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Abstract. This paper completes a classification of the types of orientable
and non-orientable cusps that can arise in the quotients of hyperbolic knot
complements. In particular, S2(2, 4, 4) cannot be the cusp cross-section of
any orbifold quotient of a hyperbolic knot complement. Furthermore, if a
knot complement covers an orbifold with a S2(2, 3, 6) cusp, it also covers an
orbifold with a S2(3, 3, 3) cusp. We end with a discussion that shows all cusp
types arise in the quotients of link complements.

1. Introduction

There are five orientable Euclidean 2-orbifolds:

T 2, S2(2, 2, 2, 2), S2(2, 3, 6), S2(3, 3, 3) and S2(2, 4, 4).

The figure 8 knot complement covers orbifolds with four of the five types of cusps (all
but S2(2, 4, 4)). In keeping with the standard terminology, we say that S2(2, 3, 6),
S2(3, 3, 3) and S2(2, 4, 4) are the cross-sections of rigid cusps because they have
a unique geometric structure up to Euclidean similarity. We also say T 2 and
S2(2, 2, 2, 2) correspond to non-rigid cusps, which up to similarity have a two dimen-
sional (real) parameter space of possible cusp shapes. The aforementioned quotients
of the figure 8 knot complement to orbifolds with S2(2, 3, 6) and S2(3, 3, 3) cusps
can be easily constructed by analyzing the symmetries of the underlying space of the
complement, two regular ideal tetrahedra (see [16] for example). Similarly, there are
two knot complements that decompose into regular ideal dodecahedra [1] and each
of these knot complements also admits a quotient to an orbifold with a S2(2, 3, 6)
cusp and to an orbifold with a S2(3, 3, 3) cusp (see [15, §9], and [10] for more
background). Collectively, these three examples are the only known examples of
hyperbolic knot complements that cover orbifolds with rigid cusps. Again, for each
of the three examples, we can find a quotient with a with T 2, S2(2, 2, 2, 2), S2(2, 3, 6)
or S2(3, 3, 3) cusp. Curiously missing from this list is a hyperbolic knot complement
which covers an orbifold with a S2(2, 4, 4) cusp. The main theorem shows that such
a cover cannot occur.
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Figure 1. The structure of quotients of a manifold covered by a
knot complement that admits hidden symmetries in light of Theo-
rem 1.2 and Theorem 1.1. Here Q3 has an S2(3, 3, 3) cusp and QT

has a torus cusp. We point out that ni ≥ 1 and the degree of the
cover of Q3 to Q could be 1 or 2.

Theorem 1.1. Let Q be an orbifold covered by a hyperbolic knot complement, then
Q does not have a S2(2, 4, 4) cusp.

This theorem is also relevant to the larger question of which knot complements
admit hidden symmetries (see Section 2). It is conjectured by Neumann and Reid
that only the figure 8 knot complement and the dodecahedral knot complements
exhibit this property (see [4, Conjecture 1.1] for example). In that context, we
can appeal to a similar argument to the proof of the main theorem and show that
if a knot complement covers an orbifold with a S2(2, 3, 6), then it also covers an
orbifold with a S2(3, 3, 3) cusp. Of course, we see this phenomenon in the examples
discussed above. Thus, generically, if a hyperbolic knot complement covers an
orbifold with a S2(2, 3, 6) cusp, we can build a diagram of orbifolds covers where
an orbifold with a S2(3, 3, 3) cusp is an intermediate cover (see in Figure 1). In the
known examples, for the figure 8 knot complement n0 = 1, n1 = 2, 6n2 = 6. In the
case of the dodecahedral knots, n0 = 1, but in general n1 and n2 are determined
by the relevant symmetry groups (see [10]). More importantly, an orbifold with an
S2(3, 3, 3) also arises, as evidenced below.

Theorem 1.2. Let f : M → Q, where M is a manifold covered by a hyperbolic knot
complement. If Q has a S2(2, 3, 6) cusp, then (πorb

1 (Q))ab ∼= Z/2Z, deg(f) = 24n,
n ≥ 1, and M covers the double cover of Q, which has a S2(3, 3, 3) cusp.

Theorem 1.2 is sharp in the sense that there is a 24-fold cover by the figure 8 knot
complement to the minimum volume orientable orbifold in its commensurability
class H3/PGL(2,O3). However, for each of the dodecahedral knot complements
the analogous cover is degree 120.

The main results of this paper provide evidence for the Rigid Cusp Conjecture
of Boileau, Boyer, Cebanu, and Walsh [4, Conjecture 1.3].
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Conjecture 1.3 (Rigid Cusp Conjecture). If a hyperbolic knot complement S3 \K
covers an orbifold with a rigid cusp, S3 \ K covers an orbifold with a S2(2, 3, 6)
cusp.

Theorem 1.1 reduces the conjecture to answering Question 1.4, which would
imply a partial converse of Theorem 1.2.

Question 1.4. If S3 \ K covers an orbifold with a S2(3, 3, 3) cusp, must it also
cover an orbifold with a S2(2, 3, 6) cusp?

We end this section with a theorem that effectively serves as a summary of the
arguments of this paper so far.

Theorem 1.5. Let S3 \ K cover a orbifold Q. Then the cusp of Q is either:
orientable and one of T 2, S2(2, 2, 2, 2), S2(2, 3, 6), or S2(3, 3, 3), or non-orientable
and one of K2, RP 2(2, 2), D2(; 2, 3, 6), D2(; 3, 3, 3) or D2(3; 3).

We remark that the discussions above and in Section 3 show that this is precisely
the set of cusp types that can be covered by hyperbolic knot complements. However,
for all rigid cusps there is a link complement which admits a quotient with at least
one cusp of that type.

2. Background

We refer the reader to [19, Chapter 13] for more information on orbifolds and we
will appeal to Thurston’s notation conventions for 2-orbifolds established in that
reference. Namely for 2-orbifolds, we say F (a1, . . . am; b1, . . . bn) is an orbifold with
underlying space F , cone points of orders ai and corner reflectors marked by bj . A
sufficiently small neighborhood of a cone point is isometric to D2/(Z/aiZ) and a
sufficiently small neighborhood of a corner reflector is isometric to D2/(D2bj ) where
D2bj is a dihedral group of order 2bj . The lone departure from these conventions
is explained in Figure 2 and Remark 3.2, which concerns simple closed curves with
point only fixed a single reflection (i.e. there are no corner points along the curve).

We begin by defining terminology to frame the discussion. A cusped hyperbolic
3-orbifold Q is arithmetic if and only if πorb

1 (Q) is commensurable with a subgroup
of PSL(2,Od) for some d. We refer the reader to [13, Chapter 8] for further back-
ground. There is a nice dichotomy of for arithmetic and non-arithmetic orbifolds.
In the context of this paper, Reid [18] showed that the figure 8 knot complement is
the only arithmetic knot complement. More generally, Margulis [14] showed that
Q = H3/Γ is non-arithmetic, then

Comm+(Γ) = {g ∈ Isom+(H3)|[Γ : Γ ∩ gΓg−1] < ∞, [gΓg−1 : Γ ∩ gΓg−1] < ∞}

is discrete. In terms a knot complement S3 \ K, either K is the figure 8 knot
or all (orientable) orbifolds commensurable with S3 \ K ∼= H3/ΓK will cover the
commensurator quotient H3/Comm+(ΓK).

A hyperbolic manifold M admits hidden symmetries if there exist a cover of M ,
M̃ such that M̃ admits a symmetry that is not the lift of a deck transformation of
M . For a (non-arithmetic) hyperbolic knot complement S3 \K, Neumann and Reid
showed that admitting hidden symmetries is equivalent to covering a rigid cusped
orbifold (see [15, §9]).
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Figure 2. Schematics for 2-orbifolds that are possible cusp types
discussed in Section 3. Edges marked with an ‘R’ are fixed by
reflection. Unmarked unfilled circles indicate corner reflectors fixed
by Z/2Z × Z/2Z and unmarked filled circles indicate cone points
of order 2. Otherwise the marking determines the cone point or
cone reflector.

2.1. The structure of the orbifold. An orientable, (finite volume) hyperbolic
3-orbifold Q can be described as the quotient H3/Γ (with vol(H3/Γ) < ∞). If Q
is non-compact, then Q has cusps of the form T 2 × [0,∞), S2(2, 2, 2, 2) × [0,∞),
S2(2, 4, 4)× [0,∞), S2(2, 3, 6)× [0,∞) or S2(3, 3, 3)× [0,∞).

The singular set of Q denoted by Σ(O) is the set of points in the quotient
Q ∼= H3/Γ with non-trivial point stablizers in Γ. The underlying space |Q| of Q is
the 3-manifold determined by ignoring labels on Σ(O). It is well established that
Σ(Q) is an embedded trivalent graph in |Q| (see for example [5, 7]).

As we consider knots in S3 and their symmetries, the following definition will be
useful later. An orbilens space is a orientable orbifold cyclic quotient of S3. For a
thorough treatment of orbilens spaces in the context of knot complement quotients
we refer the reader to [3, §3].

2.2. Elements of πorb
1 (S2(2, 3, 6)). We can be very explicit about our cusp groups

and their action by isometries on the Euclidean plane. We start out by introducing
relevant details of a S2(2, 3, 6) cusp group.

Assume πorb
1 (S2(2, 3, 6)) = 〈a, b|a6, b3, (ab)2〉. We can find a discrete faithful

representation of this group into Isom(E2) using

a 
→
(

cos(π/3) sin(π/3)
− sin(π/3) cos(π/3)

) (
x
y

)

and

b 
→
(

cos(2π/3) sin(2π/3)
− sin(2π/3) cos(2π/3)

) (
x
y

)
+

( 1
2
1

2
√
3

)
.

Notice the maximal abelian subgroup (aka the subgroup of translations) in this

group is generated by: t1 = ba−2 
→
(

x+ 1
2

y +
√
3
2

)
, t2 = b−1a2 
→

(
x+ 1
y

)
.
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2.3. Elements of πorb
1 (S2(2, 4, 4)). The introduction listed the three hyperbolic

knot complements known to cover orbifolds with S2(2, 3, 6) cusps. Before we exhibit
the obstruction to a knot complement covering an orbifold with S2(2, 4, 4) cusp, we
give background on this cusp type as well.

Analogously to the argument above, we will begin with a discrete faithful rep-
resentation of the fundamental group of S2(2, 4, 4) into Isom(E2). Of course, a
different embedding of this group into Stab(∞) ⊂ PSL(2,C) is used in order to
realize it as the peripheral subgroup subgroup of a hyperbolic 3-orbifold (see [11]
for example).

Assume πorb
1 (S2(2, 4, 4)) = 〈c, d|c4, d2, (cd)4〉. We observe that if we map

c 
→
(

cos(π/2) sin(π/2)
− sin(π/2) cos(π/2)

) (
x
y

)

and

d 
→
(

cos(π) sin(π)
− sin(π) cos(π)

) (
x
y

)
+

(
1
0

)

we have our desired discrete faithful representation of this group into Isom(E2).
Notice the maximal abelian subgroup in this group is generated by: t1 = c2d 
→(
x+ 1
y

)
, t2 = cdc 
→

(
x

y + 1

)
.

2.4. Improvements to degree bounds and a structure theorem. We will es-
tablish a useful improvement to the covering degree bounds of [11, Lemma 5.5]. We
point out that this result is a structure theorem in the sense that it implies that knot
complements which cover S2(2, 3, 6) cusped orbifolds also cover S2(3, 3, 3) cusped
orbifolds. For comparison, the Rigid Cusp Conjecture of Boileau, Boyer, Cebanu,
and Walsh [4, Conjecture 1.3] postulates that every hyperbolic knot complement
admitting hidden symmetries covers an orbifold with a S2(2, 3, 6) cusp.

Proof of Theorem 1.2. Let Q be a quotient of a hyperbolic knot complement S3\K.
Assume that Q has a S2(2, 3, 6) cusp. Further assume that S3 \K covers M and
denote by ΓK = π1(S

3 \ K) ⊂ πorb
1 (Q) ⊂ PSL(2,C). We assume that ΓK and

πorb
1 (Q) are identified with a discrete faithful representation of π1(S

3 \K).
Since Q and S3 \K both have one cusp, πorb

1 (Q) decomposes into cosets index by
peripheral elements, and so πorb

1 (Q) = P6 ·ΓK where P6 is the peripheral subgroup
of Q.

We can further assume that ΓK = 〈μ1, . . . μn|r1, . . . rm〉, where μi are meridians
of K and each rj is a relation of ΓK (e.g. coming from a Wirtinger presentation).
Finally, assume P6 = 〈a, b|a6, b3, (ab)2〉 and that μ1 ∈ P6.

Thus, we appeal to the structures of P6 and ΓK to define a left coset action on
ΓK as a subgroup of πorb

1 (Q). From this coset action, we can deduce properties of
presentation for πorb

1 (Q). Specifically, we have

πorb
1 (Q) = 〈a, b, μ1, . . . μn|a6, b3, (ab)2, r1, . . . rm, aμja

−1γ−1
a,j , bμjb

−1γ−1
b,j 〉

such that each γ−1
a,j , γ

−1
b,j is a parabolic in πorb

1 (Q). Here we point out that since

πorb
1 (Q) = P6 · ΓK , these relations together with a6, b3, (ab)2 and r1, . . . , rm form a

complete set of relations for πorb
1 (Q).

Notice since ΓK has one orbit of parabolic fixed points (which is the same set
of parabolic fixed points as πorb

1 (Q)), γa,j and γb,j can be expressed as wtr1t
s
2w

−1,



CUSPS OF QUOTIENTS OF HYP. KNOT COMPLEMENTS 341

where w ∈ ΓK and t1 = ba−2, t2 = b−1a2 (see Section 2.2 for more details). Thus,
in the quotient obtained by modding out by the normal closure of all parabolic
elements of P6 ·ΓK and b, ΓK becomes trivial, and P6 � Z/2Z. Hence, πorb

1 (Q)ab �
Z/2Z. In light of this observation and [11, Lemma 4.1(1)], we find that πorb

1 (Q)ab ∼=
Z/2Z and Q has a 2-fold cover by an orbifold Q3 with a S2(3, 3, 3) cusp. Q3 is
covered by M since π1(Q3) and π1(Q) have the same set of parabolic elements. By
[11, Lemma 5.5], the degree of the cover from M to Q3 is 12n (n ≥ 1). Thus, the
covering degree of M → Q is 24n (n ≥ 1). �

We now state a stronger version of [11, Theorem 1.2], which follows from com-
bining part (1) of that theorem with Theorem 1.2 of this paper.

Corollary 2.1. Let M be a manifold covered by a small non-arithmetic hyperbolic
knot complement S3 \K that admits two exceptional surgeries. Then M does not
cover a rigid cusped orbifold.

2.5. Rotationally rhombic peripheral groups. Given a rigid cusped orbifold
group, we can look at subgroups of the translation group. We say a translation
group is rotationally rhombic if it can be generated by two translations of the same
length that are equivalent under a rotation of order 3, 4 or 6. We stress that this
rotation is only defined in terms of its action on the translation subgroup and it does
not need to extend to a symmetry of the associated 3-orbifold. Of course, each rigid
cusped orbifold group has a maximal abelian subgroup that is rotationally rhombic
and that abelian subgroup in turn has a subgroup of index (n2

1 +3n2
2) or (n

2
1 + n2

2)

which is determined by the square of the norm of algebraic integer in Z[ 1+
√
−3

2 ]

or Z[i]. These abelian groups are rotationally rhombic and index 6(n2
1 + 3n2

2),
4(n2

1 + n2
2), or 3(n2

1 + 3n2
2) in the rigid cusped orbifold group. More generally, we

say a cusped hyperbolic orbifold Q has a rotationally rhombic cusp if the peripheral
subgroup associated to this cusp is rotationally rhombic.

Although we might expect to see an orbifold with a rotationally rhombic cusp
in the commensurability class of a knot complement which covers a rigid cusped
orbifold, in fact this is impossible in the S2(2, 3, 6) and S2(3, 3, 3) cases by Lemma
2.2. The extra hypothesis in the S2(2, 4, 4) case does not prevent us from later
utilizing this result in the proof of Theorem 1.1. Thus, in the end, this case is also
irrelevant.

Lemma 2.2. Let S3 \ K be a knot complment that covers a rigid cusped orbifold
Q.

(1) If Q has 4-torsion on its cusp, then any torus-cusped orbifold QT covered by
S3 \K such that Σ(QT ) is two embedded circles does not have a rotationally
rhombic cusp.

(2) If Q has 3-torsion on its cusp, then any torus-cusped orbifold QT covered
by S3 \K does not have a rotationally rhombic cusp.

A key component of this result follows from [3, Proposition 5.8]. However, a
number of the statements in that paper sometimes exclude the case that S3 \ K
covers a rigid cusped orbifold, which seems to be out of convenience, not necessity.
We include a more or less self-contained proof below because it still remains rela-
tively brief. We also use the notation that 〈〈a1, . . . , ak〉〉G is the normal closure of
the set {aj} in G.



342 NEIL R. HOFFMAN

Proof. The claims here can be observed directly for the figure 8 knot complement.
For all other knot complements, we appeal to [18] so that we can assume that

S3 \K is non-arithmetic. By Margulis [14], Comm+(π1(S
3 \K)) is discrete and for

simplicity we assume Q ∼= H3/Comm+(π1(S
3 \K)) (see also [15, Proposition 9.1]).

As Comm+(π1(S
3 \ K)) is maximal, if QT is covered by a knot complement, the

cover f : S3 \K → Q factors through f2 : QT → Q. Then, if we fix a subgroup ΓK

such that ΓK
∼= π1(S

3 \ K), ΓK ⊂ πorb
1 (QT ) ⊂ Comm+(ΓK), and Comm+(ΓK)

is identified with its image under a discrete faithful representation into PSL(2,C).
After conjugation, we may assume that H3/Comm+(ΓK) has a cusp at ∞. Let μ
be a meridian of ΓK fixing ∞ and let r be a rotation of order 3 or 4 on the cusp.
As a group element, μ, rμr−1, r2μr−2 are in ΓT = πorb

1 (QT ).

Case 1. If r is order 4, then r2μr−2 = μ−1. However, in this case, μ and μ′ = rμr−1

correspond to meridians of knot groups ΓK and rΓKr−1. Both of these knot groups
are normal subgroups of ΓT by [18, Lemma 4] (see also the proof of [2, Lemma
A.3]) and both quotients are cyclic. In fact, we can say ΓT /ΓK

∼= ΓT /(rΓKr−1) ∼=
Z/nZ for some fixed n. Furthermore, as ΓK and rΓKr−1 are their own ΓT -normal
closures, 〈〈μ〉〉ΓT

= ΓK and 〈〈μ′〉〉ΓT
= ΓK′ . Since μ and μ′ correspond to peripheral

elements of ΓT , we have that ΓT /〈〈μ〉〉ΓT
∼= ΓT /〈〈μ′〉〉ΓT

∼= Z/nZ. Thus, by the
Geometrization of cyclic orbifolds [6], both of these fillings correspond to orbilens
space fillings of QT . Furthermore, by assumption Σ(QT ) consists of two embedded
circles, and so QT \ Σ(QT ) is a knot complement in S1 × S1 × I that admits a
non-trivial cosmetic surgery, which contradicts [3, Lemma 5.3].

Case 2. If r is order 3 then μ, μ′ = rμr−1, μ′′ = r2μr−2 are 3 distinct elements of
ΓT . In fact, each one is a normal generator for one of the three isomorphic knot
groups in ΓT , ΓK , ΓK′ = rΓKr−1, and ΓK′′ = r2ΓKr−2. Aping the argument
from above, we now have ΓT /ΓK

∼= ΓT /ΓK′ ∼= ΓT /ΓK′′ ∼= Z/nZ for some fixed
n. However when viewed as translations in the rigid cusp group (the translations
for S2(2, 3, 6) and S2(3, 3, 3) cusp groups are described in Section 2.2), one of μ,
rμr−1, r2μr−2 must be either be a homological sum of the other two. Depending
on orientation, two of these having the homological quotient (here Z/nZ) would
mean the third is either homologically trivial in H1(QT )(= Γab

T ) or has a quotient
of Z/2nZ. Again as above 〈〈μ〉〉ΓT

= ΓK , 〈〈μ′〉〉ΓT
= ΓK′ , and 〈〈μ′′〉〉ΓT

= ΓK′′ ,
and so one of the quotients of ΓT should have an abelianization not equal to the
other two, contradicting that all are Z/nZ.

�

Remark 2.3. There are manifolds and orbifolds with rotationally rhombic cusps
that both cover a rigid cusped orbifold with 3-torsion on the cusp and admit finite
cyclic fillings. The figure 8 sister manifold ‘m003’ is an example of such a manifold.
Therefore, the property that 〈〈μ〉〉ΓT

= ΓK is essential to the previous argument.
For the figure 8 sister manifold the relevant quotients by the normal closures of
peripheral elements are Z/5Z, Z/5Z and Z/10Z, i.e. the figure 8 sister manifold
has three lens space fillings one for each of those abelian quotients.

For the discussion below, we will consider an orbifold Q that is covered by a knot
complement and has an S2(2, 4, 4) cusp. In this case |Q| is simply connected and
in fact an open ball by [11, Proposition 2.3], equivalently [3, Corollary 4.11]. We
will be interested in the cover f : S3 \K → Q and especially properties of the cover
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Figure 3. The restrictions on the structure of quotients of a
manifold covered by a knot complement that covers an orbifold
with a S2(2, 4, 4) cusp. Later, we show even this restricted case
cannot occur.

intrinsic to the cusp. In that case, we can denote by Q̄ ∼= Q\S2(2, 4, 4)× [1,∞) and
consider the restriction of f : S3 \ n(K) → Q̄. This is a cover of the knot exterior
to the (closure of the interior) of the orbifold.

In this case, Q̄ has underlying space a closed ball and Σ(Q) is a properly em-
bedded trivalent graph. The vertices of this graph are fixed by non-cyclic finite
subgroups of SO(3,R). We can label a vertex of this graph by the (maximal) fi-
nite subgroup of SO(3,R) fixing that point. Each edge of this graph is fixed by
an elliptic element of Γ and so we can label an edge using a finite cyclic group or
more simply the order of the (maximal) finite cyclic group that fixes that edge. For
example, ∂(Q̄) is incident to an edge labeled 2 and two edges labeled 4.

Proof of Theorem 1.1. Assume that Q has a S2(2, 4, 4) cusp and is covered by a
knot complement S3 \K, then similar to the arguments used to prove Theorem 1.2
we can say πorb

1 (Q) = P4 · ΓK , where P4
∼= πorb

1 (S2(2, 4, 4) = 〈c, d|c4, d2, (cd)4〉 and
ΓK

∼= π1(S
3 \K).

Again just as above, we can assume that ΓK = 〈μ1, . . . μn|r1, . . . rm〉 and then
build the following presentation

πorb
1 (Q) = 〈c, d, μ1, . . . μn|r1, . . . rm, c4, d2, (cd)4, cμjc

−1γ−1
c,j , dμjd

−1γ−1
d,j 〉

where (similar to the S2(2, 3, 6) case each γ−1
c,j , γ

−1
d,j is a parabolic in πorb

1 (Q). The
previous observation about the structure of these parabolics can be lightly adapted
from that argument. Here, we still have that since ΓK has one orbit of parabolic
fixed points (which is the same set of parabolic fixed points as πorb

1 (Q)), and so γc,j
and γd,j can be expressed as wtr1t

s
2w

−1, where w ∈ ΓK and t1 = c2d−1, t2 = cd−1c.
There is therefore a map h : πorb

1 (Q) � Z/2Z given by introducing the relations
that d, c2 are trivial. Under h, ΓK is trivial as are all elements corresponding to pe-
ripheral 2 torsion as well as all parabolic elements. Therefore any knot complement
which covers Q also covers this two-fold cover Q2. However, Q2 has no 4-torsion
on the cusp. In fact, it has a S2(2, 2, 2, 2) cusp. Thus, the cover S3 \K is regular
by [18, Lemma 4] (see also [2, Lemma A.3]).

This also shows we have the set of covering maps exhibited in Figure 3: f1 :
S3 \K → QT , f2 : QT → Q2, and f3 : Q2 → Q.
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Claim. QT is a knot in an orbilens space such that Σ(QT ) is two circles.

Proof of Claim: Note,Q2 is an orbifold with underlying space a ball (see [11, Propo-
sition 2.3] and [3, Corollary 4.11]). The latter reference also shows that Q2 has
two-fold cover QT which is a knot complement in an orbilens space and that QT

is cyclically covered by S3 \K. Thus there are 0, 2 or 4 points fixed by non-cyclic
isotropy groups of Q2 which are all dihedral since Q2 is a dihedral quotient of
S3 \K. We note that just as in the proof of [11, Lemma 4.3], the 4-torsion on the
cusp is either connected via a loop back to the cusp (no internal vertices), D4 or S4.
However, S4 does not have a dihedral subgroup of order 12, so if S4 is an isotropy
group connected to peripheral 4-torsion, then this would contradict the property
that Q2 is a dihedral quotient of S3 \K. This leaves two cases to check.

Case 1. If either set of points fixed by peripheral 4-torsion terminates at a point
fixed by a D4 group (a dihedral group of order 8), then both such sets terminate
at points fixed by D4. Moreover, both D4 isotropy groups have D2 (the dihedral
group of order 4) subgroups which lift to πorb

1 (Q2). The peripheral 2-torsion must
connect to a dihedral group of order 2(p) where p ∈ Z in order to lift to a dihedral
group in πorb

1 (Q2). By cusp killing this group must be a (2, 2, p = 2k + 1) isotropy
group. We observe that two conjugates of this group lift faithfully to πorb

1 (Q2). In
πorb
1 (Q2), there are also two dihedral groups of order 4. Thus, Σ(QT ) consists of

one circle fixed by 2-torsion and one circle fixed by odd torsion.

Case 2. Otherwise, the 4-torsion on the cusp is part of a loop. Thus, appealing to
[11, Proposition 4.2], we have that Σ(QT ) is made up of two components.

�

However, QT also has a rotationally rhombic cusp contradicting Lemma 2.2.
Thus, S3 \K cannot cover an orbifold with a S2(2, 4, 4) cusp. �

There is one knot complement S3 \ 12n706 which is known to have cusp field
Q(i) (see [9, §7.1]). This knot complement has become known as Boyd’s knot
complement because Boyd showed it decomposes into regular ideal tetrahedra and
regular ideal octahedra. In fact, that polyhedral decomposition is the canonical cell
decomposition. A simple analysis of this decomposition shows it does not support
4-torsion on the cusp. Of course, Theorem 1.1 gives an alternate proof of this fact
as well.

3. Non-orientable cusp types

As noted in the introduction, it is well-established that four of the possible seven-
teen Euclidean 2-orbifolds show up as cusp types of orbifolds covered by knot com-
plements. While Theorem 1.1 rules out S2(2, 4, 4) cusps, it also rules out D2(4; 2)
and D2(; 2, 4, 4) cusps as well since any orbifold with such a cusp type would have
an orientation double cover with a S2(2, 4, 4) cusp. As all parabolic elements lift
to the orientation double cover, a knot complement covering an orbifold with a
D2(4; 2) or D2(; 2, 4, 4) cusp would also cover an orbifold with a S2(2, 4, 4) cusp,
giving the desired contradiction.

The figure 8 knot complement and the dodecahedral knot complements both
cover tetrahedral orbifolds. The non-orientable tetrahedral orbifolds covered by
these knot complements have either D2(; 3, 3, 3) or D2(; 2, 3, 6) cusps. The figure 8
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3

3

R

3

Figure 4. A diagram for the orbifold D2(3; 3)

knot complement also covers the Gieseking manifold which has a Klein bottle cusp
and the figure 8 knot complement modulo its full symmetry group has a RP 2(2, 2)
cusp.

There is also a quotient of the figure 8 knot complement with a D2(3; 3) cusp (see
Figure 4), which we now describe. The non-orientable minimum volume tetrahedral
orbifold commensurable with the figure 8 has volume v0

24 (see for example [16]) and
a fundamental group with presentation:

Γ = 〈a, b, c, d|a2, b2, c2, d2, (ab)6, (bc)3, (ca)2, (ad)2, (bd)2, (cd)3〉
which has Z/2Z×Z/2Z for its abelianization. There are three index two subgroups
{Γ1 = ker(Γab/〈〈b〉〉,Γ2 = ker(Γab/〈〈ab〉〉,Γ3 = ker(Γab/〈〈a〉〉} of Γ. We point
out that each of these subgroups corresponds to a 1-cusped cover of H3/Γ. The
argument is as follows. Observe that P = 〈a, b, c〉 is the peripheral subgroup of
Γ. Now consider Pi = Γi ∩ P . We then have that P1 = 〈(ab), (bc), (ca)〉 which
corresponds to a S2(2, 3, 6) cusp, P2 = 〈aba, b, c〉 which corresponds to a D2(; 3, 3, 3)
cusp, and P3 = 〈a, bc〉 which corresponds to a D2(3; 3) as cusp. Note that in each
case [P : Pi] = 2, so each H3/Γi is 1-cusped as claimed. An observation what
will be utilized repeatedly in this section is that each Γi contains every parabolic
element of Γ. (In fact, each Γi contains PSL(2,O3 as a subgroup.) Thus, any
knot complement that covers H3/Γ also covers H3/Γi. In particular, each quotient
H3/Γi is covered by the figure 8 knot complement. (A nearly identical argument
applies to the dodecahedral knot complements).

For the five remaining cusp types (see Figure 2), each one has a reflection which
would extend to a reflection in the commensurator. More specifically, this reflection
would extend to a reflection symmetry of the knot as established by Lemma 3.1:

Lemma 3.1. Assume S3 \ K covers a hypberbolic orbifold Q such that the cusp
cross-section of Q admits a reflection. If all elements of the peripheral subgroup of
Q are order 2 or have infinite order, then ΓK = π1(S

3 \K) � ΓQ = πorb
1 (Q).

Proof. The assumptions imply that the cusp cross-section of Q appears as one of
the five orbifolds listed in Figure 2 (a)–(e).

If the cusp cross-section of Q is D2(; 2, 2, 2, 2), D2(2; 2, 2) or D2(2, 2;R), in each
case, Q has an orientation double cover with a S2(2, 2, 2, 2) cusp. Call this cover Q2.
Since all parabolic elements of ΓQ are in ΓQ2

= πorb
1 (Q2), ΓK ⊂ ΓQ2

. Furthermore,
we can decompose ΓQ into cosets ΓQ2

, rΓQ2
, where r is a (fixed) reflection of the

cusp cross-section C of Q. Separately, we can denote by ΓT the index 2 subgroup
of ΓQ2

corresponding to a torus cusped orbifold QT covered by S3 \ K. We have
that rΓT r

−1 = ΓT as ΓT is the subgroup of ΓQ2
generated by parabolic elements.

We then observe that rΓKr−1 ⊂ ΓT . Also, if we let μ ∈ ΓK denote the image of a



346 NEIL R. HOFFMAN

meridian of K in C, then (the normal closure) 〈〈μ〉〉ΓT
= ΓK and 〈〈rμr−1〉〉ΓT

=
rΓKr−1. Since rμr−1 = μ−1, ΓK = rΓKr−1 and ΓK � ΓQ.

If the cusp cross-section ofQ is TR orKR, then Q has an orientation double cover
with torus cusp. We can call this cover OT . Using a reflection defined analogously
as above, we still have rΓKr−1 ⊂ ΓT , and so this case is just a “streamlined”
version of the previous argument. �
Remark 3.2. We point out TR and KR in Figure 2 appear in the list of parabolic
orbifolds in [19, Theorem 13.3.6] as annulus and Möbius band, respectively. Also,
D2(2, 2;R) seems to correspond to ‘(2; 2; )’. Assuming the last case contains a typo
(the first ‘;’ should be a ‘,’), we have that for each case the reflection in boundary
is implied.

If orbifolds with boundary were to be included in the list in [19, Theorem 13.3.6],
it would expand to include the seventeen quotients by wallpaper groups and all
seven frieze group quotients, which would include the Möbius band and annulus,
so departing from Thurston’s notation by using TR and KR is meant to avoid
confusion.

We now give a proof of Theorem 1.5. This theorem gives a complete classification
of the cusp types of quotients covered by knot complements in the sense that either
a quotient can be ruled out from this list or it is realized as the cusp of a quotient
of hyperbolic knot complement.

Proof of Theorem 1.5. First, Theorem 1.1 eliminates the orbifolds with 4-torsion on
the cusp (i.e. S2(2, 4, 4), D2(4; 2) and D2(; 2, 4, 4)). Then, combining Lemma 3.1
with Boileau, Boyer, Cebanu and Walsh’s observation that hyperbolic knot com-
plements cannot admit a reflection symmetry [4, Proof of Lemma 2.1(1)] eliminates
D2(; 2, 2, 2, 2), D2(2; 2, 2), D2(2, 2;R), TR, and KR as possible cusps. Finally, the
other nine cusp types appear as cusps of orbifolds covered by the figure 8 knot
complement. �
3.1. Realization of cusps covered by link complements. We conclude by
observing that every cusp type is realized in the quotient of a hyperbolic link
complement. In light of Theorem 1.5 and the discussion above we will restrict our
attention to the eight types of cusps not covered by knot complements. Namely, TR,
KR, D

2(2, 2;R), D2(2; 2, 2), D2(; 2, 2, 2, 2), S2(2, 4, 4), D2(4; 2), and D2(; 2, 4, 4).
Conveniently, for each cusp type C, we can an orbifold QC with at least one

cusp of that type that is covered by the Borromean rings complement.
First, we will discuss TR, KR, andD2(2, 2;R). The Borromean rings complement

decompose into two octahedra. There is a symmetry of these two octahedra (see for
example [17] and [12, §3]). The quotient of the Borromean rings complement by this
symmetry is an orbifold with three TR cusps. Also the Borromean rings admits a
glide-reflection along the planar component which exchanges the two crossing circle
cusps. This can be observed directly or using SnapPy [8]. The quotient of this glide-
reflection with the previous symmetry will be a two cusped orbifold. The quotient
of the planar cusp will have the gluing pattern of KR, while the quotient of the two
crossing circle cusps will remain TR. Finally, we can compose the reflection with a
strong involution to obtain a quotient with three D2(2, 2;R) cusps.

We find the other quotients by considering small volume orbifolds in the com-
mensurability class of the Borromean rings. The (full) symmetry group of the
tessellation of H3 by regular ideal octahedra is given by ΓD2(;2,4,4):
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Figure 5. Quotients of the Borromean rings complement. We
point out QKR

and QD2(2,2;R are 2-cusped, while QTR
is 3-cusped.

Compare this figure to Table 1

Table 1. More detailed information about the quotients of S3 \L
which are described in terms of presentations their subgroups as
of ΓD2(;2,4,4). The orbifolds are index by name gives the cusp type
with each cusp type.

Orbifold Group Covering degree

S3 \ L ΓL = 〈t1t2, rt1t2r−1, r−1t1t2r〉 1
Q3 〈ΓL, r〉 3

H3/PSL(2,O1) 〈ΓL, r, c
2, d〉 24

QD2(2;2,2) 〈ΓL, r, c
2, α3〉 24

QD2(;2,2,2,2) 〈ΓL, r, α2, α3〉 48
QD2(4;2) 〈ΓL, r, c, α3〉 48
QS2(2,4,4) 〈ΓL, r, c, d〉 48
QD2(;2,4,4) 〈ΓL, r, α1, α2, α3〉 96
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(1)
ΓD2(;2,4,4) = 〈α1, α2, α3, α4|α2

1, α
2
2, α

2
3, α

2
4, (α2α1)

4, (α3α2)
2, (α1α3)

4,

(α4α1)
2, (α4α2)

2, (α4α3)
3〉.

Letting c = α2α1, d = α3α2, r = α4α3, we also have that ΓD2(;2,4,4) = 〈α2, c, d, r〉.
Here the definitions of c and d are consistent with §2.3. Specifically, in the sense
that the group of translations in PD2(;2,4,4) is generated by t1 = c2d = (α2α1)

2α3α2

and t2 = cdc = α2α1α3α1

With these conventions, the fundamental group of the Borromean rings is given
by

ΓL = 〈t1t2, rt1t2r−1, r−1t1t2r〉.
The remainder of this argument just relies on the fact that ΓL is a link group, which
can be observed directly from its abelianization Z3 and the fact that it is generated
(also normal generated) by three peripheral elements.

We can then directly construct orbifolds that cover H3/ΓD2(;2,4,4) which are in

turn covered by S3 \ L using the presentations above. We will factor these cov-
ers through Q3

∼= H3/〈ΓL, r〉 which has one torus cusp and is the quotient of the
Borromean rings complement by an order 3 symmetry. This makes the account-
ing easier as determining the covering degree from Q3 to any orbifold quotient is
completely determined by the cover on the cusp.

What we call ΓS2(2,4,4) in Figure 5 is more commonly is more well known as
PGL(2,O1). Thus we have

ΓS2(2,4,4) = 〈c, d, r〉 = 〈c, d, r,ΓL〉 ∼= PGL(2,O1).

To verify the details of this argument, we can use the identification c 
→
(
ζ−1
8 0
0 ζ8

)
,

d 
→
(
i i
0 −i

)
, r 
→

(
1 1
−1 0

)
where ζ8 = eiπ/4. With these identifications, t1 
→(

1 −1
0 1

)
, t2 
→

(
1 i
0 1

)
, and α2 is the reflection that coincides with complex

conjugation.
We now consider the abelianization f : ΓD2(;2,4,4) → Z/2Z×Z/2Z×Z/2Z. Here

the peripheral subgroup is given by PD2(;2,4,4) = 〈α1, α2, α3〉. We point out that
image of PD2(;2,4,4) under the abelianization is also Z/2Z × Z/2Z × Z/2Z. Thus,

PD2(;2,4,4) surjects Γab
D2(;2,4,4). Also, for any abelian quotient both r and t1t2 are

trivial. These observations show that any abelian quotient of ΓD2(;2,4,4) contains
both 〈r,ΓL〉 and ΓL.

We now have that

ΓD2(4;2) = f−1(〈f(α2α1), f(α3)〉) = 〈ΓL, r, α3, c〉,

ΓD2(;2,2,2,2) = f−1(〈f(α2), f(α3)〉) = 〈ΓL, r, α2, α3〉,
and

ΓD2(2;2,2) = f−1(〈f(α3)〉) = 〈ΓL, r, c
2, α3〉.

These covers are pictured in Figure 6.
We summarize the constructions in this section with Proposition 3.3.

Proposition 3.3. For every Euclidean 2-orbifold, there is a hyperbolic link com-
plement which covers an orbifold with at least one cusp of that type.
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A fundamental domain for
PD2(;2,4,4) with the sides labeled by
reflections α1, α2, α3

A fundamental domain for
PD2(;2,2,2,2)

A fundamental domain for PD2(4;2) A fundamental domain for
PD2(2;2,2)

Figure 6. Realizations of covers of D2(; 2, 4, 4) by D2(4; 2),
D2(; 2, 2, 2, 2) and D2(2; 2, 2)
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English and French summaries), Astérisque 272 (2001), 208. Appendix A by Michael Heusener
and Porti. MR1844891

[7] Daryl Cooper, Craig D. Hodgson, and Steven P. Kerckhoff, Three-dimensional orbifolds and
cone-manifolds, MSJ Memoirs, vol. 5, Mathematical Society of Japan, Tokyo, 2000. With a
postface by Sadayoshi Kojima. MR1778789

[8] Marc Culler, Nathan M. Dunfield, Matthias Goerner, and Jeffrey R. Weeks, SnapPy, a com-
puter program for studying the geometry and topology of 3-manifolds, Available at http://
snappy.computop.org, 2022.

[9] Oliver Goodman, Damian Heard, and Craig Hodgson, Commensurators of cusped hyperbolic
manifolds, Experiment. Math. 17 (2008), no. 3, 283–306. MR2455701

[10] Neil R. Hoffman, On knot complements that decompose into regular ideal dodecahedra, Geom.
Dedicata 173 (2014), 299–308, DOI 10.1007/s10711-013-9943-1. MR3275305

[11] Neil R. Hoffman, Small knot complements, exceptional surgeries and hidden symmetries, Al-
gebr. Geom. Topol. 14 (2014), no. 6, 3227–3258, DOI 10.2140/agt.2014.14.3227. MR3302960

[12] Neil R. Hoffman, Christian Millichap, and William Worden, Symmetries and hidden symme-
tries of (ε, dL)-twisted knot complements, Algebr. Geom. Topol. 22 (2022), no. 2, 601–656,
DOI 10.2140/agt.2022.22.601. MR4464461

[13] Colin Maclachlan and Alan W. Reid, The arithmetic of hyperbolic 3-manifolds, Graduate
Texts in Mathematics, vol. 219, Springer-Verlag, New York, 2003, DOI 10.1007/978-1-4757-
6720-9. MR1937957

[14] G. A. Margulis, Discrete subgroups of semisimple Lie groups, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 17, Springer-
Verlag, Berlin, 1991, DOI 10.1007/978-3-642-51445-6. MR1090825

[15] Walter D. Neumann and Alan W. Reid, Arithmetic of hyperbolic manifolds, Topology ’90
(Columbus, OH, 1990), Ohio State Univ. Math. Res. Inst. Publ., vol. 1, de Gruyter, Berlin,
1992, pp. 273–310. MR1184416

[16] Walter D. Neumann and Alan W. Reid, Notes on Adams’ small volume orbifolds, Topology
’90 (Columbus, OH, 1990), Ohio State Univ. Math. Res. Inst. Publ., vol. 1, de Gruyter,
Berlin, 1992, pp. 311–314. MR1184417

[17] Jessica S. Purcell, An introduction to fully augmented links, Interactions between hyperbolic
geometry, quantum topology and number theory, Contemp. Math., vol. 541, Amer. Math.
Soc., Providence, RI, 2011, pp. 205–220, DOI 10.1090/conm/541/10685. MR2796634

[18] Alan W. Reid, Arithmeticity of knot complements, J. London Math. Soc. (2) 43 (1991), no. 1,
171–184, DOI 10.1112/jlms/s2-43.1.171. MR1099096

[19] W. P. Thurston, The geometry and topology of 3-manifolds, Mimeographed Lecture Notes,
1979.

Department of Mathematics, Oklahoma State University, Stillwater, Oklahoma

Email address: neil.r.hoffman@okstate.edu

https://www.ams.org/mathscinet-getitem?mr=3485331
https://www.ams.org/mathscinet-getitem?mr=2178962
https://www.ams.org/mathscinet-getitem?mr=1844891
https://www.ams.org/mathscinet-getitem?mr=1778789
http://snappy.computop.org
http://snappy.computop.org
https://www.ams.org/mathscinet-getitem?mr=2455701
https://www.ams.org/mathscinet-getitem?mr=3275305
https://www.ams.org/mathscinet-getitem?mr=3302960
https://www.ams.org/mathscinet-getitem?mr=4464461
https://www.ams.org/mathscinet-getitem?mr=1937957
https://www.ams.org/mathscinet-getitem?mr=1090825
https://www.ams.org/mathscinet-getitem?mr=1184416
https://www.ams.org/mathscinet-getitem?mr=1184417
https://www.ams.org/mathscinet-getitem?mr=2796634
https://www.ams.org/mathscinet-getitem?mr=1099096

	1. Introduction
	2. Background
	2.1. The structure of the orbifold
	2.2. Elements of 𝜋₁^{𝑜𝑟𝑏}(𝑆²(2,3,6))
	2.3. Elements of 𝜋₁^{𝑜𝑟𝑏}(𝑆²(2,4,4))
	2.4. Improvements to degree bounds and a structure theorem
	2.5. Rotationally rhombic peripheral groups

	3. Non-orientable cusp types
	3.1. Realization of cusps covered by link complements.

	Acknowledgments
	References

