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ABSTRACT. Let G and N be two finite groups of the same order. It is known
that the existences of the following are equivalent.

(a) a Hopf-Galois structure of type N on any Galois G-extension

(b) a skew brace with additive group N and multiplicative group G

(¢) a regular subgroup isomorphic to G in the holomorph of N
We shall say that (G, N) is realizable when any of the above exists. Fixing N
to be a cyclic group, W. Rump has determined the groups G for which (G, N)
is realizable. In this paper, fixing G to be a cyclic group instead, we shall give
a complete characterization of the groups N for which (G, N) is realizable.

1. INTRODUCTION

Let G and N be two finite groups of the same order. It is well-known that the
existences of the following are equivalent (see [12, Chapter 2] and [17]).

(a) a Hopf-Galois structure of type N on any Galois G-extension
(b) a skew brace with additive group N and multiplicative group G
(¢) a regular subgroup isomorphic to G in the holomorph of N

Here, the holomorph of N is defined to be
Hol(N) = A(N) x Aut(N) = p(N) x Aut(N),
where A and p denote the left and right regular representations
An) = (z = nz), p(n) = (z—an~") fornzeN,

and a subgroup G of Hol(N) is called regular if G — N; o — o(1y) is bijective.
Following [I3], we shall say that (G, N) is realizable when any of the above condi-
tions is satisfied. We remark that skew braces are ring-like structures introduced
to study set-theoretic solutions to the Yang-Baxter equation.

Notice that A(N), p(N) ~ N are regular subgroups of Hol(N), so the pair (G, N)
is always realizable when G ~ N. But whether (G, N) is realizable depends upon

the groups G and N when G % N. It is therefore natural to ask which pairs (G, N)
are realizable. For example, when G is fixed to be

e any group of squarefree order [1H3],
e any group of order p® with p a prime [22],
e any non-abelian simple and more generally quasisimple group [9,28],
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e the symmetric group S,, with n > 5 [25],

e the automorphism group of any sporadic simple group [27],
the groups N for which the pair (G, N) is realizable are completely known. There
are also other papers (see [4L[I0,T6L21L26] for example) which investigate necessary
relations between G and N in order for (G, N) to be realizable.

Cyclic groups have the simplest structure among all groups. It then seems natu-
ral to ask for which groups N is the pair (C),, N) realizable, where C,, denotes the
cyclic group of order n. The purpose of this paper is to characterize all such N.

Let us first recall some known results. For n an odd prime power, we have:

Proposition 1.1. Let N be any group of order p™ with p an odd prime. Then the
pair (Cpm, N) is realizable if and only if N ~ Cpm.

Proof. See [18, Theorem 4.5] or alternatively [24, Theorem 1.5]. O

For n a power of 2, the situation is different but has also been solved. To state
the result, we need some notation. For m > 2, write

(1.1) Dom = {(r,;s|r

for the dihedral group of order 2", and note that D, is the Klein four-group. For
m > 3, similarly write

(1.2) Qam = (1, s | P2 =182 =2

for the generalized quaternion group of order 2™. It is known that:

m—1 — —
2 =1, =1,srs ' =r71)

72,37"5_1 =71

Proposition 1.2. Let N be any group of order 2™. Then:

(a) Form <2, the pair (Com,N) is always realizable.
(b) Form > 3, the pair (Com, N) is realizable if and only if N ~= Com, Dom , Qom .

Proof. See [0l Lemma 2] for (a) and [7, Corollary 5.3, Theorem 6.1] for (b). O

By [8, Theorem 1], using Propositions [T and [[2, we obtain a complete char-
acterization of nilpotent groups N for which (C,, N) is realizable. We remark that
the exact number of Hopf-Galois structures of nilpotent type N on any Galois C),-
extension is explicitly given in [8) Theorem 2]. But as the next proposition shows,
the pair (C,, N) can also be realizable for non-nilpotent groups N.

A finite group is called a C-group (or Z-group) if all of its Sylow subgroups are
cyclic. The terminology comes from [19], where a very nice description of C-groups
was given. By [19] Lemma 3.5], every C-group may be presented as

Cle,d k) = (z,y |2 =1,y = 1,yazy ™" = 2¥)
for ged(e, d) = ged(e, k) = 1, and the order of k in (Z/eZ)* divides d. Then, it is
essentially known by work in the literature that:

Proposition 1.3. For any C-group N of order n, the pair (Cp, N) is realizable.

Proof. Since N is a C-group, by the above N ~ C, xCy with ged(e,d) = 1. Then, it
is known and we shall also explain in Proposition 24 that (C. x Cy, N) is realizable.
But C,, ~ C,. x Cy since n = ed with ged(e,d) = 1, and the claim now follows. O

For n squarefree, every group N of order n is a C-group so the pair (Cy,, N) is
always realizable. In fact, the number of Hopf-Galois structures of type N on any
Galois C),-extension has been determined in terms of the orders of the center and
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commutator subgroup of N (see [1]). Similarly for the number of skew braces with
additive group N and multiplicative group C,, (see [3]).

For n arbitrary, however, not every group N of order n is a C-group and the pair
(Ch, N) can certainly be realizable for a non-C-group N because of Proposition [[.21
The only known general restriction on N so far is:

Proposition 1.4. Let N be any group of order n such that (Cy, N) is realizable.
Then N is both supersolvable and metabelian.

Proof. See |26, Theorem 1.3(a),(b)]. O

Unfortunately, the converse of Proposition [[.4lis false. For example, we checked
in MAGMA [5] that the group N = SMALLGROUP(84, 8) is both supersolvable and
metabelian, yet the pair (Cgq, N) is not realizable.

In this paper, by building upon the four propositions mentioned above, we shall
give a complete characterization of the groups N of order n for which (C,, N) is
realizable, without imposing any assumptions on n or N. By Proposition [[.3] it is
enough to consider non-C-groups N. Our main theorem is:

Theorem 1.5. Let N be any non-C-group of order n. Then (C,,, N) is realizable
if and only if N ~ M x4 P for some C-group M of odd order and (P, ) satisfying
one of the following conditions:

(1) P=Dy or P=Qs, and a(P) has order 1 or 2;

(2) P = Dgm withm >3 or P = Qaom withm >4, and a(r) =Idy.
Here o : P — Aut(M) is the homomorphism that defines the semidirect product,
and r is the element of P in the presentation (L1l or (L2]).

Corollary 1.6. Let N be any group of order n for n # 0 (mod 4). Then (C),, N)
is realizable if and only if N is a C-group.

Proof. The forward implication holds by Theorem because there M is a group
of odd order while P is a 2-group of order at least 4. The backward implication is
Proposition [[31 O

Remark 1.7. Instead of fixing G to be cyclic, one can also fix N to be cyclic and
ask for which groups G is the pair (G, C,) realizable. This case has already been
solved completely in [20, Corollary 1 to Theorem 2], which states that

(G, C,) is realizable <= @ is solvable, 2-nilpotent, almost Sylow-cyclic.

Here G being 2-nilpotent means that it has a normal Hall 2’-subgroup M. By the
Schur-Zassenhaus theorem, this simply means that G = M x P, where P denotes
any Sylow 2-subgroup of G. The term almost Sylow-cyclic means that every Sylow
p-subgroup is cyclic for odd primes p and any non-trivial Sylow 2-subgroup admits
a cyclic subgroup of index 2. We then see that the pair (G, C),) is realizable if and
only if G ~ M %, P, where

(a) M is any C-group of odd order,

(b) P is trivial or any 2-group admitting a cyclic subgroup of index 2,
and there is no restriction on the homomorphism o : P — Aut(M). Notice that
such a group G is always solvable because C-groups are solvable.

Comparing this with our Theorem [[LB] we deduce that realizability of (Cp,,T")

implies that of (T', C,), but the converse fails to hold for certain values of n.
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2. METHODS TO STUDY REALIZABILITY

Let G and N be two finite groups of the same order. Below, we review a couple
of techniques that can be used to study the realizability of (G, V).

2.1. Characteristic subgroups and induction. To prove that the pair (G, N)
is not realizable, one approach is to use characteristic subgroups M of N, namely
subgroups M such that 7(M) = M for all 7 € Aut(NN). This was developed by the
author in [24] Section 4] and was inspired by work of [9].

First, recall that given f € Hom(G, Aut(N)), a map g : G — N is said to be a
crossed homomorphism (with respect to §) if it satisfies

(2.1) glor) =g(o) - f(o)(g(7)) for all o, 7 € G.
Let us write Zfl(G7 N) for the set of all such crossed homomorphisms.

Proposition 2.1. The reqular subgroups of Hol(N) isomorphic to G are precisely
the subsets of Hol(N) of the form

f € Hom(G, Aut(N)),

{p(g(a’)) . f(o’) 10 € G}, where {g c Zfl (G, N) is bijective.

Proof. This is because Hol(N) = p(N) x Aut(N); or see [24] Proposition 2.1]. O

The next proposition gives us a way to show that (G, N) is not realizable using
characteristic subgroups M of N and induction (by passing to the subgroup M or
the quotient N/M). We remark that (a) was previously known but (b) is new.

Proposition 2.2. Let f € Hom(G, Aut(N)) and let g € Z} (G, N) be bijective. Let
M be any characteristic subgroup of N and define H = g=*(M). Then:
(a) H is a subgroup of G and the pair (H, M) is realizable;
(b) H is a normal subgroup of G and the pair (G/H,N/M) is realizable, as
long as H lies in the center Z(G) of G.

Proof. By (1) and the fact that M is a characteristic subgroup of N, plainly H
is a subgroup of GG, which has the same order as M because g is bijective.
That (H, M) is realizable was shown in [26] Proposition 3.3]. The idea was that
via restriction § induces a homomorphism
fr, € Hom(H, Aut(M)); (1) = (n = §(7)(n))

since M is characteristic, and g induces a bijective crossed homomorphism
0, € 7L (HM); g,,(r)=o(r)

since M = g(H). From Proposition T we then get a regular subgroup of Hol(M)
isomorphic to H, whence the pair (H, M) is realizable.

Suppose now that H lies in Z(G). It is clear that H is a normal subgroup of G.
First, we show that f induces a well-defined homomorphism

far € Hom(G/H,Auwt(N/M));  Fp(oH) = (M + f(o) (1) M).
For any 0 € G and 7 € H, since H lies in Z(G), by (21 we have
a(7) - §(7)(a(0)) = g(r0) = g(o7) = g(0) - f(o)(a(7)).

But M = g(H) is characteristic, so reducing mod M then yields
f(r)(g(0)) = g(0) (mod M).
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Since g is bijective, it follows that f(7) induces the identity automorphism on N/M
for all 7 € H, so indeed f,; is well-defined. Similarly g induces a bijective crossed
homomorphism

Gy € 2 (G/HN/M); Tyy(oH) = o(0)M,

which is well-defined by (2I) since M = g(H) is characteristic. From Proposition
21 we then get a regular subgroup of Hol(N/M) isomorphic to G/H, whence the
pair (G/H, N/M) is realizable. O

2.2. Fixed point free pairs of homomorphisms. To prove that (G, N) is real-
izable, one approach is to use homomorphisms f,h € Hom(G, N) such that (f,h)
is fized point free, namely f(o) = h(o) if and only if 0 = 1¢. This was introduced
by N. P. Byott and L. N. Childs in [11].

Proposition 2.3. Let there exist f,h € Hom(G, N) such that (f,h) is fized point
free. Then (G, N) is realizable.

Proof. Since elements in A(N) and p(NN) commute, plainly
{p(h(@)A(f(0)) : 0 € G}

is a subgroup of Hol(/V) isomorphic to G, whose regularity follows from the fixed-

point freeness of (f,h); see [11, Proposition 1] for a proof. Let us note that in the
notation of Proposition 2] this corresponds to

f € Hom(G, Aut(N)); (o) = conj(f(0)),
where conj(n) = (x — nan~!) denotes conjugation by 7, and
g€ Z{(G.N); g(o)=h(o)f(o)7",
which is bijective because (f,h) is fixed point free. a
The next proposition is from [I0, Lemma 7.1].

Proposition 2.4. Suppose that N = N1 Ns for subgroups N1 and Na such that
Ny N Ny =1. Then (N1 X No, N) is realizable.

Proof. Trivially (f,h) is a fixed point free pair for f,h € Hom(N; x Na, N) defined
by f(m1,n2) = m and h(n1,m2) = n2. The claim then holds by Proposition 23l O

As noted in Proposition [[L3] an easy application of Proposition 2.4l shows that
(Ch, N) is always realizable for C-groups N of order n. However, as we shall prove
below, there is no fixed point free pair of homomorphisms from C,, to N for non-C-
groups N. Therefore, we cannot simply use Proposition to show realizability in
Theorem We shall exhibit the existence of a cyclic regular subgroup in Hol(N)
using a direct approach.

Proposition 2.5. Let N be any group of order n such that there is a fixed point
free pair (f,h) with f,h € Hom(Cy,, N). Then N is a C-group.

Proof. Let o be a generator of C},, and put
dy = |f(o)l, dn = [h(0)|, g = ged(dy,dp).
Then 0% /9 = 14 because (f,h) is fixed point free and

f(o—)df(dh/g) =1y = h(o—)dh(df/g)_
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But dydy /g divides n since both dy,dp /g divide n and ged(ds,dr/g) = 1. It then
follows that dydy/g = n and so n = lem(dy,dy). Hence, we may write

a+1

dp =pi* - pirgy and dy = p°' Dy g,
where p1,...,Pa,Dat1,- -,y are distinct primes and g, g, € N, such that

_ e e €a+1 ep
n_pll...paapa+1 pb

is the prime factorization of n. Then
[f(0) [ =pi" - paes [h(0) | = pot - pys () ][h(o)

We deduce that N = (f(0)97)(h(c)?") is the product of two cyclic subgroups of
coprime orders, and thus N is a C-group. ]

=n.

3. PRELIMINARY RESTRICTION
Let us first prove a preliminary version of Theorem

Theorem 3.1. Let N be any group of order n such that (Cy,, N) is realizable. Then
either N is a C-group or N ~ M x P for some C-group M of odd order and for
P = Dom with m > 2 or P = Qqm with m > 3.

Proof. Let n = pi* ---p;* be the prime factorization of n with p; > --- > p;,. For
each 1 < a <b, let P, be a Sylow p,-subgroup of N. Put

M=P .- P,y and P =P,

Since N has to be supersolvable by Proposition [[4 by [23 Corollary VII.5.h] for
example, we know that M is a normal subgroup of N and N = M x P. But plainly
M is a characteristic subgroup of N, so by Proposition 2.2] there is a subgroup H
of C,, (of the same order as M) such that the pairs (H, M) and (C,/H, N/M) are
both realizable. Note that

H~ Cpil.“pr_—ll and C,/H ~ Cpev

are both cyclic. Thus, we may prove the claim using induction on b.

First, consider the case when n is odd. For b = 1, we know by Proposition [I1]
that N ~ Cpil is a C-group. For b > 2, by induction we may assume that M is a
C-group, which implies that Py,..., P,_1 are all cyclic. But P ~ N/M is cyclic by
Proposition [T, whence N is a C-group.

Next, consider the case when n is even, so then p, = 2. Since M has odd order,
we already know that M must be a C-group. If P is cyclic, then N is a C-group
as above. If P ~ N/M is non-cyclic, then necessarily

P ~ D4 when e, =2 and P ~ Dae,, (Q2¢, when e, > 3
by Proposition This completes the proof of the theorem. (Il

Remark 3.2. The converse of Theorem [B.I]is false. For example, as mentioned in
the introduction, the pair (Csy4, N) is not realizable for N = SMALLGROUP(84, 8)
but N =~ Cy1 X, Dy, as one can check using MAGMA [5]. Alternatively, this group
N corresponds to the case when a : Dy — Aut(Cs;) embeds Dy into the unique
Sylow 2-subgroup of Aut(Cs;1). One sees that N ~ D4 x Dg. Since both factors
D14 and Dg are characteristics, we have

Hol(N) ~ Hol(D14) x Hol(Ds).



HOPF-GALOIS STRUCTURES AND SKEW BRACES 383

The automorphism group of dihedral groups is well-understood (see [14, Theorem
1.4] for example). It is not hard to see that Hol(D14) and Hol(Dg) do not have any
elements of order 4. This means that Hol(N) does not even have a cyclic subgroup
of order 84, let alone a regular one. Hence, indeed (Cg4, N) is not realizable.

4. GROUPS OF THE SHAPE M X, P

Throughout this section, let M denote the C-group
Cle,d k) = (z,y |2 =1,y = 1,yay™" = 2¥)

for ged(e, d) = ged(e, k) = 1, and the order ord. (k) of k in (Z/eZ)* divides d. Also,
let P denote the dihedral group

Dom = (r, s | I - 1,82 =1,srs ' =¢r71)
with m > 2 or the generalized quaternion group

Qom = (r,s|r

with m > 3. To prove Theorem [[LB] we shall need to understand the structure of
the semidirect products M X, P for « € Hom(P, Aut(M)).

m—1 m—2
2 =1,82=r>" " srsTl=r71)

4.1. Automorphism group of C-groups. Let us first determine the automor-
phism group Aut(M) of M in a way that is analogous to [I, Lemma 4.1], which
treats the special case when ed is squarefree.

For h € Z and ¢ € N>, let us define

(-1
S(h,E):Zhazl_Fh_'_,_,_'_hZfl’
a=0

with the empty sum S(h,0) representing 0. For 4, j € Z, a simple calculation using
induction on ¢ and the relation yxy~' = 2" yields

(xiyj)e _ xiS(kj,Z)yjll
‘We shall use this identity without reference in what follows. Also put
z=ged(e,k—1) and g =¢/z.
Further, consider the multiplicative groups
U(e) = (Z/eZ)* and Ux(d) = {v € (Z/dZ)* | v=1 (mod ord.(k))}.
Recall that ord.(k) denotes the order of k in (Z/eZ)* and it divides d.

Lemma 4.1. For any u € U(e) and v € Uy(d), the definitions

0(z) =x bu(r) =2"  Jthy(z) =2
O(y) =zy | ouly) =y Yu(y) = y"

extend to automorphisms on M. Moreover, we have the relations

(4.1) 09 =1dar, duboy' = 0", 00y =1hu, duthy = hydu.
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Proof. We may assume that k # 1, for otherwise M ~ C, x Cy (with z = e and so
6 is the identity), in which case all of the claims are trivial.

First, let us check that the three relations z¢ = 1,y% = 1,yzy~! = z* in the
presentation of M are preserved under these maps. Clearly

0(2)° = du(z)® = ¥u(x)* =1 and ¢u(y)d = wv(y)d =1
are satisfied. We compute that
e(y)d — (l,zy)d — sz(k,d)yd _ sz(k,d)_
Since ord, (k) divides d, we have

<k— 1) 28(k,d) = k% —1=0(mod e).

z
But ged(£2,e) = 1, so then zS(k,d) = 0 (mod €) and we obtain (y)? = 1. A
simple calculation also yields
0(y)0(2)0(y) " = (¢¥y)a(z*y) " = 2" = f(2)",

¢u(y)¢u(x)¢u(y)_l = yxuy_l =g = ¢U(x)k>

Vo (Y)1hw (x)'(/}v(y)_l =y'zy " = o =t = va(x)kv
where z*" = 2* because v € Up(d) implies k¥ = k (mod e). Thus, all of 8, ¢, 1,
extend to endomorphisms on M. It is clear that their images all contain z,y, so in
fact 6, ¢, ¥, extend to automorphisms on M.

Next, let us verify the relations in ([@I)). The first and last equalities are both
obvious. For the second equality, a simple calculation shows that

(9ub)(z) = 2" = (0“¢u)(2) and (pub)(y) = %y = (0“Pu)(y).
For the third equality, plainly (6v,)(z) = = = (¢,0)(z). We also have
(Ov0)(y) = (2%y)" = 2*¥EVy? and (v.0)(y) = 27y".
But v € Ug(d) implies that k¥ =k (mod e), so then

( > ):k”—l:k—l;(%)amode).

Since gcd( = 1, this implies that
(4.2) zS(k‘,v) = z(mod e) and hence (0v,)(y) = (¥,0)(y).
It follows that 8, = 1,0, as desired. O

Proposition 4.2. We have
AUt(M) = (<9> X {¢u}u€U(e)) X {wv}veUk(d)

Proof. Tt is easy to see that (0), {éu fuev(e)s {%v }vev, (@) are subgroups of Aut(M)
having trivial pairwise intersections. By the relations in ([I]), it is then enough to
show that every m € Aut(M) lies in their product.

First, since ged(e, d) = 1, clearly

m(x) = z* with v € U(e), and let us write 7(y) = zy".

We must have ged(v,d) = 1, for otherwise there would exist ¢ € N which is strictly
less than d such that d divides v/, and

ﬂ_(y)f _ (xcyv)f — ch(k:’”,Z)yvé _ ch(k“,é).
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But (7(y)), which has order d, cannot contain a non-trivial element of order dividing
e because ged(e, d) = 1. This then implies that 7(y)¢ = 1, which is impossible since
1 < ¢ <d-—1. Next, observe that

2" = (ay")at (@y?) Tt = a(y)m(a)m(y) Tt = w (@)t =2tk
Since ged(u, e) = 1, it follows that
k¥ = k (mod e), and hence v € Uy(d).

We also have the equalities

1= 7_‘_(y)d _ (xcyv)d _ ch(k”,d)ydv _ ch(k”,d).
Recall that z = ged(e, k — 1). Then, the above in particular implies that
cd=cS(1,d) =cS(k?,d) = 0(mod 2),

and so c is divisible by z because ged(z,d) = 1.
Finally, we compute that

(0% 6ut60) (@) = (6 6) @) = 6% (a) = 2,
(0% putbo)(y) = (0% 6u) (") = 0 (y") = (v=7y)" = 2= 7T R0y = goyv,

where the last equality follows from the congruence in ([E2). Thus m = 0% ¢y, 1)y,
and this completes the proof. |

4.2. Dihedral and generalized quaternion groups. Let us record a few facts
that we shall need concerning the commutator subgroup P’ of P and the automor-
phism group Aut(P) of P.

Lemma 4.3. We have P’ = (r?) and P/P' ~ D,.

Proof. Note that r> € P’ because srs~1r=! = r=2  and clearly (r?) is a normal
subgroup of order 272, Since P/(r?) has order 4, whose exponent is easily seen
to be 2, we must have P/(r?) ~ D4. The fact that > € P’ and P/(r?) is abelian
implies that P’ = (r?). O

Proposition 4.4. The following hold.

(a) The definitions {k1(r) = s,k1(s) = 1} and {k2(r) = rs, ka(s) = s} extend
to automorphisms on Dy.

(b) The definitions {rk1(r) = s, k1(s) = rs*} and {k2(r) = rs, ka(s) = r} extend
to automorphisms on QQg.

(¢) Assume that P = Dom with m > 3 or P = Qam with m > 4. For any
a,b € Z with a odd, the definition {k(r) = 7% k(s) = r’s} extends to an
automorphism on P. Conversely, all automorphisms on P arise in this
way.

Proof. Part (a) is obvious and part (b) follows from a simple calculation. As for
part (c), see [14], Theorem 1.4] and [I5, Theorem 4.7]. O

Remark 4.5. In Proposition [£4] the k1, ko in (a) do not extend to automorphisms
on Dom for m > 3, and those in (b) do not extend to automorphisms on Qam for
m > 4. This is the reason why there are two cases to consider in Theorem
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4.3. Properties of the homomorphism «. Let o € Hom(P, Aut(M)) be fixed,
and let N = M X, P be the semidirect product defined by «. For each t € P, let
us write oy = «(t) for short. Then, in the group N we have

tet™! = ay(x) and tyt ' = ay(y).
We shall study properties of « using results from the previous subsections.

Assumptions. Henceforth, we shall assume that the order ed of M is odd since
this is the only case of interest for us. In the presentation of M, by [19], without
loss of generality, we may assume that ord.(k), which has to divide d, is divisible
by all prime factors of d.

Lemma 4.6. The homomorphism « satisfies the following:
(a) a(P) lies in <9> X {¢u}u€U(e)"
(b) ker(a) contains P’;

(c) a(P) is elementary 2-abelian of order 1,2, or 4;

(d) o, (z) = oy, (x) implies ay, = oy, for any t1,ty € P.

Proof. Since ord. (k) is divisible by all prime factors of d, the order of Uy (d) divides d
and so is odd. Since P is a 2-group, the projection of a(P) onto {1, }yev, (a) = Uk (d)
must then be trivial. This gives (a).

The order of (#) divides e by ([.I]) and so is also odd. This means that {¢. }uev(e)
contains a Sylow 2-subgroup of Aut(M). But {¢y }uev(e) = Ul(e) is abelian, whence
a(P) is abelian. This proves (b), and (c) follows as well by Lemma 3]

Let t1,t2 € P be such that oy, (z) = oy, (). By (a), we may write

ap, =0, and oy, = 0¢,,, where c1,co € Z,uy,us € Ule).
That ay, (x) = a4, (x) means z¥* = z*2 and hence ¢, = ¢,,. By (c), we know that
o, , o, have order dividing 2 and they commute. It follows that
Ay - 051;1 =0~ ¢u1 ! d);glei@ =097
also has order dividing 2. But # has odd order, so we have 8t = §°2. Thus, indeed
= ay4,, and this proves (d). O

O[tl

Before proceeding, let us make two observations. First, recall that P’ = (r?) by
Lemma (3] and that ker(a) contains P’ by Lemma [L8(b). It follows that ker(«)
is equal to one of the following:

(4.3) (%), (r2,8), (r¥rs), (r), (r,s).
For these five possibilities, the order of «(P) is respectively given by
4,2,2,2, 1.

? ) )

Second, notice that M, whose order is assumed to be odd, is a characteristic sub-
group of N. Then (x), being characteristic in M because ged(e,d) = 1, is also a
characteristic and in particular normal subgroup of N.

Lemma 4.7. Elements in N of order a power of 2 all lie in (z) x4 P.
Proof. Let x'y’t € N be of order 2° with ¢ € P. By Lemma [5|(a), we have

a(y) =y (mod (x)),
so then y and ¢ commute modulo (z). It follows that

yQthﬂ = (yjt)zlZ = (a:iyjt)Qe =1 (mod (z)).
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But then yQZj = 1, which implies that 3/ = 1 because y has odd order. Therefore,
indeed 'yt = x't belongs to (x) X, P. O

To prove necessity in Theorem [[L5] consider the natural homomorphism

£ (nM—¢(n) M)

(4.4) Aut(N) Aut(N/M) identification Aut(P).

We shall require the next proposition.

Proposition 4.8. Let k € Aut(P) be in the image of ([@A]).

(a) We always have k(r) =r (mod ker(a)) and k(s) = s (mod ker(a)).
(b) Assume that P = Dam with m > 3 or P = Qom with m > 4. If a,. # Idyy,
then we have k(r) =r (mod P’) and k(s) = s (mod P’),

Proof of (a). By Lemma [6l(d), it suffices to show that
(45) Qo (r) (I) = QT(I) and Qi (s) (.I) = aS(I).

Let £ € Aut(N) be such that its image under (@) is x. Since £(P) lies in (z) x4 P
by Lemma L7 we may write

£(r) = 2" k(r) and £(s) = 22 k(s).
Since (x) is characteristic in both M and N, we also have

ay(z) € () for all t € P and {(x) = x* for some u € Ule).

1

Now, applying £ to the relation rar—" = a..(x) yields

U

k() -z k(r) e = ap(2)® and so ay i (2) = an(zY).

1

Similarly, applying £ to the relation szs™t = a,(z) yields

-1

22k(s) - 2" k(s) 2T = ay(z)" and so ay (s (2*) = a,s(z).

Since ged(u, e) = 1, it follows that (3] indeed holds, as desired. O

Proof of (b). Since P = Dom with m > 3 or P = Qam with m > 4, we know from
Proposition 4)c) that there exist a,b € Z with a odd such that

k(r) =7 and k(s) = 10s.
We then have k(r)r=! € P’ because a — 1 is even. We also have r(s)s™! € ker(a)
by (a). Since a, # Idjs, the last two possibilities in (£3]) are ruled out. Thus, for
k(s)s~! to lie in ker(«a), necessarily b is even, which means that x(s)s™' € P’ as
well. This completes the proof. (Il

To prove sufficiency in Theorem [[L5] we first show that o may be modified to
satisfy certain nice conditions.

Proposition 4.9. The following hold.

(a) Assume that P = Dy or P = Qs, and a(P) has order 1 or 2. Then there
exists § € Hom (P, Aut(M)) with B, = Idpys such that N ~ M xg P.

(b) There always exists 3 € Hom(P, Aut(M)) with Bs € {¢u}ucv(e) such that
ay, Bi are conjugates in Aut(M) for allt € P and N ~ M %z P.
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Proof of (a). Since o(P) has order 1 or 2, from (L3)) we see that
ae = Idy for at least one € € {r, s, rs}.

Since P = Dy or P = Qg, by Proposition [4.4[a),(b), there exists k € Aut(P) such
that (r) = €. Let us take

B € Hom(P,Aut(M)); B(t) = a(k(t)).
Then clearly 8, = a. = Idps. To show that N ~ M xg P, define
&) =n for n € M,
E(t)=r"1(t) forte P,

where the inputs are regarded as elements of M %, P and the outputs as elements
of M x5 P. The relation tnt~! = a;(n) in N is preserved under ¢ because

EREMED) ™ = w1 e () = Bamay () = cr(n) = E(c(m)).
It follows that £ extends to a homomorphism from N = M x, P to M xg P, which
is easily seen to be an isomorphism. O

Proof of (b). We saw in the proof of Lemma[A8(b) that {¢, },cv(e) has to contain
a Sylow 2-subgroup of Aut(M). Since a; has order dividing 4, it follows that there
exists m € Aut(M) such that ma,m™! € {dy}uev(e). Let us take

B € Hom(P, Aut(M)); pB(t) = ma(t)r '
Then clearly 8, = masn ™ € {¢u}uecv(e). To show that N ~ M xz P, define
&(n) = =(n) forne M,
&)=t fort € P,

where the inputs are regarded as elements of M %, P and the outputs as elements
of M x5 P. The relation tnt~! = a;(n) in N is preserved under ¢ because

EMEMER) ™ = ta(mt™! = Bi(n(n)) = m(ew(n) = E(cu(n))-
It follows that £ extends to a homomorphism from N = M x, P to M xg P, which
is easily seen to be an isomorphism. O

Proposition 4.10. Assume that o, = Idy and as € {¢u}ucue). Then
&(n) = (asdy, ) (n) forn e M, £(r) =11, &(s) =rs

extend to an automorphism on N of order dividing 2d, and

(4.6) N ={no&(mo)---& (o) : £ € N} with 1o&(mo) -+ €™ (mo) = 1

for the element ng = xyrs and for n = 2™ed.

Proof. First, a straightforward calculation (c.f. Proposition [£4c)) shows that the
relations in P are preserved under £. Put 7 = asgi),:l. That «, = Id,; implies the
relation ryr~! = a,.(n) = n is preserved under ¢ because

ErEmMEm) " =rTtn(pr = a-a(n(n)) = 7(n) = £(n).

Similarly, that o, € {¢u}ucv(e) implies a; and m commute, so then sns™ = a,(n)
is also preserved under £ because

E(9)EmME(s) " =rsm(n)s™'r™! = (arasm)(n) = (Tas)(n) = E(as(n)).
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We deduce that ¢ extends to an endomorphism on N, which clearly has to be an
automorphism. That o, € {¢u}ucv(e) implies o and ¢,;1 commute, so

T = (0a0y, ) = ol pan = dar.

Here a2 = Idy; by Lemma [£6(c) and k% = 1 (mod e) because ord.(k) divides d.
Since §2 is clearly the identity on P, indeed £ has order dividing 2d.
Next, we shall use induction on £ € N to show that

_ xzygrlgl st for ¢ odd,
@) Gayrs)loyrs) € ayrs) = { it fort
yrzs or £ even.

The case £ =1 is clear. For ¢ odd, observe that

& (wyrs) = ' (xy) 171 15 = (et ) ay)s = (aspyl) (2y)s.
Assuming that (1) holds for ¢, we compute that

(yrs)&(syrs) - € (wyrs) = a'y'r " ( asdp ) (ay)s

ep1

= 2y’ (r ol o) (ay) TS s

— 2t Kt g e+l : 2 _

=alyt 2k Ty r s (since o, a = Idps)
241

_ gl e

and so ([@7) also holds for ¢ + 1. Similarly, for ¢ even, observe that

§Z(xy7‘s) = wz(xy) TS5 = (aggi);el)(xy)rs = gi)]:el(xy)rs.
Assuming that ([@.7) holds for ¢, we compute that

(wyrs)&(zyrs) - & (wyrs) = a'y'ris’ - o (wy)rs

¢
=2yt (a? aﬁqbk_z)(xy) rist.rs

—¢ 42 .
=abyt by ez s (since ap, a2 =Tdyy)

2
— plHly 1 R

and so (7)) also holds for £ + 1. Hence, by induction, indeed we have (@) for all
¢ € N, and this immediately implies the second equality in (£.6]).

To show the first equality in ([6), since N has order n = 2™ed, it suffices to
show that the set in ([A6) has at least n elements. So suppose that

(4.8) (wyrs)é(azyrs) €27 ayrs) = (zyrs)é(zyrs) -~ €= (xyrs).
By (@), this implies that s* = s (mod (r)) in the group P. But then /1, /5 have
the same parity because (s ) N (r) = (s?). Again by (7)), we have

13 Lo+1
{x yhr S sl = gt 2yf2r~2- 5% for {1, s odd,

L
xhryliy Fsh = wlegylers gt for 41,45 even.

Since N = M x, P and M = (x) x (y), in both cases, we deduce that =+ = 2
and y’* = y’2, which respectively imply that
£1 =45 (mod e) and ¢; = {5 (mod d).

[2—[1

L1 Lo _
In both cases, we also have r—= Let us now prove that s2~%1 =1 so

—ty
in particular r “52 _ 1. Note that 62 — {1 is always even.
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e For P = Dym with m > 2, since s has order 2, clearly s2— = 1.
e For P = Qom with m > 3, since s has order 4, clearly s>t = 1 unless
ly — £1 =2 (mod 4). So suppose that f5 — 1 =2 (mod 4). Then

b =/

2 2 = gm-2 (mod 2™~1).

r 2

2 om— 2

=ghh=2.g2 = and so

But m —1 > 2, so we obtain ¢; — {5 = 0 (mod 4), which is a contradiction.

This means that fo — ¢; =2 (mod 4) does not occur.

We have thus shown that 7> = 1, which implies

b =40
! 5 2 = 0 (mod 2™~ ') and thus £; = /5 (mod 2™).
Since 2™, e, d are pairwise coprime, it now follows that ¢; = ¢5 (mod n). Therefore,
indeed the set in (6] contains at least n distinct elements. (]

5. PROOF OoF THEOREM

Let N be a non-C-group of order n. By Theorem B.I] we may assume that
N = M %, P with a € Hom(P, Aut(M)),

where M is a C-group of odd order, and P is either Dom with m > 2 or Qom with
m > 3. We wish to show that (C,,, N) is realizable if and only if

{a(P) has order 1 or 2 when P = D, or P = Qs,

5.1
(5.1) a(r) =1dy otherwise.

The main ingredients are Propositions .8 [£.9] and .10

First, suppose that (C,, N) is realizable. By Proposition [Z] this implies that
there exist § € Hom(C,,, Aut(N)) and a bijective g € Zf1 (Cn, N). Let us consider
the characteristic subgroup My = M x, P’ of N. Put H = g~'(M,), which is a
subgroup of C,, by Proposition Trivially H lies in the center of C),, so by the
proof of Proposition 2Z2(b), we have a well-defined homomorphism

far, € Hom(Coo/H, Aut(N/Mo));  far, (0H) = (nMo = §(0)(n)Mo),
and a well-defined bijective crossed homomorphism
G, € 2L, (Col HN/Mo): G, () = 0(0) Mo,

Observe that ¥M0 cannot be trivial, for otherwise g,, would be an isomorphism by
1), which cannot happen because C,,/H is cyclic while N/My ~ P/P’ ~ Dy by
Lemma

Now, assume for contradiction that (51) does not hold. Then ker(a) = P’ when
P =Djor P=Qs in view of (£3), and «(r) # Idys otherwise. From Proposition
4.8 it follows that the canonical homomorphism

&= (nMo—£(n) Mo)

Aut(N) Aut(N/My) e ilicat i, Aut(P/P").

is trivial. But then f M, would be trivial, which we know is impossible. This implies
that (5J) must hold, as desired.

Conversely, assume that (&) holds. Then, by Proposition L9 we may modify o
(without changing the isomorphism class of N) if necessary so that the hypothesis
of Proposition ETI0lis satisfied. Thus, there exist £ € Aut(N) and 1y € N such that

(i) €™ =1Idy and no&(no) - - - (o)™~ = 1;
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(i) N = {no&(no)---&*(mo) : £ € N}.

Consider p(19)&, which is an element of Hol(N). For any ¢ € N, we have

(p(10)€)" = p(mo€(no) -+ € (no)) - €.

Then p(ny)¢ has order dividing n by (i) and (p(n)§) acts transitively on N by (ii).
It follows that (p(ng)¢) is a regular subgroup of Hol(NN) whose order is exactly n.
This proves that (Cy,, N) is realizable.
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