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ON THE ESSENTIAL NORMS OF SINGULAR INTEGRAL
OPERATORS WITH CONSTANT COEFFICIENTS AND OF THE
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ABSTRACT. Let X be a rearrangement-invariant Banach function space on
the unit circle T and let H[X] be the abstract Hardy space built upon X. We
prove that if the Cauchy singular integral operator (H f)(t) = % Jr % dr is
bounded on the space X, then the norm, the essential norm, and the Hausdorff
measure of non-compactness of the operator al + bH with a,b € C, acting
on the space X, coincide. We also show that similar equalities hold for the
backward shift operator (Sf)(¢) = (f(¢) — f(O))/t on the abstract Hardy space
H[X]. Our results extend those by Krupnik and Polonskil [Funkcional. Anal.
i Prilozen. 9 (1975), pp. 73-74] for the operator al + bH and by the second

author [J. Funct. Anal. 280 (2021), p. 11] for the operator S.

1. INTRODUCTION

For a Banach space E, let B(E) and IC(E) denote the sets of bounded linear and
compact linear operators on E, respectively. The norm of an operator A € B(E) is
denoted by [|A| z(g). The essential norm of A € B(E) is defined by

[AllB(E),e = inf{[|A - Kl|pe) : K €K(E)}.

For a bounded subset 2 of the space E, we denote by x(Q2) the greatest lower bound
of the set of numbers 7 such that Q can be covered by a finite family of open balls
of radius r. For A € B(E), set

1Al 5(8),x = x (A(BE)) ,
where B denotes the closed unit ball in E. The quantity ||A|g(g), is called the
(Hausdorff) measure of non-compactness of the operator A. It follows from the
definition of the essential norm and [24] inequality (3.29)] that for every A € B(E)
one has

(1.1) [AllsE)x < [ AllsE).e < [|AllB(E)-
We refer to the monographs [IH3] for the general theory of measures of non-
compactness.

Received by the editors November 5, 2021.

2020 Mathematics Subject Classification. Primary 45E05, 46E30, 47B38.

Key words and phrases. Rearrangement-invariant Banach function space, abstract Hardy
singular integral operator, backward shift operator, norm, essential norm, measure of non-
compactness.

This work was supported by national funds through the FCT — Fundacao para a Ciéncia e
a Tecnologia, I.P. (Portuguese Foundation for Science and Technology) within the scope of the
project UIDB/00297/2020 (Centro de Matemética e Aplicacoes).

(©2022 by the authors under [Creative Commons Attribution 3.0 License! (CC BY 3.0)
60


https://www.ams.org/bproc/
https://www.ams.org/bproc/
https://doi.org/10.1090/bproc/118
https://creativecommons.org/licenses/by/3.0/

ON THE ESSENTIAL NORMS 61

In this paper, we deal with the norm, the essential norm, and the measure of non-
compactness of the following two operators: the singular integral operator al +bH,
where I is the identity operator, a,b € C and H is the Cauchy singular integral op-
erator (sometimes called the Hilbert transform), acting on rearrangement-invariant
Banach function spaces X (see Section[Z2]), and the backward shift operator S, act-
ing on the abstract Hardy spaces H[X] built upon rearrangement-invariant Banach
function spaces X.

For 1 < p < oo, let LP := LP(T) be the standard Lebesgue space on the unit
circle T in the complex plane C with respect to the normalized Lebesgue measure
dm(t) = |dt|/(27). For f € L', the Cauchy singular integral H f is defined by

AW = Lpo. [ LT 4

T TT —

T, teT,

where the integral is understood in the Cauchy principal value sense. The Riesz
projection is defined by P := 1(I + H). It is well known that H € B(LP) if
1 < p < oo (see, eg., [13, Chap. 1, Lemma 2.1]). It follows from the results by
Gohberg and Krupnik [I2/[I5], Pichorides [27], Hollenbeck and Verbitsky [I7] that
forall 1 < p < oo,

™
(12) |Hlswr) = 15, = cot (FAcr)
and
(1.3) Ty ——
’ B(Lr) = B(Lr)e = sin(mAre)’
where
(1.4) Arr = min{l/p,1—1/p}.

Rearrangement-invariant Banach function spaces are far-reaching generalizations
of Lebesgue spaces LP, 1 < p < oo (see [4, Chap. 2] and Section 2.2). Krupnik and
Polonskii proved [23, Theorem 1] that if X is a reflexive rearrangement-invariant
Banach function space on the unit circle T (see Section [Z2]) such that H € B(X),
then

(1.5) [Hlx) = [1H|B(x)e-
See also |21l Example 4.1], where the equality
(1.6) lal +bH ||y = lal + bH|[5(Lr).e

is stated for 1 < p < co and a,b € C.

Further, the first author obtained in [I8, Theorem 4.5 and Corollary 4.6] lower
estimates for || H|/g(x). and ||P||p(x).e in the case of a reflexive rearrangement-
invariant Banach function space X such that H € B(X). The lower bounds for the
essential norms are defined exactly as the right-hand sides of ([2) and (3] with
A given by (4] replaced by Ax = min{px,1 —¢x}, where 0 < px < ¢gx <1 are
the so-called Zippin indices of the rearrangement-invariant Banach function space
X. Note that for the Lebesgue spaces LP the Zippin indices coincide and are equal
to 1/p, but there are Orlicz spaces L® for which 0 < pye < qre < 1 (see, e.g., [25]).

We refer to the monographs [14, Chap. 13] and [2I, Chap. 4] and the survey
paper [22] for a more detailed account of the history of the problem of calculation
(or estimation) of the norms and the essential norms of the operators al +bH with
a,beC.
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Our first main result is the following extension of [23, Theorem 1] (see (LH])).

Theorem 1.1. Let X be a rearrangement-invariant Banach function space on the
unit circle T. If H € B(X) and a,b € C, then

lal +bH||px),x = [lal +bH | 5(x).e = llal +bH || (x)-

The first equality appears in this work for the first time. We also would like to
underline that, in contrast to [23], we do not require that the space X is reflexive. It
is instructive to analyze the case of the Lorentz spaces LP9, 1 < p < 00, 1 < q < o0,
which are rearrangement-invariant Banach function spaces (see, e.g., [4, Chap. 4,
Theorem 4.6]). It is well known that the operator H is bounded on all such spaces
LP4, This follows from the boundedness of H on LP for 1 < p < oo (see, e.g.,
[13, Chap. 1, Lemma 1]), Boyd’s interpolation theorem (see [7] and also [4, Chap. 3,
Theorem 5.16]), and [4, Chap. 4, Theorem 4.6]. Note that if 1 < p < oo, then the
spaces LP'9 are separable and reflexive for 1 < ¢ < oo; the spaces LP:! are separable
and non-reflexive; and the spaces LP'*° are non-separable and non-reflexive. So, all
equalities in Theorem [[[T] are new for LP:! and LP*°.

Now we pass to the backward shift operator. For f € L!, let

1

fnyi= o= [ fe)emedp, nez,
7T —Tr

be the sequence of the Fourier coefficients of f. For 1 < p < oo, the classical Hardy
spaces HP? are defined by
HP :={felLP : fn)=0 forall n<0}.
Consider the functions
e (z)=2", z€C, nelZ.
The backward shift operator S is defined on H?, 1 < p < oo, by

(1.7) (SH®) =e(®) (f1) - F0)), teT.

We refer to the monograph by Cima and Ross [9] for a systematic study of this
operator on the classical Hardy spaces H? (D) over the unit disk D for 0 < p < oc.
The operator S is one of the simplest Toeplitz operators (see, e.g., [6]). It plays
an important role in the study of more general Toeplitz operators with continuous
symbols on the classical Hardy spaces HP with 1 < p < co (see [5] and [28]). The
second author proved in [28, Theorems 3.1 and 5.1] that for the Hardy spaces HP?,
1 < p < o0, one has

(1.8) 1SNscaey x = 1SBHP).c = 1SBH) < 2l1=2/pl,

Note that the exact value of the norm of the operator S is unknown even in the
case of the Hardy space H' (see [L1]).

Let X be a rearrangement-invariant Banach function space (see Section 22). Tt
is continuously embedded into L!. Following [29, p. 877], we consider the abstract
Hardy space H[X] built upon the space X, which is defined by

HX]:={feX: fn)=0 forall n < 0}.
This is a Banach space with respect to the norm

[ flmxy == [ fllx-
It is clear that if 1 < p < oo, then H[LP] is the classical Hardy space H?.
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Our second main result is the following extension of the equalities in (L) from
the setting of classical Hardy spaces H? = H[LP?] with 1 < p < 0o to the case of
abstract Hardy spaces H[X] built upon arbitrary rearrangement-invariant Banach
function spaces X.

Theorem 1.2. Let H[X| be the abstract Hardy space built upon a rearrangement-
invariant Banach function space X on the unit circle T. Then the backward shift
operator S is bounded on H[X] and

ISlBax) X = ISBCHX).c = IIS]IB(HIX])-

Once again, since we do not require that X is reflexive, our result covers the
case of classical Hardy spaces H' = H[L'] and H>* = H|[L®°], which were not
considered in [28, Theorem 5.1].

The paper is organized as follows. In Section Bl we collect definitions of a
rearrangement-invariant Banach function space and its associate space, as well as
auxiliary facts on measure preserving transformations of the unit circle onto itself
generated by inner functions vanishing at the origin. In Section Bl we show that the
operators B, f = e, (f o ey,) commute with A = al + bH for a,b € C and n € N.
Further, we prove Theorem [[1] following the scheme of the proof of [28, Theo-
rem 5.1]. In Section M we show that the backward shift operators S is bounded
on the abstract Hardy space built upon an arbitrary Banach function space (not
necessarily rearrangement-invariant). Finally, we prove Theorem

2. REARRANGEMENT-INVARIANT BANACH FUNCTION SPACES

2.1. Banach function spaces and their associate spaces. Let M be the set
of all measurable complex-valued functions on T equipped with the normalized
measure dm(t) = |dt|/(27) and let M™ be the subset of functions in M whose
values lie in [0,00]. The characteristic (indicator) function of a measurable set
FE C T is denoted by xg.

Following [4, Chap. 1, Definition 1.1], a mapping p : MT — [0, 00] is called a
Banach function norm if, for all functions f, g, f, € M™T with n € N, and for all
constants a > 0, the following properties hold:

(A1) p(f) =0& f=0ae, plaf)=ap(f), p(f+g) < p(f)+r(9),

(A2) 0<g< fae = p(g) <p(f) (the lattice property),
(A3)  0<futfae = p(fu)1p(f) (the Fatou property),
(Ad)  p(1) < oo,
(a5) [ syam(o < Co)

T

with a constant C' € (0, 00) that may depend on p, but is independent of f. When
functions differing only on a set of measure zero are identified, the set X of all
functions f € M for which p(|f]) < oo is called a Banach function space. For each
f € X, the norm of f is defined by ||f|x := p(|f]). The set X equipped with
the natural linear space operations and this norm becomes a Banach space (see
[, Chap. 1, Theorems 1.4 and 1.6]). If p is a Banach function norm, its associate
norm p’ is defined on M™ by

Plg) = sup{ / F(t)a(t)ydm(t) = | € MY, p<f><1}, ge M.
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It is a Banach function norm itself [4, Chap. 1, Theorem 2.2]. The Banach function
space X’ determined by the Banach function norm p’ is called the associate space
(Kothe dual) of X. The associate space X’ can be viewed as a subspace of the
Banach dual space X*.

For f € X and g € X/, put

S 1 [T P —
(o= [ F0a@dme) = 5- [ () gl ab
The following statement is a consequence of the Lorentz-Luxemburg theorem
(see [d, Chap. 1, Theorem 2.7]). It can be proved in exactly the same way as
[19, Lemma 2.10].

Lemma 2.1. Let Sy be the set of all simple functions on T and let X be a Banach
function space on T. If f € X, then

[fllx = sup{[(f,8)| = s € So, [Isllx <1}

2.2. Rearrangement-invariant Banach function spaces and their associate
spaces. Let My (resp. M) denote the set of all a.e. finite functions in M (resp.
in M™). Following [4, Chap. 2, Definitions 1.1 and 1.2], the distribution function
my of a function f € My is given by

myA):=m{teT : |[f(t)| >N}, A>0.

Two functions f,g € M, are said to be equimeasurable if m;(A) = mg4(A) for all
A > 0. A Banach function norm p : M — [0,00] is said to be rearrangement-
invariant if p(f) = p(g) for every pair of equimeasurable functions f,g € Mg. In
that case, the Banach function space X generated by p is said to be a rearrangement-
invariant Banach function space (see [, Chap. 2, Definition 4.1]). It follows from
[4, Chap. 2, Proposition 4.2] that if a Banach function space X is rearrangement-
invariant, then its associate space X' is also a rearrangement-invariant Banach
function space.

2.3. Measure preserving transformations defined by inner functions. Let
D denote the open unit disk in the complex plane C. Recall that a function F'
analytic in D is said to belong to the Hardy space H> (D) if

[El| 1o () == sup | F'(2)] < oc.
z€D
Recall that an inner function is a function u € H>(D) such that |u(e?®)| = 1 for
a.e. 0 € [—m, 7.

Lemma 2.2. If u is an inner function such that u(0) = 0, then u is a measure
preserving transformation from T onto itself.

This lemma goes back to Nordgren (see corollary to [20, Lemma 1] and also
[8, Remark 9.4.6], [19, Lemma 2.5], [10, Theorem 5.5]).

Lemma 2.3. Let X be a rearrangement-invariant Banach function spaces on the
unit circle T an let H[X] be the abstract Hardy space built upon X.

(a) If fe X andn €N, then foe, € X and | foe,|x =|flx-

(b) If € H[X] andn € N, then f o e, € HIX] and |If o eallupx) = |l

Proof.
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(a) It is clear that e, is an inner function and e, (0) = 0 for every n € N. It
follows from Lemma 22 that my = myee, for every f € X and every n € N. Then
foe, e X and ||foe,|lx = ||f]lx because X is rearrangement-invariant.

(b) If f € H!, then it follows from [10, Theorem 5.5] that foe, € H! for every
n € N. Combining this observation with part (a), we see that if f € H[X] = XNH?!,
then foe, € X NH' = H[X] and | f o ey gix) = | fllaix)-

O

3. SINGULAR INTEGRAL OPERATORS WITH CONSTANT COEFFICIENTS
3.1. Operators B,,. For f € L' and n € N, let
(3.1) B, f:=e,(foea).

Lemma 3.1. If a,b € C and A = al + bH, then AB,p = B, Ay for all ¢ € L*
and n € N.

Proof. Let P denote the set of all trigonometric polynomials. If f € P, then it is
easy to see that for every k,n € N,

T f(m), if k=nm,m €Z,
(32) Joen(k) = { 0, otherwise.

Since P is dense in L! (see, e.g., [20, Chap. 1, Theorem 2.12]), identity (3.2) remains
true for every f € L!.
By Lemma 23(a), B,y € L. For any z € D, we get using ([3.2))

Ry = B0 L [T,

211 T—2Z 271 T—2z
T Linf 2in6 T Linf 2in6
:i/ e () )ei"da_i/ e (€) 49
2 ). e —2 2 ). 1 —ze
1 " in in = —1
=5 B ey (62 9) (Z ZFe k9> do
k=0
oo 1 T ‘ ‘ oo -
_ Z Zk% / © (621719) e—z(k—n)é do = Z ZkQO 5 egn(k . TL)
k=0 - k=0
— ZQnern@(m) 0 Z (ZQn)m g’p\(m)
m=0 m=0
z" " 7 - nm ,—im
—%/ﬂga(ee)(ZzQ e 9>d9
m=0
- on ™ © (619) 7 L S0(7_) B
= % [ﬂ 71 — 2277,6—7;9 d9 = % A 77_ — Zzn dT = G(Z)

Since ¢, B, € L', it follows from Privalov’s theorem (see, e.g., [16, Chap. X,
§3, Theorem 1]) that the nontangential limit of F(z) as z — e coincides with
(P(Bny))(e™) for a.e. ¥ € [, 7], while the nontangential limit of G(z) coincides
with (B, (Pg))(e"’). Hence PByp = B, Py, which implies AB, = B, Ay for all
¢ € L', since H =2P — I. ]
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3.2. Proof of Theorem [I.7l The proof is similar to that of [28, Theorem 5.1]. In
view of inequality (1), it is sufficient to prove that

(3.3) 1Al 5x)x = 1AllB(x)-
For any e > 0, there exists ¢ € X, such that ||¢||x = 1 and
(3.4) [ Aqllx > [|Alls(x) — e

By Lemma 2] there exists a simple function h € X’ N L* such that ||h|x <1
and

1 g . .
(3.5) Dy (Aq) (e’g) h (e“g) df > ||Aqllx —e.
T J)_n
For n € N, set h, := e_,(h o ey,). Since X’ is rearrangement-invariant (see
[4, Chap. 2, Proposition 4.2]), it follows from Lemma [Z3|(a) that
(36) ||h7LHX/ = HhHX/ < 1, n € N.

On the other hand, taking into account that es, is a measure preserving transfor-
mation of T onto itself (see Lemma [22)), we see that for all n € N,

37 [ (Bud0) (@) 0 () 0= - [ (Aa) ) () (o ean) ()

2 J_ . T or o
1 " i i
(3.7) =5 7ﬂ(Aq) () h (e do.

Take any finite set {¢1,...,pm} C X C L. It is clear that h,, = hj oe,, and it fol-
lows from ([B:2)) that h1(0) = 0. By Fejér’s lemma (see [30, Chap. IT, Theorem 4.15]),
we have for every j € {1,...,m},

: I i0 i0 L/ i0 I i0
lim —/_ﬂapj(e ) hay (€7) d&:%/_ﬂcpj (e") de%/_ﬁhl (e") do = 0.
Therefore, there exists N € N such that
L[ i0 i0
3 | o () hx () as
It follows from [BX), B1), B) that for j € {1,...,m},
1 /™ , .
2—/ (BnAgq — ;) (e“g) hn (ew) dﬁ‘

)7

I i0 i0 I i0 i0

> ‘%/_W(BNA(J) (e )hN(e ) dH‘ — ’%/—w% (e )hN (e") do
(39 > |Aglx -2
On the other hand, Hoélder’s inequality for X (see [4, Chap. 1, Theorem 2.4]) and
@B8) imply that for j € {1,...,m},

1 " % i1
57 [ (Bxda= ) () o (€) 8] < 1By da = gyl
(3.10) <|BnAg - ¢jlx.

Combining (39) and BI0), we see that for j € {1,...,m},
(3.11) IBnAq — ¢l x > [|Aql[x — 2.

(3.8) <e jJe{1,...,m}.
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It follows from X C L', Lemma Bl and inequalities ([B3.4) and (B.I1) that for all
je{l,...,m},
[ABng = ¢jllx = BN Ag = ¢jlix > [|Aq]x — 2¢ > [[Allx) — 3e.

By Lemma 23(a), [|Bng|lx = |lg||lx = 1. So, for every finite set {¢1,...,om} C X,
there exists an element of the image of the unit ball A(Bx) that lies at a distance
greater than [|A|zx) — 3¢ from every element of {¢1,...,¢m}. This means that
A (Bx) cannot be covered by a finite family of open balls of radius ||A|zx) — 3¢.
Hence

lAllB(x)x = lAllB(x) — 3¢ forall &>0.
Passing to the limit as ¢ — 0+, we arrive at B3), which completes the proof. O

4. BACKWARD SHIFT OPERATOR

4.1. Boundedness of the backward shift operator. First, we observe that in
order to guarantee the boundedness of the backward shift operator on the abstract
Hardy space H[X], we do not need to require that the underlying Banach function
space X is rearrangement-invariant or reflexive.

Lemma 4.1. Let H[X] be the abstract Hardy space built upon an arbitrary Banach
function space X on the unit circle T. Then the backward shift operator S defined
by (L) is bounded on the space H[X].

Proof. For every f € H[X], one has

5711 = [le-r (= F0) |1y = e (7 =), = |7 = FO)]

< W mper + [ FO) Iy < 1Ny + 1 s 1L

By Axiom (A4), 1 € X. On the other hand, in view of Axiom (A5), ||f||.: < C||fllx
for some constant C' > 0 independent of f € X. Hence

1S Flx) < I lax) + ClAx I rxg = @+ Clx) [l a1x)-

Therefore S € B(H[X]) and
(4.1) ISNBay < 14+ C|1x,
which completes the proof. O

Note that estimate (LI is quite crude. If X = LP with 1 < p < oo, then
I1lLr = |I11||»r =1, where 1/p+ 1/p’ = 1. By Holder’s inequality, || f||zr < ||f]lzr
and the constant C' = 1 on the right-hand side of this inequality is best possible.
Thus, it follows from (I)) that ||S||p»y) < 2 for all 1 < p < co. On the other

hand, the inequality in (L8] gives a better estimate for the norm of the backward
shift operator on the classical Hardy spaces: [|S||gg») < 21772/71.

4.2. Proof of Theorem The proof is similar to that of Theorem [[T] (and of
[28, Theorem 5.1]). In view of inequality (1)), it is sufficient to prove that

(4.2) 1Sl scaixn . = 1S
Fix € > 0. Then there exists ¢ € H[X], such that ||q||H x] =1 and

(4.3) 1Sqllaix) = 1SN seaix) —
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Let qo := ¢ — q(0) € H[X]. Then

(4.4) lqollzix) = lle—1go0ll apx) = 1199l mix)-
By Lemma 2] there exists a simple function h € X' N L such that ||h]|x <1
and

1 ™

2 ),

(4.5) qo (") h () df > |lqollx —e.

For n € N, set h,, := hoe,. Since X’ is rearrangement-invariant (see [4, Chap. 2,
Proposition 4.2]), it follows from Lemma 2.3a) that

On the other hand, taking into account that e,, is a measure preserving transfor-
mation of T onto itself (see Lemma [Z2]), we see that for all n € N,

4D [Cwoed @) () =2 [ @) n(e)

Take any finite set {1, ..., om} C H[X] C H'. Let 1); := e1p; for j € {1,...,m}.
It is clear that

1 4 ) Py .
o= | v () dd=4;(0)=0, je{l,....m}

2 J_,

By Fejér’s lemma (see [30, Chap. II, Theorem 4.15]), for every j € {1,...,m},

™

tim oo [y @) i () a0 = o [ w0 o5 [ ne)yas—o

—T

Therefore, there exists N € N such that

1 (7 , ,
- / 0 () o (6) 9

It follows from (X)), [@T), [AJ) that for j € {1,...,m},
1 (" , :
E/ (a0 0 en — e1p;) (¢) hv (¢”) de‘

—T

2 [ (anoen) () hx () d‘g\ } '% /_7; 05 () v (") do

—T

49) > llaollx — 2.

On the other hand, Hoélder’s inequality for X (see [4, Chap. 1, Theorem 2.4]) and
(D) imply that for j € {1,...,m},

(4.8)

<e je{l,...,m}.

>

% /T;(qo cen —eip;) () by (¢) d‘9‘ < llgo o en — expjllx|lhn |l x
(4.10) < g oen — e1pjllx-
Combining (£9) and [@I0), we see that for j € {1,...,m},
(4.11) g0 o en — e1pjlx > llaollx — 2 = llqoll apx) — 2¢.
Inequality ([{I1]), equality ([@4) and inequality (@3] imply that for j € {1,...,m},
[S(goen) —wjllax) = lle—1(qgooen) —e_1e1p;llx = |lgooen — e1p;llx

> llqollmix) — 26 > |SllBix)) — 3¢
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So, for every finite set {¢1,...,pm} C H[X], there exist a function S(q o ey) that
lies at a distance greater than [|S||pm[x]) — 3¢ from every element of {¢1,...,@m}.
It follows from LemmaR.3\(b) that ||goen| n(x] = llql|#[x) = 1, that is, the function
S(q o en) lies in the image S (Byx)) of the unit ball of the space H[X] by the
operator S. This means that S (BH[X]) cannot be covered by a finite family of
open balls of radius ||.S||z(m[x]) — 3¢. Hence

”S”B(H[X]),X > ||S||B(H[X]) —3¢ forall £>0.

Passing to the limit as € — 0+, we arrive at (£2]), which completes the proof. O
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