(𝑥, 𝑦).
(c) For all 𝑥, for all 𝑦,𝑀(𝑥, 𝑦).
(d) There exists 𝑥 such that there exists 𝑦 such that𝑀(𝑥, 𝑦).
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Problem 2.64. Suppose the universe of discourse is the set of real numbers and
consider the predicate 𝐹(𝑥, 𝑦) ≔‶ 𝑥 = 𝑦2″. Interpret the meaning of each of the
following statements.
(a) There exists 𝑥 such that there exists 𝑦 such that 𝐹(𝑥, 𝑦).
(b) There exists 𝑦 such that there exists 𝑥 such that 𝐹(𝑥, 𝑦).
(c) For all 𝑦, for all 𝑥, 𝐹(𝑥, 𝑦).

There are a couple of key points to keep in mind about quantification. To be
a proposition, all variables must be quantified. This can happen in at least two
ways:
• The variables are explicitly bound by quantifiers in the same sentence.

• The variables are implicitly bound by preceding sentences or by context.
Statements of the form “Let 𝑥 = . . .” and “Assume 𝑥 ∈ . . .” bind the vari-
able 𝑥 and remove ambiguity.

Also, the order of the quantification is important. Reversing the order of the
quantifiers can substantially change the meaning of a proposition.

Quantification and logical connectives (“and”, “or”, “If. . . , then. . . ”, and
“not”) enable complex mathematical statements. For example, if 𝑓 is a function
while 𝑐 and 𝐿 are real numbers, then the formal definition of lim𝑥→𝑐 𝑓(𝑥) = 𝐿,
which you may have encountered in calculus, is:

For all 𝜀 > 0, there exists 𝛿 > 0 such that for all 𝑥, if 0 < |𝑥 − 𝑐| < 𝛿, then
|𝑓(𝑥) − 𝐿| < 𝜀.
In order to study the abstract nature of complicated mathematical state-

ments, it is useful to adopt some notation.

Definition 2.65. The universal quantifier “for all” is denoted ∀ , and the exis-
tential quantifier “there exists. . . such that” is denoted ∃ .

Using our abbreviations for the logical connectives and quantifiers,
we can symbolically represent mathematical propositions. For example,
the (true) proposition “There exists 𝑥 ∈ ℝ such that 𝑥2 − 1 = 0” becomes
“(∃𝑥 ∈ ℝ)(𝑥2 − 1 = 0),” while the (false) proposition “For all 𝑥 ∈ ℕ, there
exists 𝑦 ∈ ℕ such that 𝑦 < 𝑥” becomes “(∀𝑥 ∈ ℕ)(∃𝑦 ∈ ℕ)(𝑦 < 𝑥).”

Problem 2.66. Convert the following propositions into statements using only
logical and mathematical symbols. Assume that the universe of discourse is the
set of real numbers.
(a) There exists 𝑥 such that 𝑥2 + 1 is greater than zero.
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(b) There exists a natural number 𝑛 such that 𝑛2 = 36.

(c) For every 𝑥, 𝑥2 is greater than or equal to zero.

Problem 2.67. Express the formal definition of a limit (given above Definition
2.65) in logical and mathematical symbols.

If you look closely, many of the theorems that we have encountered up until
this point were of the form 𝐴(𝑥) ⟹ 𝐵(𝑥), where 𝐴(𝑥) and 𝐵(𝑥) are predicates.
For example, consider Theorem 2.2, which states, “If 𝑛 is an even integer, then 𝑛2
is an even integer.” In this case, “𝑛 is an even integer” and “𝑛2 is an even integer”
are both predicates. So, it would be reasonable to assume that the entire theorem
statement is a predicate. However, it is standard practice to interpret the sentence
𝐴(𝑥) ⟹ 𝐵(𝑥) to mean (∀𝑥)(𝐴(𝑥) ⟹ 𝐵(𝑥)) (where the universe of discourse
for 𝑥 needs to be made clear). We can also retool such statements to “hide” the
implication. In particular, (∀𝑥)(𝐴(𝑥) ⟹ 𝐵(𝑥)) has the same meaning as (∀𝑥 ∈
𝑈′)𝐵(𝑥), where𝑈′ is the collection of items from the universe of discourse𝑈 that
makes 𝐴(𝑥) true. For example, we could rewrite the statement of Theorem 2.2 as
“For every even integer 𝑛, 𝑛2 is even.”

Problem 2.68. Reword Theorem 2.7 so that it explicitly reads as a universally
quantified statement. Compare with Problem 2.47.

Problem 2.69. Find at least two other instances of theorem statements that ap-
peared earlier in the book and are written in the form 𝐴(𝑥) ⟹ 𝐵(𝑥). Rewrite
each in an equivalent way that makes the universal quantifier explicit while pos-
sibly suppressing the implication.

Problem 2.70. Consider the proposition “If 𝜀 > 0, then there exists 𝑁 ∈ ℕ such
that 1/𝑁 < 𝜀.” Assume the universe of discourse is the set ℝ.

(a) Express the statement in logical andmathematical symbols. Is the statement
true?

(b) Reverse the order of the quantifiers to get a new statement. Does themeaning
change? If so, how? Is the new statement true?

The symbolic expression (∀𝑥)(∀𝑦) can be abbreviated as ∀𝑥, 𝑦 as long as 𝑥
and 𝑦 are elements of the same universe.

Problem 2.71. Express the proposition “For all 𝑥, 𝑦 ∈ ℝwith 𝑥 < 𝑦, there exists
𝑚 ∈ ℝ such that 𝑥 < 𝑚 < 𝑦” using logical and mathematical symbols.
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Problem 2.72. Rewrite each of the following propositions in words and deter-
mine whether the proposition is true or false.

(a) (∀𝑛 ∈ ℕ)(𝑛2 ≥ 5)

(b) (∃𝑛 ∈ ℕ)(𝑛2 − 1 = 0)

(c) (∃𝑁 ∈ ℕ)(∀𝑛 > 𝑁)( 1
𝑛
< 0.01)

(d) (∀𝑚, 𝑛 ∈ ℤ)((2|𝑚 ∧ 2|𝑛)⟹ 2|(𝑚 + 𝑛))

(e) (∀𝑥 ∈ ℕ)(∃𝑦 ∈ ℕ)(𝑥 − 2𝑦 = 0)

(f) (∃𝑥 ∈ ℕ)(∀𝑦 ∈ ℕ)(𝑦 ≤ 𝑥)

Problem 2.73. Consider the proposition (∀𝑥)(∃𝑦)(𝑥𝑦 = 1).
(a) Provide an example of a universe of discourse where this proposition is true.

(b) Provide an example of a universe of discourse where this proposition is false.

To whet your appetite for the next section, consider how you might prove a
true proposition of the form “For all 𝑥. . . .” If a proposition is false, then its nega-
tion is true. Howwould you go about negating a statement involving quantifiers?

Like what you do, and then you will do your
best.

Katherine Johnson, mathematician

2.5 More About Quantification

When writing mathematical proofs, we do not explicitly use the symbolic rep-
resentation of a given statement in terms of quantifiers and logical connectives.
Nonetheless, having this notation at our disposal allows us to compartmentalize
the abstract nature of mathematical propositions and provides us with a way to
talk about the general structure involved in the construction of a proof.

Definition 2.74. Two quantified propositions are logically equivalent if they
have the same truth value in every universe of discourse.

Problem 2.75. Consider the propositions (∃𝑥 ∈ 𝑈)(𝑥2 − 4 = 0) and (∃𝑥 ∈
𝑈)(𝑥2 − 2 = 0), where 𝑈 is some universe of discourse.

(a) Do these propositions have the same truth value if the universe of discourse
is the set of real numbers?
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(b) Provide an example of a universe of discourse such that the propositions yield
different truth values.

(c) What can you conclude about the logical equivalence of these propositions?

It is worth pointing out an important distinction. Consider the propositions
“All cars are red” and “All natural numbers are positive”. Both of these are in-
stances of the logical form (∀𝑥)𝑃(𝑥). It turns out that the first proposition is false
and the second is true; however, it does not make sense to attach a truth value
to the logical form. A logical form is a blueprint for particular propositions. If
we are careful, it makes sense to talk about whether two logical forms are log-
ically equivalent. For example, (∀𝑥)(𝑃(𝑥) ⟹ 𝑄(𝑥)) is logically equivalent to
(∀𝑥)(¬𝑄(𝑥)⟹ ¬𝑃(𝑥)) since a conditional proposition is logically equivalent to
its contrapositive (see Theorem 2.39). For fixed 𝑃(𝑥) and 𝑄(𝑥), these two forms
will always have the same truth value independent of the universe of discourse.
If you change 𝑃(𝑥) and𝑄(𝑥), then the truth value may change, but the two forms
will still agree.

The next theorem tells us how to negate logical forms involving quantifiers.
Your proof should involve several mini arguments. For example, in Part (a), you
will need to proof that if ¬(∀𝑥)𝑃(𝑥) is true, then (∃𝑥)(¬𝑃(𝑥)) is also true.

Theorem 2.76. Let 𝑃(𝑥) be a predicate in some universe of discourse. Then
(a) ¬(∀𝑥)𝑃(𝑥) is logically equivalent to (∃𝑥)(¬𝑃(𝑥));

(b) ¬(∃𝑥)𝑃(𝑥) is logically equivalent to (∀𝑥)(¬𝑃(𝑥)).

Problem2.77. Negate each of the following sentences. Disregard the truth value
and the universe of discourse.

(a) (∀𝑥)(𝑥 > 3)

(b) (∃𝑥)(𝑥 is prime ∧ 𝑥 is even)

(c) All cars are red.

(d) Every Wookiee is named Chewbacca.

(e) Some hippies are Republican.

(f) Some birds are not angry.

(g) Not every video game will rot your brain.

(h) For all 𝑥 ∈ ℕ, 𝑥2 + 𝑥 + 41 is prime.

(i) There exists 𝑥 ∈ ℤ such that 1/𝑥 ∉ ℤ.
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(j) There is no function𝑓 such that if𝑓 is continuous, then𝑓 is not differentiable.

Using Theorem 2.76 and our previous results involving quantification, we
can negate complexmathematical propositions by working from left to right. For
example, if we negate the false proposition

(∃𝑥 ∈ ℝ)(∀𝑦 ∈ ℝ)(𝑥 + 𝑦 = 0),
we obtain the proposition

¬(∃𝑥 ∈ ℝ)(∀𝑦 ∈ ℝ)(𝑥 + 𝑦 = 0),
which is logically equivalent to

(∀𝑥 ∈ ℝ)(∃𝑦 ∈ ℝ)(𝑥 + 𝑦 ≠ 0)
and must be true. For a more complicated example, consider the (false) proposi-
tion

(∀𝑥)[𝑥 > 0⟹ (∃𝑦)(𝑦 < 0 ∧ 𝑥𝑦 > 0)].
Then its negation

¬(∀𝑥)[𝑥 > 0⟹ (∃𝑦)(𝑦 < 0 ∧ 𝑥𝑦 > 0)]
is logically equivalent to

(∃𝑥)[𝑥 > 0 ∧ ¬(∃𝑦)(𝑦 < 0 ∧ 𝑥𝑦 > 0)],
which happens to be logically equivalent to

(∃𝑥)[𝑥 > 0 ∧ (∀𝑦)(𝑦 ≥ 0 ∨ 𝑥𝑦 ≤ 0)].
Can you identify the theorems that were used in the two examples above?

Problem 2.78. Negate each of the following propositions. Disregard the truth
value and the universe of discourse.

(a) (∀𝑛 ∈ ℕ)(∃𝑚 ∈ ℕ)(𝑚 < 𝑛)

(b) For every 𝑦 ∈ ℝ, there exists 𝑥 ∈ ℝ such that 𝑦 = 𝑥2.

(c) For all 𝑦 ∈ ℝ, if 𝑦 is not negative, then there exists 𝑥 ∈ ℝ such that 𝑦 = 𝑥2.

(d) For every 𝑥 ∈ ℝ, there exists 𝑦 ∈ ℝ such that 𝑦 = 𝑥2.

(e) There exists 𝑥 ∈ ℝ such that for all 𝑦 ∈ ℝ, 𝑦 = 𝑥2.

(f) There exists 𝑦 ∈ ℝ such that for all 𝑥 ∈ ℝ, 𝑦 = 𝑥2.

(g) (∀𝑥, 𝑦, 𝑧 ∈ ℤ)((𝑥𝑦 is even ∧ 𝑦𝑧 is even)⟹ 𝑥𝑧 is even)

(h) There exists a married person 𝑥 such that for all married people 𝑦, 𝑥 is mar-
ried to 𝑦.
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Problem2.79. Consider the following proposition in someuniverse of discourse:
For all goofy wobblers 𝑥, there exists a dinglehopper 𝑦 such that if 𝑥 is a not a
nugget, then 𝑦 is a doofus. Find the negation of this proposition so that it in-
cludes the phrase “is not a doofus.”

Problem2.80. Consider the following proposition in someuniverse of discourse:
If 𝑥 and 𝑦 are both snazzy, then 𝑥𝑦 is not nifty. Find the contrapositive of this
proposition so that it includes the phrase “not snazzy”.

At this point, we should be able to use our understanding of quantification to
construct counterexamples to complicated false propositions and proofs of com-
plicated true propositions. Here are some general proof structures for various
logical forms.

Skeleton Proof 2.81 (Direct Proof of (∀𝑥)𝑃(𝑥)). Here is the general structure for
a direct proof of the proposition (∀𝑥)𝑃(𝑥). Assume𝑈 is the universe of discourse.
Proof. [State any upfront assumptions.] Let 𝑥 ∈ 𝑈.

. . . [Use definitions and known results.] . . .
Therefore, 𝑃(𝑥) is true. Since 𝑥 was arbitrary, for all 𝑥, 𝑃(𝑥).

Combining Skeleton Proof 2.81 with Skeleton Proof 2.48, we obtain the fol-
lowing skeleton proof.

Skeleton Proof 2.82 (Proof of (∀𝑥)(𝐴(𝑥)⟹ 𝐵(𝑥))). Below is the general struc-
ture for a direct proof of the proposition (∀𝑥)(𝐴(𝑥) ⟹ 𝐵(𝑥). Assume 𝑈 is the
universe of discourse.
Proof. [State any upfront assumptions.] Let 𝑥 ∈ 𝑈. Assume 𝐴(𝑥).

. . . [Use definitions and known results to derive 𝐵(𝑥)] . . .
Therefore, 𝐵(𝑥).

Skeleton Proof 2.83 (Proof of (∀𝑥)𝑃(𝑥) by Contradiction). Here is the general
structure for a proof of the proposition (∀𝑥)𝑃(𝑥) via contradiction. Assume 𝑈 is
the universe of discourse.
Proof. [State any upfront assumptions.] For sake of a contradiction, assume
that there exists 𝑥 ∈ 𝑈 such that ¬𝑃(𝑥).

. . . [Do something to derive a contradiction.] . . .
This is a contradiction. Therefore, for all 𝑥, 𝑃(𝑥) is true.
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Skeleton Proof 2.84 (Direct Proof of (∃𝑥)𝑃(𝑥)). Here is the general structure for
a direct proof of the proposition (∃𝑥)𝑃(𝑥). Assume𝑈 is the universe of discourse.

Proof. [State any upfront assumptions.] . . .
. . . [Use definitions, axioms, and previous results to deduce that an 𝑥 exists for
which 𝑃(𝑥) is true; or if you have an 𝑥 that works, just verify that it does.] . . .
Therefore, there exists 𝑥 ∈ 𝑈 such that 𝑃(𝑥).

Skeleton Proof 2.85 (Proof of (∃𝑥)𝑃(𝑥) by Contradiction). Below is the general
structure for a proof of the proposition (∃𝑥)𝑃(𝑥) via contradiction. Assume 𝑈 is
the universe of discourse.

Proof. [State any upfront assumptions.] For sake of a contradiction, assume
that for all 𝑥 ∈ 𝑈, ¬𝑃(𝑥).

. . . [Do something to derive a contradiction.] . . .
This is a contradiction. Therefore, there exists 𝑥 ∈ 𝑈 such that 𝑃(𝑥).

Note that if 𝑄(𝑥) is a predicate for which (∀𝑥)𝑄(𝑥) is false, then a counterex-
ample to this proposition amounts to showing (∃𝑥)(¬𝑄(𝑥)), which can be proved
by following the structure of Skeleton Proof 2.84.

It is important to point out that sometimes we will have to combine vari-
ous proof techniques in a single proof. For example, if you wanted to prove a
proposition of the form (∀𝑥)(𝑃(𝑥) ⟹ 𝑄(𝑥)) by contradiction, we would start
by assuming that there exists 𝑥 in the universe of discourse such that 𝑃(𝑥) and
¬𝑄(𝑥).

Problem 2.86. Determine whether each of the following statements is true or
false. If the statement is true, prove it. If the statement is false, provide a coun-
terexample.

(a) For all 𝑛 ∈ ℕ, 𝑛2 ≥ 5.

(b) There exists 𝑛 ∈ ℕ such that 𝑛2 − 1 = 0.

(c) There exists 𝑥 ∈ ℕ such that for all 𝑦 ∈ ℕ, 𝑦 ≤ 𝑥.

(d) For all 𝑥 ∈ ℤ, 𝑥3 ≥ 𝑥.

(e) For all 𝑛 ∈ ℤ, there exists𝑚 ∈ ℤ such that 𝑛 + 𝑚 = 0.

(f) There exists integers 𝑎 and 𝑏 such that 2𝑎 + 7𝑏 = 1.

(g) There do not exist integers𝑚 and 𝑛 such that 2𝑚 + 4𝑛 = 7.
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(h) For all 𝑎, 𝑏, 𝑐 ∈ ℤ, if 𝑎 divides 𝑏𝑐, then either 𝑎 divides 𝑏 or 𝑎 divides 𝑐.

(i) For all 𝑎, 𝑏 ∈ ℤ, if 𝑎𝑏 is even, then either 𝑎 or 𝑏 is even.

Problem 2.87. Explain why the following “proof” is not a valid argument.

Claim. For all 𝑥, 𝑦 ∈ ℤ, if 𝑥 and 𝑦 are even, then 𝑥 + 𝑦 is even.

“Proof.” Suppose 𝑥, 𝑦 ∈ ℤ such that 𝑥 and 𝑦 are even. For sake of a contradic-
tion, assume that 𝑥+𝑦 is odd. Then there exists 𝑘 ∈ ℤ such that 𝑥+𝑦 = 2𝑘+1.
This implies that (𝑥 + 𝑦) − 2𝑘 = 1. We see that the left side of the equation is
even because it is the difference of even numbers. However, the right side is
odd. Since an even number cannot equal an odd number, we have a contra-
diction. Therefore, 𝑥 + 𝑦 is even.

Sometimes it is useful to split the universe of discourse into multiple collec-
tions to deal with separately. When doing this, it is important to make sure that
your cases are exhaustive (i.e., every possible element of the universe of discourse
has been accounted for). Ideally, your cases will also be disjoint (i.e., you have
not considered the same element more than once). For example, if our universe
of discourse is the set of integers, we can separately consider even versus odd
integers. If our universe of discourse is the set of real numbers, we might want
to consider rational versus irrational numbers, or possibly negative versus zero
versus and positive. Attacking a proof in this way, is often referred to as a proof
by cases (or proof by exhaustion). A proof by cases may also be useful when
dealing with hypotheses involving “or”. Note that the use of a proof by cases is
justified by Theorem 2.30.

If you decide to approach a proof using cases, be sure to inform the reader
that you are doing so and organize your proof in a sensible way. Note that doing
an analysis of cases should be avoided if possible. For example, while it is valid to
separately consider the cases of whether 𝑎 is an even integer versus odd integer
in the proof of Theorem 2.11, it is completely unnecessary. To prove the next
theorem, you might want to consider two cases.

Theorem 2.88. For all 𝑛 ∈ ℤ, 3𝑛2 + 𝑛 + 14 is even.

Prove the following theorem by proving the contrapositive using two cases.

Theorem 2.89. For all 𝑛,𝑚 ∈ ℤ, if 𝑛𝑚 is odd, then 𝑛 is odd and𝑚 is odd.

When proving the previous theorem, you likely experienced some dèjá vu.
You should have assumed “𝑛 is even or 𝑚 is even” at some point in your proof.
The first case is “𝑛 is even” while the second case is “𝑚 is even.” (Note that you



34 Chapter 2. Mathematics and Logic

do not need to handle the case when both 𝑛 and𝑚 are even since the two individ-
ual cases already yield the desired result.) The proofs for both cases are identical
except the roles of 𝑛 and 𝑚 are interchanged. In instances such as this, mathe-
maticians have a shortcut. Instead of writing two essentially identical proofs for
each case, you can simply handle one of the cases and indicate that the remaining
case follows from a nearly identical proof. The quickest way to do this is to use
the phrase, “Without loss of generality, assume. . . ”. For example, here is a proof
of Theorem 2.89 that utilizes this approach.

Proof of Theorem 2.89. Wewill prove the contrapositive. Let 𝑛,𝑚 ∈ ℤ and assume
𝑛 is even or 𝑚 is even. Without loss of generality, assume 𝑛 is even. Then there
exists 𝑘 ∈ ℤ such that 𝑛 = 2𝑘. We see that

𝑛𝑚 = (2𝑘)𝑚 = 2(𝑘𝑚).
Since both 𝑘 and 𝑚 are integers, 𝑘𝑚 is an integer. This shows that 𝑛𝑚 is even.
We have proved the contrapositive, and hence for all 𝑛,𝑚 ∈ ℤ, if 𝑛𝑚 is odd, then
𝑛 is odd and𝑚 is odd.

Note that it would not be appropriate to utilize the “without loss of gener-
ality” approach to combine the two cases in the proof of Theorem 2.88 since the
proof of the second case is not as simple as swapping the roles of symbols in the
proof of the first case.

There are times when a theoremwill make a claim about the uniqueness of a
particular mathematical object. For example, in Section 5.1, you will be asked to
prove that both the additive andmultiplicative identities (i.e, 0 and 1) are unique
(see Theorems 5.2 and 5.3). As another example, the Fundamental Theorem of
Arithmetic (see Theorem 6.17) states that every natural number greater than 1
can be expressed uniquely (up to the order in which they appear) as the product
of one or more primes. The typical approach to proving uniqueness is to suppose
that there are potentially two objects with the desired property and then show
that these objects are actually equal. Whether you approach this as a proof by
contradiction is a matter of taste. It is common to use ∃! as a symbolic abbrevi-
ation for “there exists a unique. . . such that”.

SkeletonProof 2.90 (Direct Proof of (∃!𝑥)𝑃(𝑥)). Here is the general structure for
a direct proof of the proposition (∃!𝑥)𝑃(𝑥). Assume𝑈 is the universe of discourse.

Proof. [State any upfront assumptions.] . . .
. . . [Use definitions, axioms, and previous results to deduce that an 𝑥 exists for
which 𝑃(𝑥) is true; or if you have an 𝑥 that works, just verify that it does.] . . .
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Therefore, there exists 𝑥 ∈ 𝑈 such that 𝑃(𝑥). Now, suppose 𝑥1, 𝑥2 ∈ 𝑈 such
that 𝑃(𝑥1) and 𝑃(𝑥2).

. . . [Prove that 𝑥1 = 𝑥2.] . . .
This implies that there exists a unique 𝑥 such that 𝑃(𝑥).

The next theorem provides an opportunity to practice proving uniqueness.

Theorem 2.91. If 𝑐, 𝑎, 𝑟 ∈ ℝ such that 𝑐 ≠ 0 and 𝑟 ≠ 𝑎/𝑐, then there exists a
unique 𝑥 ∈ ℝ such that (𝑎𝑥 + 1)/(𝑐𝑥) = 𝑟.

With two published novels and a file full of
ideas for others, the only thing I know about
writing is this: it only happens when you sit
down and do it. Studying good writing is
important, reading good writing is
important, talking to other writers is
important, but the only way you can
produce good writing is to write.

Jamie Beth Cohen, novelist


