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ABSTRACT. In this paper, we study slow manifolds for infinite-dimensional
evolution equations. We compare two approaches: an abstract evolution equa-
tion framework and a finite-dimensional spectral Galerkin approximation. We
prove that the slow manifolds constructed within each approach are asymp-
totically close under suitable conditions. The proof is based upon Lyapunov-
Perron methods and a comparison of the local graphs for the slow manifolds in
scales of Banach spaces. In summary, our main result allows us to change be-
tween different characterizations of slow invariant manifolds, depending upon
the technical challenges posed by particular fast-slow systems.

1. INTRODUCTION

The perturbation theory of normally hyperbolic invariant manifolds introduced
by Fenichel [41[9] has proved to be a useful tool in the theory of dynamical systems.
One important consequence of Fenichel’s works is that they provide a suitable
framework for the treatment of fast-slow systems [5[7] of the form

edyu® = Au® + f(u®,v%),
) ; f( )

O = Bu* + g(uf,v"),
where 0 < ¢ < 1 is a small parameter, A, B are matrices, and f, g are differentiable
nonlinearities. The unknown functions u® and v¢ are called fast and slow variable,
respectively. System (1)) is already written in a variant of (local) Fenichel normal

Received by the editors March 1, 2021.

2020 Mathematics Subject Classification. Primary 37L15, 37L25, 37L65; Secondary 34E15,
35K57.

Key words and phrases. Fast-slow systems, reaction-diffusion equations, Galerkin discretiza-
tion, infinite-dimensional dynamics.

The first author was supported by Germany’s Excellence Strategy — The Berlin Mathematics
Research Center MATH+ (EXC-2046/1, project ID: 390685689).

The second author acknowledges partial support via the SFB/TR109 “Discretization in Ge-
ometry and Dynamics” as well as partial support of the EU within the TiPES project funded the
European Unions Horizon 2020 research and innovation programme under grant agreement No.
820970.

The third author acknowledges support via a Lichtenberg Professorship as well as support via
the SFB/TR109 “Discretization in Geometry and Dynamics” as well as partial support of the
EU within the TiPES project funded the European Unions Horizon 2020 research and innovation
programme un der grant agreement No. 820970.

This project is TiPES contribution #80: This project had received funding from the European
Union’s Horizon 2020 research and innovation programme under grant agreement No 820970.

The authors gratefully acknowledge the financial support of the TUM publishing fund for an
open access publication of this article.

(©2021 by the authors under [Creative Commons Attribution 3.0 License! (CC BY 3.0)
252


https://www.ams.org/bproc/
https://www.ams.org/bproc/
https://doi.org/10.1090/bproc/92
https://creativecommons.org/licenses/by/3.0/

SLOW MANIFOLDS IN INFINITE DIMENSIONS 253

form [5L[7] separating matrices A, B and the nonlinearities f, g, which is also a
quite natural form in the PDE context to be considered below. For the classical
finite-dimensional case, Fenichel’s techniques are also known as geometric singular
perturbation theory. The main result is that — under suitable assumptions — for
all € > 0 small enough there is a manifold S, which is locally invariant under the
flow generated by (1)) and which can be written as a graph over the slow variable.
More precisely, one may write

Se = {(h*(v),v) : v €Y},
where X and Y are the finite-dimensional vector spaces u® and v®, respectively,
take values in, and h: Y — X is a Lipschitz continuous function. These manifolds,
which are called slow manifolds, are e-close over compact subsets in Y to the critical
manifold

So = {(h°(v),v) ;v €Y},
where h°(v) denotes the unique solution of

0 = AR(v) + F(R°(v),v).

Moreover, the flow on S. converges to the slow flow on Sy which is defined to be
the flow which is generated by the singular limit of (1) as e — 0, that is
0= Au® + f(u°, ),
0’ = BvY + g(u®,0°).
The existence of such slow manifolds is usually taken as a formal justification for

the intuitive idea, that after a short initial time the dynamics of (1) only evolve
on the slow time scale and are described well by the slow subsystem (2]). Since

(1.2)

0= Au+ f(u,v)
is supposed to have the unique solution u = h°(v), one may rewrite (L2) as
(1.3) 00" = Bv® + g(h°(1°),v?), u® = rO(x°).

Altogether, we can then reduce (1)) to (I3). The advantage of (I3) is that the
fast variable is now uniquely determined by the slow variable, i.e., the dimension
of the dynamical problem (II]) has been reduced.

It has been an open problem for a few decades, how to generalize Fenichel the-
ory to the infinite-dimensional setting, with fast-slow systems of partial differential
equations as an important application. Even though persistence of normally hyper-
bolic invariant manifolds in Banach spaces was derived by Bates, Lu and Zeng in
[2] for bounded semiflow perturbations, the existence of slow manifolds for PDEs,
involving spatial differential operators in the slow variable equations, had only been
shown in very special cases such as for the Maxwell-Bloch equations [§]. Recently,
there have been two new attempts to provide techniques for a geometric singular
perturbation theory in infinite dimensions. In [3], slow manifolds in infinite dimen-
sions were approximated by finite-dimensional slow manifolds within a Galerkin
procedure, paving the way for an extension of geometric blow-up from ODEs to
PDEs. A more direct approach was taken in [6], where a two-parameter family S; .
of slow manifolds was constructed via a Lyapunov-Perron argument. The main in-
gredient of the latter procedure is a splitting of the slow variable space Y = Y;i @YSC
into a quickly decaying part and a part on which the linear dynamics are invertible.
We will introduce both approaches in Section 2] and provide a precise comparison
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result in Section Bl relating the two types of slow manifolds to each other via esti-
mates for their distance and its decay in ¢, . Finally, in Section ] we exemplify this
main result at the hand of a slow-fast PDE with fast reaction-diffusion dynamics,
also discussing intricacies of the Galerkin limits.

2. THE TWO APPROACHES

2.1. Assumptions. In the following, we discuss in detail the assumptions for
the subsequent statements. It is, in fact, one of the main difficulties in infinite-
dimensional geometric singular perturbation theory to find conditions, which allow
for the construction of slow manifolds and are, at the same time, satisfied in many
important applications. Although the list of assumptions we impose is quite long,
it has already been demonstrated in [6] that the conditions are satisfied for a large
class of PDEs, e.g. reaction-diffusion systems; in comparison to [6], we add a few
assumptions which allow us to trade regularity for better estimates. Moreover, we
also add a splitting in the fast variable space so that we can define an appropriate
Galerkin approximation.

For the formulation of the assumptions, we use the notion of an interpolation-
extrapolation scale, for which we refer the reader to [I, Chapter V]. In the following,
let n € N.

2.1.1. Assumption (A,). We consider the fast-slow system (I.I]) on Banach spaces
X and Y, supplemented by the initial conditions

(2.1) u (0) =ug € X, v°(0) =vg € Yy,

where X,,, Y, are elements of the interpolation-extrapolation scales introduced here-
after (see also [I, Chapter V]) and we have 0 = Aug + f(ug,vo) for € = 0. As-
sume further that the nonlinearities satisfy f(0,0) = 0 and ¢(0,0) = 0. Then the
following conditions ensure that (L)) together with (ZII) has a unique solution
(uf,v°) € CH{([0,00); X1 X Y1) N C([0,00); X,, x Y;,) which is approximated
well by the slow flow in a sense which we will make precise later.

(i) Generation of semigroups: the closed linear operator A: X D D(A) —
X generates an exponentially stable Co-semigroup (e‘4);>o C B(X) on the
Banach space X. The closed linear operator B: Y D D(B) — Y is the
generator of a Cp-semigroup (e'?);>o C B(Y) on the Banach space Y.

(ii) Generation of Banach scales: the interpolation-extrapolation scales
generated by (X, A) and (Y, B) (see [I, Chapter V]) are — up to uniform
equivalence of norms for each fixed ag € [—1,00) and all o € [—1, ] —
given by (Xa)ae[-1,00) a0d (Ya)ag[-1,00)- If 0 & p(B), then (Ya)ae|-1,00)
shall be equivalent to the interpolation-extrapolation scale generated by
B — )\ for some A\ € p(B).

(iii) Bounded Fréchet derivatives: let vx € (0, 1] if (e!4);>o C B(X) is holo-
morphic and yx = 1 otherwise. In addition, we choose dx € [1 — vx,1].
Let further 8y € (0, 1] if (e'5);>0 C B(Y) is holomorphic and dy = 1 other-
wise. The nonlinearities f: X145, X Yn—sy — Xn—1 and ¢g: X,, X Y,, —
Y, 145, are continuously differentiable and there are constants Ly, L, > 0
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(which may depend on n) such that
[Df(x, y)HB(anY,“Xn,HWX) <Ly (ze€XnyeYn),
IDF (@, NB(X0 1 4oy x Va1, Xn 2is) < Lp (€ Xx, 1y ¥ €Ya1),
1Dg(, Yl B(Xx Vo Yuorsay) < Lg (2 € Xn,y € Yn).

(iv) Bounds for semigroups: we choose constants My, Mpg,Cu,Cp > 0
(which may depend on n) as well as wq < 0 and wp € R (which do not
depend on n) such that for all ¢ > 0

le N,y SMaes, [l ls0x, -1y xa) < Cat™ Tea",
HetA||B(Xn—1+6X Xn) < CAt(;X*leWAt
and
HetBHB(Yn) < Mpe“s!, ||etB||B(Yn,1+5y,y") < OBt‘;Y*le‘”Bt,

1-vx

(v) Relation of constants: we define wy 1= wy + (QCALf)#(va) x if
vx € (0,1) and take wy > wa + CaLy if yx = 1. Moreover, we assume

wy < 0,

Lmax{[[A" x, . .x0) 1A Bxs, 1. x5,) ) < 1

YXx
Remark 2.1. The conditions of Assumption (4,,) are almost identical to the ones in
[0l Section 4]. Here they are slightly simplified in the sense that the differentiability
of the nonlinearities, which is assumed here, is not necessary for all results in [6].

2.1.2. Assumption (Bp,). This assumption is sufficient for obtaining a two-
parameter family of slow manifolds S. . [6], in particular specifying the role of
the second parameter (: we assume that for each small ¢ > 0 there is a splitting
Y = Yé @ YSC, independently from n, into a fast part Ylg and a slow part YSC such
that the projections Pry¢ and Pry¢ commute with B on Y.

The crucial characterization of the fast part is that Ylg NY,_1+s5, contains the
parts of Y,,_145, that decay under the semigroup (etB)tZO almost as fast as the
space X,, under (ecfltA)tZO; analogously, the slow space YSC NY,, contains the parts
of ¥,, which do not decay or which only decay slowly under the semigroup (e*?);>¢
compared to X, under (eC_ltA)tZO. This idea is expressed in point (@) of the
following assumptions:

i) Closed subspaces: the spaces Y5 NYs and Y$ N Yy are closed in Yy for
F B S B B
all 3> 0 and will be endowed with the norms || - [|y,.
(ii) Lipschitz bound: using the notation f(z,yr,ys) := f(x,yr + ys) and
g(x,yr,ys) := g(z,yr + ys), the nonlinearity g satisfies

| Pry< 9(x —Z,yr — yr,ys — ¥s)llv,
< Ly (e = 2l x, + llyr = yrlly, + lys = ¥slly,)-
(ili) Group in slow subspace: the realization of B in Yé NY,_1,ie.
. yv¢
BYscﬂan' YsNY,_1 D DB

with

¢
ngy",l) —YgNY,_1, v By

D(By<qy, )= f{vo € Y§NY, : Bog € YN Y}
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tB
generates a Co-group (e YSMn-1),cp C B((Y$ N Yy 1, - |ly,_,)) which

tB
satisfiese  YsYa-1 = ¢tB on YSCOYn_l for t > 0. For the sake of readability,
we will still write B instead of B

YSNYno1
(iv) Invertability in fast subspace: the realization of B in Ylg NY,_1,ie.

B Y5iNY, 1 D DB —YsNY,_ 1, v By

YSENYno1 YFCmY,L)
with
D(By¢) = {uv € Y5NY,: B eYsinY, 1}
has 0 in its resolvent set. For the sake of readability, we will still write B
instead of BYéﬂYnfl'
(v) Speed of decay in Ylg and YSC: there are constants C'g, Mp > 0 such that
for all > 0 small enough there are constants 0 < Nfg < Ng < —Ctwa

such that for all t > 0, yp € ng NY,._11s, and yg € Yg N'Y,, we have the
estimates

le?Byrly, < Cpt®y et walt|jy |

Yn_146y 0
_ _ ¢ —1
le™Pys]ly, < Mpe™NsHewalt|yg|ly, .

(vi) Estimate for contraction property in Lyapunov-Perron argument:
the parameters and constants introduced above satisfy
2’7XLfCAF(’yx) 26YLQCBP(5y) 2C6Y_1LgMB
(2(¢~1 — Dwa +e(Ng + N§))™  (N§ — Np)ov N§ — N§,

where I' denotes the gamma function.

(2.2) <1,

Remark 2.2. Assumption (B,,) is identical to the conditions in [6], Section 5] except
for the fact that in [0, Section 5] it is only assumed for n = 1. Here, we make use of
additional regularity in certain estimates and therefore formulate the assumption
for n € N.

2.1.3. Assumption (Cy,). If we want to use a Galerkin approximation in both the
slow and the fast variable, then it is useful to also impose similar conditions on
X, i.e. that there is a splitting X = Xfp @ Xg such that the conditions ([)-(@) in
Assumption (B,,) hold with Y and B being replaced by X and A, respectively.

2.1.4. Assumption (D). This assumption will enable us to trade regularity for ad-
ditional decay behavior. We assume that for 0 < o < 3 there is a constant Cy g

such that, for all x € XIC, NXg,y € Yﬁ NYjs, we have the estimates
(2.3) Iylly. < Casl® lyllys  llllx, < Capl® llalx,-

Remark 2.3. Let us give an example of a situation in which Assumption (D) is
satisfied. We define the Bessel potential space on the torus T by

H*(T) = {U €P(T): Y (1+I7)"*(u,e)) Lymyer € L2(T)} :

l€Z

where ¢; = [z + €>™*] and endow the space with the norm

el 2= my = 1CCL+ [1P) 2w, €0) Lo m) iezllea z) -
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Consider for example X =Y = Ly(T) and A = B = A — 1 with domain D(A) =
D(B) = Y; = X; = H?(T). The interpolation-extrapolation scales are then given
by Y, = X, = H?*(T). YIE and XfF will be the subspaces of Ly(T) such that the
I-th Fourier coefficients with |I|> < (~! are equal to 0. With this choice we obtain
for y € Ylg NYg

1/2
lylly. = lyllg2e(r) = > U+ (s e) Ty
IEZ, |II2>¢~1
1/2
<@+ ¢hHer > A+ y,e) Ty m < Pyl
lez, l2>¢~1

and the same for z € Xf, N X 3. This is estimate (23]) with C, g = 1.

2.2. The direct approach. Let us now briefly collect the main results of [0, Sec-
tion 5]. Under the assumptions (A,) and (B,,), one can rewrite (II]) together with

@) as

eOus(t) = Au(t) + f(us(t), v (1), v(t)),
24 Opvpo(t) = Buie(t) + pry¢ g(u (1), vir (1), v5 (1)),
' dvg(t) = ng( )+ pryg g(u (1), vr (1), v5(t)),
u®(0) = ug, v%(0)= Pry-¢ v, vg(0) = Py ¢ Vo

For this equation, we can formulate Theorem [2.4] which is a collection of the results
in [6l, Section 5].

Theorem 2.4. Let n € N and suppose that Assumption (A,) and Assumption
(Bn) hold true. Fiz c € (0,1) and let 0 < e < c_EL(. Then there is a family of sets
Se,¢c given as graphs

Se.c = {5 (vo,5), hyg(vos) vo,s) |vo,s € Y N Yo},

where (S, h;}g) Y$NY, = X, x (YeNY,,) is differentiable such that the following
assertions hold:

(a) Invariance: the set S is invariant under the semiflow generated by

@.4).
(b) Distance between S, . and critical manifold: there is a constant C >
0, which is independent of € and ¢, such that for all vy g € YSC NY,, we have

' (vo,5) ho(vo,s)> ( 1 >
e,c <Cle+ ———— | llvoslly,-
|| ( h UO s) X XYy, (NSC‘ - ng)gy

E:cponentzally fast convergence to S.: there are €9,(o > 0 and con-
stants C,c > 0 independent of T such that for all € € (0,e0], ¢ € (0, o]
with 0 < e < ¢+ L¢, allt €10,T] and all vy s EY NY, we have

us £) hE’C( v (1)) up — h3S (vo,s)
F(1) ( 5(1)) vo,F — hyg(vo,s)

S Ce—ct

XnXYn XnXYn
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(d) Approximation by slow subsystem: the reduced slow subsystem given
by
0= Au(t) + f(ud(t),v(t)),
_ 0
0= prylg UC (t)a
Qe (t) = Bug(t) + pry g(ug (1), v( (1)),
vg(O) = Pryg o
has a unique solution (ug,v) € C*([0,T]; X;,—1 x Y, —1)NC([0, T]; X, X Yy,)
which approzimates the solution of the full fast-slow system.
More precisely, there are a constant C > 0 which may depend on T,

some suitably chosen wg 6 R and €9,lo > 0 such that for all € € (0,e0],
¢ € (0,¢o) wzth0<s<c C, allt € [0,T] and all vy €Y,, we have

(wg—¢ 1wA—NIC,)5Y

< (lIpryg sl + (6 + ety ol
Y,

n

(&% 4 ) |ug — hO(UO)HXn).

If even (uo,prylg Vo, Pry ¢ Vo) € Se ¢, then it holds that

<C@+ ! + 1~) :
XoxY, (wg—C~lwa=Ng)®y  (N§=Np)°Y Ivolly.
2.3. The Galerkin approach. Assuming conditions (A,), (B,) and (C,), we
may additionally consider the projection of (II]) and (2] to the slow part in both

variables, i.e.

0pus; = Augy + prye (G 5,
(2.6) 87&”2‘ = B'UE? + prysC g(u%,vé),

ug(0) = Pr ¢ U0, vg(0) = Pryg Uo-

Note that, in general, this is not necessarily a finite-dimensional evolution equation.
If A and B generate Cy-groups, one may even have Xg = X and Yé =Y. However,
if A and B have eigenvalue expansions with only a finite number of eigenvalues in
each vertical stripe of bounded width within the complex plane, the spaces Xg and
YSC are finite-dimensional. This is the situation of many applications such as the
Laplacian A on the torus T. In such a case (2.6) indeed coincides with a Galerkin
approximation of (II) and (ZII). The spaces Xg and Yé are given as the linear
span of the eigenfunctions associated with the N4  and Np ¢ eigenvalues, including
multiplicities, of A and B, respectively, in {z € C: ("lwa + Ng < R(2)}.

For example, for A= B = A on X =Y = Ly(T) with eigenvalues \; = —472k?,
k € Z, and eigenfunctions (ex)kez, the expansions

)= up(Der(e),  v(a,t) =) vi(t)er(z)

kEZ kEZ
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give, upon taking the inner product of (1) with each ey, the system of Galerkin
ODEs

edpul, = Mpuy, + (f(u®,0%), ex)
O = Mv§ + (g(uf,v%), ep).

A truncation at |k| < ko = Na ¢, for ¢ and ¢ given as before, yields the described
correspondence to system (28). Such a Galerkin approach is very insightful in
situations of dynamical interest such as dynamic bifurcations in reaction-diffusion
systems where geometric techniques can be applied to the finite-dimensional ap-
proximation and then be extended to the infinite-dimensional limit (see e.g. [3]).

Generally, the existence of such an infinite-dimensional limit raises questions: if
we fix ¢ and let € > 0 be small enough, then (2.6]) has a family of slow manifolds
Ge,¢ given by

(2.7)

Gee = {(h5 (v),v) :v € YSNYy}

for certain mappings hgcz Yé ny, — Xg nx,. If YSC NY, and Xg N X,, are finite-
dimensional, then this can be derived by classical finite-dimensional Fenichel theory.
If they are infinite-dimensional, then one can still use the results from [6]. It is now
of particular interest to study the behavior of G, ¢ — or a similar object related to
it — as ¢ — 0, which corresponds with N ¢, Np ¢ — o0 in the situation described
above. Under a suitable notion of convergence, the potential limiting object G.
may be considered as a type of slow manifold. The main difficulty for such an
approach is that the existence of G, ¢ for fixed € becomes unclear when ¢ gets too
small. In [3], such a procedure was carried out for a particular example, by using
an explicit approximation of the parametrization héf whose limit for { — 0 could
be obtained directly. Generally, one has to be careful about changing the order of
quantifiers for € and ¢ and the dynamical interpretation of the different objects, as
we will demonstrate in Example .11 Hence, it becomes particularly important to
understand the relation between G. ¢ and Sc ¢ in order to measure the quality of
the Galerkin approximation for infinite-dimensional fast-slow systems.

3. THE MAIN RESULT

In this section, we fix m,n € N, m < n. For our main result we suppose that —
as it was derived in [6] — the slow manifolds have been constructed via a Lyapunov-
Perron approach. Therefore, we have that

€, 0 _e1g
h z(vos) [ e AL (u(s), o (s), s (s)) ds
hie (vo,s) [0 eeB pry< g(a(s), or(s), Us(s)) ds
where vg s € YS NY,, and where (u,9F,Us) denotes the unique fixed point of the
operator

Loo.sect Conn = Cyny
sy [ e A u(s), vp(s), vs(5)) ds
vp | = |t Jo el S)Bprybg g(u(s),vr(s),vs(s))ds
vs e'Bug 5 + fg elt=s)B Prys g(u(s),vr(s),vs(s))ds
Here, the space Cy, , with
N§ + N§.

1
n:=( wa+ 5
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consists of all (u,vp,vs) € C((—00,0]; X x (Ylg NnY,) x (YSC NY,)) such that

ICw, ve, vs)le,.. = sup e " (Jlu®)llx, + lvr@®)lly, + lvs®)]ly,) < oo

The fixed point (@, U, Us) has been shown to exist in [6l Proposition 5.1]. Likewise,
we may write

0
(3.2) B (vg.5) = &1 / e~ A pr e fliia(s), B (s)) ds,

oo

where (4G, 7q) denotes the unique fixed point of the operator

G G
.,Sfossc C n—Cy

(33) ug -1 f_ (t=3) erg, f(uG(s)v UG(S)) ds
<UG) ~ lt ~ (et vo,s + fo elt=)B Pl"ysc g(ua(s),va(s)) dS)] '

Analogously to before, CS/,, denotes the space of all (ug,va) € C((—00,0]; (Xg N
X,,) x (Y$NY,)) such that

(v, ve)lleg,, = jgge”’t(llw(t)llxn +llve @)y, ) < oo.

With this terminology at hand, we can now formulate our main theorem:

Theorem 3.1. We fit myn € N, m <n and c € (0,1).
tions (Am), (Bm) and (Cy,) as well as (Ay,), (Bn), (Cy,
there is a constant C > 0 such that for all e, > 0

). Suppose that the assump-
) and (D) are satisfied. Then
small enough with ci—i( > €

and all vy 5 € Yé NY,, we have

165 (vo,s) — hg (vo,s) I x,, + Hh&C(Uo sy,

(3.4) < C C:’nfm nim+’yx
B W +¢ lvo,slly, -

Proof. As above, let (@, vr,vs) be the unique fixed point of £, ;. ¢ from (B.I))
and (4g,Vg) the one of ffgssc from (B3). Then, using assumptions (4,),
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(iii) and (iv), and (D), we have
e M (IhS (0s(#)) = B (Ba(1))Ix,,.)
t
<e M 571/ eme (=94 pryc f(u(s),vp(s), vs(s))ds
- r Xm
t
+e M 671/ eme (oA pry¢ [f(u(s), 0r(5), 0s(5)) = f(ic(s), va(s))] ds
. Xom
t
< O™ e (e / e M pr e f(a(s), v (s), Ds(s)) ds
oo X,
t
+e M 5_1/ s (=94 Prx¢ [f(u(s),vp(s),vs(s)) — f(uc(s), va(s))] ds
. X

ds||(@, v, vs)

e T oA )
< LfCACmanim/ Cnon

oo EYX(t— )X

bt wamm-s)
+LfCA /_wmdS”(U—UG,’l}F,’Us’—’UG)”Cn’m.

It was shown in the proof of [6] Proposition 5.2] that the mapping

Yé nNY, — Cn,IwUO,S — (ﬂ,’ﬁp,f)s)

is Lipschitz continuous. Let L > 0 be the Lipschitz constant. Moreover, [6, Lemma

2.2] shows that

b (e wan)(t—s)
/ e ds < Fx)
oo EYX(t— )X (en —wa)rx

Hence, we obtain that

(3.5)
e M(IP5 (0s(t) = hg* (v6(t)1x,.)
LLiCaCmnl(VX) nim LiCal(yx) oo =
' ; v  +—————— (4 — ug,Vp, Vs — ¥ om
(e = C lwa)x ¢ lvo,sly., (e — wa)x II( G, 0r; Vs — a)lle,,

Furthermore, combining [6l, (5-3)] with Assumption (D) yields
e MBS (s (D)) lly, < ConnC™ e ™ ([BSS (05 () v,
F F
(3.6) < 25YCm7nLLgOBF(5y)
(Ng = Np)*™
Concerning g — U, we observe with (B,,), (ii) and (v), that

e "|vs(t) — v (t)

¢" "™ lvo,slly, -

Yo

0
[ e oy Tata(s). 9 (5), 5(5) = g (). 7)) ds

= eint

Ym
3.7 0 5
(3.7) ngoB/ Oy Tlelt=(Cwamn gg||(@ — ug, vp, vs — U6)|lc, .

t

B LgCBC(sYil

(@ — ug,0F, vs — 0a)llc, -
N§ — N¢ e
S F
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Summing up B3), .6) and @B.1) yields
e IIRS (95 (1) = hg (va(t)) |l x,,, + ||h;§ (vs(1))]

2v LL,Opl'(dy)  LL;CaT(vx)
(NS — N&)ov (en —wa)rx

LiCal(vx) | LyCp¢™ !
(en—wa)x ~ Ng— Ny,

v, T 9s(t) — v (1)]

Yon)

S Cmn

)

> ¢ lvoslly.,

) ||(h§<(ﬁs) - hgc(@G)7 h;}g (’ES)’ ’ES - @G) C'l],m'

Therefore, if we write

.o [ LsCallix) LyCp(®r !
- \(wa—ep)*  N§-N& )’

which is strictly smaller than 1 by Assumption (B,,), we obtain

|15 (05) = " (06). 136 (05). 95 = 06) e,

 Conn <25YLLgCBr(5y) LL;CAT(vx)
“1-1

L\ (N§—Ng)o  (CTlwa —en)x

) ¢ "Mlvo,s ly, -

The fact that
1h5* (vo,8) = B (vo,s)|x,, + ||h;§(vo,s)||ym

< [[(B5E (0s) = hg (Ba), k53¢ (0s), 05 — V)|
F

finally yields the assertion. |

4. CASE STUDY OF AN EXPLICIT REACTION-DIFFUSION PROBLEM

As discussed in Section 23] in certain situations of interest the spaces Xg. and
YSC are N4 c-dimensional and Np ¢-dimensional with N4 and Np, being the
number of eigenvalues including multiplicities of A and B, respectively, in {z €
C: (¢ twa+ Ng < R(z)}. In a Galerkin approach, one usually studies the limit
Na¢,Np,c — oo which corresponds to ( — 0. However, when we fix € > 0, the
condition (cwys/wa)¢ > ¢ for some ¢ € (0, 1), as posed in Theorem Bl will not be
satisfied in the limit ¢ — 0. In such a situation, the existence of slow manifolds
in the sense of [0] is unclear. Moreover, in the limit ( — O the interpretation of
[23) as a classical finite-dimensional fast-slow system will be lost, since the lower
order modes in the fast variable might evolve at a slower time scale than the higher
order modes in the slow variable. Therefore, one may ask whether slow manifolds
for (2:6)) still exist in a suitable sense if ( € (0,ewa/(cwy)).

In a general setting, it is not clear whether this holds true or not. However,
in certain situations it is possible to explicitly derive invariant manifolds for (Z.0])
which resemble slow manifolds from the classical finite-dimensional theory. Using
such a computation, we discuss the intricacies of the limit ( — 0 at the hand of an
example, also providing an explicit estimate of the form (B4]).
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Example 4.1.
(i) Explicit computation of slow manifolds: consider the following fast-slow

system
e0puf = Auf —uf + (v°)?,
O = Av® — v®,

(4.1)

on the torus T. A natural approach for a Galerkin approximation is to truncate to
a certain number of Fourier modes. Writing

ug,(t) ::/us(t,x)ed’”‘kx dz, wvi(t) = /vs(t,x)eﬂ’”—kz de (k€ Z),
T T
we can expand
u(t,x) = Zui(t)e%“m, vi(t,x) = Zv,‘i(t)e%ikw.
keZ kEZ
Applying (-, ™) 1) to both sides of {I]) yields
epuf = —(1+4n°kK%)us + > vfef,
(4.2) JIEL,jHI=k
s = —(1 + 4m2k?)vs
for all k£ € Z. Truncating at a certain kg € N, we obtain
e0pug = —(1 + 4m2k?)us, + Z vy,
(4.3) #1€2 1], 1< ko,
oy = —(1 + 47 k?)vs,

which is a finite-dimensional fast-slow ODE for sufficiently small € > 0. We can
directly solve the slow equation by

Uz (t) — e—(1+4ﬂ2k2)tvz (0),
and, if [e71(1 + 472k?) — 2 — 47%(j2 + [2)] # 0, the fast equation is solved by
us () — 675’1(1+4ﬂ2k2)tui(0)

t
S [ g )

JHLEZ, |],]U<kg,
=k

t
Z 571676_1(1+4w2k2)t/ 6[5_1(1+47r2k:2)7274772(j2+l2)]sv§(O),Ule(o) ds
0

JHIEZ, |3]51U<kg,
jHl=k

—2—4m? (521t —e Y (1+4n2E2)t

1 € —¢€ e €

= g e — - v5(0)v; (0).

pien Gk, e~ (14 4n2k2) — 2 — 4m2 (52 +12)
ik

The essential property of a slow manifold is to eliminate the fast dynamics. In fact,
cancelling out the terms with the e~! in the exponent, we obtain

v; (0)v7 (0)
(4.4) ug (0) = > s . ;
* JHIEZ, 1], <kg, 1+47T2k2 _5[2+47T2(J2 +12)]
j+l=k

JHl=
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which could be seen as a formula for the slow manifold. The critical manifold in
turn would be given by

0 0
0oy _ v;(0)v;(0)
(4.5) up(0) = Z 1+ dAm2k?
J,LEZ, |5],1lI<kg,
Jt+l=k

Let My, be the set of all € € (0, 1) such that there are (j,1) € Z* with max{|j|, |/|} <
ko and k € Z, |k| < ko with

(4.6) e 1+ 472%k?) — 2 — 4n?(j2 +1%) = 0,and j + 1 = k,

i.e., My, contains all € € (0, 1) for which there may be singularities in (4.4]). This
set is special since the above procedure of cancelling out the terms with an e~! in
the exponent is not possible for such ¢; note that a similar situation occurs in many
dynamical systems in the context of resonances and the small divisor problem [I0].
Although the existence of invariant manifolds is not clear for € € My, we observe
that My, is finite if kg € N and countable with an accumulation point at 0 if
ko = co. This shows two things: firstly, for all but countably many ¢ € (0, 1) there
exists an invariant manifold as a graph over the whole slow variable space for ([@I).
Secondly, it seems like there is no ¢ such that such an invariant manifold exists for
all € € (0,g¢]. Instead, one has to restrict to a subset of the slow variable space, as
also suggested by the direct approach. In this example, one has to impose

> 5(0)95(0) =0,

(4,k)ELKg K

where Ly, 1 denotes the set of all pairs (j,1) € Z* with j + 1 = k and ||, |I| < ko
such that the denominator in (£4) is equal 0.

Even though an invariant manifold for (1)) exists for all but countably many
e € (0,1), these manifolds can be far away from the critical manifold. In fact, this
distance tends to oo as dist(e, My,) — 0, as can be seen directly from (£4) and
([@3). However, it is easy to see from equation (L) that there are no singularities
in @) if e < 1/(2+ 87%kE). In this case, the slow manifold from the Galerkin ap-
proximation is close to the slow manifold obtained by the direct approach. This can
be checked by computing the slow manifold for (ZI) from the Fourier coefficients
as above. In our abstract framework, we obtain the following precise estimate.

(ii) Exemplification of abstract framework: one can choose X = Ly(T) and
Y = H*(T) as underlying spaces and A = A — 1 and B = A — 1 on the domains
D(A) = H*(T) and D(B) = H*(T), respectively. Then, we have X, = H?*(T)
and Y, = H?T2%(T). As nonlinearities, we choose f(z,y) := y? and g(z,y) = 0
with vy =dx =dy = 1. If n > 1, then

i Xn x Yoot = Xp, (z,y) — e

is a well-defined and smooth nonlinearity, since H2*2%(T) is a Banach algebra for
a > —%. However, the bounds on the derivatives of f from Assumption (A,,) are
only satisfied locally and the Lipschitz constant only gets small in a neighborhood
around 0 in Y,,. Formally, one would have to use cutoff techniques as for example
in [6 Section 6] in order to apply our methods. But since global stability issues are
not our primary concern, we omit the details here. Instead, we just keep in mind
that we have to restrict to a certain neighborhood around 0 in Y, so that Ly is
small enough for ([22)) to hold.
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For Assumption (B,,) we need to introduce a splitting of the slow variable space.
Let wa € (—1,0) be close to —1. For ¢ > 0 and k € Ny with

—472(Jko| +2)* < ¢ lwa + 1 < —47%(|ko| + 1)?,
we take
Xg = YSC := span{[z — ™) k € Z, |k| < |kol},
V5§ = clyzery (span{[z s ™) . k € Z, |k| > |ko| + 1}),
X5 = clp,em (span{[z — ™) 1 k € Z, |k| > |ko| + 1}),

where clp M denotes the closure of a set A C T in a topological space T'. Note that
the projection to Xg and Yg coincides with the projection to the first kg Fourier
modes. Thus, our abstract Galerkin equation (2.0)) is consistent with the explicit
example ([@3]). Now it is straightforward to check that the assumptions (By), (Cy)
and (D) are satisfied. Nevertheless, let us specify the choice of Ngﬂ and Ng.. Note
that we have

etBf = et(Aq)f N PR Z 67(47r2k2+1)tf-(k)ei2ﬂkz
kezZ

Thus, for yg € Yé and t > 0, Plancherel’s Theorem gives

(4n?|ko|?+1)t ||yS ||H2+2"(’]I‘);

||€_tByS||H2+2n(T) <e
so that we may take
N§ = —¢twa — 4n kol — 1.
Since —4m2(Jko| + 2)% < (lwa 4+ 1 < —4n%(|ko| + 1)2, it follows that N§ > 0.
Similarly, we can take

N§ = —Clwa — 4n(ko| +1)2 = 1.

With these choices, we observe that formula (£4) defines the slow manifold which
one also obtains from a Lyapunov-Perron approach. Indeed, the solution of equation
[@3), with initial conditions given by (4]), reads

Ve

THOE D DR ALLIC :
1+ 47m2k2 — 2 + 4m2(52 + 12)]

JHIEZ, 1], <kg,
Jti=k

Vi (1) = e~ HAT RS (),

also for t € (—o0,0]. Moreover, this solution is an element of an and hence, (£4)

defines the slow manifold given as the graph of hZLC from the abstract setting. In
particular, Theorem [B.1] shows that the distance of the Galerkin slow manifold we
computed for (3] to the actual slow manifold for {I) is small if ¢, > 0 with
c:—zg > ¢ are small enough. More precisely, if we fix m,n € Nym <nand ¢ € (0, 1),
then Theorem [B.1] tells us that there is a constant C' > 0 such that for all € > 0

small enough and all ky € N such that ky < 4/ % — 2 it holds that

—2(n—m)—1
K55 (vo,5) — B (v0,9) || m2m(my < Cig 2™ Jug | s

Here, hif denotes the mapping describing the slow manifold for (@I]) from the
direct approach and hzlc denotes the slow manifold from the Galerkin approach
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defined by ([@4). If ko is chosen close enough to % — 2 then we also

obtain the estimate

gnfer

1
185 (vo,5) — hGE (vo,) || rem () < 2 ||vo,s || rn-2m).-

In particular, the last estimate provides an illustration of the relevance of our main
result: in situations where a Galerkin approximation may be the procedure of
choice due to the need of using ODE techniques or for numerical reasons, we know
that for sufficiently small € and suitably chosen kg the finite-dimensional Galerkin
manifolds are good approximations of the invariant slow manifolds for the PDE, if
the appropriate norms are taken.
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