
CHAPTER 1

Introduction

In this introductory chapter, after a brief historical outlook and motivation
(Section 1.1), we present Atiyah-Segal picture of quantum field theory (Section
1.2). In Section 1.3 we present the heuristic idea of the path integral as giving a
solution of Atiyah-Segal’s axioms. We then proceed to explain the logic of mak-
ing mathematical sense of the path integral using the stationary phase formula,
producing the answer as an asymptotic series in � with coefficients given by contri-
butions of Feynman diagrams. Finally, we explain the role of the BV construction
as resolving the issue of degenerate critical points of the action, obstructing the
stationary phase evaluation of the integral. In Section 1.4 we lay out the plan of
the subsequent exposition.

1.1. Prologue

Batalin-Vilkovisky formalism (“BV formalism”) was developed in the early
1980’s [9,10] as a tool in mathematical physics designed to define the perturbative
path integral for gauge theories. Gauge theories—models of field theory possessing
a local symmetry (“gauge symmetry”)—have been at the center of attention in
mathematical physics for a long while (the first appearance of gauge symmetry
dates back to Maxwell’s classical electromagnetism). E.g., Yang-Mills theory is a
prime example of a gauge theory, and its special case is the Standard Model of
strong and electroweak interactions of elementary particles.

BV formalism was developed on the basis of the so-called BRST formalism
due to Becchi-Rouet-Stora [11] and, independently, Tyutin [93]; and BRST for-
malism, in turn, was a development of Faddeev-Popov construction of Feynman
diagrams for Yang-Mills theory [38]. All three of these constructions (Faddeev-
Popov, BRST, BV) are methods of gauge-fixing of progressive generality, i.e., they
deal with the following issue. One tries to define the path integral describing the
quantities of interest in the quantum field theory (partition function, correlation
functions, S-matrix, etc.), in the perturbation theory framework, by formally ap-
plying the stationary phase formula for oscillatory integrals (see Sections 3.2, 3.7).
This results in a sum over critical points of the action functional of contributions,
which are asymptotic series in the Planck constant and/or the coupling constants
with coefficients given by Feynman diagrams (whose values are certain configuration
space integrals in a local field theory). However, for the stationary phase formula
to be applicable, the critical points of the action (stationary phase points of the
oscillatory integrand) must be isolated. In gauge theories, the critical points are
not isolated and the stationary phase formula cannot be applied directly. All the
constructions of gauge-fixing (Faddeev-Popov, BRST, BV) amount to replacing the
integral with the one which does have isolated critical points and thus can be eval-
uated by the stationary phase formula. All these constructions involve an arbitrary
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choice of “gauge” (e.g. a section of the gauge orbits in Faddeev-Popov case and a
Lagrangian submanifold in the BV-extended space of fields in the BV case) and the
integral replacing the original one is, in fact, an integral over a supermanifold, and
its value is independent of the choice of the gauge (and equals the original integral
when both sides make measure-theoretic sense).

The necessary appearance of integration over supermanifolds in gauge theories
can be traced to the appearance of “ghost fields” (Faddeev-Popov ghosts)—odd
(anti-commuting or “fermionic”) fields, which were first spotted by Feynman [42]
as necessary in Feynman diagrams for Yang-Mills theory, and were understood by
Faddeev and Popov as coming from an integral formula for the Jacobian associ-
ated, roughly speaking, to the “angle” at which the chosen section intersects the
gauge orbits. Thus, ghosts effectively restore the gauge-fixing independence of the
answers in perturbative gauge theory. In BRST formalism, ghosts, instead of be-
ing merely auxiliary fields arising from an integral formula for the determinant,
were understood on a different conceptual level, as generators of the Chevalley-
Eilenberg algebra associated to the Lie algebra of gauge transformations. In BV
formalism, in addition to the ghosts, one adjoins the “anti-fields”—the generators
of the Koszul-Tate resolution of the critical locus, see [41,45,90]. Thus, in gauge
theories one encounters odd fields arising from homological resolutions of either the
gauge symmetry or the critical locus.1

Faddeev-Popov construction, BRST and BV formalisms (Sections 4.1, 4.3, 4.8)
each introduced a new point of view on what is a gauge theory. E.g., BRST
formalism introduced the structures of homological algebra to gauge theory and
identified the space of fields as a differential graded manifold (or equivalently2 a
Q-manifold,—a supermanifold equipped with an odd vector field Q squaring to
zero)—an object combining the features of a manifold and of a cochain complex—
with the action being a distinguished cocycle, see Section 4.2.3. In BV formalism,
ideas of symplectic geometry are added to the recipe (see Section 4.4): the space
of fields turns out to be an odd-symplectic Q-manifold, with the action being the
Hamiltonian function generating the cohomological vector field Q; the geometry
of this setup was elucidated by A. S. Schwarz in [87]. Apart from conceptual ad-
vancements, each next formalism is more general as a method of gauge-fixing: while
Faddeev-Popov construction deals with gauge symmetry given by a group action
(for instance, Yang-Mills theory), BRST can, e.g., deal with the symmetry given
by a Lie algebroid. BV is the most general known method of gauge-fixing and can
deal, in particular, with gauge symmetry given by a non-integrable distribution on
classical fields (for example, the Poisson sigma model responsible for Kontsevich’s
celebrated deformation quantization construction [17,62], see Sections 4.9.3, 5.3)
and with “reducible” gauge symmetry (e.g. the BF theory in dimension ě 4). In
particular, BV formalism turned out to be particularly well suited to dealing with
the complicated gauge symmetry structure of a special type of gauge theories—the
topological field theories.

1An entirely different mechanism through which odd fields can arise in a field theory is from
having particles of half-integer spin in the theory. Then the corresponding field takes values in
sections of a spinor bundle over the spacetime manifold. In this exposition we focus on bosonic
theories, i.e., without fermions among the physical fields.

2In fact, there is a technical difference: a dg manifold is a Q-manifold endowed with a
compatible Z-grading. Thus, Q-manifolds are somewhat more general. For the purposes of this
text, we always have a Z-grading available and the distinction between the two notions is irrelevant.
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Topological quantum field theory (TQFT) originated in the idea, put forward
by Albert S. Schwarz [85] (see also [86] on the history of the development of TQFT),
to construct topological invariants3 of manifolds by studying a field theory on a
manifold, defined classically by a diffeomorphism-invariant action functional.4 This
paved the way for an exciting and unexpected application of the machinery of quan-
tum field theory, developed originally for the needs of physics, to mathematics. The
field has truly blossomed starting from the late 1980’s, following the work of Witten
[99] on Chern-Simons theory on 3-manifolds and its application for constructing
topological invariants of 3-manifolds and knots inside them.

The mathematical effort to summarize the data of topological quantum field
theory resulted in Atiyah’s axiomatic description of TQFT [3] which essentially pos-
tulates the expected gluing/cutting property of the path integral without referring
to the path integral explicitly (Section 1.2).5 Atiyah’s axioms are a modification
of Segal’s axioms of 2-dimensional conformal field theory [88]. In Atiyah-Segal’s
picture, a quantum field theory can be seen as a functor from the “spacetime cate-
gory” (the category of cobordisms endowed with appropriate geometric structure)
to a target category—typically, the category of vector spaces (and often, Hilbert
spaces). This functorial picture is a natural (but certainly not straightforward) ex-
tension to the setting of quantum field theory of the operator formalism in quantum
mechanics which describes the evolution of the system in time t as a unitary evolu-
tion operator between the in-Hilbert space (states at time t0) and the out-Hilbert
space (states at time t1 “ t0 ` t).

An important extension of Atiyah’s axiomatics of TQFT, allowing gluing and
cutting with corners (as opposed to just along closed codimension 1 submanifolds)
was suggested by Baez-Dolan [6]. Such TQFTs are called extended (into higher
codimension), and fully extended if the top codimension strata—points—are al-
lowed. The program of fully extended TQFTs was developed further and a general
classification result for them was proven by J. Lurie [67].

Several constructions proposed in the early 1990’s give mathematical examples
of TQFT’s in the sense of Atiyah’s axioms, which are not constructed starting with
a classical action functional, e.g. the Dijkgraaf-Witten theory [35] (Section 1.2.3),
Turaev-Viro model [92], Reshetikhin-Turaev construction [80]. The latter yields
answers compatible with Witten’s quantum Chern-Simons theory, though a direct

3“Topological invariants” normally stands for “invariants under diffeomorphism” in this con-
text. Note that in the dimension up to 3, one does not have to make a distinction with invariance
under homeomorphism, thanks to Hauptvermutung (equivalence of topological, piecewise-linear
and smooth categories) valid in low dimensions.

4One can find precursors of topological quantum field theory predating Schwarz’s seminal
paper: in particular, the work of Ponzano-Regge [78] suggesting a state-sum model for the 3-
dimensional quantum gravity and the solution of 2-dimensional Yang-Mills theory (which becomes
a topological theory in the limit when areas of the surfaces are taken to zero) by A. A. Migdal
[70].

5The path integral itself has the status of a heuristic object, which admits a mathematical
definition in nice cases, e.g., as the perturbative path integral, given by the stationary phase for-
mula as a formal power series with terms corresponding to Feynman diagrams. However, one still
needs to check, case by case, that the expected properties of the path integral—like the behav-
ior under the change of variables or the Fubini theorem—are compatible with its mathematical
definition. Alternatively, one can try to define the path integral (again, in nice cases) as a limit
of finite-dimensional integrals (see e.g. [43])—then Fubini theorem becomes straightforward, but
change of variables is not, and neither is the existence of the continuum limit (and if it does exist,
it depends on the details of the finite-dimensional replacements).
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comparison to the path integral quantization of the Chern-Simons action functional
is still lacking.

On the other hand, the study of the perturbative Chern-Simons theory by
Axelrod-Singer [4, 5] (Section 5.2) has led to the understanding that the Feyn-
man diagrams, giving the coefficients of the expansion of the partition function in
� (or in the inverse level), are given by the integrals of certain differential forms
over the Fulton-MacPherson-Axelrod-Singer compactification of the configuration
spaces of n points (with n the number of vertices in the Feynman graph) on the un-
derlying 3-manifold. Kontsevich’s deformation quantization formula [62] (Section
5.3) exhibits a similar structure: it is a formal power series with coefficients given
by integrals over compactified configuration spaces of points in a disk with two
vertices on the boundary. The reason for this is that “secretly” Kontsevich’s for-
mula is the calculation of a correlator in a particular 2-dimensional topological field
theory (in Schwarz’s sense, i.e., defined classically by a diffeomorphism-invariant ac-
tion functional)—the Poisson sigma model—on a disk, with two observables placed
on the boundary circle, by means of a perturbative expansion of the path inte-
gral, see [17]. So, technically the perturbative invariants of 3-manifolds coming
from Chern-Simons theory and Kontsevich’s deformation quantization formula look
very similar—they are both computations of the perturbative path integral for two
topological field theories. Moreover, proving the crucial statements about these
results—independence of the perturbative Chern-Simons invariants of 3-manifolds
on the metric (which determines the form integrated over the configuration space)
and the associativity of Kontsevich’s star product—both rely on a Stokes’ theo-
rem argument for the integrals over compactified configuration spaces (see Sections
5.2.2, 5.3.2).

The reason why perturbative answers in the two topological field theories—
Chern-Simons and Poisson sigma model—are so similar, is explained by the fact
that they both arise as examples of the AKSZ construction [2] of topological sigma
models in Batalin-Vilkovisky formalism (Section 4.9). Essentially, the key observa-
tion is that Chern-Simons and Poisson sigma model fit in a class of theories where
classical fields, ghosts (and possibly higher ghosts) and anti-fields can be assembled
into “superfields” which are nonhomogeneous differential forms on the spacetime
manifold with values in some target supermanifold. Assuming that the target is a
Q-manifold with a compatible symplectic structure of appropriate degree, one can
construct a BV action S on such superfields, with the kinetic term defined by the
de Rham operator on the source and the interaction term defined by the target
data. This action defines a consistent gauge theory in the BV sense, i.e. it satisfies
the BV master equation tS, Su “ 0, and is diffeomorphism-invariant. Moreover,
the Stokes’ theorem arguments for the configuration space integrals arising as coef-
ficients in the perturbative answers, have an origin in BV formalism,—the so-called
“BV-Stokes’ theorem.”6

6BV-Stokes’ theorem (see Sections 4.4.4, 4.7) has the status of a mathematical theorem for
finite-dimensional BV integrals, whereas for the path integrals it becomes a heuristic principle
that needs to be checked directly on the level of Feynman diagrams. —This is the point where
Stokes’ theorem for configuration space integrals provides a mathematically rigorous counterpart
for BV-Stokes’ theorem in the setting of perturbative path integral, see Sections 5.2, 5.3.
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Finally, we would like to mention some of the connections and applications of
the BV formalism that are outside of the scope of this exposition.

‚ Zwiebach’s work on closed string field theory and the BV structure natu-
rally appearing there [105].

‚ Applications of BV to renormalization, see [31,46,104].
‚ Chas-Sullivan string topology—the BV algebra structure (see Section 4.5.1
for the definition) on the homology H‚pLMq of the free loop space [29] of
an oriented manifold.

‚ By a result of Getzler [49], BV algebra structure naturally appears on the
BRST cohomology of the space of local observables in any two-dimensional
conformal field theory with a BRST-exact stress-energy tensor (i.e. a
“topological conformal field theory” or TCFT). The reason for this is
that the genus-zero content (operator product expansions) of a TCFT is
described by an algebra over framed E2 operad; the cohomology of the
latter is the operad of BV algebras.7

‚ Calaque, Pantev, Toën, Vaquié and Vezzosi [15,76] have recently devel-
oped a promising realization of the AKSZ construction in the language of
derived symplectic geometry, which should allow for a better grip on the
global phenomena in AKSZ theories.

‚ Costello and Gwilliam [32] have developed a “factorization algebra” for-
mulation of locality in quantum gauge theories, based on BV formalism
and developing on the idea of operator product expansions.

‚ A refinement of BV formalism for field theories on manifolds with bound-
ary was developed by Cattaneo, Reshetikhin and the author in [21,24], see
also [25] for a brief survey. In this setting, perturbative partition functions
are defined for manifolds with boundary and satisfy the Atiyah-Segal glu-
ing axiom. Thus, the cutting-pasting axiomatic picture of quantum field
theory becomes explicitly realized in terms of Feynman diagrams (written
in terms of configuration space integrals).

1.2. Atiyah-Segal picture of quantum field theory

The idea of locality, in the interpretation of Atiyah-Segal, is as follows: a quan-
tum field theory (QFT) assigns certain values—“partition functions”—to manifolds.
It can be evaluated on manifolds and satisfies a gluing/cutting property. So, a mani-
fold can be cut into simple pieces (simple topologically and/or small geometrically),
then the QFT can be evaluated on those pieces and subsequently assembled into
the value of the QFT on the entire manifold.

7In fact, this construction yields a BV algebra with “wrong degrees” (as opposed to the
algebraic structure on functions on the space of BV fields)—a BV Laplacian and the anti-bracket
of degree ´1 (while the BRST differential has the usual degree `1). This has to do with the fact
that Getzler’s BV algebra is associated to the 2-dimensional geometry of the surface. The shift by
´2 w.r.t. the grading of the operations in the BV algebra structure on functions of fields can be
identified with the codimension of punctures on a surface. For degree shifts in the BV structures
on strata of the spacetime manifold, cf. [21]. For an explicit example of Getzler’s BV structure,
see [66].
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1.2.1. Atiyah’s axioms of topological quantum field theory. In the fol-
lowing definition, due to Atiyah [3], we assume that all manifolds are smooth and
oriented.8

An n-dimensional topological quantum field theory (TQFT) is the following
association.

‚ To a closed pn ´ 1q-dimensional manifold Σ, the TQFT associates a
vector space HΣ over C—the “space of states.”

‚ To an n-manifold M with boundary split into in- and out-components,
BM “ Σ̄in \ Σout (bar refers to reversing the orientation on the in-
boundary), the TQFT associates a C-linear map ZM : HΣin

Ñ HΣout
—

the “partition function.”9

We call such M a cobordism between Σin and Σout, and we denote

Σin
M
ÝÑ Σout

‚ Diffeomorphisms of closed pn´ 1q-manifolds act on spaces of states:
to φ : Σ Ñ Σ1 a diffeomorphism, the TQFT associates an isomorphism
ρpφq : HΣ Ñ HΣ1 (in the way compatible with composition of diffeomor-
phisms).10 For φ orientation-preserving, ρpφq is C-linear; for φ orientation-
reversing, ρpφq is C-anti-linear.

This association should satisfy the following axioms:

‚ Multiplicativity: disjoint unions are mapped to tensor products. Ex-
plicitly,

HΣ\Σ1 “ HΣ b HΣ1 , ZM\M 1 “ ZM b ZM 1

‚ Gluing: given two cobordisms Σ1
M 1
ÝÝÑ Σ2 and Σ2

M2
ÝÝÑ Σ3, with out-

boundary of the first one coinciding with the in-boundary of the second
one,

8An orientation is a natural structure for field theories defined by an action functional, which
requires integration and thus naturally uses an orientation. However, there do exist examples of
TQFTs that do not need an orientation. For instance, the Dijkgraaf-Witten model [35] which, in
its simplest form, counts the number of G-coverings on a manifold, weighted with the inverse size
of the stabilizer, for G a finite group, see Section 1.2.3.

9Another possible name for ZM is the “evolution operator”.
10In fact, Atyiah’s axioms—see axiom (1.2.2) below—force ρpφq to coincide with the partition

function of a mapping cylinder Σ
r0,1sˆΣ

ÝÝÝÝÝÑ Σ1 associated to φ.
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we can glue (or “concatenate”) them over Σ2 into a new cobordism M :“

M 1 YΣ2
M2, going as Σ1

M
ÝÑ Σ3.

Then the partition function forM is the composition of partition functions
for M 1 and M2 as linear maps:

(1.2.1) ZM “ ZM2 ˝ ZM 1 : HΣ1
Ñ HΣ3

‚ Normalization:
– For ∅ the empty pn ´ 1q-manifold,

H∅ “ C

– For Σ a closed pn´1q-manifold, the partition function for the cylinder

Σ
Σˆr0,1s

ÝÝÝÝÝÑ Σ is the identity on HΣ.
‚ Behavior under diffeomorphisms: for φ : M Ñ M 1 a diffeomorphism

between two cobordisms, denote φ|in, φ|out the restrictions of φ to the in-
and out-boundary. We have a commutative diagram

(1.2.2)

HΣin

ZM
ÝÝÝÝÑ HΣout

ρpφ|inq

§

§

đ

§

§

đ

ρpφ|outq

HΣ1
in

ÝÝÝÝÑ
ZM1

HΣ1
out
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Remark 1.2.1. Atiyah’s TQFT is a functor of symmetric monoidal categories,
Cobn Ñ VectC, where the structure is as follows:

Cobn VectC
objects closed pn ´ 1q-manifolds vector spaces over C

morphisms cobordisms Σin
M

ÝÑ Σout linear maps
composition gluing composition of maps

identity morphism cylinder Σ
Σˆr0,1s
ÝÝÝÝÝÑ Σ identity map id : V Ñ V

monoidal product disjoint union \ tensor product b

monoidal unit ∅ C

Remark 1.2.2. A closed n-manifold M can be viewed as a cobordism from ∅

to ∅, thus ZM : C Ñ C is a multiplication by some number z P C. By abuse of no-
tations, we denote ZM :“ z P C. Thus, with this convention, the partition function
for a closed n-manifold is a complex number, invariant under diffeomorphisms and
compatible with gluing-cutting. E.g., for n “ 2, we can cut any closed surface into
disks and pairs of pants

(1.2.3)

Thus, Z for any surface can be calculated from the gluing axiom, provided that Z
is known for a disk and for a pair of pants.

Considering TQFTs modulo equivalence relation given by natural transforma-
tions of functors Cobn Ñ VectC, one has the following classification results in low
dimensions n “ 1, 2.

‚ For n “ 1, the TQFT modulo equivalence is determined by a natural
number N—the dimension of the space of states of a point Hpt “ C

N .
This determines all spaces of states and partition functions. E.g., for a
circle one gets ZS1 “ N .

‚ For n “ 2, the classification result was obtained by Dijkgraaf [34]: 2-
dimensional TQFTs modulo equivalence are in one-to-one correspondence
with Frobenius algebras pV,m,1, εq modulo isomorphisms. Here V is a
complex vector space, m : V b V Ñ V is an associative commutative
product, 1 P V is the unit for the product and ε : V Ñ C is the counit
or trace such that the bilinear pairing px, yq “ ε ˝ mpx, yq : V b V Ñ C

is symmetric and non-degenerate. The pairing induces an isomorphism
V » V ˚ and a coproduct Δ : V Ñ V b V (from dualizing the product).
The correspondence between TQFTs and Frobenius algebras is as follows:
space V “ HS1 is the space of states on a circle. Structure maps of the
Frobenius algebra structure on V arise as partition functions of pairs of
pants, disks and cylinders by the following rules.
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TQFT partition function Frobenius algebra structure map

Z

¨

˚

˝

˛

‹

‚
multiplication m : V b V Ñ V

Z

˜ ¸

unit 1 P V (or rather 1¨ : C Ñ V )

Z

˜ ¸

counit ε : V Ñ C

Z

¨

˚

˝

˛

‹

‚
pairing p, q : V b V Ñ C

Z

¨

˚

˝

˛

‹

‚

coproduct Δ : V Ñ V b V

Thus one reads a Frobenius algebra off a TQFT. Also, given a Frobe-
nius algebra, one can construct the associated TQFT by these rules. Its
value on a closed surface of genus g is:

Z “ ε ˝ pm ˝ Δq
g1 P C

which arises from cutting the surface into disks and pairs of pants as in
(1.2.3).

Example 1.2.3. For G a finite group, the center of the group ring CrGs has the
natural structure of a Frobenius algebra. The associated 2-dimensional TQFT is
the 2-dimensional Dijkgraaf-Witten model (without a group cocycle twist), counting
G-coverings on a surface, which we discuss in Section 1.2.3 below.

Remark 1.2.4. The target category of a TQFT does not necessarily have to be
the category VectC. E.g. the category dgVectC of chain complexes, with morphisms
given by chain maps, arises naturally as the target category in the context of BRST
or BV quantization.

Remark 1.2.5. A classification result for Atiyah’s TQFTs in dimension n ě 3
is beyond reach, since one cannot construct e.g. all 3-manifolds from some small
list of building blocks by gluing along closed codimension 1 manifolds. Motivated
by this, a far-reaching refinement of Atiyah’s axiomatics was developed in [6,67],
where gluing and cutting with corners is permitted, which allows one to disassemble
manifolds into simple pieces. In this setting one speaks about “fully extended”11

TQFTs and they are monoidal functors from the category of n-cobordisms extended
to an p8, nq-category to an appropriate target p8, nq-category. In particular, a

11“Extended” here means “extended into higher codimension,” i.e., gluing/cutting along
higher-codimension strata is allowed. “Fully extended” pertains to the case where strata of all
codimensions are allowed.
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fundamental classification result (the “cobordism hypothesis”) was proven by Lurie
[67], which states that a fully extended TQFT is completely determined by its value
on a point.

Remark 1.2.6. Atiyah-Segal’s axiomatics is just one of the approaches to de-
scribing the locality property of quantum field theory. Another recently devel-
oped approach is provided by the language of factorization algebras of Costello
and Gwilliam [32], inspired by the work of Beilinson-Drinfeld on chiral algebras
[12]. Here, instead of cobordisms, one evaluates the theory on open subsets of the
spacetime and instead of cutting an n-manifold into submanifolds with boundary,
one considers open covers (subject to certain technical condition—so-called Weiss
covers). The value of the theory F pUq on an open set U is interpreted as the
space of local quantum observables on U . The essential piece of data are the struc-
ture maps F pU1q b ¨ ¨ ¨ b F pUkq Ñ F pUq associated to any inclusion of open sets
U1 \ ¨ ¨ ¨ \ Uk ãÑ U . These structure maps provide an elaboration of the notion of
operator product expansions (OPEs) in quantum field theory.

1.2.2. Segal’s QFT. In Segal’s approach to (not necessarily topological)
quantum field theory, originating in the seminal paper of G. Segal [88] on an ax-
iomatic approach to 2D conformal field theory, one allows manifolds to carry a local
geometric structure γ (of the type depending on the particular QFT): Riemannian
metric, conformal structure, complex structure, volume form, framing, local sys-
tem, etc. Atiyah’s axioms above have to be appropriately modified to accommodate
for the geometric structure. The partition functions are allowed to depend on the
geometric structure on the cobordism and the spaces of states may depend on the
geometric structure on the codimension 1 manifolds.12 Denote GeomM the space
of geometric data of the given type on M . For the gluing axiom (1.2.1) to make
sense, one must have

GeomM “ GeomM2 ˆGeomΣ2
GeomM 1

The diffeomorphism equivariance axiom (1.2.2) has to be refined to take care of
geometric structures:

HΣin,γin

ZM,γ
ÝÝÝÝÑ HΣout,γout

ρpφ|inq

§

§

đ

§

§

đ

ρpφ|outq

HΣ1
in,φ˚γin

ÝÝÝÝÝÝÑ
ZM1,φ˚γ

HΣ1
out,φ˚γout

with φ˚ the pushforward of the geometric structure along the diffeomorphism φ.
In particular, this implies that the partition function of a closed n-manifold is a
function on geometric structures modulo diffeomorphisms.

Example 1.2.7 (Quantum mechanics). Consider the 1-dimensional Segal’s
QFT with geometric structure the Riemannian metric on 1-cobordisms. Objects
are points with ` orientation, to which we assign a vector space H, and points

12In the case of γ being the Riemannian metric on n-manifolds, one considers pn´1q-manifolds
Σ with Riemannian collars—germs of Riemannian metrics on cylinders Σ ˆ r´ε, εs. Then one can
glue two Riemannian manifolds pM 1, g1q and pM2, g2q along Σ only if the metrics on the two
sides of Σ glue smoothly, i.e., if one can endow Σ with a Riemannian collar compatible with the
restriction of the metric from M 1 and M2.
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with ´ orientation, to which we assign the dual space H˚. Consider an inter-
val of length t ą 0 (our partition functions depend on a metric on the interval
considered modulo diffeomorphisms, thus only on the length), It “ r0, ts. De-
note Zptq :“ ZIt P EndpHq. By the gluing axiom (from considering the gluing
r0, t1s Ytt1u rt1, t1 ` t2s “ r0, t1 ` t2s), we have the semi-group law Zpt1 ` t2q “

Zpt2q ˝ Zpt1q. It implies in turn that

(1.2.4) Zptq “ Z
´ t

N

¯N

for N an arbitrarily large integer. Assume that for τ small, we have Zpτ q “

id ´
i
�
Ĥ ¨ τ ` Opτ2q, for Ĥ P EndpHq some operator. Then (1.2.4) implies that

Zptq “ exp
´

´
i

�
Ĥt

¯

This system is the quantum mechanics, with Zptq the evolution operator in time t

and Ĥ the Schrödinger operator (or quantum Hamiltonian), describing the infini-
tesimal evolution of the system.

E.g. the choice H “ L2pXq—the space of square-integrable functions on a

Riemannian manifold X, and Ĥ “ ´
�
2

2mΔX ` Upxq, with ΔX the Laplace operator,
corresponds to the quantum particle of mass m moving on the manifold X in the
force field with potential U . In this case Zptq : ψpxq ÞÑ

ş

XQy
dy Zpt;x, yqψpyq is the

integral operator whose integral kernel Zpt;x, yq is interpreted as the propagation
amplitude of the particle from position y to position x in time t.

Example 1.2.8 (Two-dimensional Yang-Mills theory). Fix G a compact Lie
group. Consider the following 2-dimensional Segal’s QFT on 2-cobordisms endowed
with an area form μ. The space of states for a circle is the space of complex-valued
square-integrable class functions on G:

HS1 “ L2
pGq

G

It is a Hilbert space, with the inner product

xψ1, ψ2y “

ż

G QU

dU ψ̄1pUq ψ2pUq

It induces an isomorphism HS1 » H˚
S1 mapping ψ ÞÑ xψ̄,´y. Here dU is the

Haar measure on G. A convenient orthonormal basis in HS1 is given by the set
of characters χRpUq of irreducible unitary representations R of G. The partition
function for a surface M of genus g, with m in-circles and n out-circles is the
following:

(1.2.5) ZM “

ÿ

R

pdimRq
χpMqe´aC2pRq

m
ź

j“1

χRpU in
j q ¨

n
ź

k“1

χRpUout
k q

P HompHbm
S1 ,Hbn

S1 q

Here:

‚ The sum is over the irreducible unitary representations R of G; dimR is
the dimension of the representation and C2pRq is the value of the quadratic
Casimir.

‚ χpMq “ 2 ´ 2g ´ m ´ n is the Euler characteristic of the surface.
‚ a “

ş

M
μ ą 0 is the total area of the surface.
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‚ U in
j , Uout

k P G are the group variables decorating the boundary circles.
‚ Expression (1.2.5) is understood as a “matrix element” (or integral kernel)
ZM ptUout

k u, tU in
j uq; the corresponding linear map Hbm

S1 Ñ Hbn
S1 acts by

ZM : ψpU in
q ÞÑ pZMψqpUout

q “

ż

Gˆm

dU in ZM pUout, U in
q ¨ ψpU in

q

It is a straightforward check that the partition functions (1.2.5) satisfy the Atiyah-
Segal gluing axiom (1.2.1). For further details on 2D Yang-Mills theory, we refer
the reader to the original papers by Migdal and Witten [70,101] and to the lectures
[30].

1.2.3. Example of a TQFT: Dijkgraaf-Witten model. Fix G a finite
group and fix n ě 1. For M a manifold, consider the moduli space of coverings of
M with structure group G (or equivalently the moduli space of G-local systems on
M),

(1.2.6) MM,G “ Hompπ1pMq, Gq{G “ rM,BGs

—we view it as a finite groupoid (coverings modulo isomorphisms). In the middle,
we consider the set of group homomorphisms of the fundamental group into G,
modulo conjugation in the target by elements of G —here we assume for simplicity
that M is connected; for M disconnected, we take the direct product of expressions
above for the connected components.13 On the right side, rM,BGs is the space of
mappings of M into the classifying space BG modulo homotopy.

Dijkgraaf-Witten model is a TQFT which assigns to a closed pn ´ 1q-manifold
Σ the space of states—the ring of complex-valued functions on the moduli space of
G-coverings on Σ:

HΣ “ FunCpMΣ,Gq “ FunCpHompπ1pΣq, Gqq
G

On the r.h.s. Σ is assumed connected; otherwise, we take a tensor product over
connected components. It is a Hilbert space with inner product

xψ1, ψ2y “
ÿ

γ

1

|Stabpγq|
ψ̄1pγqψ2pγq

Here the sum is over the orbits γ of G-action on Hompπ1pΣq, Gq, with |Stabpγq|

the number of elements in the stabilizer in G of any representative of γ. Note

that 1
|Stabpγq|

“
|γ|

|G|
where |γ| is the size of the orbit and |G| is the size of the

group. Again, as in Example 1.2.8, the inner product determines the isomorphism
HΣ » H˚

Σ.

Consider an n-cobordism Σin
M

ÝÑ Σout. Restricting a G-covering to the bound-
ary induces a mapping p : MM,G Ñ MΣin,G ˆ MΣout,G. Dijkgraaf-Witten model
assigns toM the partition function ZM : HΣin

Ñ HΣout
determined by the following

matrix elements:

(1.2.7) ZM pγout, γinq “ |Stabpγoutq| ¨

ÿ

βPp´1pγin,γoutq

1

|Stabpβq|

13An equivalent model forMM,G is the set of functors from the fundamental groupoid Π1pMq

to the group G (viewed as a category with a single object) modulo natural transformations. This
way there is no implicit choice of a base point onM and one does not have to treat the disconnected
case separately.
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with the sum ranging over the isomorphism classes of G-coverings on M inducing
fixed classes γin, γout on the in- and out-boundary. The partition function as a
linear map between spaces of states is:

ZM : ψpγinq ÞÑ pZMψqpγoutq “

ÿ

γin

ZM pγout, γinq ¨ ψpγinq

In particular, the Dijkgraaf-Witten partition function of a closed n-manifold is
simply the groupoid volume of the moduli space of G-coverings on M :

ZM “ VolgrpdpMM,Gq “
|Hompπ1pMq, Gq|

|G|

(Here on the r.h.s. we again assume that M is connected; otherwise, we should
take a product over connected components.) In particular, it is a rational number.

One can also modify the construction by choosing a degree n group cocycle of
G with coefficients in S1 » R{2πZ, θ P HnpBG,S1q » Hn`1pBG,Zq and adjusting
the formula (1.2.7) as follows:

Zθ
M pγout, γinq “ |Stabpγoutq| ¨

ÿ

βPp´1pγin,γoutq

ei xrMs,β˚θy

|Stabpβq|

Here rM s P HnpM, BMq is the fundamental class of M relative to the boundary
and β˚θ P HnpM, BM ;S1q is the pullback of the cohomology class θ on BG along
the classifying map of the covering.14 Thus, the twist by θ does not change the
spaces of states but deforms the partition functions. Note that before introducing
θ we did not need orientations to define the theory; after introducing θ, orientation
becomes necessary.

Furthermore, there is an elegant combinatorial “state-sum” construction of this
TQFT. Let T be a triangulation of M , with Tk the set of k-simplices. We have
the following model for the moduli space of G-coverings: it is the set of “admis-
sible” decorations U : T1 Ñ G of edges by group elements, where a decoration
is admissible (or “flat”), if for every 2-simplex with boundary edges e1, e2, e3, we
have Ue1Ue2Ue3 “ 1. This set of decorations is considered modulo “gauge trans-
formations” h : T0 Ñ G acting on a decoration by Uvw ÞÑ U 1

vw “ hvUeh
´1
w for

any edge e with endpoints v, w.15 Then, for M a closed n manifold, the θ-twisted
Dijkgraaf-Witten partition function can be written as

(1.2.8) Zθ
M “

1

|G||T0|

ÿ

U :T1ÑG admissible

ź

σ“rv0¨¨¨vnsPTn

ei θpUv0v1
,...,Uvn´1vn q

Here inside the sum over admissible decorations we have the product over top-
dimensional simplices, with vertices v0, . . . , vn, and then we evaluate the group
cocycle θ : G ˆ ¨ ¨ ¨ ˆ G

loooooomoooooon

n

Ñ S1 on the group elements decorating n consecutive edges

of the simplex. The factor in front of the sum is the inverse size of the group of
gauge transformations. In particular, expression (1.2.8) is in fact well-defined—
independent of the ordering of vertices of σ and independent of the triangulation
T . The extension of (1.2.8) to manifolds with boundary is straightforward: one

14This pullback is well-defined as a relative class, since the boundary conditions for the
classifying map β are given by fixed classifying maps γin, γout.

15The quotient (as a groupoid) of admissible decorations U : T1 Ñ G by gauge transforma-
tions h : T0 Ñ G yields another equivalent model for the moduli space of G-coverings MM,G.
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considers decorations of T restricting to given decorations on the in- and out-
boundary.

In the case n “ 2 and assuming θ “ 0, the partition function for a closed surface
of genus g can be written in the following form:

ZM “ |G|
´χpMq

ÿ

R

pdimRq
χpMq

with the sum ranging over irreducible representations of G and with χpMq “ 2´2g
the Euler characteristic. Note that up to a normalization factor, this result looks
identical to the result of 2D Yang-Mills (1.2.5) specialized to a closed surface of
zero area, with the difference that in one case G is a finite group and in the other
case a Lie group.

We refer the reader to the original paper by Dijkgraaf and Witten [35] for
further details on this model.

1.3. The idea of path integral construction of quantum field theory

1.3.1. Classical field theory data. We start by fixing the data of classical
field theory on an n-manifold:

‚ A space of fields FM “ ΓpM,FM q—the space of sections of some sheaf
FM over M . Typical examples of FM are:

– Space of functions C8pMq.
– Space of connections on a principal G-bundle P over M . (This exam-

ple is typical for a class of gauge theories, e.g., Chern-Simons theory
and Yang-Mills theory.)

– Mapping space MappM,Nq with N some fixed target manifold. This
is typical for so-called sigma models.

‚ The action functional SM : FM Ñ R of the form

SM pφq “

ż

M

Lpφ, Bφ, B
2φ, . . .q

where L is the Lagrangian density—a density on M depending on the
value of the field φ P FM and its derivatives (up to fixed finite order) at
the point of integration on M . Variational problem of extremization of S
(i.e. the critical point equation δS “ 0) leads to Euler-Lagrange PDE on
φ.

Example 1.3.1 (Free massive scalar field). Let pM, gq be a Riemannian man-
ifold, we set FM “ C8pMq Q φ with the action

SM pφq “

ż

M

ˆ

1

2
xdφ, dφyg´1 `

m2

2
φ2

˙

dvol

Here m ě 0 is a parameter of the theory—the mass ; dvol is the Riemannian volume
element on M . The associated Euler-Lagrange equation on φ is: pΔ ´ m2qφ “ 0.

1.3.2. Idea of path integral quantization. The idea of quantization is to
construct the partition function for a closed manifold M as

(1.3.1) ZM p�q :“ “

ż

FM

Dφ e
i
�
SM pφq ”

Here � is a parameter of the quantization (informally, � measures the “distance to
the classical theory”); Dφ is a symbol for a reference measure on the space FM .
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The integral (1.3.1) is problematic to define directly as a measure-theoretic integral,
however it can be defined as an asymptotic series in � Ñ 0, as we will discuss below.
So far, the right hand side of (1.3.1) is a heuristic expression which has to be made
mathematical sense of.

Consider a manifold M with boundary Σ. Denote BΣ the set of boundary
values of fields on M . We have a map FM Ñ BΣ of evaluation of the field at the
boundary (or pullback by the inclusion Σ ãÑ M), sending φ ÞÑ φ|B. For the space
of states on Σ, we set HΣ :“ FunCpBΣq—complex-valued functions on BΣ. For the
partition function ZM , we set

(1.3.2) ZM pφΣ; �q :“

ż

φPFM s.t. φ|B“φΣ

Dφ e
i
�
SM pφq

This path integral gives us a function on BΣ Q φΣ and thus a vector ZM p´; �q P HΣ.

1.3.3. Heuristic argument for gluing. Let a closed (for simplicity) n-
manifold M be cut by a codimension 1 submanifold Σ into two manifolds M 1

and M2, i.e. M “ M 1 YΣ M2. Then the integral (1.3.1) can be performed in the
following steps.

(i) Fix φΣ on Σ.
(ii) Integrate over fields on M 1 with boundary condition φΣ on Σ.
(iii) Integrate over fields on M2 with boundary condition φΣ on Σ.
(iv) Integrate over φΣ P BΣ.

This yields

ZM “

ż

BΣQφΣ

DφΣ ZM 1 pφΣq ¨ ZM2 pφΣq

One can recognize in this formula the Atiyah-Segal gluing axiom (1.2.1): M 1 and
M2 yield two vectors in HΣ which are paired in HΣ to a number—the partition
function for the whole manifold.

1.3.4. How to define path integrals? Let us first look at finite-dimensional
oscillating integrals: consider X a compact manifold with μ a fixed volume form
and f P C8pXq a function. The asymptotics, as � Ñ 0, of the integral

ż

X

μ e
i
�
fpxq

is given by the stationary phase formula:16

ż

X

μ e
i
�
fpxq

„
�Ñ0

ÿ

x0Ptcrit. points of fu

e
i
�
fpx0q

| det f2
px0q|

´ 1
2 e

πi
4 signf2

px0q
p2π�q

dimX
2

The rough idea here is that the rapid oscillations of the integrand cancel out ex-
cept in the neighborhood of critical points x0 of f (i.e. points with dfpx0q “ 0),
which are the “stationary phase points” for the integrand—points around which
the oscillations slow down.

16See e.g. [39,57,103] for the original analytic method and [37,79] for the field-theoretic
context.
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This formula can be improved to accommodate corrections in powers of �:
ż

X

μ e
i
�
fpxq

„
�Ñ0

„
�Ñ0

„
�Ñ0

ÿ

x0Ptcrit. points of fu

e
i
�
fpx0q

| det f2
px0q|

´ 1
2 e

πi
4 signf2

px0q
p2π�q

dimX
2 ¨

¨

ÿ

Γ

�´χpΓq

|AutpΓq|
ΦΓ

(1.3.3)

where Γ ranges over graphs with vertices of valence ě 3 (possibly disconnected,
including Γ “ ∅); χpΓq ď 0 is the Euler characteristic of the graph and |AutpΓq| is
the order of its automorphism group. Graphs Γ are called the Feynman diagrams.
Assume that Γ has E edges and V vertices. We decorate all half-edges of Γ with
labels i1, . . . , i2E each of which can take values 1, 2, . . . , p :“ dimX. The weight of
the graph Γ, ΦΓ, is defined as follows.

‚ We assign to every edge e consisting of half-edges h1, h2 the decoration
f2px0q

´1
ih1

ih2
—the matrix element of the inverse Hessian given by the labels

of the constituent half-edges.
‚ We assign to every vertex v of valence k with adjacent half-edges h1, . . . , hk

the decoration Bih1
¨ ¨ ¨ Bihk

fpx0q—a k-th partial derivative of f at the crit-
ical point.

‚ We take the product of all the decorations above and sum over all possible
values of labels on the half-edges. ΦΓ is this sum times the factor iE`V .

I.e., we have

ΦΓ :“ iE`V
¨

ÿ

i1,...,i2EPt1,...,pu

ź

edges e“ph1h2q

f2
px0q

´1
ih1

ih2
¨

ź

vertices v

Bih1
¨ ¨ ¨ Bihvalpvq

fpx0q

Example 1.3.2. Consider the “theta graph”

Note that its Euler characteristic is ´1, hence it enters in (1.3.3) in the order �
1

(more precisely, it enters with coefficient �

12 since the automorphism group of the
graph is Z2 ˆ S3 and has order 12). For its weight, we obtain

Φ

¨

˚

˚

˚

˝

˛

‹

‹

‹

‚

“

“ i3`2
¨

ÿ

i,j,k,l,m,nPt1,...,pu

f2
px0q

´1
il f2

px0q
´1
jmf2

px0q
´1
knf

3
px0qijkf

3
px0qlmn

Stationary phase formula (1.3.3) replaces, in the asymptotics � Ñ 0, a measure-
theoretic integral on the l.h.s. with the purely algebraic expression on the r.h.s.,
involving only values of derivatives of f at the critical points x0.
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The idea then is to define the path integral (1.3.1) by formally applying the
stationary phase formula, as the r.h.s. of (1.3.3), i.e. as a series in � with coefficients
given by weights of Feynman diagrams.17

We expect that if we start with a classical field theory with SM invariant under
diffeomorphisms of M , the partition functions ZM coming out of the path integral
quantization procedure yield manifold invariants and arrange into a TQFT.

Problem: Stationary phase formula requires critical points of f to be isolated
(more precisely, we need the Hessian of f at critical points to be non-degenerate).
However, diffeomorphism-invariant classical field theories are gauge theories, i.e.
there is a tangential distribution E on FM which preserves the action SM (in an
important class of examples, E corresponds to an action of a group G—the gauge
group—on FM ). Thus, critical points of SM come in E-orbits and therefore are not
isolated. Put another way, the Hessian of SM is degenerate in the direction of E .
So, the stationary phase formula cannot be applied to the path integral (1.3.1) in
the case of a gauge theory.

The cure for this problem comes from using the Batalin-Vilkovisky construc-
tion.

1.3.5. Towards Batalin-Vilkovisky (BV) formalism. Batalin-Vilkovisky
construction [9, 10] replaces the classical field theory “package” F, S with a new
package consisting of:

‚ A Z-graded supermanifold F (the “space of BV fields”) endowed with an
odd-symplectic structure ω of internal degree ´1.

‚ A function SBV on F—the “master action,” satisfying the “master equa-
tion”

tSBV , SBV u “ 0

where t´,´u is the degree `1 Poisson bracket on C8pFq induced by ω.
In particular, this implies that the corresponding Hamiltonian vector field
Q “ tSBV , ‚u is cohomological, i.e. satisfies Q2 “ 0. Thus, Q endows
C8pFq with the structure of a cochain complex. In other words, pF , Qq

is a differential graded (dg) manifold.

The idea is then to replace

(1.3.4)

ż

F

e
i
�
S

Ñ

ż

LĂF
e

i
�
SBV

with L Ă F a Lagrangian submanifold w.r.t. the odd-symplectic structure ω.
The integral on the l.h.s. of (1.3.4) is ill-defined (by means of stationary phase

formula) in the case of a gauge theory, whereas the integral on the r.h.s. is well-
defined, for a good choice of Lagrangian submanifold L Ă F , and moreover is
invariant under deformations of L.

The following remark is due to Stasheff [90] (see also [41,45]).

17In the path integral case, the labels decorating the half-edges become continuous (they
contain the information on the position of a vertex on a manifold, with a coincidence condition
for half-edges incident to a given vertex), and the Feynman weight of a graph becomes an integral
over the configuration space of V points on M , see Sections 5.2, 5.3 for explicit examples.



18 1. INTRODUCTION

Remark 1.3.3. The ring of functions on the space F is a two-sided resolution
of C8pF q constructed out of:

‚ Chevalley-Eilenberg resolution for the subspace of gauge-invariant func-
tions of fields C8pF qG and

‚ Koszul-Tate resolution for functions on the space of solutions of Euler-
Lagrange equations C8pEL Ă F q.

So, coordinates on F of nonzero degree arise as either Chevalley-Eilenberg gen-
erators (in positive degree) or Koszul-Tate generators (in negative degree). In
particular, this is the reason why F has to be a supermanifold (since C-E and K-T
generators anti-commute).

Remark 1.3.4. In the case of a gauge field theory, one could try to remedy the
problem of degenerate critical points in the path integral by passing to the integral
over the quotient,

ş

F
Ñ

ş

F {G . The latter may indeed have nondegenerate critical

points. But the issue is then the following: we know how to make sense of Feynman
diagrams for the path integral over the space of sections of a sheaf over M , but the
quotient F {G would not be of this type. In this sense, one may think of the r.h.s.
of (1.3.4) as a resolution of the integral over a quotient F {G by an integral over a
locally free object—the space of sections of a sheaf over M .

Remark 1.3.5. There are finite-dimensional cases where the l.h.s. of (1.3.4)
exists as a measure-theoretic integral (despite having non-isolated critical points).
Then, under certain assumptions, one has a comparison theorem stating that the
l.h.s. and the r.h.s. of (1.3.4) coincide (see Section 4.8.3 and Remark 4.3.7).

1.4. Plan of the exposition

‚ Chapter 2: classical Chern-Simons theory—a prototypical example of a
diffeomorphism-invariant gauge theory, which we discuss here on the clas-
sical level.

‚ Chapter 3: Feynman diagrams in the context of finite-dimensional inte-
grals.

– Stationary phase formula.
– Wick’s lemma for moments of a Gaussian integral. Perturbed Gauss-

ian integral. Stationary phase formula with corrections given by
Feynman diagrams.

– Berezin integral over an odd vector space. Feynman diagrams for
integrals over a super vector space.

‚ Chapter 4: introduction to BV formalism.
– Z-graded supergeometry: odd-symplectic geometry (after [87]), dif-

ferential graded (dg) manifolds, integration on supermanifolds.
– BV Laplacian, classical and quantum master equation (CME and

QME).
– 1

2 -densities on odd-symplectic manifolds, BV integrals, fiber BV in-
tegral as a pushforward of solutions of quantum master equation
(following [20,72]).

– BV as a solution to the problem of gauge-fixing: Faddeev-Popov con-
struction, BRST (as a homological algebra interpretation of Faddeev-
Popov), BV (as a “doubling” of BRST).
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– Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) construction of
topological field theories in BV formalism [2].

In Chapter 5 we discuss several applications of BV formalism.

(I) Section 5.1: we present a model of topological quantum field theory18 on
CW complexes X—the cellular non-abelian BF theory [26,72].

Here a CW complex X gets assigned a BV package—a space of fields
comprised of cellular cochains and chains twisted by a G-local system
E, FX “ C‚pX,Eq ‘ C‚pX,E˚q (with certain homological degree shifts
which we omitted here); G is a fixed Lie group—the structure group of the
theory. The space FX carries a natural odd-symplectic structure (coming
from pairing chains with cochains). The action is given as a sum, over
cells e Ă X of all dimensions, of certain universal local building blocks S̄e

depending only on combinatorial type of the cell and on values of fields
restricted to the cell.

One calculates certain invariant ψpXq of X by pushing forward the
BV package to the (cellular) cohomology of X, via a finite-dimensional
fiber BV integral. If X 1 is a cellular subdivision of X (then we say that
X is an “aggregation” of X 1), the pushforward of the BV package on
X 1 to X yields back the package on X, and for the invariant one has
ψpX 1q “ ψpXq. More precisely, one gets a simple-homotopy invariant of
CW complexes.19

We also discuss here the correspondence between solutions of the QME
and infinity algebras (relevant case for this model: unimodular L8 alge-
bras) and the interpretation of the fiber BV integral as the homotopy
transfer of infinity algebras.

(II) Section 5.2: perturbative Chern-Simons theory (after Axelrod-Singer [4,
5]). Perturbative invariants of 3-manifolds M given in terms of integrals
over Fulton-MacPherson-Axelrod-Singer compactifications of configura-
tion spaces of n distinct points on M .

18“Topological” here means compatibility with cellular subdivisions/aggregations, which is
a combinatorial replacement for diffeomorphism invariance in Schwarz’s notion of a topological

field theory. The model can also be understood as a TQFT in the sense of appropriately modified
Atiyah’s axioms [26], with partition functions assigned to cobordisms (endowed with cellular
decompositions) satisfying the gluing axiom.

19In fact, ψ contains a “tree part” encoding the rational homotopy type of X for X simply-
connected. For X non simply-connected, ψ contains the information on the geometry of the formal
neighborhood of a (possibly singular) point E in the moduli space MX,G of local systems and on

the behavior of Reidemester torsion near the singularity.
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(III) Section 5.3: Kontsevich’s deformation quantization of Poisson manifolds
pM,πq [62], following [17,19]. Here the problem is to construct a family
(parameterized by �) of associative non-commutative deformations of the
pointwise product on C8pMq, of the form

(1.4.1) f ˚� gpxq “ f ¨ gpxq ´
i�

2
tf, guπ `

ÿ

ně2

p´i�q
nBnpf, gqpxq

where Bn are some bi-differential operators (of bounded order depending
on n). The idea of the construction (following [17]) is to write the star-
product as path integral representing certain expectation value for a 2-
dimensional topological field theory (the Poisson sigma model) on a disk
D, with two observables placed on the boundary, at points 0 and 1:

(1.4.2) f ˚� gpx0q “

ż

Xp8q“x0,η|BD“0

DX Dη e
i
�
SPSMpX,ηqfpXp0qq ¨ gpXp1qq

Here the fields X, η are the base and fiber components of a bundle map

TD
η

ÝÝÝÝÑ T˚M
§

§

đ

§

§

đ

D ÝÝÝÝÑ
X

M

and the action is: SPSM “
ş

D
xη, dXy `

1
2xX˚π, η ^ ηy. This action pos-

sesses a rather complicated gauge symmetry (given by a non-integrable
distribution on the space of fields) and one needs BV to make sense of the
integral (1.4.2). The final result is the explicit construction of operators
Bn in (1.4.1) in terms of integrals over compactified configuration spaces
of points on the 2-disk D.


