
Preface

This book deals with problems of Fourier analysis, which are partially inspired

by signal theory.

The classical sampling problem is to reconstruct, in a unique and stable way, a

signal (a function) with a given spectrum S from its samples (values on a discrete

set Λ). When is such a reconstruction possible?

The dual problem requires interpolation of functions defined on a discrete set

Λ by continuous (analytic) functions with a given spectrum S.
From a geometric point of view, the problems ask for which sets of frequencies

Λ is the exponential system

{eiλt, λ ∈ Λ}

complete, or which sets constitute a frame or a Riesz sequence in the space L2 on a

given set S of finite measure?

In the case when S is a single interval, these problems were essentially solved

by A. Beurling, P. Malliavin, and J.-P. Kahane in terms of appropriate densities of

the discrete set Λ. The main tool in these papers was the theory of entire functions.

However, this tool becomes considerably less effective in the case of disconnected

spectra S.
H. Landau developed a geometric approach that allowed him to extend the

necessity of the density conditions in these results to the general bounded spec-

tra. However, no sharp sufficient condition for sampling and interpolation can be

expressed in terms of the density of the set Λ. Not only the size, but also the

arithmetic structure of Λ comes into play. Hence, an important problem is to give

effective constructions of sampling and interpolation sets for disconnected spectra.

In particular, one may ask if it is possible to construct a universal discrete set Λ,
which solves the problems for an arbitrary spectrum of fixed measure, independently

of its structure and localization.

In the high-dimensional case, some new phenomena appear already for the

simplest spectra, such as balls or cubes.

Functions with an unbounded spectrum of finite measure require special atten-

tion. The analytic nature of such functions is more general, which raises serious

obstacles in the sampling problem.

All these problems are addressed in the present book.

After an elementary introduction, we give a new presentation of classical results

due to Beurling, Kahane, and Landau.

In Lectures 6–10 we present a recent progress in the problems outlined above.

Another topic closely linked to the previous ones is discussed in the last two

lectures. The following completeness problem for discrete translates is considered:
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Given a discrete set Λ, does there exist a function g such that the family

{g(t− λ), λ ∈ Λ}
spans the whole space L2 or Lp on R? Also, can the generator g have a nice space-

frequency localization? In particular, we discuss the role of the size and arithmetic

structure of the spectral set Λ in this problem.

The reader will see how methods of harmonic and complex analysis interact

with various important concepts in different areas, such as Minkowski’s lattice,

Kolmogorov’s width, Meyer’s quasicrystals, and others.

These lectures are addressed to graduate students and researchers interested

in analysis and its applications. We tried to make the presentation essentially self-

contained. We assume that the reader is acquainted with basic elements of real and

complex analysis.
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