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ABSTRACT. We consider a class of stratified groups with a CR structure and
a compatible control distance. For these Lie groups we show that the space of
conformal maps coincide with the space of CR and anti-CR diffeomorphisms.
Furthermore, we prove that on products of such groups, all CR and anti-CR
maps are product maps, up to a permutation isomorphism, and affine in each
component. As examples, we consider free groups on two generators, and show
that these admit very simple polynomial embeddings in CV that induce their
CR structure.

1. INTRODUCTION

In this article, we consider the interplay between metric and complex geometry
on some model manifolds. This is the first outcome of a larger project which aims
to develop a unified theory of conformal and CR structures on the one hand, and
to define explicit polynomial embeddings of certain CR manifolds into C™ on the
other. This kind of embedding is what permits the detailed analysis of the O
operator carried out by Stein and his collaborators since the 1970s (see [6]). The
analogy between CR and conformal geometry is well documented in the case of CR
manifolds of hypersurface-type, see, e.g., [(LI0HI417]. The easiest and perhaps the
most studied example in this setting is that of the Heisenberg group, taken with
its sub-Riemannian structure. Here we will focus on those CR manifolds that are
stratified groups and that admit a control metric compatible with the CR structure
in a suitable sense.

The class of stratified groups that we consider have a particular algebraic struc-
ture, which we call tight. These are the indecomposable examples that mimic the
Heisenberg group, in the sense that the metric and algebraic structures are very
closely tied together. It turns out that the only tight stratified groups are either
Heisenberg groups or groups whose Lie algebras have two generators (Corollary 3.2]).
Tight groups may be endowed with an abstract CR structure. We will show that
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the space of CR and anti-CR automorphisms coincides with the space of confor-
mal maps with respect to a compatible control metric (Theorem [33]). Hence, we
consider the problem of realising our spaces as embedded manifolds. The fact that
these groups embed as CR submanifolds of C™ for appropriate n is a consequence
of [1]; see also [9]. We will find explicit embeddings in the cases of free Lie groups
with two generators and step at most 8 (Theorem [.]). Further, we will show that,
on products of tight groups, all CR maps are product maps, up to a permutation
isomorphism, and are affine in each component, that is, the composition of a trans-
lation with a group automorphism (Theorem 5. In order to achieve this, we first
show that differentiable quasiconformal mappings on product stratified groups are
product mappings, up to an automorphic permutation (Theorem [.1)). The last
result is a minor variation of [19, Theorem 1.1].

Here is what follows. In Section 2] we establish the definitions and properties of
Carnot groups and conformal mappings that will be used throughout this paper. In
Section [3] we introduce CR structures on stratified groups and define a compatible
metric when the groups are tight. In this section we prove one of our main results,
Theorem B3] and we ask whether we can see these CR groups as boundaries of
domains in some C". This is equivalent to constructing explicit embeddings in
some C", which is in turn equivalent to solving a system of differential equations.
In Section @] we find the explicit embeddings for the case of free nilpotent groups
with two generators up to step 8, by solving the differential equations of the pre-
vious section. Finally, in Section [5.5] we prove our result about product groups,
Theorem 5.5 which is a consequence of Theorem B.3] and Corollary 5.3l

2. PRELIMINARIES

In this section, we define stratified Lie algebras and Lie groups, and show how
to put sub-Riemannian structures on these. We also define the Pansu derivative
and consider quasiconformal mappings for these structures.

2.1. Stratified Lie algebras. A Lie algebra g is said to be stratified of step £ if
g=9-1D---Dg-y,

where [g_;j,9-1] = g—;—1 when 1 < j < ¢, while g_, # {0} and g_,—1 = {0}; this
implies that g is nilpotent. We assume that dim(g) is at least 3 to avoid degenerate
cases.

We write 7; for the canonical projection of g onto g—_;, 3(g) for the centre of g,
and Aut(g) for the group of automorphisms of g. In particular, for each s € RT,
the dilation §; € Aut(g) is defined to be Ele sim;.

For a linear map of g, preserving all the subspaces g_; of the stratification is
equivalent to commuting with dilations, and to having a block-diagonal matrix
representation. We call such maps strata-preserving. We write Aut‘;(g) for the
subset of Aut(g) of strata-preserving automorphisms; these are determined by their
action on g_1. A stratified Lie algebra g is said to be totally nonabelian if g_1 N
3(g) = {0}. If g is totally nonabelian, then g has a finest direct sum decomposition
(see [B, Theorem 2.3]):
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where the g* are nontrivial totally nonabelian stratified Lie algebras that commute
pairwise, with the additional property that, given any direct sum decomposition
EBszl g’ of g into ideals, the set {1,..., K} may be partitioned into disjoint subsets
Ji,...,Jr such that
i=Pd wviefr,... L}
JES

When j,k € {1,..., K}, we write j ~ k if and only if there is a strata-preserving
isomorphism from g7 to g¥; then ~ is an equivalence relation. For each equivalence
class [j] and each k € [j], choose a stratified Lie algebra gl isomorphic to g7, and
a strata-preserving isomorphism I* from gl? to g*, whose inverse we write as I~*.

When o lies in S), the group of permutations of {1,...,m} that preserve the
equivalence classes of ~, define I € Aut’(g) by first setting

I°(X) = 1°UI9(X)
for all X € g7 and all j € {1,...,m}, and then extending this definition to g by

linearity. It is well known and easy to check that the map o — I? embeds S in
Aut®(g). We denote the image by Perm(g).

2.2. Stratified Lie groups. Let G be a stratified Lie group of step £. This means
that G is connected and simply connected, and its Lie algebra g is stratified with ¢
layers. The identity of G is written e

Since G is nilpotent, connected, and simply connected, the exponential map exp

is a bijection from g to G, with inverse log. In particular, if {U; : j = 1,...,n}
is a basis of g, we may write every point of G as exp(u Uy + - - - + u, U, ), which
we denote by (u1,...,u,) and call exponential coordinates of the first kind. We

also write J, for the automorphism of G given by exp o ds o log. The differential
T — (T.). is a one-to-one correspondence between automorphisms of G and of g,
and T = exp o (Ti). o log. We denote by Aut(G) the group of automorphisms of
G, and by Aut5(G) the subgroup of automorphisms that commute with dilations.

A stratified connected simply connected Lie group G is called totally nonabelian
or a direct product if its Lie algebra is totally nonabelian or a Lie algebra direct
sum. The finest direct product decomposition of the group is that associated to the
finest direct sum decomposition of the Lie algebra.

First, we state and prove a preliminary lemma.

Lemma 2.1. Suppose that G is a simply connected nilpotent Lie group, with an or-
thonormal basis {U; : j =1,...,n} forits Lie algebra. Let Y~ c 2™ be the power
series of the function z/(1 —e~?) (extended to 0 by continuity), which converges in
the ball with centre 0 and radius 2w. Then the left-invariant vector field X corre-

sponding to X € g, evaluated at exp(Y') in G, is given in exponential coordinates
of the first kind by

Xepy = < (Z Ch adk(Y)> X, Uj> O
k=0

where the sum terminates when k is sufficiently large as ad(Y") is nilpotent.

Proof. The derivative of the exponential map exp at Y € g is given by

1 — exp(—ad(Y)) i (=DF ad®(Y)
(

ad(Y) Tkt 1)!
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(see, for example, [I5, Theorem 2.14.3]), and the series terminates because G is
nilpotent. (Il

The coefficients ¢; may be determined inductively from the condition

i (_1)k P ic =1
(k +1)! £ ’

k=0

and we find that

1 1 0 -1
—_ = — Caq = Cp = ——
9 3 ) 4 720’

In a stratified group G, more can be said. We say that a function f on G is
homogeneous of degree d if f(J,x) = s?f(x), and a differential operator D on G is
homogeneous of degree e (which may be negative) if Df is homogeneous of degree
d 4+ e whenever f is homogeneous of degree d. We write deg(f) and deg(D) for
these degrees.

If X € g_, then the associated vector field X is homogeneous of degree —k. If
we take a basis {U; : j = 1,...,n} of g, where each U; belongs to some g_g(;, and
use exponential coordinates of the first kind on G, that is, we write

00:1, 1 =

(u1,...,up) :=exp(urUs + ... u,Uy),

then the coordinate function u; is homogeneous of degree d(j). A vector field
that is homogeneous of degree d is a linear combination of the left-invariant vector
fields Uy, ..., U,, with coefficients c; that are homogeneous functions, and d =
deg(c;) + deg(U;).

2.3. The Pansu differential. We denote by L, the left translation by p in G,
that is, L,q = pq for all ¢ € G. The subbundle HG of the tangent bundle TG
given by H,G = (Lp)«(g—1) is called the horizontal distribution. We write {2 for an
arbitrary nonempty connected open subset of G. The differential of a differentiable
map f: Q — G is written f.. We recall that a continuous map f : Q — G is Pansu
differentiable at p € € if the limit

Ji 57 0Lty 0 foLyoso

converges, uniformly for ¢ in compact subsets of G, to a strata-preserving homomor-
phism of G, written D f,(q). If f is Pansu differentiable at p, then log o D f, o exp
is a Lie algebra homomorphism, written df,, and

dfy(X) = lim log 087 0 Ly} o f o L, 08, 0 exp(X)

exists, uniformly for X in compact subsets of g. We call D f, the Pansu derivative
and df,, the Pansu differential of f at p. By construction, both Df, and df,
commute with dilations, and so in particular, df), is a strata-preserving Lie algebra
homomorphism.

Note that if T" is a strata-preserving automorphism of G, then its Pansu derivative
DT(p) coincides with T at every point, and its Pansu differential dT'(p) coincides
with the Lie differential log o T" o exp at every point. Thus our notation is a little
different from the standard Lie theory notation, but is not ambiguous.
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2.4. The sub-Riemannian distance. We fix a scalar product (-,-) on g_1, and
we define a left-invariant Riemannian metric on the horizontal distribution by the
formula

(2.1) (VW) = (Lp-1)(V), (Lp-1)+(W))

forall V,;W € H,G and all p € G. This gives rise to a left-invariant sub-Riemannian
or Carnot—Carathéodory distance function ¢ on G. To define this, we first say that
a smooth curve v is horizontal if ¥(t) € H.,4)G for every t. Then we define the
distance o(p, q) between points p and ¢ by

1/2

1
mnq>:AnﬁA (30 0) 2

where in the infimum we take all horizontal curves « : [0,1] — G such that (0) = p
and (1) = ¢. The distance function is homogeneous, symmetric, and left-invariant,
that is,

s~ 0(6sp,859) = o(p,q) = olq,p) = o(rq,mp)  Vp,q,r €G Vs €RT;

in particular, o(p,q) = o(¢'p,e). The stratified group G, equipped with the
distance o, is known as a Carnot group.

2.5. Quasiconformal automorphisms and maps. We write S(V') for the unit
sphere in a normed vector space V.
Suppose that A > 1. We say that T € Aut‘s(g) is A-quasiconformal if and only if

max {||7X]: X € S(g—1)} < Amin{||TX]| : X € S(g_1)}.

Of course, every T € Aut’(g) is A-quasiconformal for sufficiently large .
Suppose that s € RT. In a Carnot group, the distortion H(f,p,s) of a map
f:Q — G at a point p € Q and at scale s € R is defined by

_sup{o(f(2),f(p)) : v € Q, 0(x,p) < s}
HU2) = o), 7)) s 2 € @ olap) = )

The map f is A-quasiconformal in ) if

limsup H(f,p,s) < A Vp € Q,
s—0+

and f is quasiconformal if it is A-quasiconformal for some A € RT.

If the map f is C*, then it is A-quasiconformal in  if and only if its Pansu
differential df, is A-quasiconformal at all p € Q. It is known that 1-quasiconformal
maps on Carnot groups and on some sub-Riemannian manifolds are smooth (see
[2L3]); such maps are also known as conformal maps.

3. CR STRATIFIED GROUPS AND CARNOT GROUPS

In this section, we consider CR structures on stratified groups and Carnot groups;
we consider an example with an illustrious history, and construct many new exam-
ples of Carnot groups as boundaries of domains.
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3.1. CR stratified groups. Let G be a stratified group such that dimg_; = 2m
and let n be the integer such that 2m +n = dim G. We define an almost complex

structure on g_; to be a linear isomorphism J : g_; — g_1 such that J2 = —Id
and
(3.1) [X,)Y]=[JX,JY] and [X,JY]=-[JX,Y]

for all X,Y € g_1. A stratified group G equipped with such a mapping J is said
to be a CR stratified group of type (m,n). Let L = span{X —iJX : X € g_1}. It
is easy to check that (B is equivalent to L being abelian in the complexification
gc of g.
We say that T' € Aut‘s(g) is a CR automorphism or an anti-CR automorphism if
T‘E—l‘]: JTlQ—l or Tlg—lJ: _JT|Q—1;

equivalently, Tc(L) C L or Tc(L) C L, where T¢ denotes the linear extension of T
to gc. Notice that the inverse of a CR automorphism is also a CR automorphism.
A diffeomorphism f : @ — T between domains in G is a CR mapping or an anti-
CR mapping if and only if its Pansu differential df, is a CR automorphism or an
anti-CR automorphism for every p € Q4. In this section we will study the structure
and the CR diffeomorphisms of CR stratified groups. In particular, we will show
that, for a class of these groups, the space of conformal maps with respect to a
compatible metric coincides with the space of CR maps. Last but not least, we
will show some explicit embeddings of CR stratified groups into C™*" via a CR
diffeomorphism.

3.2. Tight groups. We say that a stratified group is tight if g is totally nonabelian,
its finest direct product decomposition has only one factor, and dimg_s = 1. Equiv-
alently,
g-1= Span{Xla s aXﬂ'HYlv s 7Ym}a
where
(3.2) (X;, X =[Y;,Y)) =0 and [X; Y] =06;U Vi, l=1,...,m.
It is straightforward to check that the space L, defined by
L:=span{X; —iY; : j=1,...,m},
satisfies [L, L] = {0}. So tight stratified groups are CR with respect to the almost

complex structure determined by the requirements that JX; =Y, and JY; = —X;
for every j =1,...,m.

Lemma 3.1. Let G be a tight CR stratified group. If m > 1, then U is central,
that is, [X;, U] =[Y;,Ul =0 when j =1,...,m.

Proof. We argue by contradiction. Suppose that [X;, U] # 0 for some j. Renum-
bering if necessary, we may assume that j = 1. Then [X;, [X2, Y2]] # 0. However,
by the Jacobi identity and (B2),

[X1, [Xo, Yol = [[X1, Xo], Yo + [Xo, [X1, V2] = O,
which gives a contradiction. We may show that [Y}, U] = 0 similarly. O

Corollary 3.2. Let G be a tight CR stratified group with dim(g_1) = 2m. Then
exactly one of the following holds:

(i) g-1 =span{Xy,Y1} and g_3 # {0},
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(ii) g-1 = span{Xy,..., X, Y1,...,Yin}, g2 = span{U} and g_3 = {0}. In
this case g is the Heisenberg algebra of dimension 2m + 1.

When G is tight, we consider the element U* € g* uniquely defined by U*(U) = 1
and U*(X) = 0 for all X € @, g—, and the left-invariant one-form 6 such that
0., = U*. Then the bilinear form

By(X,Y) = df(X, JY)

is a scalar product on g_; for which {X;,..., X,,,Y1,...,Y,,} is an orthonormal
basis. Moreover, By is compatible with J, in the sense that

By(JX,JY)=By(X,Y) VXY €eg_,.

We define a Carnot group structure on G using the left-invariant metric on the
horizontal subbundle that coincides with By at the identity.

Theorem 3.3. Let G be a tight stratified group with the Carnot distance determined
by By. Let f:Q — G be a homeomorphism from a connected open subset Q) of G
onto its image. Then f is 1-quasiconformal if and only if f is CR or anti-CR.

Proof. We say that T € Aut®(g) is conformal if
(3.3) T =X VX g1,

or, equivalently, if T¢T = A?Id for some A € R,. Here T* denotes the transpose
with respect to Byp. It is well known that f is 1-quasiconformal if and only if
df, is conformal for every p € Q [3]. Therefore, it is enough to show that every
conformal automorphism is a CR or anti-CR automorphism, and vice versa. Since
G is tight, either dimg_; = 2 or G is the Heisenberg group of dimension 2m + 1.
It is straightforward to show in both cases that for all T € Aut® (g), the condition
T4 ,Tlg_ , = AN1d is equivalent to T|g ,J = JT|y , or Tly ,J =—JT|4 ,. O

The theorem above holds for every left-invariant metric that is compatible with
the CR structure. Indeed, let B’ be any scalar product on g_; with the property
that

B'(JX,JY)=B'(X,Y) VX,V €g_1.

Then there is A € GL(2¢,R) such that B (X,Y) = Byp(AX, AY). The compatibility
condition and the definition of A imply that By(JAX, JAY) = By(AJX, AJY),
which in turn implies that AJ = JA or AJ = —JA. Therefore A induces a CR or
anti-CR automorphism of g, and so by Theorem B3] the left-invariant metrics with
respect to By and B’ are conformally equivalent.

3.3. CR embeddings of tight groups. We are now deriving a system of equa-
tions whose solutions, if they exist, yield explicit CR embeddings of tight groups
G into C™™ that generalise those considered by Nagel and Stein; our embeddings
are more closely related to work of Andreotti and Hill [I], and generalise work of
the fourth-named author and her collaborators [16,[17]. As the Heisenberg groups
are well understood, we concentrate on the case where dimg_; = 2 and g_3 is
nontrivial. Our construction involves several steps.

First, extend an orthonormal basis {X,Y} of g_; to a basis {X,Y,Us,...,U,}
of g, where we choose the U; from the iterated commutators of X and Y in order
to first span g_o, then g_3, and so on. We then extend the inner product on g_;



74 MICHAEL G. COWLING, JI LI, ALESSANDRO OTTAZZI, AND QINGYAN WU
to an inner product on g so that our basis is orthonormal. We use exponential
coordinates of the first kind, and take an element of G to be

(X, y,ur,...uy) =exp(aX +yY +u Uy + -+ - + u,Uy).

By Lemma 2] the left-invariant vector field T' corresponding to an element T of g
is given in these coordinates by

Toxpy = (T, X) 8, + (T, Y) 9, +Z<<chadk ) T,U; >a
j=1
:aTar+bTay+ZpT,j(x7yau17"',un)8Uj7
=1

where ar = (T, X), by = (T,Y), and pr;(x,y,u1,...,u,) is equal to

3

3 Z <adk (@X +yY +u Uy + -+ upUn)T, Ul> Du,
=1 k=0

The functions pr ; are polynomials of bounded degree, since the series above has
finitely many nonzero terms, and are homogeneous if 7" is homogeneous. In partic-
ular,

n
X =0, + prd»(x, Yy ULy ooy Up ) Oy,
j=1
and
n
Y = 8y + Zpy,j(x,y,ul, N ,un)au]..
j=1
Now we seek to map G into the surface

RQ—}-QTL .

{(z,y,u1y .y Up,y V1, .., Up) € vj = q; (X, Y, U1, ..., Uy),j=1,...,n},

where the g; are homogeneous polynomials of positive degree, using the map ¢,
defined by taking ¢(z,y,u1, ..., u,) equal to

(xay,ula' "aun7Q1(x,yvu1,-~-;un)ﬂ' "aQn(x,yvul,“-;un))'

The map ¢ is evidently a C*° embedding, and 0 lies on the surface. In the obvious
extension of our coordinate system, the differential ¢, of ¢ satisfies

n
Z qu ;-

We identify (x,y,u1,..., U, v1,...,0,) € R2F2" with (z,w1,...,w,) € CH7,
where z = z + ¢y and w; = u; + 7v;. When we do this, our embedding is a CR
embedding if and only if the complex (1,0) vector field Z = X + Y on G maps to
a (1,0) vector field tangent to the surface in C!*". Now

$+(Z) = ¢u(X) +igu(Y),

and this is a (1,0) vector field if and only if the coefficient of 0, is 4 times the
coefficient of 9, for all j, that is,

(Xq;) +i(Yqs) = i(px; + ipv),
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or equivalently,
(34) Xq] = _pY,j(xayaula"'aun)a
Yqj :pX,j($7y>u17"'7un)‘

This is a nontrivial system of differential equations, and we do not know whether it
can be solved in general. There are certainly many examples where this is possible,
for instance, if g is filiform—see [I6,[18]. In the next section, we will consider
the case of free nilpotent Lie groups with two generators and use an alternative
coordinate system to solve ([B.4) for the case when these Lie groups have step at
most 8.

If the stratified group G is not tight, there is no obvious canonical choice of
a compatible Carnot structure. Hence the extent to which we can generalise our
study of the interplay between conformal and CR structures in the general case is
unclear.

4. FREE NILPOTENT LIE GROUPS

In this section we focus on solving the system of equations (34]) in the tight case,
that is, for free nilpotent Lie groups whose Lie algebra has two generators and step
at least 2. We introduce some further notation, that in some cases will replace that
of the previous sections. Denote by f2 s the free nilpotent Lie algebra of step s with
two generators, and let n = dimf, . Recall that ;¢ is the biggest nilpotent Lie
algebra of step s generated by iterated brackets of two generators X; and Xs5. The
elements in the linear span of

(Xays-- o [ Xan_1s Xayl -+ -1,

where X,,,..., X, are vectors in fo 5, are said to have length at most k. We now
recall the recursive definition of the Hall basis [§] for f2 ;. Each element in the basis
is a monomial in the generators. The generators X; and X» are elements of the basis
and of length 1. Assume that we have defined basis elements of lengths 1,...,/—1
and that they are simply ordered in such a way that X < Y if length(X) <
length(Y). If length(X) = r and length(Y) = ¢, and ¢ = r + ¢, then [X,Y] is a
basis element of length ¢ if:

1. X and Y are basis elements and X > Y, and
2. it X =[Z, W], then Y > W.

Number the basis elements using this ordering, ie., X3 = [X3, X1], X4 =
[X3, X1], X5 = [X3,X2], etc. Consider a basis element X; as a bracket in the
lower order basis elements, [X;,, Xy,], where j1 > ki. If we repeat this process
with X;,, we get X; = [[X,,, X&,], Xk, |, where ko < ki by the Hall basis condi-
tions. Continuing in this fashion, we end up with

(4.1) X; = [ [ X Xi, |, Xin] o, X

12

]’Xim]v

im—1

where i3 = 1 and iy < 4p41 when 2 < ¢ < m — 1. Since this expansion involves
m brackets, we shall write d(i) = m and define d(1) = d(2) = 0. This process
naturally associates a multi-index I(i) = (ai,...,a,) to each Hall basis element
X, defined by a, = #{t : iy = r}. Note that I(i) = (0,...,0) for i = 1,2. Let
x = (x1,...,xy,) be coordinates in R"”. For every j > 3, we define the monomial p;
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by
(=D 16

I(5)! ’
where 210 =g 0 LD and TGN =TG-+ TG, TG =T ()1 - - T(G)n)-
Notice that I(j); > 1. It will be convenient to represent the bracket (@II) by the
vector (2,1,42,...,%m). We stress that any one of the formula @Il for X;, the

vector (2,1,42,...,%m), or the monomial p;, uniquely describes the other two.
The vector fields

pj(w):=

0

Oz

7] 0 Z
! 81‘1 an 2 81‘2 + j>3p]

generate the Lie algebra fa ;. We now rewrite ([8:4) using these vector fields as
generators. Thus, we look for polynomials g; solving

X1q; = —pj,
ng]‘ =0
for every j > 3. Since p; is a monomial, the first equation integrates to

qj = ¢jT1pj + 1y,

where ¢; € (0,1] and r; = rj(z2,...,2,). We substitute this in the second equation
to obtain

0 0
cjr1 Xop; + Xor; = cjx1 (8 pj + Zpk ) ’I”] + Zpg 7‘] =0.

Since I(t); > 1 when ¢ > 3, it follows that Or; /02 is the only term that does not
depend on z1, so it is zero, and r; = r;(x3,...,2,). Hence for a free nilpotent
Lie algebra with two generators, the system (B.4) can be solved if we can find
rj(x3,...,%,) such that

(4.2) CjT ( P+ Zpk p]> +Zpe

£>2

for all j > 3. We now solve thls system of equations for free Lie algebras up to
step 8.

Theorem 4.1. Let fo s be a free nilpotent Lie algebra of step s at most 8. Then
the system of equations [E2) admits a solution of the form

Tj(fl?g, e ,xn) == Zai}l‘k + Zb%$%7
k>2 £>2
for some ai, bz € R. In particular, if s <5, then bz =0.
Vice versa, if s > 9, then there is j > 3 such that Y, _, al @k + > o0 bjxs does

not solve (L2).

For a free nilpotent Lie algebra with two generators, we may represent the mono-
mials py by the vector (2,1,¢1,...,£,,). We stress that this vector is not the same
as I(¢). Vice versa, in order for such a vector to represent a nonzero monomial
pe, it must be that (2,1,¢1,...,0,_1) represents a basis vector higher than X,
and with X, > X, _,. Using these rules, we may easily construct all vectors for
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TABLE 1. Monomials up to step 8.

Step | Vectors Monomials
2 (2,1) p3 = —x1
3 1211, (21,2 pa =12}, ps =212
4 | 21L11),(2,1,1,2) pe = — gl pr = — ot
(2,1,2,2 ps = —1zia2
(2,1,1,1,1), (2,1,1,1,2) po = 34 ®1, P10 = Fajws
5 | (2,1,1,2,2), (2,1,2,2,2) p11 = TiT3,p12 = lxlxg
(27 1,1, 3)7 (27 1,2, 3) P13 = *%Ifﬂfs,pm = —X1X2x3
(2,1,1,1,1,1), (2,1,1,1,1,2) P15 = *mwl,:ﬂls = 7ﬁm1m23
(2,1,1,1,2,2), (2,1,1,2,2,2) p17 = — 5 xia, pis = — Laiad
6 (2,1,2,2,2,2), (2,1,1,1,3) Pro = — oy @15, poo = 11113
(27 17 172-, 3)-, (27 172727 3) P21 = %wlewg,pgz = %111313
(27 17 27 4) P23 = —T1T2T4
1 6 _ 1
(2,1,1,1,1,1,1), (2,1,1,1,1,1,2) P24 = 730%1,P25 = 1o 1w2
(2,1,1,1,1,2,2), (2,1,1,1,2,2,2) P26 = 35} %5, P27 = —?x wz
(2,1,1,2,2,2,2), (2,1,2,2,2,2,2) p2g = _833132271”29 = 1207”19”2
(2,1,1,1,1,3), (2,1,1,1,2,3) P30 = — o T1T3, P31 = —sx5T273
7 (2,1,1,2,2,3), (2,1,2,2,2,3) P32 = *imfﬂﬁgmmms = *%111313
(2,1,1,3,3), (2,1,2,3,3) paa = 1a2a? pas = Swimonl
(2,1,1,1,4), (2,1,1,1,5) p3s = taixa, p3r = txias
(2,1,1,2,4), (2,1,1,2,5) p3s = Lairara, p3o = Lairazs
(2,1,2,2,4), (2,1,2,2,5) Pao = twiaizs, p3s = Lzials
P41 = —50q0 T, Pa2 = — g TIa2
(2,1,1,1,1,1,1,1), (2,1,1,1,1,1,1,2) _ Qa0 _ T
(2,1,1,1,1,1,2,2), (2,1,1,1,1,2,2,2) | P8 T T 20% %5 P44 = ~ g ¥ 73
(2,1,1,1,2,2,2,2), (2,1,1,2,2,2,2,2) | P45 = ~ 143 %1% P46 = ~ 3102172
(2,1,2,2,2,2,2,2), (2,1,1,1,1,1,3) Pa7 = 7223”1%71’48 = T20d1%s
(2,1,1,1,1,2,3), (2,1,1,1,2,2,3) Pio = 3770383, P50 = 191 T4T3
(2,1,1,2,2,2,3), (2,1,2,2,2,2,3) P51 = 15T;25T3, P52 = 24“7}2“92“93
(2,1,1,1,3,3), (2,1,1,2,3,3) P53 = — 15 T1T3, Psa = — 327 twaw]
8 (2,1,2,2,3,3), (2,1,1,1,1,4) P55 = —$T1T3T5, P56 = 54T, T4
(2,1,1,1,1,5), (2,1,1,1,2,4) P57 = —37%1T5, Pss = — T3 Laly
(2,1,1,1,2,5), (2,1, 1,2,2,3) Pso = —lw%was,pﬁo = —1afalzy
HPEERE b R Lo e e R
L P63 = —§TL1T2x5, P64 = F3TIT3T4
(2,1,1,3,5), (2,1,2,3,4) _ 122 _
P65 = 3T1X3T5, P66 = T1X2T3T4
(2,1,2,3,5), (2,1,1,2,6) Por = 2172757y, pos = Lazaze
(2,1,2,2,6), (2,1,2,2,7) 1 oo 2 PeS T 2Ty
P69 = 5T1X5%6, P70 = 5L1T5X7

a given step. For example, if the step is 2, we only have the monomial p3, corre-
sponding to the vector (2,1). In step 3, we have to add two more monomials, p4,
and ps, corresponding to the vectors (2,1,1) and (2, 1,2). We write all vectors and
monomials up to step 8 in Table[Il

Theorem [4.1] will be a consequence of the following three lemmas.

Lemma 4.2. Let f2 ; be a free nilpotent Lie algebra of step s at most 8. Then for
all j, k > 3,

x1pr=—0p; € span{ps}
1Pk 9xkpg p DPe
for some £ = £(j, k).

Proof. We say that X; has height h(j) if X; € g_ h . Observe that p; is homoge-
neous of degree h(j) — 1. Tt follows that, if x1py mpj 75 0, then it is homogeneous
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of the same degree as p;. If this is the case, for our statement to be true, it must be
that h(€) = h(j). Moreover, %pj can only be nonzero if 3 < k < 7. Using these
observations, the claim readily follows by inspecting Table [II ]

Lemma 4.3. Let f2 ; be a free nilpotent Lie algebra of step s at most 8. Then for
every j > 3,

span{p;} if j # 23,

span{xaps} if j =23,

span{zepe} if j = 68,

span{z7pr} if j =170

for some ¢ = £(j). In particular, if s <5, then x; 8%2171' € span{py}.

r1—P; €
lazgp]

Proof. Given p;, we study the action of xla%z on the associated vector (2,1,
J2y-v-ydm). I jx # 2 for all k, then x; 8%21)]» = 0 and we are done. Otherwise,

let k be the smallest integer such that jp = 2. Then the action of 11% replaces
the jith entry with 1, and more precisely,

(2’ l’jQ’ e ’jm) g (2’ 15j25 e ajk—h 17jk+17 e 7j7n)-
If (2,1,52,...,9k—1,1, jk+1,---,Jm) represents a monomial p, for some ¢, then
we are done. By inspecting Table [I this always occurs except for the vectors
(2,1,2,4),(2,1,1,2,6), and (2,1,2,2,7), which represent the monomials pss, pes,
and prg. In these cases,

9] _ 0 o
L1573 P23 = —T15 T1T2Tg4 = —L1L4 = —T4P4
8I2 81‘2
. . o o
and, similarly, x; Fu5 P68 = —3xeps and 1 Fug P70 = —2x7p7. |

Lemma 4.4. Let fo s be a free nilpotent Lie algebra of step 9. Then there is j for
which Yoo @l + Y yun bjx} is not a solution of @2) for every aj,b) € R.
Proof. When s = 9, consider the monomial p; = z1222425, corresponding to the

vector (2,1,2,4,5). A direct computation shows that every solution r; of (£2]) for
this monomial contains c;z3z5 for some ¢; # 0. O

Proof of Theorem .1l In view of Lemmas and 3] if j # 23 we may rewrite
the equation ([@2]) as

0 0
Zavp'u + 21%8—“7';‘ = Z (az + 8—MTJ'> pe=0
v>2 £>2 £>2

for some constants a,. Then r; = — 3", 5 apxy is a solution. If j = 23, then (2
becomes

0
—camapat+ D bupy+ Zpea—wm =0

v>2,0#4 £>2
for some constants b,. Hence ro3 = —Zv>2,v¢4 by, + %“xi is a solution. A
quadratic solution can be found in the same way for j = 68 and j = 70. ]

Theorem Tl suggests that all free tight groups can be embedded into C**" by
means of polynomial functions. The pattern that these polynomials follow is at the
moment unknown to the authors. For example, we find linear solutions for groups
up to step 5 and then again at step 7, whereas quadratic solutions are only sufficient
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up to step 8. However, our result gives an algorithm for finding these embeddings
for anyone to use and that we plan to implement for MAPLE. Hopefully, this will
provide us with enough examples to look again at the global picture.

5. PrRoDpUCTS

We say that a mapping on G is affine if it is the composition of a left translation
with an element in Aut’(G).

Theorem 5.1. Suppose that G is a totally nonabelian Carnot group, with finest
direct product decomposition G* x --- x G™, where m > 1. Let f : G — G be a C*
quasiconformal map. Then f is composed of a group automorphism that permutes
the groups GJ and a product bi-Lipschitz map.

Proof. We write either p or (p!,...,p™) for a typical element of G.

The Pansu differential of a C' global quasiconformal mapping f is continuous,
and hence its Perm(g) component is constant. This is an automorphism of g and
by conjugation with the exponential may be considered as an automorphism of G,
and is therefore quasiconformal. By composing with the inverse of this automor-
phism if necessary, we may assume that the Pansu differential df,, of f is a product
automorphism (see [5, Corollary 3.4]).

If we take a horizontal curve v in one of the factors G7, then f o~ is again a
horizontal curve, whose Pansu derivative is df o<, and so f o~ moves in the factor
G’ and is fixed in the other factors. The groups G’ mutually commute, and it
follows immediately that f is a product map: we may find maps f7 : G — G7 such
that

f@ ™) = (e, M) VpeG.

The Pansu differential df, is also a product map:
dfp:(dfgl,...,dfﬁn) Vp € G.
If f is A-quasiconformal, it follows immediately that when j # k,
max {||df, (X)| : X € S(a” )} < Amin { |[af (X) | - X € S(g* )}
for all p € G. Define
o) = inf{de]fk (X)H L X € S(gh),pt e Gk}
for all k, and now fix k such that ¢, = min{c; : j € {1,...,m}}. Then, when j # k,
sup{”dfgj (X)||: X € S(g”1),p" € G7} < Ay
Fix j different from k. Since
sup {de;ﬁ(X)H : X € S(ghy),ph e Gk}
< Ainf {7, (X)|| - X € S(g?)), 0 € G},
it follows that
Sup{de;fk (X)H X € S(gh ), Pk € GFY < N2

Since f is not constant, ¢; # 0, and now each map f7 is bi-Lipschitz, and, by
considering horizontal curves, we conclude that

ek o(p,q) < o(f(p), f(q)) < Nerolp,q)  VpgeG,
as required. 0
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Remark 5.2. The argument above shows that if f is defined in a domain 2 in G,
then f is locally a product mapping. Of course, this does not imply that f is a
product mapping, unless €2 is a product domain. However, if f is 1-quasiconformal,
then stronger conclusions do hold.

Corollary 5.3. Suppose that G is a totally nonabelian Carnot group, with finest
direct product decomposition G x --- x G™, where m > 1. Let f : Q0 — G be a 1-
quasiconformal map from a domain § in G onto its image. Then f is the restriction
to Q0 of the composition of a group automorphism that permutes the groups G7 and
a product affine map.

Proof. By [3], f is smooth. By [4, Theorem 4.1], f is an affine map. In particular,
f extends analytically to a conformal map on all of G. By Theorem B}, it follows
that f is is the composition of a group automorphism that permutes the groups G’
and a product map. O

Remark 5.4. We recall that if G is the Heisenberg group H", then conformal maps
on a domain in G are restrictions of the action of an element of SU(1,n + 1) [12].
However, if G is the product of m Heisenberg groups H™ where m > 2, then most
elements in SU(1,n1 + 1) x --- x SU(1,n,, + 1) do not induce conformal maps on
domains in G. Indeed, from the previous corollary, conformal maps are affine in
this case.

5.1. CR mappings on product groups.

Theorem 5.5. Suppose that G is a totally nonabelian Carnot group, with finest
direct product decomposition G! x --- x G™, where m > 1. Suppose that G’ is tight
when j =1,...,m. Let f : G — G be a CR mapping. Then f is the composition
of a group automorphism that permutes the groups G’ and a product CR mapping.

Proof. By Theorem [3.3] for tight Carnot groups CR and anti-CR, diffeomorphisms
are the same as conformal mappings. The conclusion now follows from Corol-

lary B3 O
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