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GLOBAL WELL-POSEDNESS AND SCATTERING

FOR THE QUANTUM ZAKHAROV SYSTEM IN L2

YUNG-FU FANG AND KENJI NAKANISHI

(Communicated by Joachim Krieger)

Abstract. We study the Cauchy problem for the quantum Zakharov system
in the class of square-integrable functions on the Euclidean space of general
dimensions. The local well-posedness is proven for dimensions up to eight,

together with global existence for dimensions up to five, as well as scattering
for small initial data in dimensions greater than three.

1. Introduction

In this paper, we consider the global well-posedness and scattering of solutions in
L2(Rd) for the quantum Zakharov (QZ) system in general space dimensions d ∈ N.
The system reads as

(1.1)

⎧⎨
⎩

iEt +ΔE −Δ2E = nE, (t, x) ∈ R× Rd;
ntt −Δn+Δ2n = Δ|E|2;
E(0) = E0, n(0) = n0, ∂tn(0) = n1, x ∈ Rd,

where E(t, x) : R1+d → C and n(t, x) : R1+d → R are the unknown quantities.
See [8], [17], and [18] for the physical meanings. All the coefficients are set to 1
in this paper, since their sizes play no role in our analysis, nor do the signs of the
quadratic terms on the right side. In other words, one can change their sizes, as
well as the signs on the right side, in (1.1) without changing the conclusions. It
should be noted, however, that our estimates are not uniform with respect to the
size.

When the quantum effect is absent, the system is reduced to the classical Za-
kharov system

(1.2)

⎧⎨
⎩

iEt +ΔE = nE, (t, x) ∈ R× R
d;

ntt −Δn = Δ|E|2;
E(0) = E0, n(0) = n0, ∂tn(0) = n1, x ∈ R

d.

The regular solutions of (1.2) satisfy the conservation of mass∫
Rd

|E(t)|2dx =

∫
Rd

|E(0)|2dx
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as well as the conservation of the Hamiltonian

‖∇E‖2L2 +
1

2

(
‖nt‖2Ḣ−1 + ‖n‖2L2

)
+

∫
Rd

n|E|2 dx.

Analogously, (1.1) has the conservation of mass

(1.3)

∫
Rd

|E(t)|2dx =

∫
Rd

|E(0)|2dx

as well as the conservation of the Hamiltonian

(1.4) ‖E‖2L2 + ‖ΔE‖2L2 +
1

2

(
‖nt‖2Ḣ−1 + ‖n‖2L2 + ‖∇n‖2L2

)
+

∫
Rd

n|E|2 dx,

although we will not use the Hamiltonian structure in this paper, since our solutions
will be merely in L2(Rd). Note that to have a positive definite quadratic part in
the Hamiltonian, the signs of the two quadratic terms in (1.1) should be the same,
but we do not need it in this paper.

For simplicity, we transform (1.1) into the first order equations in t by the change
of variable

(1.5) H :=
√
−Δ+Δ2, N := n+ iH−1 ∂tn, n = ReN ,

where ReN is the real part ofN . Thus the quantum Zakharov system (1.1) becomes

(1.6)

⎧⎨
⎩

iEt −H2 E = (ReN )E, (t, x) ∈ R× Rd;

i∂tN −HN = −ΔH−1 |E|2;
E(0) = E0, N (0) = N0, x ∈ R

d,

where N0 := n0 + iH−1 n1.
In this paper, we study the Cauchy problem for (1.6) with initial data (E0,N0) ∈

L2(Rd) × L2(Rd), locally and globally in time, just using the classical Strichartz
estimates. In most of the preceding works, the initial data (and so the solutions)
with more regularity were considered, except some recent results [5, 7] in one di-
mension. It is needless to say that L2 is the most important and basic function
space in mathematics, and it is convenient to work with solutions with no derivative
for various reasons, including numerical computations. The L2 norm is physically
important for the Zakharov (type) systems, as it measures the total electric energy
of the plasma. For the mathematical analysis of PDE, it is important to solve the
system in the invariant (conserved) function space, particularly for global analysis
of the solutions. In comparison with the classical Zakharov system (1.2), it is in-
teresting to see how much the system (or its dynamics) is tamed by the quantum
effect. It turns out that we can deal with the L2 data in high space dimensions as
well, unlike the classical case, where the well-posedness for E0 ∈ L2(Rd) is known
[2, 6, 13] only for d = 1, 2, and the solution can blow up in d = 2 [9, 10]. It is
interesting because tremendous efforts have been devoted to constructing and an-
alyzing rough solutions to nonlinear dispersive equations, where models arising in
the mathematical physics tend to exhibit various mathematical challenges, making
the corresponding analysis complicated even if the equations look very simple. This
paper suggests that including some more physical effects in the equations can make
our mathematical understanding much easier and better.

The main results of this paper are as follows.

Theorem 1.1 (Well-posedness). For 1 ≤ d ≤ 8, the quantum Zakharov system
(1.6) is locally well-posed in L2(Rd) × L2(Rd). Moreover, if d ≤ 5, then all the
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solutions are global in time, and there exist positive constants α, β ∈ (0, 1), p ∈
[2,∞), and C ∈ (0,∞), dependent only on d, such that

‖E(t)‖L2 = ‖E(0)‖L2 <∞, ‖N (t)‖L2 ≤ C‖N (0)‖L2+C|t|α‖E0‖2L2+C|t|β‖E0‖pL2 .

A more precise form of the upper bound is given in the proof for each d; see
(5.4).

Theorem 1.2 (Small data scattering). Let 4 ≤ d ≤ 8. Assume that (E0,N0) ∈
L2(Rd) × L2(Rd) is sufficiently small in L2-norm. Then the solution (E,N ) of
(1.6) is global in time, and there exist (E±,N±) ∈ L2(Rd)× L2(Rd) such that

‖E(t)− e−itH2

E±‖L2 + ‖N (t)− e−itHN±‖L2 → 0 (t → ±∞).

In short, the solution (E,N ) scatters in L2(Rd)× L2(Rd) as t → ±∞.

Remark 1. It is worth noting that we do not need at all the dispersive nature of the
(fourth order) wave equation, either for the small data scattering (Theorem 1.2) or
for the local well-posedness in d ≤ 7 (Theorem 1.1). It means that H in the left side
of the second equation of (1.6) could be replaced with any self-adjoint operator on
L2 for those results.

The outline of the paper is as follows. In Section 2, we prepare some notation and
definitions. In Section 3, we recall the Strichartz estimates for the linear equations,
which is the main tool for analysis in this paper. In Section 4, we prove the local
well-posedness result, Theorem 1.1. In Section 5, we show the global well-posedness
and polynomial bound of wave, Theorem 1.1. Finally in Section 6, we prove the
scattering result, Theorem 1.2.

2. Notation and Duhamel formulae

Let us denote

(2.1) D :=
√
−Δ, 〈D〉 :=

√
1−Δ, U := D〈D〉−1.

Then we have H = D〈D〉. We also denote the Fourier transform of u(x) over x ∈ Rd

by Fu(ξ).

For s ∈ R, we denote by Hs(Rd) and Ḣs(Rd) the usual inhomogeneous and
homogeneous Sobolev spaces equipped with the norms, respectively,
(2.2)
‖u‖Hs := ‖〈D〉su‖L2 = ‖(1+|ξ|2) s

2Fu‖L2 and ‖u‖Ḣs := ‖Dsu‖L2 = ‖|ξ|sFu‖L2 .

For p, q ∈ [1,∞] and s ∈ R, Bs
p,q(R

d) denotes the inhomogeneous Besov space
equipped with the norm

‖u‖Bs
p,q

= ‖2js‖F−1ψj(ξ)Fu‖Lp(x∈Rd)‖�q(j≥0),

where ψj(ξ) := ψ(2−jξ)− ψ(2−j+1ξ) and ψ0 := ψ, with a fixed smooth and radial
function ψ : Rd → R satisfying ψ(ξ) = 1 for |ξ| ≤ 1, 0 for |ξ| ≥ 2. Similarly, the

homogeneous Besov space is denoted by Ḃs
p,q(R

d).
For any T ∈ (0,∞] or any interval I ⊂ R and any Banach space X of functions

on Rd, the X-valued Lp norm in time is denoted by

‖u‖Lp
TX :=

[∫ T

0

‖u(t)‖pXdt

]1/p

, ‖u‖Lp
t∈IX

:=

[∫
I

‖u(t)‖pXdt

]1/p
,
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for any 1 ≤ p < ∞, and similarly for p = ∞. We often add the subscript Xx = X
in order to highlight the function space for x ∈ Rd.

The complex interpolation space and the real interpolation space are denoted
respectively by [X0, X1]θ and (X0, X1)θ,p, for a couple of Banach spaces (X0, X1),
θ ∈ [0, 1], and p ∈ [1,∞].

For the fourth order Schrödinger equation of E : R1+d → C,

(2.3) iEt −H2 E = F,

we have the Duhamel formula

(2.4) E(t) = e−itH2

E(0)− i

∫ t

0

e−i(t−s)H2

F (s)ds.

For the (square-root of) fourth order wave equation to N : R1+d → C,

(2.5) i∂tN −HN = G,

we have the Duhamel formula

(2.6) N (t) = e−itHN (0)− i

∫ t

0

e−i(t−s)HG(s)ds.

3. Strichartz estimates

In this section, we recall the Strichartz estimates for the operators H and H2,
which follow from the standard arguments by the Fourier analysis. Following [25],
a pair (q, r) is called Schrödinger admissible, for short S-admissible, if

(3.1) 2 ≤ q, r ≤ ∞, (q, r, d) = (2,∞, 2),
2

q
+

d

r
=

d

2
.

A pair (q, r) is called biharmonic admissible, for short B-admissible, if

(3.2) 2 ≤ q, r ≤ ∞, (q, r, d) = (2,∞, 4),
4

q
+

d

r
=

d

2
.

Lemma 1 (Pausader [25]). Let E ∈ C([0, T ], H−4(Rd)) be a solution of (2.3). For
any B-admissible pairs (q1, r1) and (q2, r2), it satisfies

(3.3) ‖E‖Lq1
T L

r1
x (Rd) � ‖E(0)‖L2

x(R
d) + ‖F‖

L
q2

′
T L

r2
′

x (Rd)
,

and for any S-admissible pairs (q1, r1) and (q2, r2) and any s ∈ R,

(3.4) ‖E‖
L

q1
T B

s+2/q1
r1,2 (Rd)

� ‖E(0)‖Hs(Rd) + ‖F‖
L

q2
′

T B
s−2/q2
r′2,2

(Rd)
.

In both estimates, the implicit constants depend only on d, q1, q2.

The proof is based on the work of Kenig-Ponce-Vega [20] or the works of Ben-
Artzi-Koch-Saut [3], Pausader [25], and Keel-Tao [19], together with some modifi-
cations. We only sketch the proof.

Proof. We consider the integral

eitφ(D)f =

∫
Rd

eitφ(|ξ|)+iξxf̂(ξ)dξ,

where the phase function is given by φ(r) = r2 + r4. Then we have

φ′(r) ∼ r〈r〉2 and φ′′(r) ∼ 〈r〉2.
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The Hessian of the phase function φ can be expressed in the polar coordinate
ξ = rω ∈ Rd (r = |ξ|) as follows (for ξ = 0):

(3.5) ∇2φ(r) = ∇(φ′(r)ω) = φ′′(r)ω∗ω +
φ′(r)

r
(I − ω∗ω),

where ω∗ω is the projection onto span{ξ} and I −ω∗ω is the orthogonal projection
onto {ξ}⊥. Note that span{ξ} is one dimensional and {ξ}⊥ is (d− 1) dimensional.
Hence we have √

det∇2φ ∼ 〈r〉d,
as well as |∇αφ(r)| � |φ′(r)|r1−|α| for all multi-index α such that |α| ≥ 2. Then
the decay estimate can be obtained by the stationary phase method as follows
(cf. [25, (3.6)] or [11, Theorem 2.2]):

‖e−itH2

f‖B0
∞,2

� |t|− d
2 ‖f‖B−d

1,2
.

Via duality argument and TT ∗ argument (cf. [19]), we obtain the Strichartz esti-
mate (3.4) for S-admissible exponents. Applying the Sobolev embedding to both
sides of the estimate, we obtain (3.3) for B-admissible pairs unless r1 or r2 is ∞.
The last case is covered by the interpolation inequality as follows. If (q,∞) is B-
admissible, then q = 8/d > 2 and (q, 4) is S-admissible. Hence there exists small
ε > 0 such that the pairs of exponents (q±, 4±) defined by

2/q± = 2/q ± ε, d/4± = d/4∓ ε

are S-admissible. Note that the pairs (q±, 4±) are near the pair (q, 4). Then the
Sobolev embeddings and the real interpolation, i.e.,

B
2/q±
4±,2 ⊂ B±2ε

∞,2 and (B2ε
∞,2, B

−2ε
∞,2)1/2,1 = B0

∞,1 ⊂ L∞,

imply the interpolation inequality ‖u‖L∞ � ‖u‖1/2
B

2/q+
4+,2

‖u‖1/2
B

2/q−
4−,2

, and by Hölder in t,

‖u‖Lq
TL∞

x
� ‖u‖1/2

L
q+
T B

2/q+
4+,2

‖u‖1/2
L

q−
T B

2/q−
4−,2

� ‖u‖
L

q+
T B

2/q+
4+,2 ∩L

q−
T B

2/q−
4−,2

.

The duality to the above inequality yields ‖F‖
L

(q+)′
T B

−2/q+

(4+)′,2+L
(q−)′
T B

−2/q−
(4−)′,2

�‖F‖
Lq′

T L1
x
.

Thus the cases with r1 = ∞ or r2 = ∞ follow from the estimate for the correspond-
ing pairs of S-admissible exponents. �

Remark 2. We supplement the proof of the Strichartz estimate (3.3) in the case of
r = ∞ given in [25].

Lemma 2 (Gustafson-Nakanishi-Tsai [11, Theorem 2.1]). Let N be a solution of
(2.5). If (qi, ri) are S-admissible for i = 1, 2, we have, with γi := (1− 2/d)/qi,

(3.6) ‖U−γ1 N‖Lq1
T L

r1
x (Rd) � ‖N0‖L2(Rd) + ‖Uγ2 G‖

L
q′2
T L

r′2
x (Rd)

,

where the implicit constant depends only on d, q1, q2.

Note that Uα is bounded on Lp(Rd) for any α ≥ 0 and p ∈ [1,∞]. The Strichartz
estimate gains a positive power of U for d ≥ 3, but we do not use it in this paper.
On the other hand, it suffers from a negative power of U in d = 1, against which
we exploit U in the equation acting on |E|2.

For the proof of the above lemma, the reader is referred to the work of Gustafson-
Nakanishi-Tsai [11]. Here we only sketch the proof.
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Proof. We consider eitφ(D)f with the phase function given by φ(r) = r〈r〉. Then
we have

φ′(r) ∼ 〈r〉 and φ′′(r) ∼ r

〈r〉 .

The Hessian of the phase function φ can be expressed as (3.5). Hence we have

√
det∇2φ ∼

( r

〈r〉
)− d−2

2

,

as well as |∇αφ(r)| � |φ′(r)|r1−|α|. Hence the decay estimate can be obtained from
the stationary phase method as follows:

‖eitφ(D)f‖Ḃ0
∞,2

� |t|− d
2 ‖U

d−2
2 f‖Ḃ0

1,2
.

Via duality argument and TT ∗ argument, as well as the embedding Ḃ0
r,2 ⊂ Lr for

r ∈ [2,∞), we obtain the Strichartz estimate (3.6) unless r1 = ∞ or r2 = ∞. The
last case happens only in the case of d = 1, where we can use the van der Corput
lemma (see [26]) to obtain

(3.7) sup
x∈R

∣∣∣∣
∫
R

e−itφ(ξ)+ixξ U(ξ)1/2χ(ξ)dξ

∣∣∣∣ � |t|−1/2(‖χ‖L∞ + ‖χ′‖L1),

for any χ ∈ C1(R) compactly supported in R\{0}, where U(ξ) := |ξ|/〈ξ〉. Applying

the above estimate to χN := F−1[ψ(ξ/N)−ψ(Nξ)], we obtain ‖e−itH U1/2 χN‖L∞

� |t|−1/2 uniformly for N ≥ 1. Since χN ∗ f → f as N → ∞ in the distribution
sense for any f ∈ L1, we obtain

‖e−itH U1/4 f‖L∞(R) ≤ lim
N→∞

‖(e−itH U1/2 χN ) ∗ (U−1/4 f)‖L∞

� |t|−1/2‖U−1/4 f‖L1 .

Using this decay estimate together with the duality and TT ∗ arguments, we obtain
the Strichartz estimate (3.6) with r1, r2 ∈ {2,∞}. The remaining cases are covered
by the complex interpolation.

To prove (3.7), fix any t > 0, x ∈ R and let θ(ξ) := −tφ(ξ) + xξ be the phase
function. Since θ′′ = tφ′′ ∼ tU(ξ), there exists at most one ξ0 ∈ R such that
θ′(ξ0) = 0, namely, φ′(ξ0) = x/t. Using smooth dyadic decomposition, we can
decompose χ = χ1 + χ2 + χ3 with some χj ∈ C1(R) satisfying:

(1) |ξ| � 1 on suppχ1.
(2) ξ ∼ ξ0 on suppχ2.
(3) ξ ∼ ξ0 and |ξ| � 1 on suppχ3.
(4) suppχj ⊂ suppχ and ‖χj‖L∞+‖χ′

j‖L1 � ‖χ‖L∞+‖χ′‖L1 for all j = 1, 2, 3.

Let Ij :=
∫
R
eiθ U1/2 χjdξ be the corresponding decomposition of the integral. The

desired bound on I1, I2 follows from the van der Corput lemma with the second
derivative θ′′ = −tφ′′ < 0, using φ′′ � 1 on suppχ1 and φ′′ ∼ U(ξ) ∼ U(ξ0) on
suppχ2. On I3 we apply the lemma with the first derivative |θ′| ∼ |tφ′| ∼ |t| on
suppχ3, which yields |I3| � |t|−1(‖χ3‖L∞ + ‖χ′

3‖L1). Interpolation with the trivial
bound |I3| � ‖χ3‖L∞ yields the desired bound on I3 and thus (3.7). �

Remark 3. The Stricharz estimate given in [11] is for the dimension d ≥ 2. We
complete the proof of the Strichartz estimate (3.6) for all dimensions.
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4. Local well-posedness for the QZ system

In this section, we prove the local well-posedness for (1.6) in L2(Rd) for 1 ≤ d ≤ 8,
which is the first part of Theorem 1.1. The second part of the theorem, namely, the
global well-posedness for d ≤ 5, will be proven in the next section. To prove the
local well-posedness, we define the maps for the Duhamel part in (2.4) and (2.6):

(4.1) Φ(E,N )(t) = −i

∫ t

0

e−i(t−s)H2(
(ReN )E

)
(s) ds,

(4.2) Ψ(E)(t) = −i

∫ t

0

e−i(t−s) HU |E(s)|2 ds

for (E,N ) ∈ C
(
[0, T ];

(
L2(Rd)

)2)
. The free solutions for (E0, N0) ∈

(
L2(Rd)

)2
are

denoted by

EF := e−itH2

E0, NF := e−itHN0.

Then the iteration map Λ is defined by

(4.3) Λ(E,N )(t) :=
(
EF +Φ(E,N ), NF +Ψ(E)

)
(t).

For the sake of convenience, we denote some special exponents by

(4.4) q1 :=
8

d
, q̃1 :=

16

d
, q2 :=

4

d− 2
, q̃2 :=

8

d− 2
, 2{s} :=

2d

d+ 2s

for any s ∈ (−d/2, d/2). The last notation is linked to the Sobolev embedding:

0 ≤ s < d/2 =⇒ Ḣs ⊂ L2{−s}, L2{s} ⊂ Ḣ−s.

Notice that the pairs (q1, 4) for d ≤ 4, (q2, d) for 2 ≤ d ≤ 4, and (2, 2{−1}) for
d > 2 are S-admissible, while the pairs (q̃1, 4) for d ≤ 8, (q̃2, d) for 2 ≤ d ≤ 6, and
(2, 2{−2}) for d > 4 are B-admissible.

Let S and W be Banach spaces in Ct([0, T ];L
2
x), with the Strichartz norms given

by Lemma 1 and Lemma 2, respectively, for L2
x initial data, defined by the norm

‖u‖S :=

⎧⎪⎪⎨
⎪⎪⎩
‖u‖L∞

T L2
x
+ ‖u‖

L4
TB

1/2
∞,2

(d = 1),

‖u‖L∞
T L2

x
+ ‖u‖

L
2/θ
T Bθ

2{−θ},2
(d = 2),

‖u‖L∞
T L2

x
+ ‖u‖L2

TB1
2{−1},2

(d ≥ 3),

where θ ∈ [1/2, 1) is arbitrarily fixed and

‖u‖W :=

⎧⎪⎪⎨
⎪⎪⎩
‖u‖L∞

T L2
x
+ ‖U−1/4 u‖L4

TL∞
x

(d = 1),

‖u‖L∞
T L2

x
+ ‖u‖

L
2/θ
T L

2{−θ}
x

(d = 2),

‖u‖L∞
T L2

x
+ ‖u‖

L2
tL

2{−1}
x

(d ≥ 3).

Note that the second components in d = 2 are the complex interpolation spaces
between L∞

T L2
x and the prohibited endpoint space corresponding to the case θ = 1.

We are going to prove that the map Λ is a contraction on a closed subset of S×W
equipped with the norm ‖(E,N )‖S×W = ‖E‖S + ‖N‖W . First, the Strichartz
estimates (3.4) and (3.6) imply that

‖(EF,NF)‖S×W � ‖E0‖L2
x
+ ‖N0‖L2

x
.
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Hence the main task to prove the local well-posedness in Theorem 1.1 is to control
the Duhamel terms Φ(E,N ) and Ψ(E), respectively, in S and W , which can be
done via using the same Strichartz estimates.

Proof of Theorem 1.1 (Local well-posedness). For d ≤ 8, the Strichartz estimate
(3.4) with the B-admissible exponent (q̃1, 4) yields

‖Φ(E,N )‖S � ‖(ReN )E‖
L

q̃′
1

T L
4
3
x

≤ T 1− d
8 ‖N‖L∞

T L2‖E‖
L

q̃1
T L4

x
� T 1− d

8 ‖N‖W ‖E‖S,
(4.5)

where we used the Sobolev embedding B
d/8
2{−d/8},2 ⊂ L2{−d/4} = L4 to the norm of

E. Since e−itH is L2
x-preserving, we have

‖Ψ(E)‖W ≤ ‖U |E|2‖L1
TL2

x
� ‖E‖2L2

TL4
x
≤ T 1−d/8‖E‖

L
q̃1
T L4

x
� T 1−d/8‖E‖2S.(4.6)

The difference is estimated in the same way. Hence the map Λ is a contraction on
the closed ball

XM := {(E,N ) ∈ S ×W | ‖(E,N )‖S×W ≤ M}(4.7)

if 1 ≤ d ≤ 7, and we choose M > 0 large enough and then T > 0 small enough such
that

‖E0‖L2
x
+ ‖N0‖L2

x
� M � T d/8−1.(4.8)

In the case of d = 8, we cannot gain any positive power of T from the Strichartz
estimate as above, since it is the L2-critical dimension for the bi-harmonic Schrödin-
ger equation with the quadratic power nonlinearity. Hence we need to use decay of
the free solutions in the Strichartz norms as T → +0, for which the L∞

T L2
x norm in

(4.5) has to be replaced. For example, we have

‖Φ(E,N )‖S � ‖(ReN )E‖
L2

TL
4/3
x

≤ ‖N‖
L∞

T L2+L4
TL

8/3
x

‖E‖
L2

TL4
x∩L4

TL
8/3
x

.(4.9)

Note that (2, 4) = (2, 2{−2}) and (4, 8/3) are B-admissible. In particular W ⊂
L4
TL

8/3
x , but we have

‖e−itHf‖
L∞

T L2
x+L4

TL
8/3
x

→ 0 (T → +0)

for any f ∈ L2(R8). To see this, for any ε > 0, take some g ∈ H1/2(R8) such that
‖f−g‖L2

x
< ε. The Strichartz estimate (3.6), together with the Sobolev embedding,

implies that

‖e−itHg‖
L4

TL
8/3
x

� ‖e−itHg‖
L4

TB
1/2

2{1/2},2
� ‖g‖H1/2 < ∞,

so it tends to 0 as T → +0, implying that

lim sup
T→+0

‖e−itHf‖
L∞

T L2
x+L4

TL
8/3
x

≤ ε.

Since ε > 0 is arbitrary, the left side must be 0. Hence all the norms in the right
side of (4.9) and in the middle of (4.6) (Lq̃

TL
4
x = L2

TL
4
x) are decaying as T → +0 for

the free solutions EF and NF. Hence Λ is a contraction on the closed and absolutely
convex subset

X̃δ := {(E,N ) ∈ S ×W | ‖E‖
L2

TL4
x∩L4

TL
8/3
x

+ ‖N‖
L∞

T L2+L4
TL

8/3
x

≤ δ},
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for d = 8 and some small absolute constant δ > 0, provided that T > 0 is small
enough such that (EF,NF) ∈ X̃δ/2. Note that Xδ ⊂ X̃δ, but T cannot be estimated
in terms of the initial norm.

Thus for d ≤ 8 and for all initial data in L2(Rd), we have obtained the unique
local solution in some subset of S×W for some time interval [0, T ]. The continuity
of the solution map and the uniqueness of solutions in S ×W are both proven in
the standard way by using the same estimates on difference. This concludes the
local well-posedness of (1.6) in L2(Rd) for d ≤ 8. �

5. Global well-posedness for the QZ system

Next we prove the global well-posedness for d ≤ 5, which is the latter part
of Theorem 1.1. Since we have the local well-posedness in L2(Rd), the standard
argument yields conservation of ‖E(t)‖L2

x
= ‖E(0)‖L2

x
< ∞ for the L2 solutions

obtained above. Moreover, since we have a lower bound on the existence time T > 0
as in (4.8) in terms of the initial L2 norm (for d ≤ 7), it suffices to derive an a
priori bound on ‖N(t)‖L2 in terms of t > 0 and

m0 := ‖E0‖L2 = ‖E(t)‖L2 , n0 := ‖N0‖L2 .

Let (E,N ) be a local solution with the initial data (E0,N0) ∈ L2(Rd)2, and let

E1 := Φ(E,N ) = E − EF, N 1 := Ψ(E) = N −NF

denote the inhomogeneous part of the solutions. The goal is to bound N 1 in L2
x.

It is particularly easy in d = 1, since the Strichartz estimate (3.6) yields

‖N 1‖W � ‖U−1/4+1 |E|2‖
L

4/3
T L1

x
� T 3/4‖E‖L∞

T L2
x
= T 3/4m2

0.(5.1)

For d ≥ 2, we cannot close such estimates by using solely ‖E‖L∞
T L2

x
, but we need

some other Strichartz norms which are not a priori bounded. However, we can still
get an a priori bound, as long as the order of the other norms is less than 1 and we
have a positive power of the time interval T > 0. More precisely, we have

Lemma 3. Let 1 ≤ d ≤ 6. Then for some constants a ≥ 0, b > 0, and c ∈ [0, 1],
we have

‖E1‖S � T am0‖N‖W , ‖N 1‖W � T bm2−c
0 ‖E‖cS ,(5.2)

where the implicit constants depend only on c. Specifically, we can take

a =

{
(4− d)/4 (d ≤ 4)

0 (d ≥ 5)
; b =

{
3/4 (d = 1)

(6− d)/8 (d ≥ 2)
;

⎧⎪⎨
⎪⎩
c = 0 (d = 1)

c > 0 (d = 2)

c = (d− 2)/4 (d ≥ 3)

.

The above specific values of a, b, c seem to be optimal (for m0, n0, T → ∞) as
far as our argument can reach.

Proof of Lemma 3. First consider the estimate on E1 using the Strichartz estimate
(3.4). For d ≤ 4,

‖E1‖S � ‖(ReN )E‖
L

q′1
T L

4/3
x

≤ T 1−2/q1‖N‖Lq1
T L4

x
‖E‖L∞

T L2
x
≤ T am0‖N‖W .

For 5 ≤ d ≤ 6, using the Sobolev embedding L2{(8−d)/2} ⊂ B−1
2{1},2 as well, we

obtain

‖E1‖S � ‖(ReN )E‖
L2

TL
2{(8−d)/2}
x

≤ ‖N‖
L2

TL
2{−1}
x

‖E‖L∞
T L2

x
� m0‖N‖W .
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Next consider the estimate on N 1 using the Strichartz estimate (3.6). The case
d = 1 was already done in (5.1). For d = 2 we obtain, for any c ∈ (0, 1] and with
implicit constants depending on c,

‖N 1‖W � ‖|E|2‖[L2
TL1

x,L
1
TL2

x]cθ
≤ T 1/2‖E‖L∞

T L2
x
‖E‖[L∞

T L2
x,L

2
TL∞

x ]cθ

� T 1/2m2−c
0 ‖E‖cS.

For 3 ≤ d ≤ 6 we obtain, using b = 1/2− 1/q̃2 = (6− d)/8,

‖N 1‖W � ‖|E|2‖
L2

TL
2{1}
x

≤ T b‖E‖L∞
T L2

x
‖E‖

L
q̃2
T Ld

x
.

The last norm is further estimated by the complex interpolation and the Sobolev
embedding

[L∞
T L2, L2

TB
1
2{−1},2]2/q̃2 = Lq̃2

T B
2/q̃2
2{−2/q̃2},2 ⊂ Lq̃2

T Ld
x.

Injecting the corresponding inequality into the above yields the desired estimate on
N 1. �

A priori bounds follow immediately from Lemma 3 for d ≤ 5:

‖N‖W � ‖N0‖L2
x
+ ‖N 1‖W � n0 + T bm2−c

0 ‖E‖cS
� n0 + T bm2−c

0 (‖E0‖L2
x
+ ‖E1‖S)c � n0 + T bm2

0 + T b+acm2
0‖N‖cW

� n0 + T bm2
0 + (ε−1T b+acm2

0)
1/(1−c) + ε‖N‖W ,

(5.3)

where the last step used Young’s inequality for arbitrary ε > 0. Choosing ε appro-
priately small, the last term is absorbed by the left side. Thus we obtain

‖N‖W � n0 + T bm2
0 + T

b+ac
1−c m

2
1−c

0 .

Injecting the specific values of a, b, c, we obtain, for any 0 < ε < 1/2,

d = 1 =⇒ ‖N‖W � n0 + T 3/4m2
0,

d = 2 =⇒ ‖N‖W � n0 + T 1/2m2
0[1 + (Tm2

0)
ε],

d = 3 =⇒ ‖N‖W � n0 + T 3/8m2
0 + T 7/12m

8/3
0 ,

d = 4 =⇒ ‖N‖W � n0 + T 1/4m2
0 + [T 1/4m2

0]
2+ε,

d = 5 =⇒ ‖N‖W � n0 + T 1/8m2
0 + [T 1/8m2

0]
4.

(5.4)

Thus we obtain the global well-posedness for d ≤ 5, thereby concluding the proof of
Theorem 1.1. Note that the above argument does not work in d = 6 since a = b = 0
and c = 1.

6. Small data scattering of the QZ system

Now we prove Theorem 1.2, namely, the small data scattering in L2(Rd) for
4 ≤ d ≤ 8. It suffices to derive a set of estimates on the Duhamel integrals Φ(E,N )
and Ψ(E) (see (4.1) and (4.2)) by the Strichartz norms that are uniform with
respect to T ∈ (0,∞].

Proof of Theorem 1.2. Let 4 ≤ d ≤ 8. Using the Strichartz estimate (3.4) together
with the Sobolev embeddings L2{s} ⊂ B−1

2{1},2 and B1
2{−1},2 ⊂ L2{−s} for 1 ≤ s ≤ 2,

we obtain

‖Φ(E,N )‖S � ‖(ReN )E‖
L2

TL
2{d/4}
x

≤ ‖N‖L∞
T L2

x
‖E‖

L2
TL

2{−d/4}
x

� ‖N‖W ‖E‖S.
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Since e−itH is L2
x-preserving, we have

‖Ψ(E)‖W � ‖|E|2‖L1
TL2

x
= ‖E‖2

L2
TL

2{−d/4}
x

� ‖E‖2S.

The difference is estimated in the same way. Hence we can choose both ‖E0‖L2 +
‖N0‖L2 andM to be sufficiently small such that the iteration map Λ is a contraction
on XM defined in (4.7) uniformly for all T ∈ (0,∞]. Thus we obtain a unique global
solution (E,N ) as the unique fixed point of Λ, with the global Strichartz bound

‖E‖L∞
t∈R

L2
x∩L2

t∈R
B1

2{−1},2
+ ‖N‖

L∞
t∈R

L2
x∩L2

t∈R
L

2{−1}
x

� ‖E0‖L2 + ‖N0‖L2 (� 1).

For the scattering result, the Strichartz estimate also implies, for any T1 < T2,
that

‖[eitH2

E(t)]T2

T1
‖L2

x
=

∥∥∥∥∥
∫ T2

T1

e−isH2

((ReN )E)(s)ds

∥∥∥∥∥
L2

x

� ‖(ReN )E‖
L2

t∈(T1,T2)
L

2{d/4}
x

≤ ‖N‖L∞
t∈R

L2
x
‖E‖

L2
t∈(T1,T2)

L
2{−d/4}
x

.

(6.1)

Since the last norm is vanishing as T1 → ∞ or T2 → −∞, we deduce that eitH
2

E(t)
is convergent in L2

x as t → ±∞, namely, the scattering of E(t) in L2. The scattering
of N (t) is obtained similarly. �
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