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ABSTRACT. Let F' be a number field unramified at an odd prime p and let Fo
be the Z,-cyclotomic extension of F'. Let A be an abelian variety defined over
F with good supersingular reduction at all primes of F' above p. Biiylikboduk
and the first named author have defined modified Selmer groups associated to
A over Foo. Assuming that the Pontryagin dual of these Selmer groups is a
torsion Z,[[Gal(Fuo/F')]]-module, we give an explicit sufficient condition for
the rank of the Mordell-Weil group A(F,) to be bounded as n varies.
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2 A. LEI AND G. PONSINET

INTRODUCTION

Let F' be a number field. For an odd prime number p, let (F,),>o be the
tower of number fields such that Fo = {J,, F, is the Z,-cyclotomic extension and
Gal(F,/F) ~ Z/p"Z (see §L.1)).

Let A be an abelian variety defined over F. By Mordell-Weil’s theorem, the
groups A(F,) of F,-rational points of A are finitely generated abelian groups
[Mum85, Appendix II]. One may wonder how these groups vary as n varies.

To study the asymptotic growth of their ranks, a strategy (developed by Mazur
[Maz72]) goes as follows. One studies the structure as a Z,[[Gal(F /F)]]-module
of the Selmer group Sel,(A/F) (see §2.2), as well as its relation to the Selmer
groups Sel,(A/F,) over F,, through Galois descent. One then deduces information
about the rational points via the exact sequence

(1) 0 — A(F,) ® Qp/Zy — Sel,(A/F,) — L, (A/F,) — 0,

where ITI,(A/F},) is the p-primary component of the Tate-Shafarevitch group of A
over F,,.

When A has good ordinary reduction at primes above p, the Pontryagin dual
of Sel,(A/Fw) is conjectured to be a torsion Z,[[Gal(Fu/F)]|]-module (proved by
Kato when A is an elliptic curve defined over Q and F/Q is an abelian extension).
Under this conjecture, Mazur’s control theorem on the Selmer groups implies that
the rank of the Mordell-Weil group A(F;,) is bounded independently of n.

However, this approach does not work without the ordinarity assumption. First,
Mazur’s control theorem does not hold. Second, the Pontryagin dual of the Selmer
group Sel,(A/F5) is no longer expected to be a torsion Z,[[Gal(Fs/F)]]-module.
In the case where A is an elliptic curve with a, = 0 and F' = Q, Kobayashi [Kob03]
defined two modified Selmer groups (often referred to as plus and minus Selmer
groups in the literature) and proved that they do satisfy the two aforementioned
properties, namely, the cotorsioness over an appropriate Iwasawa algebra and a
control theorem & la Mazur. As a consequence, one deduces that the rank of
the Mordell-Weil group A(F},) is bounded independently of n (see [Kob03, Corol-
lary 10.2]). Alternatively, it is possible to deduce the same result using Kato’s Euler
system in [Kat04] and Rohrlich’s non-vanishing results on the complex L-values of
A in [Roh&84] (see the discussion after Theorems 1.19 and 1.20 in [Gre01]).

We note that a different approach was developed by Perrin-Riou [PR90, §6] to
study the Mordell-Weil ranks of an elliptic curve with supersingular reduction and
ap = 0. She showed that when a certain algebraic p-adic L-function is non-zero and
does not vanish at the trivial character, then the Mordell-Weil ranks of the elliptic
curve over F,, are bounded independently of n. Kim [KimI§| as well as Im and
Kim [IK19] have generalized this method to abelian varieties which can have mixed
reduction types at primes above p. Furthermore, unlike the present article, they
did not assume that p is unramified in F. Following Perrin-Riou’s construction,
Im and Kim defined certain algebraic p-adic L-functions and showed that when
these are non-zero, then the Mordell-Weil ranks of the abelian variety over F,, are
bounded by certain explicit polynomials in n.

The goal of the present article is to study the Mordell-Weil ranks of an abelian
variety A over F, under the assumptions that p is unramified in F' and that A is
supersingular at all primes of F' above p. We make use of the signed Selmer groups
developed by Biiyiikboduk and the first named author in [BLIT] (see §211 for a
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review of their constructions; these Selmer groups generalize Kobayashi’s plus and
minus Selmer groups). Our main result is the following.

Theorem (Theorem B4l). Assume that the Pontryagin duals of the signed Selmer
groups of A over Fu, are torsion Z,[|Gal(Fuo/F')]]-modules. There exists an explicit
sufficient condition on the Coleman maps attached to A which ensures that the rank
of the Mordell-Weil group of the dual abelian variety AV (F},) is bounded as n varies.

We show further that when the Frobenius on the Dieudonné module of A at p
can be expressed as certain block matrix, then the explicit condition in Theorem [3.4]
can be verified (see Corollaries 37 and [310). We explain at the end of the paper
that our result applies to abelian varieties of GLa-type.

As opposed to the ordinary case, we do not have a direct relation between the
signed Selmer groups and the Mordell-Weil group as in the exact sequence (). How-
ever, we may nonetheless obtain information about the Selmer groups Sel,(A/F},)
from the signed Selmer groups via the Poitou-Tate exact sequence and some calcu-
lations in multi-linear algebra.

1. SUPERSINGULAR ABELIAN VARIETIES AND COLEMAN MAPS

In this section, we set some notation and review results of [BL17] that we shall
need.

1.1. Cyclotomic extension and Iwasawa algebra. Fix forever an odd prime
p and a number field F' unramified at p. We also fix F an algebraic closure of F'
and let Gy = Gal(F/F) be the absolute Galois group of F. For each prime v of
F', we denote by F,, the completion of F' at v. Furthermore, we choose an algebraic
closure F), of F, as well as an embedding F — F), and set G, = Gal(F,/F,) to be
the decomposition subgroup of v in Gr. We denote by Op the ring of integers of
F and by Op, the ring of integers of F),, when v is a non-archimedean prime of F.

Let fi,» be the group of p™-th roots of unity in F for every n > 1 and ppe =
U1 tpn- We set F'(pipe) = U,,>1 F(pn) to be the p>-cyclotomic extension of F'
in F. We shall write G, = Gal(F(up~)/F) for its Galois group. The group Go. is
isomorphic to Z;; and so it may be decomposed as A x I', where A is cyclic of order
p—1landI' ~ Z,. For n > 0, we write I';, for the unique subgroup of I' of index
p". We set Fl, = F(pp)> to be the Z,-cyclotomic extension of F, and F,, = FLr
for n > 0.

Let A = Z,[[G]] be the Iwasawa algebra of G, over Z,. The aforementioned
decomposition of Go, tells us that A = Z,[A][[T']]. Furthermore, on fixing a topo-
logical generator v of I', we have an isomorphism Z,[[I']] >~ Z,[[X]] induced by
v+ X +1. For n > 0, we denote A,, = Ar, = Z,[A][['/T,,]. The previous isomor-
phism implies that Z,[['/T,] =~ Z,[[X]]/(wn(X)), where w,(X) = (X + 1)?" — 1.
For a character n on A and a A-module M, let M" be the n-isotypic component
of M, which is given by e, - M, where ¢, = ﬁ Ssean H(6)d. Note that M7 is
naturally a Z,[[I']]-module. We will say that a A-module M has rank r if M" has
rank r over Zy[[I']] for all characters n on A.

1.2. Supersingular abelian varieties. From now on, we fix a g-dimensional
abelian variety A defined over F' with good supersingular reduction at every prime
v of F' dividing p, which means that A has good reduction at v and the slope of the
Frobenius acting on the Dieudonné module associated to A at v is constant and
equal to —1/2 (see §I4). For all n > 1, we write A[p"] for the group of p”-torsion
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points in A(F) and A[p>] = |, A[p"]. Let T = @XPA@”] be the p-adic Tate
module of A, which is a free Z,-module of rank 2¢g endowed with a continuous
action of G and let V =T ®z, Q,. For each prime v of F' dividing p, V' is a crys-
talline G, -representation with Hodge-Tate weights 0 and 1, both with multiplicity
g. Finally, we denote by A the dual abelian variety of A.

Lemma 1.1. For any prime v of F dividing p and w a prime of F(ppe) above v,
the torsion part of A(F (tpe)w) is finite and the group A(Feo.) has no p-torsion
(where we denote again by w the prime of Fu below w).

Proof. The first statement is a theorem of Imai [Ima’5].

Let kp, be the residual field of F,,. By [Maz72, Lemma 5.11], the reduction map
induces an isomorphism of the p-torsion points in A(F,) with the p-torsion points
in A(kp,). Since A is supersingular at v, this latter group is trivial. Therefore,
A(F,) has no p-torsion. Furthermore, since I, = Gal(Fu /Fy) =~ Z, is a pro-p
group, A(Fu ) has no p-torsion. |

1.3. Iwasawa cohomology. Let v be a non-archimedean prime of F' and let w be
a prime of F, dividing v. We set v,, to be the prime of F,, below w. For i > 0,
the projective limit of the Galois cohomology groups Hi(Fm,",T ) relative to the
corestriction maps is denoted by Hi (F,, T). The structure of these Z,[[I']]-modules
is well-known (see [PR00, A.2]).

Proposition 1.2.
(1) The groups Hi, (F,,T) are finitely generated Z,[[T']]-modules, trivial if i ¢
{1,2}.
(2) HE,(F,,T) is a torsion Z,|[[[']]-module.
(3) The rank of H,, (F,,T) is given by
0 if vtp,

rank HL (F,,T) = :
2 (1)) Hiw (Fy. T) { 29[F, 1 Q] if v |p.
(4) The torsion sub-Z,[[T']]-module of Hi,, (F,,T) is isomorphic to T = .

1.4. Coleman maps and logarithmic matrices. Let v be a prime of F' dividing
p. We shall write f, = [F, : Qp]. As a G, -representation, T admits a Dieudonné
module Deyis , (T) [Ber04], which is a free Op,-module of rank 2¢ equipped with a
Frobenius after tensoring by Q,, and a filtration of O, -modules (Fili Deriso(T))icz
such that 0 for i > 1
Fil Dcris,v(T) = { Dcris,v(T) for i ; _’1'

We may choose a Zy-basis {u1,...,uzqy, } Of Deris,(T') such that {us1,...,ugp,} is
a basis for Fil® Deyis,» (T'). The matrix of ¢ with respect to this basis is of the form

Iy, 0
en = ()
where I,7, denotes the identity matrix of dimension gf, and C, is some matrix
inside GLagf, (Zp). As in [BL17, Definition 2.4], we may define for n > 1,
(2)
C, = < gy, 0
o 0 | (I)p”(l + X)Igfv

where ®,» denotes the p"-th cyclotomic polynomial.

> C;l and an = (C<p7v)n+1 C’U,n tee C’U.,l;
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Let w be a prime of F'(ppe) dividing v. For ¢ > 0, denote by waycyc(Fv, T) the
projective limit of H*(F(jipn )y, ,T) relative to the corestriction maps.

We set H = Q,[A] ®q, H(I') where H(I') is the set of elements f(y — 1) with
v €T and f(X) € Q,p[[X]] is convergent on the p-adic open unit disk. Perrin-Riou’s
big logarithm map is a A-homomorphism [PR94]

L1 Hiy eye(Fo, T) = H @ Deris,o (1),
which interpolates Kato’s dual exponential maps [Kat93] II, §1.2]
expy , + HU(Fy (), T) = Fy(ptpn) @ Fil° Deyi o (7).
In [BL17, Theorem 1.1], the big logarithm map is decomposed into
Colr 1
Lry=(u1,...,ugp,) M, - : ,
Colr,y.2g7,
where M, is a 2¢gf, X 2¢gf, logarithmic matrix defined over H given by li_>rn M, »,
and Colr,, i € {1,...,2gf,}, are A-homomorphisms from H%W’CyC(FU, ICL) tocjJ A.
If I, is a subset of {1,...,2gf,}, we set

[ 1o
Colrz, : Hiy oye(Fo, T) = [ A
k=1
z — (Colr y,i(2))icr, -

Let I = (I,)y)p be a tuple of sets indexed by the primes of F' dividing p with
I, C{1,...,29f,}. We set T to be the set of all such tuples such that }°,, |I,| =
g[F : Q]. We write Iy = (I, ) where I, o = {1,...,9f,}. Given any I € 7 and
z=2 N Nzgp.q) € N IL, H11VV7CyC(Fv7 T), we define

Colr 1 (z) = det(Colr,v,i(2)))ier, 1<j<g(F-Q]-

For all n > 1, let H, ,, = Cyr---Cy 1, where the matrices C,; are defined as
in [@). Let H, be the block diagonal matrix where the blocks on the diagonal are
given by H,,. Given a pair I = (I,),J = (J,) € Z, we define H; ;, to be the
(I, J)-minor of Hy .

Proposition 1.3. Let z € NF" U, Ip Hiy, eye(Fys, T) and let 6 be a character on
H! (Fy(pyn41):V)

Goo of conductor p"tt. The natural image of z in eg - /\g Q] H'u|p TG e,
p" P

is zero if and only if

Z (Hl(ylﬂl COIT)J(Z)) (9) =0.

JeT
Proof. Let us write z = 21 A -+ A zgip.q)y L7 = Hv‘p L7, and expl , =
I1,, expy ns1- Since the image of A(Fy(upn+1)) ® Qp inside H' (Fy(ppn+1), V) is

precisely the kernel of the dual exponential map expy ,,, the image of z in

g[F:Q]
upn+1) V)
A H A v) © Qp

/Lpn+1
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is zero if and only if
€9 /\ exp;, 11(z;) = 0.
1<5<g[F:Q]

Via the interpolation formula of Perrin-Riou’s big logarithm map (see for example
[LZ14] Theorem B.5]), this is equivalent to

(3) N Q@™o Lr(z)(0) =0.
1< <g[F:Q]

For all 1 < j < g[F : Q], we may write L7(z;) = (ﬁTv'U(Zj))’UkD’
understood to be the composition of L, with the projection lep
Hllw&yc(Fv, T). Recall from [BLIT, Proof of Proposition 2.5] that

where Lr,(2;) is
Hllvv,cyc (Fw’ T) -

COIT,U,l (ZJ)
Lry(25) = (ul e u2_qfv) My - : mod wnH ® Deris (T).
COIT,U,ng'U (Z])

But the right-hand side is equal to

COlTﬂ),l(Zj)
(so’ﬂ*‘rl(ul) T g0n+1('l,L29f“)) HU777’ ?

Colr,v,2g7, (%)
which implies that
(1@ o Lry(z)
COlTﬂ,J (Z])
= (U1 . 'u2gf1,) -Hy - : mod wy,H @ Deyis v (T).
Colr,v,2g7, (%)

On taking wedge products, [B]) is thus equivalent to the vanishing of

S° A i (Hpgn Colr y(2)) (6).

1,JeTiel,

It remains to show that H; ;, vanishes at 6 unless I = I, and J € Z. Indeed, if
i €{gfo+1,...,29f,}, the entire i-th row of C, ,, is divisible by ®,n (14+X). Hence,
the same is true for H, ,. In particular, when we evaluate it at 6, the whole row
becomes zero. In other words, the lower half of H, () is entirely zero. Therefore,
in order for a g[F : Q] x g[F : Q] minor to be non-zero, we must take the upper
half of H, . In other words, I = I. (Il

2. SELMER GROUPS

In this section, we introduce various Selmer groups associated to AV, gather
some of their properties that we shall need, and finish by using the Poitou-Tate
exact sequence to relate them to one another.
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2.1. Signed Selmer groups. Let v be a prime of F' dividing p and w a prime of
F(upe) above v and fix I = (I,) € Z. We define

Hy, (F(ppe= )ws A [p%]) € B (F(ppee ), A [p™])
to be the orthogonal complement of Ker Coly ;, under Tate’s local pairing
HI(F(/’(‘POC)UH A\/[pOOD X H%w,cyc(FU’T) - QP/ZP'
Since AY[p>](F(tp>)w) is a finite p-group by Lemma [[T] and the order of A
is p — 1, the groups H' (A, AV [p™](F(pipw)w)) and H2(A, A [p®](F(ftp=)w)) are
trivial. Therefore, by the inflation-restriction exact sequence, the restriction map
HY (Foc,w, AY [p%]) = B (F (1100 ), AY [p)) 2
is an isomorphism. We use this isomorphism to define HI (Foow, AV [p™]) C
H' (Foc,w, AY [p]) by
H), (Frowos A" [p]) = HY (F(j1yee)s A [p))
The I-Selmer group of AY over Fi is then defined by
SGIL(AV/FOO)

H' (Fao,w, AY [p™))
=K Foo, AY[p™)) = [ [H (Fow, AV [p™]) x e
er | HY( thJ 1) pr H}v (Foo.as AV[p™])

Remark 2.1. When F' = Q and A is an elliptic curve with a, = 0, for an appropriate
choice of basis for the Dieudonné module of T', the signed Selmer groups coincide
with Kobayashi [Kob03|] plus and minus Selmer groups. See [BLIT, Appendix 4].

We denote by Xj(AY/F.) the Pontryagin dual of Sel;(AY/F.). As in [Kob03],
we have the following conjecture.

Conjecture 2.2. For all I € Z, the Z,[[I']]-module X;(AY /F,) is torsion.

When A is an elliptic curve defined over Q, Conjecture is known to be true
(cf. [Kob03[Spri2]). See also [LLZ10], where a similar conjecture has been proved
for modular forms.

2.2. p-Selmer groups. The p-Selmer group of AY over an algebraic extension K
of F is defined by

Selp(4”/K) = Ker (Hl(K Al H AY ngva/]Z) )

where the injection AY(K,)®Q,/Z, — H'(K,, A" [p>]) is the Kummer map. Note
that AV (K,) ® Qp/Z, = 0 when v does not divide p. Furthermore, the orthogonal
complement of AY(K,) ® Q,/Z, under Tate’s local pairing

H'(K,, AY[p>]) x HY(K,,T) = Q,/Z,

is A(K,) ® Z,. The p-Selmer group then fits into a short exact sequence
(4) 0— AY(K)® Q,/Z, — Sel,(AY/K) — II(AY/K)[p>] — 0,

where III(AY/K) is the Tate-Shafarevich group of A over K. We denote by
X,(AY/K) the Pontryagin dual of Sel;(AY/K).
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2.3. Fine Selmer groups. The fine Selmer group of AV over an algebraic exten-
sion K of F' is defined by

Selg(AY/K) = Ker (Hl(K, AVp™]) = [[H' (K., AV@OO})) .

We denote by Xy(AY/K) its Pontryagin dual.
One has a “control theorem” for the fine Selmer groups in the cyclotomic exten-
sion, which we prove following closely Greenberg [Gre99, §3] and [Gre03].

Lemma 2.3. The kernel and cokernel of the restriction map
Selg(AY/F,) — Selg(AY /Fy )t
are finite and have bounded orders as n varies.

Proof. The diagram
0 — Selg(AY/F,) —— H'(F,, A[p>]) — T[], H'(Fn,, AV [p™))

” | | !

0 — Selg(AY/Foo)'n — H' (Fao, AV [p®)'" — L, H' (Foow, AY [p=])!"

is commutative.
One has the inflation-restriction exact sequence

0 — HY(T,, AV (Foo)[p™]) = H' (F,, AV [p™]) — H' (Fuoo, AV [p>])""
- H2(Fn7 AV(FOO)[pOO])~
By Lemma [T} the groups H' (T, AY (Fs ) [p™]) and H*(T',,, AV (Fs)[p™]) are triv-
ial. Thus, the central vertical map of the diagram is an isomorphism.

We now study the rightmost vertical map prime by prime. Let v be any prime
of F' and let v, be any prime of F,, above v. Let r, be the restriction map

Hl(Fn,vn , AY [poo]) — Hl(Foo,um Av[poo]);

where w is any prime of F, dividing v,,. If v is archimedean, then v splits completely
in Foo /F. Thus, Ker(r,) = 0. If v is a non-archimedean prime, by the inflation-
restriction exact sequence

Ker(r,) ~ H' (T, , AY (Foo,0) ™))

By Lemma [[1] if v divides p, this last group is trival. We assume that v does not
divide p. Then v is unramified and finitely decomposed in Fu,. Thus, Fe o/ Fy is
an unramified Z,-extension. Let -, be a topological generator of I';, . Then

Ker(ry,) ~ Hl(rvna AV(FOO,w)[pOO]) =~ AV(FOO,M)LPOO]/(VUW, - 1)AV(F00,w)[pOO}~

As a group AY(Fso ) [p™] ~ (Qp/Z,)" X (a finite group) for some 0 < ¢ < 2g. Since
AV(F,., ) is finitely generated, the kernel of (v,, — 1) acting on AY (Fu)[p™] is
finite. Thus, the restriction of (y,, — 1) on the maximal divisible subgroup, which
we write (AY (Fxo ) [p°])div, i surjective and we have

(Av (Foo,w)[P™Daiv C (Yo, — 1)Av (Foo,w)[P™]-
Therefore, the cardinality of Ker(r,) is bounded by

[Av(Foo,w)Lpoo] : (Av(Foo,w)[poo])divL
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which is independent of n. Furthermore, if A has good reduction at v, then
the inertia subgroup of G, acts trivially and AV (Fu )[p™] is divisible. Hence
Ker(ry,) is trivial.

Now the set of non-archimedean primes of F where AV has bad reduction is
finite, and for each of these primes, the order of Ker(r,,) is bounded as n varies and
the number of primes v,, of F, dividing v is also bounded. Hence, the order of the
kernel of the right-most vertical map in the diagram is bounded as n varies.

We conclude by applying the snake lemma to the diagram ([Bl). (Il

2.4. Poitou-Tate exact sequences. Let ¥ be a finite set of primes of F con-
taining the primes dividing p, the archimedean primes, and the primes of bad
reduction of AY. If K is an extension of F, we say by abuse that a prime of
K is in ¥ if it divides an element of ¥ and we denote by Ky the maximal ex-
tension of K unramified outside ¥. The cyclotomic extension F(pp,e) is con-
tained in Fy since only archimedean primes and primes dividing p can ramify in
F(ppee). Furthermore, the action of Gp on AY[p™] factorizes through Gal(Fs/F).
In particular, for F’ any extension of F' contained in F, and * € {p,0,1}, we
have that Sel,(AY/F') c H'(Fg/F', AV[p®]). Therefore, all the Pontryagin duals
X.(AY[p™]/Fx) are finitely generated Z,[[I']]-modules (see [Gre89]).

For i > 0, let H%WE(F, T) be the projective limit of the groups H'(Fx/F,,T)
relative to the corestriction maps. By [PRO0, Proposition A.3.2], we have the exact
sequences

(6) 0— Xo(AY/Fx) = Hi, o(F,T) = [ HL.(F,T),
weX

(1) Hi,sFT) - [] Hiy (0, T) Xi(AY)Fy) = Xo(AY /Fs) — 0,
we

s, Ker Coly,

and, for any n > 0,

Fn v T Vi Vi
(8) Fox,T —>HA Fo) o7, — X, (AY/F,) = Xo(AY/F,) — 0.
Lemma 2.4. Assume that Conjecture holds. Then

(1) XO(AV/FOO) is a torsion Zy|[I']]-module,

(2) HIW s (F,T) is a torsion Z,[[T')]-module,

(3) HIW’E(F, T) is a Zp[[T'])]-module of rank g[F : Q].

Proof. The exact sequence (7)) tells us that Conjecture implies ().

By Proposition [[Z for every w € %, Hi (F,,T) is a torsion Z,[[T']]-module.
Hence, using the exact sequence (@), the first statement of the lemma implies the
second.

Finally, thanks to [PRO0, Proposition 1.3.2(i) = (ii)], we conclude that (2]) im-

plies ([3B)). O
3. GROWTH OF RANKS

3.1. Bounding Mordell-Weil ranks using logarithmic matrices. We define

(Fow, T
Xioc(F,) = Coker | Hy, 5(F, T) %HW
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Lemma 3.1. Forn >0,
rankz  Aloc(F;,) = rankz, X, (AY/F,) + O(1).
Proof. By Lemma 23]
rankz Xo(AY/F,) =rankz Xo(AY/Fx)r,
Since Lemma 2ZAY]) says that Xy(AY/F) is Z,[[T]]-torsion, we have
rankz Xo(A"/Fx)r, = O(1)
for n > 0. Hence, the lemma follows from (8. O

Therefore, in order to bound the Mordell-Weil rank of AV (F},), it is enough to
bound rankz, Xjoc(F,) thanks to (). We explain below how we may obtain a
bound on rankz, Xoc(Fy) using the logarithmic matrices we studied in §I41

From now on, we fix a family of classes c1,¢ca,...,¢4r.q) € Hllw,z(Fv T) such
that HIIW7E(F, T)/{c1;. .-, cqr:q)) 18 Zp[[[']]-torsion (their existence is guaranteed
by Lemma 2 4[3])).

The composition

g[F:Q]
HIIW,Z(F7 T) loc H HIW cyc Fv7 T (Colr. JU H A

vlp
is a A-homomorphism between two A-modules of rank g[F' : Q]. Let us write
Colr,;(c) = det (Colr,s, 0locy(€i))yp 1<icyirq -

Lemma 3.2. Let J € Z. Suppose that the Selmer group Sel;(AY /FL.) is Zy[[I']]-
cotorsion. Then, Colr j(c) # 0.

Proof. Recall from Lemma ZA[) that Xo(AY/F.) is Z,[[I']]-torsion. By assump-
tion, X;(AY/Fx) is also Z,[[T']]-torsion. Therefore, our result follows from (@). O

Proposition 3.3. Let 0 a character on T of conductor p"t' which is trivial on A.
Then, eg - Xoc(Frn) @z, Qp = 0 if

Z (Hr,,.5,n Colr, s(c)) (8) # 0.
JeT

Proof. Note that

HI(F (ﬂp"*l) V)
- : = F,[Gal w1 )/ EN)®9 = Q,[Gal(F, (yni1)/F,)] 291
A ()] & Q= TGty )/ F)]2 2 QplGal(Fy (s ) Fo)
as I'-modules via the Bloch-Kato dual exponential map. Thus,

g[F:Q]

H (B, (101, V)
AN Gz, e,

vlp

= Qp|Gal(F (ppn+1)/F)).

In particular,

g[F:Q] g[F:Q]
v n 1) V) Fn’u,v
eg - /\ HA /L;D+®Qp =eg- /\ HA Fooaq,

+1
vl|p /"p"
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is a one-dimensional Q,,(6)-vector space. By Proposition[I.3] our hypothesis on A ¢;
tells us that its image in this vector space is non-zero. Therefore, the ey-component
of the cokernel of

g[F:Q]

YFpw, V)
/\ HIWEFT ®Qp_> /\ HA nv ®QI)

is zero. Hence the result. O

Theorem 3.4. Let 0 be a character as in the statement of Proposition B3l Suppose
that

9) > (Hi, g0 Colr 4(c)) (6) # 0

J

forn > 0. Then
rankz AY(F,) = O(1).

Proof. Proposition says that eg - Xoc(Fr) ®z, Qp = 0 for n > 0. But
rankzp Xloc(Fn) - I‘ankZp Xloc(anl) = dimQP €p - -)cioc(Fn) ®Zp Qp7

where 6 is any character of I' of conductor p”*!. In particular, rankz, Xoc(F) =
O(1). Lemma BTl now implies that rankz, X,(AY/F,) = O(1), and our theorem
follows from (H)). O

In other words, the key to showing that the Mordell-Weil ranks of AY are
bounded inside Fi, is to establish (@I).

3.2. Special cases. If ConjectureZ2holds, Lemmal32tells us that Colr s(c)(0) #
0 if 0 is a character whose conductor is sufficiently large. However, this is not
enough to verify () since we do not have an explicit description of Hy s, in the
most general setting. In this section, we will show that when the matrices Cy, ,, are

explicit enough, it is possible to establish (@) by calculating the p-adic valuations
of Hyy,1,n(0)-

3.2.1. Block anti-diagonal matrices. We suppose in this section that for each v, we

may find a basis of Deyis o (T') such that the matrix C, is of the form (+2 3 >,

where * represents a gf, X gf, matrix defined over Z,. This is the same as saying
that ¢(v;) ¢ Fil° Degis o (T) and ¢2(v;) € Fil° Doy o(T) for all i € {1,...,gf,}. Tt
can be thought of as the analogue of a, = 0 for supersingular elliptic curves. In
particular,

_ 0 [B.
(10) Com = < O,n(1+ X)B, 2 | 0 >

for some invertible gf, x gf, matrices B, ; and B, 2 that are defined over Z, with
det(By,1By,2) =1 (since det Cy,, = p~9f). For all n > 1, we fix a primitive p"-th
root of unity (,» and we write &, = (pn — 1.
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Lemma 3.5. Suppose that C,, is block anti-diagonal for all v. Then, for alln > 1,
we have

0 ‘ 5n(Bv,1Bv,2)(n71)/2Bv,1

> if n odd,

Honlr - 1= 3 ° ;
v,n\Spn — = .
0n(Bo,1Bu2)"? ’ 0 if n even
0 [0
Here, the constant 6, is given by
{5_1.5_3...—5"_2 lf{n Odd
5, =2¢€ e En—1 ’
n € € En—1 :
L2 ifneven.
Proof. Thanks to ([IQ), we have explicitly
Hv,n(gn)
_ 0 | Bv,l . 0 | Bv,l . 0 | Bv,l . 0 | Bv,l
“\ 0] 0 ZBy2| 0 ZB,2| 0 1B | 0 )
Hence the result on multiplying out these matrices. (Il

Recall that Iy = (1y,0)y|p, where I, o = {1,...,gf,}. Let I, be the complement
of Iy; that is, I} = (Ly,1)u|p, Wwhere 1,1 = {gfu +1,...,2gf}.

Lemma 3.6. Suppose that C,, is block anti-diagonal for all v and that the Selmer
groups Sely (A/Fy) and Selp, (A/Fx) are both Z,|[T']]-cotorsion. Then, ([) holds
whenever n is sufficiently large.

Proof. Suppose that 6 sends the fixed topological generator to {,». By Lemma [3.5]
Hy,gn(0) =0
unless J = I, and n is even or J = I; and n is odd. Let us write J,, = l$
Then, the left-hand side of (@) is equal to
(Hlmln,n Colr,y (c)) ().

Lemma says that Hy  j .(0) is never zero. Our hypothesis on the J,,-Selmer

group and Lemma 3.2 tell us that (Colr, J, (c)) () # 0 when n is sufficiently large.
Hence the result follows. |

If we combine this with Theorem 3.4, we deduce our first result on the Mordell-
Weil ranks of AV.

Corollary 3.7. Suppose that C,, is block anti-diagonal for all v and that the Selmer
groups Sely (A/Fu.) and Selr, (A/Fu) are both Zy[[']]-cotorsion. Then,

rankz AY(F,) = O(1).

3.2.2. Block anti-diagonal modulo p matrices. We suppose in this section that for
each v, we may find a basis of Ds ,(T') such that the matrix C), is of the form

pAv 1 B'u 1
Cv = - ” ’
( Bv,2 pA'U,2 )

where A, 1, 4,2, B, 1 Bygo are some gf, X gf, matrices over Z, with det(B,1),
det(By2) € Z;. In other words, C, is congruent to a block anti-diagonal ma-
trix modulo p. Note that in the case of elliptic curves, given a basis of v; of
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Fil° Daris,o(T), the pair vy, ¢(v1) forms a basis of Deyis o (1) by Fontaine-Laffaille
1

. - 0 —= -1\ .
theory. The matrix of ¢ is given by (1 a_f> Thus, C, = <(1) a > is a block
p P
anti-diagonal matrix mod p whenever p|a,. We shall discuss in this next section
that the same holds for abelian varieties of GLo-type in the next section.
From now on, for each prime v, ord,, denotes the normalized p-adic valuation on

F, with ord,(p) = 1. Recall from the previous section that J, = I1- 1.
2

Lemma 3.8. Suppose that C,, is block anti-diagonal mod p for all v. Then,

ord, (Hlo,l,n(CP" —1)) —ord, (HLOJ,,L,n(Cp" —1))>1- 21

forall J # J, andn > 1.

Proof. By the calculations of Lemma, [3.5]

(n=1)/2
O®) | 00(BuaBu2) " V2Bun +0®) \ ¢ aa.
0 | 0
6n(Bv,1Bv,2)n/2 + O(p) ‘ O(p)
0 o

Hv,n(Cp" - 1) =

if n even.

Here, O(p) denotes a matrix whose entries all have p-adic valuation > 1. The
explicit formula of §,, is given by

1
ordp(én)<p—+—+~..: < 1.

Therefore,
Hlovl,,,ﬂl(cil’" — 1) = det(dn*),

where « is a matrix given by a product of B, ; and B, 2. But the determinants of
these matrices are p-adic units, so

ord, (leimn(g,,n — 1)) = g[F : Q]ord,(d,).

If J # J,, then there is at least one v where the (I, o, J,)-minor contains a
column whose entries all have p-adic valuation > 1. In the other columns, the
entries all have p-adic valuation > ord,(d,). Therefore,

ord, (Hloyi,n@p" — 1)) > 1+ (g[F : Q] —1)ordy(dy,).

Hence,

1
Ordp (Hlml’n(cpn — 1)) — Ordp (Hlo)l_,”n(gpn — 1)) Z 1-— Ordp(5n) > 1-— p2——]_,

as required. O

Lemma 3.9. Suppose that C, is block anti-diagonal mod p for all v and that
Colrz,(c) and Colry (c) are both non-zero. Furthermore, suppose that for all J
such that Colr j(c) # 0, the p-invariant of Colr j(c) is independent of J. Then
@ holds for n>> 0.
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Proof. Let p be the common p-invariant among the non-zero Colr s(c) and write
Ag for the A-invariant of Colr j(c). For n > 0, by Weierstrass’ preparation theo-
rem [Was97, Theorem 7.3],

Ag

ord, (Colr, s (e)(¢pn — 1)) = p+ W
Note that pn:\# becomes arbitrarily small as n — oo. Therefore, on combining

this with Lemma B.8] we deduce that

0 # ordy (Hp, g, .n Colr,y, (€)(Gpr — 1)) < ordy (Hy, gn Colry(e)(Gr — 1))
for all J # J,, and n > 0. Hence (@) holds. a

Corollary 3.10. Suppose that C,, is block anti-diagonal mod p for all v and that
Selr, (A/F) and Selr, (A/Fy) are both Zy[[']]-cotorsion. Furthermore, suppose
that for all J such that Sel;(A/Fx) is Z,[[I']]-cotorsion, the p-invariant of
Sel;(A/Fx)Y is independent of J. Then,

rankz AY(F,) = O(1).

Proof. By Lemmas and B9 it is enough to establish the statement on the
p-invariants. But () tells us that

1 (COITJ(C)) — I (Seli(A/Foo)v)

is independent of J, so we are done. O

Remark 3.11. In the case of elliptic curves with supersingular reduction at p, it is
conjectured that the signed Selmer groups have zero p-invariants [Pol03, Conjecture
6.3] [PRO3}, Conjecture 7.1].

3.3. Abelian varieties of GLs-type. We now assume that A is an abelian va-
riety defined over Q of GLa-type as defined in [Rib92|; that is, the algebra of
Q-endomorphisms of A contains a number field E of degree [E : Q] = dim A. We
also assume that the ring of integers Og of FE is the ring of Q-endomorphisms of
A and that p is unramified in E. In particular, the p-adic Tate module of A splits
into

T= @TP(A)a

where the direct sum runs over all primes p of E above p and T,(A) is a free
Op-module of rank 2 with O, the completion of Of at p.

Since A is defined over Q, we have Deyis o (T (A)) = Deris(Tp(A)) ® Oy, where
D..is(—) denotes the Dieudonné module over Q,. Therefore, it is sufficient to study
the matrix of ¢ over Dqyis(Ty(A)). The action of ¢ on Des(Ty(A)) is Op-linear,
turning Deyis(T,(A)) into a rank-two filtered Op-module.

By considering the image of the Kummer map in H'(Q,, T,(A)), we see that
the Hodge-Tate weights for this filtration are 0 and 1, each with multiplicity one.
Fontaine-Laffaille theory tells us that there exists an O,-basis of the form wy, p(wy),
where w, generates Fil° Deyis(Ty(A)). As A is supersingular at p, the eigenvalues
of ¢ are of the form (;//p i = 1,2, where (; is a root of unity. But p is unramified
in E,. For the trace of ¢ to be an element of E,, (; + (2 must be an element of
pO,. Therefore, the matrix of ¢ with respect to the basis {wp,¢(wp)} is of the
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form ) 2| for some ap € pO, and b, € Oy . If we choose a Z,-basis of O, say
{z1,...,2(8,.q,]}, then this gives rise to a Z,-basis of Deis(T,(A)), namely,

{ziwp v, Tip(wpo) i =1,...,[Ey : Qpl}.

Under this choice of bases, we see that the resulting matrix C, will be block anti-
diagonal mod p for all v, in particular, Corollary Furthermore, if ay, , = 0 for
all p and v, then C, will even be block anti-diagonal. In this case, Corollary [3.7]
applies.
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