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ABSTRACT. We had introduced so called generators functions to precisely fol-
low the regularity of analytic solutions of Navier-Stokes equations earlier (see
Grenier and Nguyen [Ann. PDE 5 (2019)]. In this short note, we give a short
presentation of these generator functions and use them to construct analytic
solutions to classical evolution equations, which provides an alternative way
to the use of the classical abstract Cauchy-Kovalevskaya theorem (see Asano
[Proc. Japan Acad. Ser. A Math. Sci. 64 (1988), pp. 102-105], Baouendi and
Goulaouic [Comm. Partial Differential Equations 2 (1977), pp. 1151-1162],
Caflisch [Bull. Amer. Math. Soc. (N.S.) 23 (1990), pp. 495-500], Nirenberg
[J. Differential Geom. 6 (1972), pp. 561-576], Safonov [Comm. Pure Appl.
Math. 48 (1995), pp. 629-637]).

1. INTRODUCTION

The general abstract Cauchy-Kovalevskaya theorem has been intensively used
to construct analytic solutions to various evolution partial differential equations,
including first order hyperbolic and parabolic equations, or Euler and Navier-Stokes
equations. We refer for instance to Asano [I], Baouendi and Goulaouic [2], Caflisch
[6], Nirenberg [16], Safonov [I7], among others. In this short note, we use generators
functions as introduced in [8] to obtain existence results for these equations. The
results in this paper are not new, but show the versatility and simplicity of use of
these generator functions. We believe that the approach could be used on many
other equations and provide easy ways to obtain analytic solutions, including those
at the large time, and to investigate instabilities.

Let us first introduce generator functions in the particular case of a periodic
function f(t,z) ont >0 and z € T, d > 1. For z € R, we introduce the generator
function Gen[f] defined by

(1.1) Genlf)(t.2) = 3 e u(0)

aeZd

in which f, denotes the Fourier transform of f(,z) with respect to z € T, If f is
analytic in z, Gen[f] is only defined for small enough |z|, up to the analyticity radius
of f(t,.). The results in this note also apply to the case when x € RY, with which
the above summation is replaced by the integral over R%. In applications, we may
also introduce generator functions depending on multi-variables z = (z1,--- , 24)
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that correspond to the analyticity radius of f(x) in (z1,--- ,xq), respectively; see,
for instance, [§] for the case of boundary layers on the half space T x R..

First note that generator functions are non negative, and that all their derivatives
are non negative and non decreasing in z. Moreover generator functions have very
nice properties with respect to algebraic operations and differentiation. Namely
they “commute” with the product, the sum and the differentiation, making their
use very versatile.

Lemma 1.1. For any f, g, there hold the following properties

(1.2) Genlf + g] < Gen[f] + Gen[g]

(1.3) Gen|fg] < Gen[f]Genlg]

(1.4) Gen|V.f] = 0.Gen|[f], 0yGen[f] < Gen[d, f],
for all z > 0.

Proof. Let f, and g, be the Fourier transform of f and g, respectively. It follows
that

(fg)a = fa *a Jo

for o € Z%. For z > 0, we compute

Genlfgl(z) = 3 e faxagal < 0 37 eBlestobl| £y ]lg, |

a€Zd a€Zd Bezd
< Gen|f]Genly]

which is the second inequality. The first and third identities follow directly from
the definition. The last inequality is a direct consequence of 0| fo| < |0t fal- O

The use of generator functions are not limited to polynomial operations. Namely,
we have

Lemma 1.2. Let F, F be analytic functions

F(z) = Zanz", F(z) = Z |an|2".

n>0 n>0

with some convergence radius p. Then, for any function f(x), provided || f|L~ < p,
there holds

(1.5) Gen[F(f)] < F(Genlf)).
Proof. First, using the algebra ([L3]), we have
Genlan f"] < |an|Gen[f]".

Multiplying the inequality by 2™ and summing over n give the lemma. (Il
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2. AN ANALYTICITY FRAMEWORK

In this section, we present our analyticity framework to construct analytic solu-
tions via generator functions defined as in (II). The main point of the approach
is that if u(t, x) satisfies a non linear partial differential equation then Gen[u|(t, z)
satisfies a transport differential inequality; see (27). This inequality describes in
an acute way how the radius of analyticity shrinks as time goes on, and allows to
get analytic bounds on u, and in particular to bound all its derivatives at the same
time.

To precise the framework, we consider the following general system of evolution
equations

(2.1) Oru = A(u, V)

for a vector valued function u = u(z,t), with € T4, d > 1, and t > 0. We assume
that the function A(-,-) satisfies

(2.2) Gen[A(u, Vzu)] < CoF(Genlu)) (1 + 8zGen[u])

for some constant Cy and some analytic functions F. For instance, A may be a
quadratic polynomial in u and Vu, in which case F' = Id, or more generally, A may
be of the form G(u) - Vu, for which F = G (see Lemma[[2)). Note that we do not
make any assumption on the hyperbolicity of the system (2I).

We shall construct solutions in the function space X, defined by

(2.3) X, = {u : Genlu)(p) < oo}.

Theorem 2.1. Let p > 0 and ug be in X,. Then the Cauchy problem 21 with
initial data uo has a unique solution u(t) in X, for positive times t as long as
p(t) = p — Cit remains positive, Cy being some large positive constant depending
on ug.

Proof. We shall construct solutions via the standard approximation. First, we let
Py be the projection of the first N Fourier modes; namely

(2.4) Py(@)= Y éfa.

a€Z|a|<N
Let up(t) be a solution to the following regularized equations
(2.5) 6t’U,N = PNA(PN(UN),VQ;PN(UN))

with initial data un(0,2) = Pyug(x) for all N. As the right hand side consists of
only a finite number of Fourier modes, this equation is in fact an ordinary differential
equation. Hence there exists a unique solution uy (t), defined for ¢ small enough. It
suffices to prove that uy(t) is a Cauchy sequence in X, as long as p(t) remains
positive.

The Fourier coefficients of the solution to ([Z) satisfy

Oiun,a = PnoA(Pynun, Vi Pyun)
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where Py o f denotes the Fourier coefficient f, if |o| < N, and zero, if otherwise.
We therefore get

D Ofunale < Y Oiun e

le|<N la]<N
< Y |PnoA(Pyun, Vo Pyuy)le®l
la| <N
By definition, we note that
(2.6) Gen[Py(f)] < Gen|[f].

Thus, using the assumption ([Z2]), we obtain the following Hopf-type differential
inequality

(2.7) iGenlun] < CoF (Genlun]) (1 + 0.Genluy]),

in which Cy is independent of N. For convenience, we set
Gn(t,z) = Gen[uy(t)](2).

The previous inequality yields

(2.8) Gy < CoF(Gn)(1+ 0.Gp),

which is a differential inequality that we will now exploit in order to bound uy and
all its derivatives. Note that G is a finite sum and is therefore defined for all z.
As N goes to 400, Gn (0, z) converges to Gen|up](z), which is defined for |z| < p.
As usual with analytic solutions, the domain of analyticity shrinks with time,
hence we introduce
FN(tv Z) = GN(ta 9(15)2)
for t,z > 0, where 6(-) will be determined later. It follows that F)y satisfies

Note that F is defined for any z. In the limit N — +o00 we focus on 0 < z < p.
We will choose 6(t) in such a way that the characteristics of (2.9) are outgoing

on [0, p], namely such that at z = 0, F(Fxn) > 0 (which is always satisfied) and

such that at z = p, F(Fn)+6'(t)p < 0. At t = 0, we choose 6(0) = 1 and thus

Fn(0,2) = GN(0,2) = Gen[Pnugl(z) < Genlup](2),
which is well-defined on [0, p]. Set

My = sup Genlug](z).
0<z<p
We will focus on times 0 < ¢t < T such that Fy(t,2) < 2Mj for 0 < t < Ty and
0 < z < p. We choose
0(t) =1 — F(3My)p ™ 't.
Observe that on 0 < ¢ < T, as long as 0(t) > 0, F(Fy) + 60’ (t)p < 0. On such a
time interval, (2.9) is a nonlinear transport equation with a source term and with
outgoing characteristics at 0 and p. As a consequence, we have
O sup Fn(t,z) <Co sup F(Fn(t z)) < CoF'(2My),
0<2<1 0<2<1
hence
FN(t, Z) < My + CotF(?Mo).
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Classical arguments then lead to the fact that Ty is bounded away from 0, namely
there exists some T' > 0 such that Ty > T for any N, and such that p(¢) > 0 for
any t <T'. This implies that

F(t,2) < C(Fn (0, 2)) < C(Mp)

for any 0 < 2z < p and any 0 < ¢ < T. Thus uy(t) is uniformly bounded in X,
for all N. As a consequence, uy and all its derivatives of all orders are uniformly
bounded in L*°. Up to the extraction of a subsequence, uy and all its derivatives
converge uniformly, towards some function u, solution of ([Z.I)). Moreover, classical
arguments show that u(t) € X, for any 0 <t < T', which ends the proof of the
theorem. |

3. EULER EQUATIONS

In this section, we apply the previous framework to construct analytic solutions
to incompressible Euler equations on T or R¢, d > 2. Namely, we consider

du+u-Vu+Vp=0

(3.1) Vw0

on T? (the case R? is treated similarly). Again, the existence result is classical (see,
for instance, [3[[4[1213]). The function space X, is defined in (23]). We have

Theorem 3.1. Let p > 0 and ug be a divergence-free vector field in X,. Then the
Cauchy problem B.1)) with initial data ug has a solution u(t) in X, for positive
times t as long as p(t) = p — C1t remains positive, Cq being a constant depending
on ug.

Proof. Introduce the Leray projector IP, projection onto the divergence-free L? vec-
tor space. In Fourier coefficients, P, is an d X d matrix with entries

QO
(Pa)jk = 5jlc - W-

In particular, |P,| is bounded, uniformly in « € Z%. Taking the Leray projection
of (B1)), we obtain

(3.2) O = —P(u - Vu),

which falls into the previous abstract framework. It remains to check the assump-
tion (Z2). Indeed, using (L2) and the uniform boundedness of |P,| in «, we
compute

Gen[P(u - Vu)] < Genfu - Vu] < Genlu|Gen[Vu] < Genlu]d,Gen[u].

Note that the divergence-free condition is invariant under ([8:2)). Thus, applying the
abstract framework introduced in the previous section to the evolution equation
B2), we obtain Theorem BTl O

Remark 3.2. Note that there is no hyperbolicity assumption made in the first order
evolution equation (Z1I), which may in particular be illposed in Sobolev spaces.
The abstract framework can also be applied to a variety of other physical relevant
models (e.g., [T[I1]) that arise in a singular limit of Euler equations, Navier-Stokes
equations, and Vlasov-Poisson systems.
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4. COMMENTS ON OTHER APPLICATIONS

In this section, we briefly highlight two recent applications to the use of generator
functions to capture the instability of boundary layers [§] and prove the nonlinear
Landau damping [9,[10], both of which have a different flavor from the previous
short time existence theory. These applications [S8HI(] are a version of the large
time Cauchy-Kovalevskaya theorem. The use of generator functions allows us to
control all the derivatives uniformly in the small viscosity limit or in the large time
limit. In particular, the work [9] provides an elementary proof of the nonlinear
Landau damping that was first obtained by Mouhot and Villani [I5] for analytic
data and by Bedrossian, Masmoudi, and Mouhot [5] for Gevrey data.

(1]
2]

(3]

(4]

(5]

[10]

(11]

(12]

(13]

[14]

[15]

[16]

REFERENCES

Kiyoshi Asano, A note on the abstract Cauchy-Kowalewski theorem, Proc. Japan Acad. Ser.
A Math. Sci. 64 (1988), no. 4, 102-105. MR966397

M. S. Baouendi and C. Goulaouic, Remarks on the abstract form of nonlinear Cauchy-
Kovalevsky theorems, Comm. Partial Differential Equations 2 (1977), no. 11, 1151-1162,
DOI 10.1080/03605307708820057. MRi481322

C. Bardos and S. Benachour, Domaine d’analycité des solutions de l’équation d’Euler dans
un ouvert de R™ (French), Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 4 (1977), no. 4, 647-687.
MR454413

Claude Bardos, Said Benachour, and Martin Zerner, Analyticité des solutions périodiques de
U’équation d’Euler en deuz dimensions, C. R. Acad. Sci. Paris Sér. A-B 282 (1976), no. 17,
Aiii, A995-A998. MR410094

Jacob Bedrossian, Nader Masmoudi, and Clément Mouhot, Landau damping: paraproducts
and Gevrey regularity, Ann. PDE 2 (2016), no. 1, Art. 4, 71, DOI 10.1007/s40818-016-0008-2.
MR3489904

Russel E. Caflisch, A simplified version of the abstract Cauchy-Kowalewski theorem with weak
singularities, Bull. Amer. Math. Soc. (N.S.) 23 (1990), no. 2, 495-500, DOI 10.1090/S0273-
0979-1990-15962-2. MR 1027897

Emmanuel Grenier, On the nonlinear instability of Euler and Prandtl equations, Comm. Pure
Appl. Math. 53 (2000), no. 9, 1067-1091, DOI 10.1002/1097-0312(200009)53:9(1067:: AID-
CPA1)3.3.CO;2-H. MR1761409

Emmanuel Grenier and Toan T. Nguyen, L°° instability of Prandtl layers, Ann. PDE 5
(2019), no. 2, Paper No. 18, 36, DOI 10.1007/s40818-019-0074-3. MR4038143

E. Grenier, T. T. Nguyen, and I. Rodnianski, Landau damping for analytic and Gevrey data.
Math. Res. Lett., to appear.

E. Grenier, T. T. Nguyen, and I. Rodnianski, Plasma echoes near stable Penrose data.
arXiv:2004.05984, 2020.

Daniel Han-Kwan and Toan T. Nguyen, Ill-posedness of the hydrostatic Euler and sin-
gular Vlasov equations, Arch. Ration. Mech. Anal. 221 (2016), no. 3, 1317-1344, DOI
10.1007/s00205-016-0985-z. MR3509003

Igor Kukavica and Vlad Vicol, On the radius of analyticity of solutions to the three-
dimensional Euler equations, Proc. Amer. Math. Soc. 137 (2009), no. 2, 669-677, DOI
10.1090/S0002-9939-08-09693-7. MR 2448589

C. David Levermore and Marcel Oliver, Analyticity of solutions for a generalized FEuler
equation, J. Differential Equations 133 (1997), no. 2, 321-339, DOI 10.1006/jdeq.1996.3200.
MR1427856

Pierre-Louis Lions, Mathematical topics in fluid mechanics. Vol. 2, Oxford Lecture Series in
Mathematics and its Applications, vol. 10, The Clarendon Press, Oxford University Press,
New York, 1998. Compressible models; Oxford Science Publications. MR1637634

Clément Mouhot and Cédric Villani, On Landau damping, Acta Math. 207 (2011), no. 1,
29-201, DOIT 10.1007/s11511-011-0068-9. MR2863910

L. Nirenberg, An abstract form of the nonlinear Cauchy-Kowalewsk: theorem, J. Differential
Geometry 6 (1972), 561-576. MR322321


https://www.ams.org/mathscinet-getitem?mr=966397
https://www.ams.org/mathscinet-getitem?mr=481322
https://www.ams.org/mathscinet-getitem?mr=454413
https://www.ams.org/mathscinet-getitem?mr=410094
https://www.ams.org/mathscinet-getitem?mr=3489904
https://www.ams.org/mathscinet-getitem?mr=1027897
https://www.ams.org/mathscinet-getitem?mr=1761409
https://www.ams.org/mathscinet-getitem?mr=4038143
https://arxiv.org/abs/2004.05984
https://www.ams.org/mathscinet-getitem?mr=3509003
https://www.ams.org/mathscinet-getitem?mr=2448589
https://www.ams.org/mathscinet-getitem?mr=1427856
https://www.ams.org/mathscinet-getitem?mr=1637634
https://www.ams.org/mathscinet-getitem?mr=2863910
https://www.ams.org/mathscinet-getitem?mr=322321

GENERATOR FUNCTIONS AND THEIR APPLICATIONS 251

[17] M. V. Safonov, The abstract Cauchy-Kovalevskaya theorem in a weighted Banach space,
Comm. Pure Appl. Math. 48 (1995), no. 6, 629-637, DOI 10.1002/cpa.3160480604.
MR1338472

EQuIPE PROJET INRIA NUMED, INRIA RHONE ALPES, UNITE DE MATHEMATIQUES PURES ET
APPLIQUEES., UMR 5669, CNRS ET ECOLE NORMALE SUPERIEURE DE LYON, 46, ALLEE D’ITALIE,
69364 LyonN CEDEX 07, FRANCE

Email address: emmanuel.Grenier@ens-1lyon.fr

DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY, STATE COLLEGE, PENNSYLVANIA
16803
Email address: nguyen@math.psu.edu


https://www.ams.org/mathscinet-getitem?mr=1338472

	1. Introduction
	2. An analyticity framework
	3. Euler equations
	4. Comments on other applications
	References

