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KERNEL THEOREMS IN COORBIT THEORY

PETER BALAZS, KARLHEINZ GROCHENIG, AND MICHAEL SPECKBACHER

ABSTRACT. We prove general kernel theorems for operators acting between
coorbit spaces. These are Banach spaces associated to an integrable repre-
sentation of a locally compact group and contain most of the usual function
spaces (Besov spaces, modulation spaces, etc.). A kernel theorem describes
the form of every bounded operator between a coorbit space of test functions
and distributions by means of a kernel in a coorbit space associated to the
tensor product representation. As special cases we recover Feichtinger’s ker-
nel theorem for modulation spaces and the recent generalizations by Cordero
and Nicola. We also obtain a kernel theorem for operators between the Besov
spaces B%l and BY

00,00 "

1. INTRODUCTION

Kernel theorems assert that every “reasonable” operator can be written as a
“generalized” integral operator. For instance, the Schwartz kernel theorem states
that a continuous linear operator A : S(R?) — &’ (R?) possesses a unique distribu-
tional kernel K € S'(R??) such that

(1) (Af.9)=(K,g®[),  f.9€SR?).
If K is a locally integrable function, then

Ar.9) = [ Kl f)aiyds,  f.g< SR

and thus A has indeed the form of an integral operator. Similar kernel theorems
hold for continuous operators from D(RY) — D’(R¢) [24, Theorem 5.2] and for
Gelfand-Shilov spaces and their distribution spaces [2I]. The importance of these
kernel theorems stems from the fact that they offer a general formalism for the
description of linear operators.

In the context of time-frequency analysis, Feichtinger’s kernel theorem [12] (see
also [I8] and [23, Theorem 14.4.1]) states that every bounded linear operator from
the modulation space M!(R?) to the modulation space M > (R¢) can be represented
in the form (I) with a kernel in A/°°(R2?). The advantage of this kernel theorem is
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that both the space of test functions M*(R%) and the distribution space M > (R%) =
M*'(R%)* are Banach spaces and thus technically easier than the locally convex
spaces S(R?) and S'(R?).

Recently, Cordero and Nicola [8] revisited Feichtinger’s kernel theorem and
proved several new kernel theorems that “do not have a counterpart in distribu-
tion theory”. They argue that “this reveals the superiority, in some respects, of
the modulation space formalism upon distribution theory.” While we agree full-
heartedly with this claim, we would like to add a more abstract point of view and
argue that the deeper reason for this superiority lies in the theory of coorbit spaces
and in the convenience of Schur’s test for integral operators. Indeed, we will prove
kernel theorems similar to Feichtinger’s kernel theorem for many coorbit spaces.

The main idea is to investigate operators in a transform domain after taking a
short-time Fourier transform, a wavelet transform, or an abstract wavelet transform,
i.e., a continuous transform with respect to a unitary group representation. In
this new representation every operator between a suitable space of test functions
and distributions is an integral operator. The standard boundedness conditions of
Schur’s test then yield strong kernel theorems.

The technical framework for this idea is coorbit theory, which was introduced
and studied in [I5HI7,22] for the construction and analysis of function spaces by
means of a generalized wavelet transform. The main idea is that functions in the
standard function spaces, such as Besov spaces and modulation spaces, can be
characterized by the decay or integrability properties of an associated transform
(the wavelet transform or the short-time Fourier transform). In the abstract set-
ting, G is a locally compact group and 7 : G — U(H) is an irreducible, unitary,
integrable representation of GG. Leaving technical details aside, the coorbit space
Cor L? (G) consists of all distributions f in a suitable distribution space such that
the representation coefficient g — (f, m(g)w) is in the weighted space LE (G).

Next, let G; and G4 be two locally compact groups, and let (w1, H1) and (72, Ha)
be irreducible, unitary, integrable representations of G; and G5, respectively.

Let A be a bounded linear operator between Cor, L), (G1) and Cor, L35, (G2).
Our main insight is that such an operator can be described by a kernel in a coorbit
space that is related to the tensor product representation 7 = mo®7; of G = G1 XG>
on the tensor product space Ho®@H;. The following non-technical formulation offers
a flavor of our main result in Theorem

A linear operator A is bounded from Cox, L), (G1) to Cor, LS5, (G2) if and only
if there exists a kernel K € Co, Lf:f@ (G1 x G2) such that

-1
Wy

(2) (Av, ) = (K, 9 @ v)

for all v € Cox, L, (G1), ¢ € Cox, L, (G2).

This statement is not just a mere abstraction and generalization of the classical
kernel theorem. With the choice of a specific group and representation one ob-
tains explicit kernel theorems. For instance, using the Schrédinger representation
of the Heisenberg group, one recovers Feichtinger’s original kernel theorem. The
added value is our insight that the conditions on the kernel of [§] in terms of mixed
modulation spaces [4] amount to coorbit spaces with respect to the tensor product
representation. Choosing the ax + b-group and the continuous wavelet represen-
tation, one obtains a kernel theorem for all bounded operators between the Besov
spaces B?!l and B? with a kernel in a space of dominating mixed smoothness.

00,00
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This class of function spaces has been studied extensively [31[32] and is by no means
artificial.

By using suitable versions of Schur’s test, it is then possible to derive charac-
terizations for the boundedness of operators between other coorbit spaces. For
example, in Theorem [l we will prove the following, with % + % =1

(i) A:Cog Ly, (G1) = Con,LP (G3) bounded & K€ Cor L)Y (G1xGa),

1/1,U1®1,U2
(ii) A:Cox,LF (G1) = Cox, L3 (G2) bounded & Ke Cor L) G1xGa),

1 (
1/wi; ®@ws

where the mixed-norm Lebesgue spaces £P? and LP'? on G; X G5 are defined in
@3) and [24)), respectively.

The paper is organized as follows. In Section [2] we present the basics of tensor
products and coorbit space theory. The theory of coorbit spaces of kernels with
respect to products of integrable representations is developed in Section [8l Our
main results, the kernel theorems, are proved in Section ] and applied to particular
examples of group representations in Section

We note that our proofs require a meaningful formulation of coorbit theory.
One can therefore prove kernel theorems also in the context of other coorbit space
theories [61[9], e.g., for certain reducible representations.

2. PRELIMINARIES ON TENSOR PRODUCTS AND COORBIT SPACES

2.1. Tensor products and Hilbert-Schmidt operators. The theory of tensor
products is at the heart of kernel theorems for operators. Algebraically, a simple
tensor of two vectors (in two possibly different Hilbert spaces) is a formal product
of two vectors f1 ® fo, and the tensor product H; ® Hso is obtained by taking the
completion of all linear combinations of simple tensors with respect to the inner
product

(f1® f2,01 ® g2) == (f1,91) (92, fo) -

This tensor product is homogeneous in the following sense: « - (f1 ® f2) = (af1) ®
fo = fi®(afsz). Note explicitly that the product fi ® fo is anti-linear in the second
factor. In some books this is done by introducing the dual Hilbert space H/ [25].

If each Hilbert space is an L%-space H1 = L?(X,pu), Ha = L*(Y,v), then the
simple tensor f ® g is just the product (z,y) — f(z)- g(y), and the tensor product
becomes the product space H; ® Ho = L*(X,p) ® L3(Y,v) = L*(X x Y, u x v).

The connection between functions and operators arises in the analytic approach
to tensor products. We interpret a function of two variables as an integral ker-
nel for an operator. Thus a simple tensor f; ® fo of two functions becomes the
rank one operator f — (f, fo) fi with integral kernel fi(z)f2(y), and a general
k € L*(X xY, uxv) becomes a Hilbert-Schmidt operator from L?(Y,v) to L2(X, ).
The systematic, analytic treatment of general tensor products of two Hilbert spaces
often defines the tensor product as a space of Hilbert-Schmidt operators between
Ho and H;. We note that his definition is already based on the characterization
of Hilbert-Schmidt operators and thus represents a non-trivial kernel theorem [7].
Whereas the working mathematician habitually identifies an operator with its dis-
tributional kernel, we will make the conceptual distinction between tensor products
and operators for our study of kernel theorems.

In the sequel we will denote the (distributional) kernel of an integral operator
by k and the abstract kernel in a tensor product by K.
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2.2. Coorbit space theory. Let G be a locally compact group with left Haar
measure |, o - - - dg, let H be a separable Hilbert space, and let ¢ () be the group of
unitary operators acting on H. A continuous unitary group representation 7 : G —
U(H) is called square integrable [IL[IT] if it is irreducible and there exist ) € H such
that

(3) /G |, w(g))Pdg < oo

A non-zero vector v satisfying (B]) is called admissible. For every square inte-
grable representation there exists a densely defined operator T' such that Vf, fo €
H, 11,12 € Dom (T'), one has

(4) /G (Fram(g)n) (m(g)ins fo)dg = (Tan, Tn) (., fo).

For fixed 91 = 19 = 1 the representation coefficient f +— V,,f(g) := (f, 7(g9)¥)
is interpreted as a generalized wavelet transform. The orthogonality relation ()
then implies that V;, is a multiple of an isometry from H to L?(G). By using a
weak interpretation of vector-valued integrals, (@) can also be recast as the inversion
formula

(5) J—

~ T /G (F, w(g))m(g)dg

For the rest of this paper we assume without loss of generality that the chosen
admissible vectors ¥ are normalized, i.e., |[T| = 1.
The adjoint operator V : L?(G) — H is formally defined by

ViF = /G F(g)n(g)dg.

Other domains and convergence properties will be discussed later.

With this notation () says that V;;V,, = I for all admissible and normalized
vectors ¢, which in the language of recent frame theory means that {m(g)¥}4ecq is
a continuous Parseval frame. By [0, Proposition 2.1] one can always assume that
G is o-finite since we assume H to be separable.

In coorbit theory one needs much stronger hypotheses on w. The representation
w is called integrable with respect to a weight w if there exists an admissible vector
1 € H such that

(6) /G [, w(g))wlg) dg < co.

Let g1,92,93 € G. We call a weight w : G — RT submultiplicative if w(gi1g2) <
w(g1)w(ge) and a function m : G — RT w-moderate if it satisfies m(g19293) <
w(g1)m(g2)w(gs). If m is w-moderate, the weighted Lebesgue space L2, (G) is then
invariant under left translation L, f(y) = f(2~'y) and under the right translation
R.f(y) = f(yx). Throughout this paper, we will assume that the weight w satisfies

(7) w(z) > Cmax {a(), a(z ™), B(z), A )8},

where a(x) = [|Ls| 12 ()12, (6)» B(®) == [|RellLe, (¢)— 17, (q)> and A denotes the
modular function of G.
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Our standing assumption is that the representation m of G possesses an admis-
sible vector v such that V1) € LL (G). We denote the corresponding set by

Ay(G):={Y eH, v #0: Vyy € LL(G)}.
For fixed ¢ € A, (G) the linear version of A, (G),
(8) Hy ={feH: VyfeL, (@},

is dense in H. Let (H.)~ denote the anti-dual of HL, i.e., the space of anti-linear
continuous functionals on H.. As H. is dense in H, it follows that the inner
product on H x H extends to (H1)~ x HL and so does the generalized wavelet
transform.

The coorbit space with respect to LP, (G) is then defined by

Con I2,(G) == {f € (HL)™ : Viuf € LE,(G)}

and is equipped with the natural norm

Hf||cO,T L?(G) = HwaHLfn(G)

With our assumptions on 7,1, m, the coorbit space Co, LP, (G) is a Banach space
[16]. Alternatively, Co, LP,(G) for p < oo can be defined as the completion of H,
with respect to this norm. Moreover,

(9) Cox L*(G) =H, CoxLy(G)=H,, and Cop LS55, (G)=(H,)~ =HS,,
and

(10) H,, C Cor L, (G) € HiY,

for 1 < p < oo and w-moderate weight m. In the context of coorbit space theory
the space HL. serves as a space of test functions, and ’H;x/)w is the corresponding
distribution space.

We quickly recall some of the fundamental properties of coorbit spaces; see for
example [16], Theorems 4.1 and 4.2 and Proposition 4.3].

Proposition 1. Let ¢, ¢ € A,(G), f € Cor LE,(G), g € Co, L‘{/m(G), and F €
L2 (G). Then the following properties hold:

(i) Vi : Cox LP (G) — L2, (G) is an isometry.

(il) HP, is invariant with respect to ™ and

I7(9) fllco, 2, () < W@ fllco, Lz, (cy for all g € G, f € Cox L}, (G).

(iil) Vi : Lh,(G) — Cox L1,(G) is continuous.

(iv) ViVy = Ico, 12,(c)- _

(v) Correspondence principle: Let F' € L (G). There exists f € Cor LP (G)
such that F' = Vi f if and only if F = F xVy, where x denotes convolution
on G.

(vi) Duality: Forl < p < oo, —|—— =1, we have (Cor L?,(G))* = Cox L‘ll/m(G),
where the duality is given by

{(f:9)con 12.(@) Con L8 (@) = (VoI s Vogl Lr,e).L8,, (@) -

(vii) The definition of Cor LP, (G) is independent of the particular choice of the
window function from A, (G). In particular, ||Vy fllre @) < IVefllee, @)
for arbitrary non-zero ¢, € A, (G).
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We furthermore need a result on the existence of atomic decompositions for the
space Co, L1 (GQ); see [15, Theorem 4.7].

Theorem 2. Let ¢ € A,(G). There exists a discrete subset {g;}iex C G and a
collection of linear functionals \; : Cor LY (G) — C, i € Z, such that

(11) F=Y " N(hmlg)e,  with >IN (Hwlg) < [ fllcon L1, ()

1€L 1€l

and the sum converges absolutely in Co L1 (G).

3. FRAMES AND COORBIT SPACES VIA TENSOR PRODUCTS

Let G1, G2 be two locally compact groups with unitary square integrable repre-
sentations 711 : G1 — U(H1) and mg : Go — U(Hs2). For g := (g1, 92) € G := G1xGs
the tensor representation m : G — U(Ha @ H1),

m(g) := m2(g2) ® m1(g1),
acts on a simple tensor ¥ := s ® 11 € Ho ® H1 by

(12) 7(g) (Y2 @ P1) = ma(g2) P2 @ m1(g1)P1.

It follows immediately that 7 is a unitary representation of G on Ho®?H1. Moreover,
7 is irreducible (e.g., by [34] Section 4.4, Theorem 6]). Note that the order of indices
is in agreement with the formulation of the kernel theorem in Theorem [Bl

If we interpret the simple tensor ¥ = )5 ® 11 as the rank-one operator f —
1 (f)2 with ¢y € HY, then we can write (I2) as

7(9)(V)(f) = (71 (g1)Y1)(f) - m2(g2)vh2 = (m2(g2)2 @ 71 (g1)1) (f),
where the contragredient representation ) : G; — GL(H}) of m is defined as
(71 (91)01) (f) = 1 (m1(gy M) f); see [34, Section 3.1].
In case we treat the tensor product as a space of Hilbert-Schmidt operators, 7

acts on A € HS(H1,H2) as
m(g)A = m2(g2) Ami(g1)".

The generalized wavelet transform of a simple tensor fo ® fi with respect to a
“wavelet” U = 1y ® )7 is given by

Vi (f2 @ f1)(g) = (f2 ® f1, (m2(g2) @ m1(91)) (V2 @ ¥1))
(13) = (fa,m2(g2)¥2) (f1, m1(g1)2)
= Vi, f2(92) Vi, f1(g1)-

Thus, the wavelet transform of the tensor product representation factors into the
product of wavelet transforms on G; and G4. Strictly speaking, we would have to
write VJi ¢ f; to indicate the underlying representation, but we omit the reference to
the group to keep notation simple.

Throughout this paper we consider only separable weights w : G — R, with
w(g) = (w1 ® w2)(g) = wi(g1)wa(g2) and m(g) = (m1 © m2)(g) = ma(g1)m2(g2),
where w; is submultiplicative and m; is w;-moderate. Moreover we write (1/w)(g) =
(w1 ® wz)(g)~1. It follows from (I3)) that the tensor representation m3 ® 71 of two
square-integrable representations is again square-integrable and that the tensor
U = 9y ® 1y of two admissible vectors ¥y and v is admissible for 7. Likewise, if
w = w; @ wy and ¥ € Ay, (G1), Y2 € Aw,(G2), then ¥y @ 1 € Ay(Gy x Ga)
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(where we assume that w;, i = 1,2, satisfies (])). Therefore all definitions and
results of Section hold for the representation 7 = mo @ 1 and ¥ =1 ® 1 . In
particular, the orthogonality relation (), the inversion formula (), Proposition [
and Theorem [2] hold for suitable admissible vectors ¥ = )5 ® 1)7.

4. KERNEL THEOREMS

In this section we derive the general kernel theorems for operators between coor-
bit spaces. The basic idea comes from linear algebra, where a linear operator is
identified with its matrix with respect to a basis. In coorbit theory the basic struc-
ture consists of the vectors m(g)y. Thus in analogy to linear algebra we try to
describe an operator A : H; — Ha by the kernel (= continuous matrix)

(14) ka(g1,92) = (Ami(g91)¥1, m2(g2)2).

This can be seen as a continuous Galerkin-like representation of the operator A
[2L13]. The idea goes back to coherent state theory [30, Ch. 1.6]. One of its goals
is to associate to every operator A a function or symbol k4, and ([I4) is one of the
many possibilities to do so.

Assume that A : Cor, L), (G1) — Con,L55,,(G2) and f € Cor, Ly, (Gh), ie., A
maps “test functions” to “distributions”. By using the inversion formula (&) for f
and applying A to it, it follows formally that

Af:/G (fsm1(g1)¥1)AT1(g1)¥1dgr,
and furthermore that

Vi, (Af)(92) = (Af, ma(g2)b2) = / (fsm1(g1)¢1) (Ami(g1)¥1, m2(g2)12)dg

G

(15) - /G (o1 (92) 91 )ha (g1, 92)dgs -

Let

(16) AF(gs) = / F(g)kalgr, g2)dgn
G

be the integral operator with the kernel k4. Then (IH) can be written as
(17) Vi, Af =2AVy, f

or, equivalently,

(18) A=V, AV, .

Using this factorization, the computation in ([I5]) can be given a precise meaning
on coorbit spaces. Identity (8] is the heart of the kernel theorems. The combi-
nation of the properties of the generalized wavelet transform (Proposition [l and
boundedness properties of integral operators yields powerful and very general kernel
theorems.
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We will first show the existence of a generalized kernel for operators mapping
the space of test functions Cor, L, (G1) into the distribution space Cor, L{5 S (G2) -
Subsequently, we will characterlze continuous operators in certain subclasses.

Theorem 3. Let G1 and Gy be two locally compact groups, and let (m;,H;) be
integrable, unitary, irreducible representations of Gj, such that Ay, (G;) # 0 for
j=12.
(i) Every kernel K € Co, 1/w(G1 x G3) defines a unique linear operator A :
Cor, LY, (G1) — Coq, L T7w, (G2) by means of

(19) (Av, ) = (K,p ®v)
for allv € Cor L}, (G1) and ¢ € Cox, LY, (G2). The operator norm satis-
fies

(20) [Allop = K llco, Lgs, (o)
and

(21) ka=VoK

(ii) Kernel theorem: Conversely, if A : Cox, L}, (G1) — Con,L s (Ga) s
bounded, then there exists a unique kernel K € Co, 1/w(G1 x Ga) such
that ([I3) holds.

Proof. (i) Fix K € Cor L9, (G) with G = G1 x G2, and let v € Cor, Ly, (G1), ¢
Cor,Ly,,(G2) be arbitrary. By (I3) it follows that ¢ ® v € Cor Ly, (G) Therefore,
the duality in (I9) is well-defined and

(K, 9 @ v)| <Ko, Lgs, () |19 @ Vlleo, L1, (@)
(22) = [1Kllcon L35, (@) I#llcon, L1, (G2) [Vllcon, L1, () -

Therefore, if we ﬁx v, the mapping ¢ — (K, ¢ ® v) is a bounded, anti-linear func-
tional on Cor, L. (Gg) , which we call Av € Cor,LS7,, (G2). The map v — Av is

clearly linear, and (I9) defines a linear operator A : Cor, LY, (G1) — Cox, L3S T (G2) -
The estimate ([22)) implies that

HAUHCoﬂL?‘;“,Q(Gz) < 1Kleoy L, @ I0llcon, L1, (@) »

Tc/)m
and thus
[Allop < [[Kllco, 2= (a) -

(ii) To prove the converse, we need to show that the mapping K — A is one-to-
one and onto.
Uniqueness: Let us assume that the kernel K € Cor L77,, (@) also satisfies

<AU790>:<K790®U>:<K:790®U>
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for every v € Cor, L}, (G1), ¢ € Cor, L. (G2). By Theorem B there exists a
discrete set {7;}iez C G such that every F € Co, L! (G) can be written as

F= Zz\ i) (2 @ 1),
1€L

with unconditional convergence in Co, L} (G) and

Z [Ai(F)|w(vi) < ClFllco, L1, (61 xGa)-

Since W(’Yi)(’(/)g ® wl) = 7(y,2)12 @ T(vi,1)Y1, we conclude that

Z/\ VI T (7i,2)102 @ (7y5,1)Yn)

1€L

—Z/\ JIC, T (yi,2)1h2 @ m(vi)hn)

i€L
= (K, F).

As this equality holds for every F € Co, L} (G), it follows that K = K.
Surjectivity: Let us assume that A : Cor, L, (G1) — Con, L$5,,,(G2) is bounded.
Then the kernel k4 defined in (I4) is an element of L7, (G1 x G2), because

|ka(g)| = [(Am1(g1)®, m2(g2))|
< [Allop Im1(g91)8llcon, 1, (c1) I72(92)Yllcon, L1, ()
< [Allop wi(g1) [19llco,, 1, (1) walg2) 1¥llco,, L, (Ga) -

We claim that k4 is a generalized wavelet transform. Precisely, there exists K €
Cor LT?w(Gl x Gg) such that k4 = Vg K. To prove this claim, we use Proposi-
tion [I[), which asserts that ks = VK for some K € Cox L), (G) if and only if
k‘A = k‘A * Vql\I/

As ka - Vg (n(g)¥) € LY(G1 x G2), we may choose the most convenient order of
integration and apply the reproducing formula of Proposition [Ii{¥]) consecutively to
the representations w1 and me. Using (I3) we obtain

(kA*V‘I’\IJ)(g):/GkA(h)V\y\I’(h_lg) dh
= /G /G Vi, (Amy (B1) 01 ) (ha) Vi tba (B g2)dha Vg, 01 (hy “g1)dha
= [ (e amthi)on) Vo) 0 Vot )
= /G (A (7 )wr, wa(g2)tb2) Vi, r (hy "gi)dh = ().

At this point we note that by the assumption on A there exists a unique operator
A’ Cor, LY, (Ga) — Co,,lL‘ﬁwl(Gl) that satisfies

(Av, ) = (v, A" p)
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for every v € Cor, L}, (G1) and ¢ € Cor, L, (G2). By its definition, A" is weak*-
continuous. We continue with the integration over GG; and obtain

(*) :/G (Ao (g2) . 1 (ha)Yn) Vip,bi (hi tg1)dha

= (le (A'ma(g2)ib2) * Vwﬂ/&)(gl) = (A'ma(g2)v2, m1(91)Y1)
= (Am1(g1)¥1, m2(g2)Y2) = kal(g)-

By Proposition i) there exists a kernel K € Cor Ly}, (G1 x G2) such that
ka(g1,92) = Vo K(g1,92). By the first part of the proof K defines an operator
B :Cox, Ly, (G1) — Cor, L33, (G2) by means of (Bv,¢) = (K, ¢ ®v). In particu-
lar,

(Bm1(91)W1, T2(g92)Y2) = (K, m2(g2)v2 @ 1(g1)¢1) = Ve K (g1, g2)
= ka(g1,92) = (Am1(91)¢1, 72(g2)¥2) -

Consequently, Bmi(g1)Y1 = Ami(g1)¢n for all g1 € G1. This identity extends to
all finite linear combinations of vectors 71 (g1 )11 and by TheoremPto Cor, L}, (G1).
Thus B = A, and we have shown that the map from kernels to operators is onto.

The map K — A is bounded and invertible. By the inverse mapping theorem
we obtain that || K||c,, L35, (@) S C||Allop, which proves (20). O

Remark 4. Tt is crucial to interpret the brackets in ([9) correctly. For utmost
precision, we would have to write

(AU, @)cor, L35, (Ga). ConyLL,, (Ga) = (9 B U)eo, Lo (@), Con LL,(G) -
but we feel that this notation would distract from the analogy to distribution theory.

The injectivity of the mapping K +— A from kernels to operators is closely
related to an important property of the coorbit spaces ComL}Ul(Gl). This so-
called tensor product property has gained considerable importance in certain special
cases [I3, Theorem 7D] and [26]. We therefore state and prove a general version.
Recall that the projective tensor product of two Banach spaces B; and Bs is defined
to be

Bi®By ={f =) ¢ ®1i: ¢ € Bi,h; € By and Y |l vl 5, < o0}

i€l i€L

The norm is given as [|f||g = inf >, ;[|¢:llB, l|¥il| B, over all representations of
f=2icr 9 ® i

The following identification of the projective tensor product of Cor, Ll (G1)
and Cor, LY, (G2) with the coorbit space Cor Ll (G x Gs) is a generalization of
Feichtinger’s original result for modulation spaces [13, Theorem 7D].

Theorem 5. Under the general assumptions on the groups G; and the representa-
tions (m;, H;) we have

Cox L% (G x Go) = Co, Lt (G2)® Cor LY, (G1).
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Proof. Let F € Co, L} (G). Then by Theorem Plapplied to 7 = mo @y, F possesses
the representation F = Y. X\i(F)w(v)¥ € Cor LL(G) with v = (7i,1,7%.,2) €
G1 x Gy and ) ;o7 INi(F)|w(vi) < C||Flco, L1, (). Using Proposition [ii) we
obtain that

I E)Y M (i) llco, £, () Im2(v2)¥2llconr, 21, ()
iez
< (E) w1 (i) w2 (vi2) 1 llcor, L, (G [¥2llcon, L1, (G2)
€T
< C|F|lco, L1 (c)-

Thus F € Co,r2 (Gg) ® Cole (G1), and Cor L. (G) is continuously embedded
into Coy, L% (Gg) ® Cox, LL (Gl)
Conversely7 let F € Coﬂz 1,(G2)® Cox L% (G1). Choose a representation

F=5 fio®fi1with > |fi 1||co7,1L (G1) ||fz‘,2||co7,2L11U2 (G5) < 0o. Using Fubini’s
€T €L

theorem and Proposition [I{ii) yields
IPlleo. 1210) = | VaF(o)]w(s)dg

<> </01 |Vw1fi,1(91)|w1(91)d91> : (/02 Vi, fi2(g2)] wz(gz)d92>

ieT
@) 1 fizllcon, L1, (G2) < 0.
ieT
Thus, Cor, L, (G2)® Cox, L% (G1) C Cor LL(G). The equivalence of the norms
follows from the inverse mapping theorem. O

Once the kernel theorem provides a general description of operators between test
functions and distributions, we may try to characterize certain classes of operators
by properties of their kernel. Since on the level of the generalized wavelet trans-
form such operators correspond to integral operators (see diagram in Figure [II),
we may translate the various versions of Schur’s test to kernel theorems for op-
erators between coorbit spaces. Following the procedure in [8, Theorem 3.3], we
first formulate a general version of Schur’s test and then derive the abstract kernel
theorem.

We introduce two classes of mixed norm spaces. For two o-finite measure spaces
(X,p) and (Y,v), 1 < p < oo, and m : X xY — Ry, we define the spaces
LP:>*(X xY) and LP:>°(X x Y) by the norms

1/p
@) Il e sup ([Pt )
yey X
and
1/p
QU Pl = e sup ( / \F (2, y)Pm(a y)pdv<y>) .

The following version of Schur’s test is folklore and can be found in [33, Propo-
sitions 5.2 and 5.4] or [27].
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Proposition 6. Let (X,u) and (Y,v) be o-finite measure spaces let 1 < p < oo,
let ; + 5 =1, and let T' be the integral operator T f(y fX x)kp(x y)du(x) with
kernel kr : X xY — C.
(i) The operator T is bounded from L}, (X) to L? (Y) if and only if kr €
EZ;,1® (X xY). In that case

(25) 1Tz, (X)HL,,Q(Y):HkTHEp"fl@ (XxY) -
e gms

(ii) The operator T is bounded from LP (X) to L3S (Y) if and only if kr €
Lzr)r1® (X xY). In this case
(26) 1Tz, (x)—rs, () = H’CT||L‘1*°_°1® (XxY)-
mT emy

We now characterize the boundedness of operators between certain coorbit
spaces.

Theorem 7. Let 1 < p,q < oo with * 5T 5 = 1 and let m; be wj-moderate weights
on G;. If A is a bounded operator from Cor, LY, (G1) to Con,L Tw, (G2) with kernel
K, then the following hold:

(i) A is bounded from Cor L}, (G1) to Cox,LE, (G2) if and only if its kernel
K is in Co, Ep’(ﬁ@ 2(G1 X Gg). Its operator norm satisfies
ml m

IAllop < 1Kllco, cr>=, () -
my - Q@mg

(ii) A is bounded from Cor, LY, (G1) to Cox, sy, (G2) if and only if its kernel
K is in Co, Lq’o_o1X 2(Gl x G2). Its operator norm satisfies
m1 m

[Allop = 1Ko, L2, (@) -
my ®mo
Proof. Since Cor, LY, (G1) C Cox L}, (G1) and Cor, L2, (G2) C Cog,L Tws (G2)
by (I0), the kernel theorem is applicable to the operator A, and there exists a
kernel K € Cox L7, (G1 ® Ga) such that
Ve K(g1,92) = ka(g1, g2) = (Am1(g1)¢1, m2(g2)2).

Assume first that K €Co, Efr;(j_o1®m2 (G), which means that Vo K € L7 o (G).
By Proposition [6 the integral operator 20 defined by the integral kernel k4 is
bounded from L;, (G1) to L?, (G3). According to ([I8), A factors as A = Vi AV,
where Vy, is an isometry from Cor, Ly, (G1) to Ly, (G1), and Vj, is bounded
from LY, (G3) to Cox, LY, (G2) by Proposition [l Consequently A is bounded from
Cor, Ly, (G1) to Cor,LP, (G3). The boundedness estimate follows from

[Allop < [V, llop ] s, (Gl)—>L,,L2(G2) Ve, llop

//\ N

Cllkallzr= (@) =ClKlcoy cr>= — (c)-
mt@my mTlemy
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Conversely, let A be bounded from Co,, L;, (G1) to Cox, L%, (G2). Then
Ami(g1)¢1 € Cor,LP, (G2) and the following estimates make sense:

1Ko, L 6) = ||V\I’K||£:°fl®m2(6‘) = lkaller= (o)
1 1 1

ma ®mg

= sup </G2 |<A7T1(91)1l)177T2(92)7/12>m2(92)pd92>1/pm1(91)_1

91€G1

= sup [|[Ami(91)¥1llco,, 1t (2) M1(91) "
91€G1

< [|Aflop sup Hﬂl(gl)d}l”ComL}”l(Gl)ml(gl)il'

91€G1

Since Vy, 11 € L, (G1) and my is wi-moderate and thus satisfies mq (g1h)m4(g1) ™
< wy(h), the last expression is bounded by

_ _ mq(h
sup 7190061l 23, 00 malo) ™ = swp [ nm o ) 22 an
g1€G1 ! g1€G1 JG, ml(gl)

mi(g1h)
— su o (B)y) TR v o,
Sup /G1 |(¥1, w1 (h)Y1) (o) Vi thrllzy, e

p,00
Thus K € Co, Em;1®m2 (G).

Part (ii) follows by using Proposition [6(ii) instead of (i) and is proved similarly.
([

The following diagram (Figure [Il) shows the connection between the different
operators and spaces.

Con, L1 (G Con, I, (G

¢ (1) A bounded (C2)

V'(/)l K e Co, £i;(iol®m2(G) V@/J'z
v

ka € LP% (G)

my - @ma

Ll (G 5 Lr (G
ml( ) 2 bounded 2( 2)

FIGURE 1

Using interpolation between LP-spaces, Schur’s test can also be formulated as
saying that an integral operator is bounded on all L? simultaneously if and only if
its kernel belongs to L** N £1>°. The corresponding version for coorbit spaces is
a consequence of Theorem [f] and an interpolation argument.
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Corollary 8. The following conditions are equivalent:
(i) A:Cox LP, (G1) = Con,LP,, (G2) is bounded for every 1 < p < oo.
(ii) Both A : Cox L;, (G1) — Cop,L;, (G2) and A : Cor Ly (G1) —
Cor, Ly, (G2) are bounded.
(i) K €Cor L% (G)(Cox Lj);‘j_"l

1 ®@ma

(G).

®@ma

Clearly one can now translate every boundedness result for an integral operator
into a kernel theorem for coorbit spaces. As a simple but important example
we offer a sufficient condition for regularizing operators, i.e., operators that map
distributions to test functions.

Theorem 9. Under the assumptions of Theorem [, if the unique kernel of the
operator A satisfies K € Co.LL(Q), then A is bounded from ComL‘f‘/’wl(Gl) to

CO,T2L1102 (GQ)

Proof. Consider the integral operator 2 as in the proof of Theorem [ and observe
that Vg K =k € LY, (G) is a sufficient condition for 2 : L3S (G1) — Ly, (G2) to

1/w
be bounded by Schur’s test. ' |

4.1. Discretization. Coorbit theory guarantees the discretization of the coorbit
spaces via atomic decompositions and Banach frames. For our purposes, it is suf-
ficient to state a shortened and simplified version of [22, Theorem 5.3]. Let ¥ be
one of the function spaces L2, (G), LP:*(G), or LE:>°(G), and let Yy be the natural
sequence space associated to Y.

Proposition 10. If satisfies
(27) [ sup (Vi) uwlg)dg < .
G hegQ

for a compact neighborhood Q of e, then there exist a discrete subset A C G and
constants C1,Cy > 0 such that

(28) Cillfllco.y < Ve fllvy < Collfllco, v for every f € Cor Y .

Corollary 11. Let A = Ay x Ay C G be a discrete set such that {m(A)¥}rea
satisfies [28)) for Cox Lp’o,o1® (G) and Cox Ep“ﬁ@ (Q). If A is a bounded operator
my mo my ma2

Jrom Cor, Ly, (G1) to Con, L57,,(G2) with kernel K, then the following hold:
(i) A:Cox L}, (G1) = Cox, LP, (Gs) is bounded if and only if

1/p
(29) sup ( Z Ve K(\)(my* ®m2)()\)|p> < 0.

A€M Aa€As
(ii) Likewise A : Cox, LE, (G1) — Cor, L5% (G2) is bounded if and only if

1/q
(30) sup ( Z Ve K(\)(my* ®m2)(x\)|q> < 0.

)\261\2 )\161\1

Proof. (i) By Theorem [7 A has a kernel in Co, £LP*°(G), and

[Allop = [ Kllco, £r-(c)-

By (@8), the expression in ([29) is an equivalent norm for ||K|¢,, £r.o (). The proof
of (ii) works in exactly the same way. O
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5. EXAMPLES

5.1. Modulation spaces. The Weyl-Heisenberg group Gy = R? x R4 x T is
defined by the group law
27ri‘r')

2mi(T+7 —zw’) )

(z,w,e?™T) . (2, e =(z+2\wt+de

Let T, f(t) := f(t — z) denote the translation, and let M, f(t) := e*™*! f(t) be the
modulation operator. The operator Ty g (z,w,7) = e> 7 M, T, for (z,w,7) € Gwn
defines a unitary square-integrable representation of Gy g acting on L2?(R9), for
which every non-zero vector in L#(R?) is admissible. Since the phase factor €27 is
irrelevant for the definition of coorbit spaces, it is convenient to drop the trivial third
component and consider the time-frequency shift n(z,w) = mw g (z,w, 1) = M,T,.
Formally, we treat the projective representation 7 of R?? instead of the unitary
representation my g of Gy . The transform corresponding to 7 is nothing else
but the short-time Fourier transform

Vil e.0) = (M) = [ FOUT=2)e a, fo e I(RY,

The coorbit spaces associated to my g coincide therefore with the coorbit spaces
associated to m. These are the modulation spaces MP (R?) which were first in-
troduced by Feichtinger in [14] as certain decomposition spaces and subsequently
were identified with the coorbit spaces of the Heisenberg group Cony, L2, (Gw ) =
Co,LP (R?4) = MP (R?) [I8]. We refer to the standard textbooks [20,23] for more
information on time-frequency analysis.

Theorem Blasserts that every bounded operator from M} (R?)=Cop,, , LL (Gwr)
= Co, L. (R?%) to Mf;’w(Rd) = Conyy L79,,(Gwr) = Cox L‘f?w(RQd) possesses a
kernel K € Cony, y@mwn Loy 1941 (Gwr X Gwa) such that (Af,g) = (K,g® f)
for f,g € ML (RY). Let us elaborate in detail what the kernel theorem asserts in this
case: for g; = (x4, w;, 7)) € Gwa,i = 1,2, the tensor representation myw gy ® mw g
acts on the simple tensor (g ® 91)(ta,t1) = wa(ta)th1(t1) € L*(RY) @ L2(RY) =
L?(R??) as

Twn ® Twi (g2, 91) (e ® 1) (ta, t1) = €T M, T 1o (t2) Mo, T, 1 (1)
= e%i(n_TZ)M(wmfm)T(m,zl)(¢2 Y ¢1)(t27 tl) :
Thus except for the phase factor e?™(71=72) the tensor representation my g ® Ty g
is just the time-frequency shift M, —u,)T(z,,2,) acting on L?(R2%). Consequently,

the coorbit spaces with respect to the product group Gw g ® Gw g are again mod-
ulation spaces, this time on R??. For the coorbit of L> we compare the norms

| K || agoe (m2ay = sup (K, My ) Ty 09) (2 @ 1))

(z1,22,w1,wa2) ER%E
and
HKHCOW®7\'LOO(]R4¢1) = sup |<K7 (W(Ihwl)®W($2,w2))(¢2®¢1)>| ’
((xl,wl),(wg,wz))eRM

which are obviously equal. In this case Theorem [3 is therefore just Feichtinger’s
kernel theorem: For A : M'(R?) — M (RY) there exists a unique kernel K €
M>=(R2?4) such that (Af,g) = (K,g® f).
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The recent extension of Feichtinger’s kernel theorem by Cordero and Nicola [§]
can be seen in the same light. Let us explain the difference in the formulations.
Our approach considers the generalized wavelet transform

VoK (21, w1, T2,w2) = (K, mw i (22, w2, 1) @ mwa (21, wi, 1) (2 @ 1))

of the kernel. The conditions of Theorem [7] are formulated by mixed norms acting
simultaneously on the variables (2, ws) and (21, w;). The treatment in [§] uses the
short-time Fourier transform on R2¢

V\I/K(Jfl, T, W1, w?) = <K7 M(wl,wg)T(ml,xg)\I/> 3

which is the same transform, except for the order of the variables. In [8] it was
therefore necessary to reshuffle the order of integration of time-frequency shifts and
to use the notion of mixed modulation spaces, which were studied in [4,29]. The
new insight of our formulation is that the mixed modulation spaces are simply the
coorbit spaces with respect to the tensor product representation.

The special case of Theorem [ for the Weyl-Heisenberg group and the weights
ms(z,w,7) = (1+ |z + |w|)® for s € R states the following: Fix ¢ > 0 and let A be
an operator from M}, (R?) to M2> (R?). Then for |r|,|s| < o, 1 < p,q < o0, and
1/p+1/q =1 we have

(i) A:M} (RY) — MpE (RY) bounded < K €Cop L, (RY),
(i) A:Mp (RY) — M (RY) bounded & K €Cor L1 o (R*).

Regularizing operators from M to M! were recently studied by Feichtinger
and Jakobsen [19]: they characterized a subclass of this space of operators by an
integral kernel in M*(R2?). The sufficiency of this result in a coorbit version is
contained in Theorem

5.2. Wavelet coorbit spaces and Besov spaces. The affine group G.g = RxR*
is given by the group law (z, a)-(y, b) = (z+ay, ab), where z,y € R and a,b € R\{0}.
Its left Haar measure is given by 4242, Let D,f(t) = |a|~'/2f(t/a) denote the
dilation operator. Then (z,a) — ﬂaﬁ(x, a) = T,D, defines a unitary, square-
integrable representation of G,z on L?(R).

Now let f,1 € L?(R). The continuous wavelet transform is defined as

W f(2.0) = {f, mage (2, @) ml”/} @It

and the admissibility condition (B)) reads as

~ L odw
| PP <o

It is well-known that the coorbit spaces associated to the representation m,g
are the homogeneous Besov spaces. See the textbooks [10,[28] for details and
further expositions of wavelet theory. For brevity, we consider only the coor-
bit spaces with respect to the weighted LP(G.g)-spaces with the weight function
vs(w,a) = vs(a) = |a|~* for s € R. Note that v_g = 1/v,. Then Cor, L (Gag) =

B;;l/zﬂ/p( R) by [I5, Section 7.2]. In particular Cor, ., L, (Ga) = ijlp(R) and
Con L2 (Gat) = 35, %2(]1%). In this example Theorem [ states that an opera-
tor A : B‘il(R) — BOO”:OO(R) is bounded if and only if its associated kernel K is

N COon,y@ma L G?%;). At first glance not much seems to have been

b (
V_s—1/2QV_p_1/2
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gained by this formulation, but it turns out that the coorbit spaces of the tensor
product T.g ® Tag of G2 ¢ are well understood in the theory of function spaces
under the name of Besov spaces of dominating mized smoothness. In particular,
Conucomas L2, sov 1) (G?4) can be identified with the Besov space of dominat-
ing mixed smoothness So_o‘fg)grB(RQ). See [32, Definition A.4] and [31]. Moreover,
Theorem [Myields a characterization of continuous operators between certain Besov
spaces:

(i) A (]R)—)Br (R)  bounded & K E€Con yomu 5’011/2@1,”1/271/17(6?2&),
(ii) A Bs »(R) =B (R) bounded < K€Con  om LE™ 1/2+1/p®VT+1/2(G§H)'

The case (i) for p = 1 was already formulated in a discrete version by Meyer
[28, Section 6.9, Proposition 6].

Theorem 12. Let {4y} j)ezz be a wavelet basis with Yy ;(t) = 21/24h(27t — k),
and assume that 1 has compact support and satisfies sufficiently many moment
conditions so that the assumption of Proposition is satisfied. An operator A :
BY | (R) = BY | (R) is bounded if and only if

Sup Z ‘<A¢k/,j/,T/Jk,j>|27j/2+j'/2 <C.

(k,»j/)€Z2 (k,j)EZQ
Proof. Set p=1, s = —1/2, recall that k4 = Vg K, and apply Corollary [I11 |

5.3. The case of two distinct representations. For most applications it suffices
to consider a single group G and its product group G x G. Our formulation with
two different groups allows us to study operators acting between coorbit spaces
associated with different group representations. Using the representations of the
Weyl-Heisenberg group and the affine group of Sections[5.Iland 5.2] one can charac-
terize the boundedness of operators between certain modulation spaces and Besov
spaces by properties of their associated kernels. Theorem [[] now reads as follows:

(i) A: M), (R?) — By (R) bdd.
& K € Conampn L0 a1 n (G X Gag),
(ii) A: M2 (R?) — BL, (R) bdd.
< K e Coﬂaf@,rWHL,,’LOOS@VTH/,Z(GWH X Gat),
(iii) A : Bf (R) = M2, (R?) bdd.

s K e CofrWH®7Tdfpr) r1/2@Vs (Ga X GWH)?
(iv) A: B} ,(R) = M2 (R?) bdd.
& K € Corgyam L 1/2+1/p®ms(G“ X Gwi).

As a special case one obtains a characterization of the bounded operators A from
T1(R) to L*(R%). Since M?(R?) = L?*(R?), they are completely characterized by

the membership of their kernel in Co,,aff®7,WHE1®m 1o (Gat X Gwa).
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