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RESTRICTIONS OF HIGHER DERIVATIVES
OF THE FOURIER TRANSFORM

MICHAEL GOLDBERG AND DMITRIY STOLYAROV

ABSTRACT. We consider several problems related to the restriction of (V*) f to
a surface ¥ C R? with nonvanishing Gauss curvature. While such restrictions
clearly exist if f is a Schwartz function, there are few bounds available that
enable one to take limits with respect to the L, (R%) norm of f. We establish
three scenarios where it is possible to do so:

e When the restriction is measured according to a Sobolev space H ™ %(X)
of negative index, we determine the complete range of indices (k, s, p) for
which such a bound exists.

e Among functions where f vanishes on = to order k — 1, the restriction
of (V’“)f defines a bounded operator from (this subspace of) L, (R?) to
Ly(2) provided 1 < p < 7242

e When there is a priori control of f\g in a space HY(X), £ > 0, this
implies improved regularity for the restrictions of (Vk)f If ¢ is large
enough, then even va||L2(Z) can be controlled in terms of ”f”H@(Z)
and Hf”Lp(JRd) alone.

The proofs are based on three main tools: the spectral synthesis work of
Y. Domar, which provides a mechanism for L, approximation by “convolv-
ing along surfaces in spectrum”, a new bilinear oscillatory integral estimate
valid for ordinary L, functions, and a convexity-type property of the quan-
tity H(Vk)fHHfs@) as a function of k and s that allows one to employ the

control of ||fHH1"(E)-
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1. INTRODUCTION

1.1. Overview of the derivative restriction problem. Questions regarding the
fine properties of the Fourier transform of a function in L,(R?) have long played a
central role in the development of classical harmonic analysis. While the Hausdorff-
Young theorem guarantees that for 1 < p < 2, the Fourier transform of f € L,
belongs to its dual space Ly,/(,—1), it does not provide guidance on whether f may
be defined on a given measure-zero subset ¥ C R?. The canonical question of this
type, originating in the work of Stein circa 1967, is to find the complete range of
pairs (p, q) for which the inequality

(1) [flsa=1llL,(sa-1) S 1N, rey

holds true. The problem was solved in the case d = 2 in [§] and remains an active
subject of research in higher dimensions (e.g., [5LI3L14]).

In this paper we investigate the possibility of defining the surface trace of higher
order gradients of the Fourier transform of an L, function, with a focus on uniform
estimates in the style of ([Il). Let X be a closed smooth embedded (d—1)-dimensional
submanifold of R%. Assume that the principal curvatures of ¥ are nonzero at any
point. Let K be a compact subset of ¥ and let k be a natural number. We consider
as a model problem the inequality

(2) (V¥ £)

Here and in what follows the Fourier transform has priority over differentiation:
we first compute the Fourier transform and then differentiate it. We choose the
standard Hausdorff measure do on ¥ to define the Lo-space on the left hand side.
The notation “<g” signifies that the constant in the inequality may depend on
the choice of K, but should not depend on f. We restrict our study to the case
of Ly instead of L, with arbitrary ¢ on the left hand side, because the Hilbert space
properties of Lo make this case more tractable. In fact, the range of all possible p
in () when ¢ = 2 is described by the classical Stein-Tomas theorem (established
in [25] and [21]).

Unfortunately, inequality (2) cannot hold true unless k = 0. To see that, consider
the shifts of a function f, in other words fn(x) = f(x+ Ny), where y # 0 is a fixed
point in R%. If we plug fx into (@) instead of f, the norm on the left hand side will
be of the order N*, whereas the quantity on the right will not depend on N.

The next question along these lines is: what modifications can be made so
that (2) becomes a true statement for k > 17 Since the original inequality ()
is shift-invariant, we seek translation invariant conditions for f. This rules out
natural candidates such as requiring (1 + |2|)*f € L,,.

One possibility is to relax the desired local regularity from Lo(K) to a Sobolev
space of negative order. Consider the inequality

(3) H(b(ka)’EH].lfﬁ(E) Sdﬁ ”fHLp(]Rd)-

Here ¢ € C§°(X) is an arbitrary compactly supported smooth function (the constant
in the inequality may depend on it). The parameter s is a nonnegative real, and H~*
is the Lo-based Bessel potential space. Whenever (3] holds, there is a trace value
for V¥ f in H;2(%) for all f € L,(R%).

One might guess that the inequality (B]) gets weaker as we increase s, opening
the way to define the trace of V¥ f on ¥ with an increasingly large range of p. This

elloaie Sk 1F Ly @)
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is indeed the case. The case k = 0 in [B]) was considered by Cho, Guo, and Lee

in [6]. They observed Sobolev space trace values of f for f € L, with p going up

to the sharp exponent dictated by the Fourier transform of a surface measure.
There are two parameters that appear frequently as bounds in our arguments:

d d+1
(4) =T T

d+1 d+3
(5) =T T T

Where it occurs later on, we also use the standard notation p’ = p%l for the dual
exponent to L.

Proposition 1.1 (Corollary of Theorem 1.1 in [6]). Let p > 1. The inequality @)
is true if and only if

(6) k<s;
(7) k < op;
(8) 2k — s < kp.

For fized k and p with k < 0, that means s > max(k, 2k — k). In the case p =1,
the case k = o1 is also permitted if s > k.

The parameter o, is related to the “surface measure extremizer”. When condi-
tion () does not hold, Proposition [Tl fails by testing its dual statement against a
surface measure on X. The parameter k,, and its role in condition () are similarly
associated with Knapp examples.

In odd dimensions there is an endpoint case p = 1, k = 01 = % € N where
inequality (@) is true for s > %. This is stated more precisely in Corollary [Z.8]
below. The proof of that bound is more direct than most of our other arguments
(in fact it is nearly equivalent to the dispersive bound for the Schrédinger equation)
and it is completely independent; see Proposition [[.71

The paper contains two proofs of Proposition [[LIl First, it is a special case of
the more extensive Theorem [[.16, whose proof is presented as Section 4l Then we
also show in Subsection how to derive Proposition [[T] from the results of [6].
To be more specific, one can interpolate between the results of [6] for £k = 0 and the
Besov space bound in Proposition [ for p = 1, k = % to obtain the full range
of Theorem [[1]

If one is determined not to weaken the Lo(K) norm in (2), it is necessary to
consider f belonging to an a priori narrower space than Lp(Rd). We introduce the
main character.

Definition 1.2. Let X be a closed smooth embedded (d — 1)-dimensional subman-
ifold of R?, p € [1,00), and k € N. Define the space EL’; by the formula

EL’;:clost({feS(Rd)‘vz:o,1,2,...,k—1 Vif=0 on 2})

Define LY to be simply L,(R?). The first nontrivial space L} will often be denoted
by Lp.

The symbol & denotes the Schwartz class of test functions. We note that in the
definition above, we do not need any information about ¥. In fact, ¥ may be an
arbitrary closed set. The restriction p < oo is taken so that the Schwartz class is
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dense in L,, though one could replace closure with weak closure in the case p = oo
if needed. These generalities will not arise in the present paper. From mow on we
assume that ¥ is a closed smooth embedded (d — 1)-dimensional submanifold of R?
with nonvanishing principal curvatures.

It will turn out (see Theorem [[L6] below) that for a certain range of p and k, the
space ZL’; contains precisely the functions f € L, whose Fourier transform vanishes
on X to order k — 1. We take advantage of the additional structure of the domain
to formulate a second adaptation of inequality (), this time with the trace of V* f
still belonging to L (¥):

(9) IV Dl ey Sk 11z, for all £ (L.

One might expect that a similar statement with the Lo norm replaced by a
weaker Sobolev norm will admit a larger range of p, that is,

(10) 16V Dl () So I1fllL, ey for all f € (L.

However at this point in the discussion it is not clear why (I0) should be true
outside the range established in Proposition [[LT], or why (@) should be true at all.
Given a generic function f € L,(R%), its Fourier transform f is not differentiable
even to fractional order. We have reduced the obstruction somewhat by seeking
derivatives of f only at the points £ € ¥, and by specifying a substantial number
of its partial derivatives via the assumption f € ZL’;. Nevertheless, values of f Is
alone do not uniquely determine f € LP, nor are they known to shed much light on
the behavior of f in a neighborhood of X.

Theorem [[.4] below finds the complete range of p for which an Lo gradient re-
striction (@) is true. In particular, the range is nonempty when d > 4k + 1. The
range of p permitted in (0] is also sharp in the same way as Proposition [[Tland the
results in [6]. The range of s we obtain here is much larger than what is true in the
context of Proposition [T} but most likely not optimal due to some complications
with linear programming over the integers.

The k = 1 case of Theorem [[.4] shows that an a priori assumption f = =0
leads to nontrivial bounds on Vf |s. In fact there is a larger family of bounds for
trace values of V¥ f, and one can begin the bootstrapping process with a much
milder assumption f |z € H(X) instead of requiring it to vanish. We explore these
generalizations in Proposition [[.IT] Theorem [[.T2] and the related discussion. The
inequality which takes the place of (I0)) has the form

1OV Dl ey So (11 + 19 ey ) for all £ € L,

(the right hand side may be infinite). Remarkably, there are cases where this
statement holds with only an Ly(X) norm on the left side. In Corollary [I3] we
find a sizable range of indices (d, p, £) that admit a local Ly bound on the gradient
of f,

16971 ey S (112, m0) + 16l mecsy ) for all f € Ly,

The spaces ZL’; that arise in Definition are not a new construction. They
appeared in [I2] (see Proposition 12 in that paper) and [II] where the authors in-
vestigated the action of Bochner—Riesz operators of negative order on these spaces.
They arose in [24] in connection with Sobolev-type embedding theorems. We de-
scribe this development in Section
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In fact, the spaces L¥ played the central role in the study of the spectral syn-
thesis problem in the 1960s and 1970s. We stress the work of Domar here (e.g., [7])
and will rely upon it in Section B

It is worth noting that the main inequality used to derive (@) and ([I0) is valid
for all functions in Ly, not just those whose Fourier restriction vanishes on 3. The
formulation of this inequality, which may be of independent interest, is given in (29)
below and the sharp range of p for which it holds is found in Theorem

1.2. Statement of results. It follows from Definition [[.2] that the spaces ZL’; get
more narrow as we increase k:

Ly2 Ly2 L2D...2 LhD>...D >
The final space can be defined as the closure in L,, of the set of Schwartz functions
whose Fourier transform vanishes in a neighborhood of ¥. We claim that EL’; =
sLy° when k is sufficiently large (i.e., the chain of spaces stabilizes). Here is the
precise formulation.

Proposition 1.3. We have zL’; = EL’;H = oLy provided k > o, = %— %

and p > 1. If p=1, this is true provided k > % =o01.

For the case p = 1, this proposition was proved in [7], and the proof works for
arbitrary p (except for, possibly, p = oo, which we do not consider here). The
theorem is sharp in the sense that (L% # [LE+! provided k < o, (see Theorem [L6]
below).

Theorem 1.4. The inequality @) is true if and only if p € [1, 72421, or equiva-

d+3+4k
lently 2k < k.
More generally, inequality [IQ) is true for p € [1, #‘i%) and

s> max(0,k+1— [0, — k], 2k — Kp),

where the notation [-] indicates the smallest integer greater than or equal to the
enclosed value. This covers the entire range k < o,. Whenp =1 and 01 = k1 =
% € N the value s = max(0, 2k — %) 15 also permitted.

Remark 1.5. Thep=1, k=01 = % € N endpoint case is handled in Corollary [Z.§]
below, with inequality (I0) holding for all s > k.

The first claim in the theorem above is an “iff” statement. Usually, the “if”
part is much more involved than the “only if” one. In fact, the “only if” part
of Theorem [[4] is proved with the standard Knapp example. Some of the other
theorems in the paper will have a richer collection of “extremizers”. Moreover,
one and the same “extremizer” may prove sharpness of several related estimates.
We collect the descriptions of such type “extremizers” (and thus, the proofs of the
“only if” parts) in Section

Theorem [[.4] says that the operator

Ric: [ (Vg

acts continuously from the space LY to Ly(K) when p € [1, ﬁa—ﬁ;k]’ or from _LF
to H *(K) for some combinations of (p, s) with p € [1, ﬁ). This allows us to

define a new space

(11) Ker RF = ﬂ Ker R,
KcsE
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which consists of all L, functions for which the (Lo or H™?®) traces of all partial
derivatives of order k vanish on ¥. Note that R*~! is formally defined on (L~ D
EL’;, and so on, thus we have vanishing of lower order derivatives as well. We also
note that in the case when ¥ is compact, one does not need to use the intersec-
tion in () and may simply write Ker R* = Ker RY. It follows from definitions
that EL’;“ C KerRF. In fact, the two spaces must coincide. This looks like a
trivial approximation statement, however, we do not know a straightforward proof.

Theorem 1.6. For anyp € [1, %], the spaces EL’;Jrl and Ker R* coincide with
RF being regarded as a map from LY to L (X). This occurs when 2k < k.
,ﬁ), the spaces EL’;“ and Ker R* coincide with R* being
regarded as a map from ZL’; to H .2 (X) for the same range of s as in Theorem [l
This occurs when k < 0, or k < oy when p=1.

For any p € [1

Remark 1.7. Since R* acts nontrivially on the Schwartz functions contained in
EL’;, it follows that EL’; 2 ZL’;“ in this range of k. Thus, Proposition [[3] and
Theorem completely classify the spaces EL’;, modulo some details about the
optimal target space for R¥.

Remark 1.8. In the papers [I1] and [I2], the condition “f = 0 on the unit sphere”
was understood in the sense of Ly traces.

Theorem [[4] covers many combinations k > s > 0 that are forbidden in Propo-
sition [T by demanding that f vanishes to order £ — 1 on ¥. We now introduce
a family of statements which assume only smoothness of f | instead of vanish-
ing. Bessel spaces already appear on the left hand side of inequality (@), so it is
reasonable to use the same scale to describe the smoothness of f|s.

Definition 1.9. Let £ be a natural number, let ¢ and s be nonnegative reals, and
let p€1,00). We say that the higher derivative restriction property HDR(X,k,s,¢,p)
holds true if for any smooth compactly supported function ¢ in d variables, the
estimate

(12) 1@V Pl ey So (17112, ) + 167 )

holds true for any Schwartz function f.

The HDR property resembles a Dirichlet-to-Neumann bound for Fourier trans-
forms in the sense that regularity of f along the surface ¥ implies a certain degree
of improved regularity in the transverse direction. It is notable that the restric-
tion f | does not uniquely determine f € L, or the values of f (&) anywhere else
in R, so the inequality ([2) must hold uniformly for all functions whose Fourier
transforms coincide with f on X.

Remark 1.10. A complete generalization of Theorem [[L4] would include a priori
estimates on quijHH/zj(Z) for j=0,1,...,J < k—1. We consider only the J =0
case above for relative simplicity of notation.
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Proposition 1.11. If HDR(X, k, s, £, p) holds true and p > 1, then

(13) E<s+ 4
(14) k<s+1;
(15) k< op;
4
" < .
(16) per L when k > s;
(17) 2k — s < Ky,

where the numbers o, and k, are defined by @) and (@), respectively. In the
case p =1, equality in ([IZ) may also occur.

The sufficient conditions we are able to provide for the HDR. inequalities do
not always match the necessary ones listed above. Roughly speaking, they get
close to necessary conditions when ¢ or k is relatively small and there is a gap
if £ and k are both large. By “getting close to necessary conditions” we mean
that the nonsharpness comes only from our limitation of working with integer k.
The sufficient conditions we are able to obtain are rather bulky (this is again due to
“integer arithmetic”). They are formulated in terms of certain convex hulls of finite
collections of points in the plane. Since we need to introduce more notation before
formulating the strongest available statement, we refer the reader to Theorem [B.21]
in Section [l for the details and state a representative subset of the results here.

Theorem 1.12. Let p > 1 and kp € N. If

/-1 K
(18) 2{ 7 mp—‘gﬁp or kg[?p],

then HDR(X, k, s, £, p) holds true provided (I3), (I4), (I3), [I8), and [IM) are sat-
isfied. If ([I8) does not hold, then HDR(X, k, s,£,p) holds true provided (I3)—([I7)
are satisfied as well as the inequality

kp —k
kp — [F]
Here and in what follows, [-] is the upper integer part of a number, i.e., the
smallest integer that is greater than or equal to the number; the notation [-] denotes

the lower integer part of a number, i.e., the largest integer that does not exceed the
number:

(19) s>k —

(20) ] =sup{z € Z|z<z}; [z]=inf{z€Z]|z>z}.

The s = 0, k = 1 cases of Theorem [[.12]illustrate its ability to extract derivatives
of f in all directions when only regularity along ¥ is assumed.

Corollary 1.13. Suppose p = dfgigm for some integer 2 < m < %, and let
2d+2-p(d+3) _ m

L> —2d+2—Z(d+5) = M. Then

(21) 191 sy S0 (1 ey + 16 ecs )

for any Schwartz function f, compact subset K C 3, and smooth cutoff ¢ that is
identically 1 on K.
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In Section we construct a translated Knapp example to show that the lower
bound for ¢ is sharp.

The property HDR(X, k, s, £, p) has a dual formulation in terms of the Fourier
extension operator. We denote the Lebesgue measure on ¥ by do.

Corollary 1.14. Suppose HDR(X, k, s,£,p) holds true and p < % (e.g., if the
conditions of Theorems or 5211 are satisfied). Then for each g € H*(X), multi-
index a with |a| < k, and smooth compactly supported ¢, there exist Fp € L,y (R9)

and g, € H™Y(X) such that
(22) Fo + (g0 do) = a%(¢gdo),

and furthermore

(23) ”FOé”LP/(]Rd) +gallz-22) So 9l a2 (s)-

Conwversly, if for any compactly supported smooth function ¢, for any g, and for
any « there exist F,, and go such that 22) and @23)), then HDR(X, k, s, £, p) holds
2d

true (we still assume p < 777).

When ¥ is the paraboloid £; = %|§ |2, the Fourier extension operator doubles as
the linear propagator of the Schrodinger equation on R™ with n = d — 1. In this
context Corollary implies a time-weighted scattering property for solutions of
the Schrédinger equation.

Corollary 1.15. Let m be an integer 2 < m < 5. Given g € Lo(R™) with Fourier
support in the unit ball, there exists a function §, also with Fourier support in the
unit ball, such that

m

(24) 1+ 1273, S gl

and

(25) ||t6itAg - eitA.aHLM(Rn-H) 5 HgHL2(R")'
n—2m

If n is even, the result holds for m = 5 provided the exponent of (1 + |x|) in ([24)

is strictly less than — .

Finally, we present the main analytic tool used in our proofs of HDR inequalities.
We will formulate it in local form: now ¥ is a graph of a function on R~! rather
than an arbitrary submanifold.

Let U be a neighborhood of the origin in R¢~!. Let h be a C*°-smooth function
on U such that h(0) = 0 and VA(0) = 0. We also assume that the Hessian of h at
zero does not vanish, )

0°h
et a2 (0) #0.

Moreover, we assume that the gradient of h is sufficiently close to zero and the
second differential is sufficiently close to 24 (0):

d

sl
oh 1 A2%h 92%h 1 92%h
(26) VeeU 8—4(0‘ < T0d’ a—CQ(C) - a—CQ(O)H < E‘deta—@(o)"

The function h naturally defines the family of surfaces
Se={(GhO+7)|CeUY,  re(—00,00).

We also take some small number ¢ > 0 and consider the set V =U x (—¢,¢).
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We will be using Bessel potential spaces adjusted to these surfaces. Now we will
need the precise quantity defining the Bessel norm. It is convenient to parametrize
everything with U. For v € R and a compactly supported function ¢ on X, (for
some fixed r), define its H~7-norm by the formula

o Wl = [ el @)ef 1) e
Rd*l

The symbol F denotes the Fourier transform in (d — 1) variables, and we have used
the notation h,(¢) = h(¢) + r. We will also use the homogeneous norm

2 d—1
61 5y = [ [Fere[olCh @)@ 1ol Pz e (0.557).
Rd-1
Since all our functions are supported on U, this norm is equivalent to the inhomo-
geneous norm (27) when v € (0, %) We will often use another formula for the

homogeneous norm:
(28)

160 s,y = Gt [ [ 06, ha( BTG~ dcdn, € (0.%52).
UxU
The constant Cy ., may be computed explicitly, however, we do not need the sharp
expression for it.
Let o and f8 be integers between 0 and 9451, let v € [0, %) be real, and let p €
[1,00]. Let also ¢ be an arbitrary C§° functlon supported in U. We are interested
in the differentiated restriction inequality

(29) SIAIE, ray-

(87‘) H@{d wHH (50 =0

So we compute the Fourier transform of an L, function, calculate its derivative with
respect to the dth coordinate, compute the H~7 norms of traces of this derivative
on the surfaces ¥,., and then differentiate § times with respect to r. We use the
variable ¢ for points in R? on the spectral side and ¢ for points in R%! decoding
points on %, (for example, £ is quite often equal to (¢, h(C))).

The crucial statement which unlocks most results in this paper is a sharp char-
acterization of when (29)) is valid.

Theorem 1.16. Let h € C™(U) satisfy the assumptions above, and let v €
[0, %) Inequality 29)) is true for the combination of (a, 8,7, p) if and only if

(30) a <7,
(31) a+ <oy,
(32) 20 — v+ 5 < Ky,

and the inequality @B1)) is strict if p > 1.

In the case & = 8 = v = 0, the estimate (29]) reduces to the classical Stein-Tomas
bound. Though our proof will follow the scheme of the fractional integration method
(see, e.g., [18] 11.2.2]), both the p = 1 case and the interpolation of operators in
the proof of [29) require significant new efforts.

Note that Proposition [[LT], except for the endpoint case p =1, k = %, follows
from choosing 8 = 0 in Theorem and applying the localization argument given
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in Subsection [Tl below. It is not clear to the authors whether one can derive the
full statement of Theorem [[.T6l from the results of [6] or from Proposition [l (which
correspond to the cases a = § = 0 and 8 = 0, respectively).

Our approach using Theorem seems to be a different strategy from the one
in [6]. It makes possible the extensive family of conditional restriction estimates
proved in Theorem and its corollary. The method also allows us to work with
Strichartz estimates, i.e., consider the larger scale of mixed-norm Lebesgue spaces
on R~ x R on the right hand side of (29).

The organization of the paper is as follows. Section ] is a brief statement of
some problems in the literature that provided motivation for the current work.
Section B] tackles the functional analysis of spaces ZL’;. Proposition is proved
here, and Theorems [[.4] and are reduced to corollaries of Theorem The
proof of Theorem [[. TGl takes up the entirety of Sectiondl In Section[Blwe present the
argument deriving an expanded version of Theorem from Theorem Sec-
tion [] contains examples demonstrating the necessity of conditions in Theorems 4]
and as well as Proposition [[.TTl The final section contains miscellaneous tech-
nical results: an argument for working locally on X, a Stein—Weiss inequality, and
statements related to the p =1, k = % endpoint case of Proposition [[.T]in odd
dimensions.

2. PRECURSORS TO THE CURRENT WORK

Fredholm conditions. Functions whose Fourier transform vanish on a compact
surface in R, and in particular on a sphere, arise in the study of spectral theory
of Schrodinger operators H = —A + V. It is well known that the Laplacian has
absolutely continuous spectrum on the positive halfline [0, 00), and no eigenvalues or
singular continuous spectrum. If V' (x) can be approximated by bounded, compactly
supported functions in a suitable norm (for example V' € Lg/5(R?) suffices when
d > 3), then H is a relatively compact perturbation of the Laplacian and may have
countably many eigenvalues with a possible accumulation point at zero. If V is
real-valued, then H is a self-adjoint operator whose eigenvalues must all be real
numbers as well.

It is not immediately obvious how the continuous spectrum of H relates to
that of the Laplacian, and whether any eigenvalues are embedded within it. An
argument due to Agmon [I] proceeds as follows. Suppose ¥ is a formal solution of
the eigenvalue equation (—A — \)ip = —V4 for some A > 0. Then
(33) ¢ =— lim (—A— (A +ie)) " 'Vo

e—0t

from which it follows that the imaginary parts of (V,4) and — lin% Vi, (A= (A
e—

+ i€))"1V) must agree. The former is clearly zero since V(x) is real-valued.
The latter turns out to be a multiple of ||(V) |E||2L2(2)7 where ¥ is the sphere

{€ € RY | |€]?> = A}. Hence (Vip) vanishes on the sphere of radius v/\.

It is not surprising that the Fourier multiplication operator m.(¢) = (|£]? —
(X +i€))~! might have favorable mapping properties when applied specifically to
V1, whose Fourier transform vanishes where m.(£) is greatest. Bootstrapping
arguments using ([B33) show that 1) € Lo(R%), even if it was not assumed a priori to
belong to that space.
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Viewed another way, the eigenvalue problem (—A — A\)¢ = —V4 is an inho-
mogeneous partial differential equation where the principal symbol is elliptic. The
Fredholm condition for existence of solutions is that —V¢ should be orthogonal to
the nullspace of the adjoint operator (—A — A\)*. As we will argue later in Subsec-
tion [B] this nullspace consists of all distributions whose Fourier transform acts as
a linear functional on C'*°(X). Thus V4 satisfies the Fredholm condition precisely

if (Vi) s =0.

The analysis in [I] is carried out in polynomially weighted Ly(R?) and applies
to a wide family of elliptic differential operators H = P(iV) + V. The main
nondegeneracy condition is that the gradient of P does not vanish on the level
set {&€ | P(§) = A}. Similar arguments in [I2], [15], and [II] are carried out (for
P(€&) = |€]?) in Ly(R?) and related Sobolev spaces for various ranges of . Curvature
of the level sets of P is a crucial feature in these works, as it is in the present paper.

Sobolev-type inequalities. We start with the classical Sobolev embedding the-
orem

- dp
Hf”Lq S HVfHva feCO (Rd)v q:m’ 1<p<dd=>2
For p > 1, it follows from the Hardy—Littlewood—Sobolev inequality. In the limiting
case p = 1, the Hardy-Littlewood—Sobolev inequality fails, however, as it was

proved by Gagliardo and Nirenberg, the Sobolev embedding holds. This happens
because the space

W1R?) = closy, ({Vf ‘f e ch(Rd)})

is strictly narrower than L (they are even nonisomorphic as Banach spaces). Later,
it was observed that there are many similar inequalities where V f may be replaced
with a more complicated differential vector-valued expression (see [], [I9], and the
survey [20]).

In [24], the second-named author studied the anisotropic bilinear inequality
(34)

<f’ 9>W;’f*(u§2)

<@ — 70, oy 169 — 000Nl oy - Fo0 € O (R

(such a type of inequalities were used in [I7] for purposes of Banach space theory).
Here W3 # (R?) is the anisotropic Bessel potential space equipped with the norm

s = |7 (Femierm®) |,

the symbols ¢ and 7 denote complex scalars, and 0; and J» are partial derivatives
with respect to the first and the second coordinates correspondingly. It appeared
that ([B4]) holds even in the cases where the differential polynomials on the right hand
side are not elliptic, however, this may happen only in the anisotropic case k # [.
This leads to the natural conjecture that the inequality

(35)

< (O — ool e B _(1_1y1.1
IFllgr SN@E = 0ob) e, T+5=1- (=) (5 +7) k#lp>Ta< o,

might hold true. We are especially interested in the case where the operator on
the right hand side is nonelliptic, that is, i’ *o € R. Assume this is so. Similar to
the classical proof of the Sobolev embedding theorem, one may express f in terms

)
q
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of (OF — L) f using a certain integral operator. This will be a Bochner—Riesz-type
operator of order —1 with the singularity on the curve

Do = {(€) € R? | (2mi6)* = o(2min)'}.

Note that this curve is convex outside the origin. Application of the Littlewood—
Paley inequality and homogeneity considerations (see [24]) reduce [BH) to the case
where the spectrum of f lies in a small neighborhood of a point on I';, ;. So, by the
results of [2], the inequality (B3] is true if % — % > %, p < %, and ¢ > 4. Moreover,
one may construct examples to show that the conditions 1—17 — % > % and p < % are
necessary.

Note that the Fourier transform of the function (0f — ¢d4)f vanishes on 'y,
which is a smooth convex curve in the plane (with, possibly, a singularity at zero).
Thus, we need to analyze the action of a Bochner—Riesz-type operator on the
space L, with ¥ = I'y;. It appears that passing to a narrower space allows
one to get rid of the condition ¢ > 4. This work was done a half year later in [IT].
Theorem 2.1 ([24] and [T1]). The inequality B3) holds true if % —% >2 1<p<
%, and q < 0.

3. STUDY OF THE SPACES ,L»

3.1. Description of the annihilator and Domar’s theory. Let 65 denote the
operator of a normal derivative of order [ with respect to X, s : S(RY) — C=(X),

0o

on; (€)
The symbol nx(£) denotes the normal vector to X at the point . In particu-
lar, 9[®] is simply the restriction of ® to X.

There are conjugate operators (9%)*: (C*°(X)) — S'(R%). We can also form an
operator J&: S(RY) — Do<.<; C=(¥) composed of pure normal derivatives:

0% [®](8) ), deSRY),cex.

S(RY) > & s JL[D] = (ag[cm,a;[@], N .,ag[cb]) e P =)

0<s<l

This operator also has an adjoint, which maps a vector-valued distribution A =
{As}o<s<i with compact support on ¥ to a Schwartz distribution on R4,

Lemma 3.1. Let p € (1,00). The annihilator of (LY in Ly can be described as

e P (c=®)

0<s<k—1

such that §= (Jg‘l)*[A]}).

(36) Anng, (oLy) = closy, , <{g €Ly

If p =1, the closure is with respect to the weak-* topology of L.

Remark 3.2. Since the distribution A has compact support, g has bounded spec-
trum. Clearly, if ¥ is not compact, one may construct a function g in the annihilator
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of L, whose spectrum is not bounded. That is why we need to add closure on the
right hand side of (3f). In the case where ¥ is compact, this is not needed:

ne P (c=®)
0<s<k—1

such that ¢ = (Jg_l)*[A]}, Y is compact.

Anny , (EL’;) = {g € Ly

The proof of Lemma [BI] presented below also simplifies in the case where X is
compact. The functions ¢ and ¥ may be omitted in this case.

We will need a technical fact to prove Lemma [B.Il It is standard, so we omit its
proof.

Lemma 3.3. For any bounded domain €, consider the subspace C*(3,Q,1) of
vector-valued functions in @o <, C(X) supported in QNX. There exists a linear

operator Extq : C°(%,Q,1) — S(R?), which is inverse to J& in the sense
Vip € C(3,9,0) Ty [Exta,le]] = ¢
Proof of Lemma Bl First, we note that since EL’; is a translation invariant space,

the set of functions g with compact spectrum is dense in Anny, , (EL’;). Consider
such a function g. It suffices to construct

re P (Cx®)
0<s<k—1

such that § = (J;ﬁl)*[A].

Let Q be a bounded domain containing the spectrum of g. Consider the
operator Extq p—1 constructed in Lemma B3 and define A (as a functional on
Dy<icr1 C (X)) by the formula

Mgl = g[Bxtoalugl], e P =),

where v is a smooth function on ¥ supported in §2 that is equal to one in a neigh-
borhood of supp gN3Y. We are required to show that § = (J ]gfl) . [A], which becomes

(9, ®) = (9, Extap—1 [T ' [2]))

for every ® € S(R?). Since ¢ = 1 in a neighborhood of the support of §, we may
write

(9, Exto r—1[0J% ' [@]]) = (3, Extor—1[J& ' [L®]]) and (g, ®) = (g, TP),

where WU is smooth function supported in €2 that equals one in a neighborhood
of supp §. It remains to prove

<g, (id — Bxtos_1 oJ’;l) [\I/<I>]> —0.
Since Ker J’gﬁl C Ker § (recall that g annihilates EL’;)7 it suffices to show that
J5 o (id — Exto -1 035 1) =0,

which holds true since J’gﬁl o Extq z—1 = id by construction of Extq —1. O
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Lemma 3.4. The set

{ge Ly|3he @ C(S) such that §= (J’;l)*m}

0<s<k—1

is dense in Anan, (EL’;) if p> 1. In the case p =1, this set is weakly dense.

Proof. The case p = 1 had been considered in [7]. We repeat the argument for the
general case here. Let g be a function in the said annihilator. After applying a par-
tition of unity, we may assume that the corresponding vector-valued distribution A
provided by Lemma [31]is supported in a chart neighborhood V of a point £ € 3,
as it will only be necessary to sum a finite number of such pieces. We may also
suppose that £ = 0 and

(37) LNV ={(GnQ) ¢ U}

here U is a neighborhood of the origin in R*! and h: R¥"! — R is a smooth
function such that h(0) = 0, VA(0) = 0 (see Subsection [[T] for details). By our
°h

assumptions on the principal curvatures of ¥, the second differential aZ’; is non-

degenerate on U. Consider the operator S that makes ¥ NV flat:
(38) S[@)(6) = P(Eqba+ (7)), @ ECFT(V), EeR%

We use the notation & = (£7,&4), 5o &g is the last coordinate of & and &; € R4 is
the vector consisting of first d — 1 coordinates.

Let ¢ be a compactly supported smooth function on R?~! with unit integral, and
let ¢, (¢) = n? 19 (n¢) be its dilations. The function & ~— 1,,(&;) is also denoted
by . Consider the family of operators D,,, n > ng, ng is sufficiently large, given
by the rule

(39) D,[®] =F! [5*1 [S[TP] * 'l/)n”a P € S(RY).

Here U € C§°(V) is a function that equals one on the support of A. It is clear
that the D,, are uniformly bounded as operators on Ly(R?Y). Lemma 4.2 in [7]
says that the D,, are also (uniformly in n) bounded as operators on L;, and since
the dual operators have an identical structure they are also bounded on L.,. By
interpolation, the D,, are uniformly bounded on L,. Also, since {9, }nen is an
approximate identity,

|Dn[®] — @, -0 when & e S(R?).

Thus, for every g € Ly, p’ < oo, we have || Dy[g] — gz, — 0. It remains to notice
that D,, maps compactly supported distributions of the form

FHEEY ] Ae @ (=),
0<s<k—1
to the ones for which A € @y <, 1 C5°(X). Thus, if g € Anan,(EL’If) is a
function with bounded spectrum, then Dy [g] € Anng, (+LE), Dylg] is generated by
smooth A, and D,,[g] — g in L. O

Proof of Proposition [L3. By Lemma [3.1] it suffices to show that any function g €

Anan/ ( ’;Jrl) can be approximated by functions in Anny, (ZL’;) when k > g— %,
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and k > % when p = 1. By Lemma [3.4] we may assume that
(40) g= (5", Ae DT,
0<s<k

It suffices to prove that Ay = 0, where A = (Ao, A1,...,Ax). We may suppose
that A is supported in a neighborhood V of a point on . We may also assume (37))
and replace normal derivatives by derivatives with respect to &4:

"L 90A,
s=0 853 7

where A, are distributions generated by complex measures on XNV whose densities
with respect to the Lebesgue measure on ¥ are smooth functions. Note that Ay = 0
whenever Aj, = 0. Since each function A, has smooth density with respect to the
Lebesgue measure on Y., one may use the stationary phase method to compute the
asymptotics of F~1[A,] at infinity (see, e.g., [22]):

1R _d=1 _dt1
FHA] = e@)lz|™ = +O(a] =)
for all  such that z||ng(£) for some & € ¥ with A,(€) # 0. Here e(z) is a nonzero

oscillating factor with constant amplitude that depends on h and the density of As.
This shows that

9(2)] = [2[*F, 2= o0, x| ns(€),Ai(€) #0.

On the other hand, § € L,s, which for p > 1 requires p'(k — %) < —d, equiv-

alently £ < % — %, contradicting our assumptions. Therefore, Ay = 0 and,

g:

thus, Anng , (oLEtY) = Anng , (+LF). If p = 1 the contradiction is reached pro-
vided k — 451 > 0.

To show that ,LF = [L>°, we note that the annihilator of the latter space
consists of all L, functions whose Fourier transform is supported on X, recall the
Schwartz theorem that any distribution supported on ¥ may be represented in the

form (Jlg)*[d for some [, and use the reasoning above. (]

3.2. Coincidence of ZL’; and the spaces defined as kernels of restriction

operators. We relate the EL’; spaces with restriction operators. Consider a neigh-
borhood V such that 1) holds true. We may redefine V' in such a way that

V={¢eR?||&a~h(&)| <4, & €U}
This gives a natural parametrization of V by U x (=6, d). We will need the translated
copies of X:
Y, =X +(0,0,...,0,7), 7€(=60).
Note that this definition depends on the choice of U.
Consider the restriction operators

(41) Rs.rlf] = JE|VHEM fe S(Rd)-

Definition 3.5. We say that the statement R(3, p, s) holds true if the Ry, admit
continuous extensions as L,(R?) — H~*(V N'X,) operators for any choice of U,
and the norms of these extensions are uniform in r (however, we do not require any
uniformity with respect to U).
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We say that R¥(3, p, s) is true if R¥~1(X, p,s) is true and for any choice of U
the operators Ry , extend continuously from the domain

{feSRY |Vi<k Vf=0onx}

to a family of mappings ,LF — H~*(V N X,) whose norms are bounded uniformly
by C|r|*.

Remark 3.6. In the definitions above it is important to be consistent with regard
to the construction of local Sobolev norms on ¥,.. When we discuss R(X, p, s), we
will define the Sobolev norm by the rule 28] for each particular choice of U, h, and
.

Definition 3.7. For a fixed s > 0, define the set Ef/; by the formula
= {1 e L®)[ Y [Rsolfllynvos, = o)}
Note that it is unclear whether Zi’; is closed in L, or not.

Lemma 3.8. Suppose that ¥ has nonvanishing curvature, p € [l,00), and
REL(S, p, s) holds. Then, Lk = L.

Proof. 1t is clear that L C clos(zf)’; ), as Ef,’; contains all Schwartz functions whose
Fourier transform vanishes to order £k — 1 on X. In fact, thanks to the uniform
convergence implied by condition R¥~1(X, p, s) it is even true that ZL’; - Ei’; So
it suffices to show that Zi’; C ZL’;. Assume the contrary. By the Hahn-Banach
theorem,

3f €Ly, g € Ann,, (ZLI;), (f.9)#0

By Lemma [3.4] we may assume that g is of the form

(42) G= 05 e @ R
0<s<k—1

Applying the same reasoning as in the proof of Lemma B4l we may also assume
that ¢ has compact support within a chart neighborhood V where ¥ NV is the
graph of a smooth function h: U C R4t — R, h(0) = 0, and Vh(0) =0

Recall the “flattening” operator S defined in (B8]). There exists another set of
functions ¢ € @ye.cp_, C5°(U) such that (S~1)*(JE1)*[¢] = (and 1)*[C]. If one
considers each component of ¢ as an element of C§°(U) via the parametrization of
3NV, then the components of 5 are constructed from ¢, its gradients (in R~1) up
to order k — 1, and the partial derivatives of h.

Let ¥ be a compactly supported function on the unit interval whose integral
equals one. Consider its dilations ), (€4) = ny(n&y) and the formal convolution in
the dth variable

d

which is a function in C§°(U x [—1,1]). This function is bounded pointwise by

the maximum size of |w§lk 1)(fd)|, which is approximately n*. All of its partial
derivatives in the £; directions are bounded by n* as well, because those derivatives
act on (, not on .
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Now define g,, € S(R?) by the formula
gn(&a>€a) = " [Ogal) [ (Eas ) % ] = STI(STH 5 KN (Eas ) % on]
= S*(S7H)"[al(Ea. +) * ¥n)-

It should be clear that convolution in the £; direction commutes with operators S*
and its inverse, thus the construction simplifies to

gn(§J7 Sd) = g(&iu ) * Qﬁn(fd) or gn(x) = g(w)¢(n$d)
It follows that g, — ¢ in L, (in the case p’ = co we have weak-* convergence
relative to Ly instead), which means that, (f, g,) — (f,g). On the other hand,

nf, Sl

Rs.r () S
| 3, [gn]ll e U) ~ {07 7| zn_l.

That gives a bound

(ol =IF.an s [ 1)l dodr 5

n =,

L 1-k

— . . = ]_

Lot o) = o),
forcing (f,g) = lim, oo (f,gn) = 0. This contradicts the original assertion that
(f9) #0. O

Definition 3.9. We say that the statement RX (3, p, s) holds true if the mapping
S(RY) 3 f s VFflg € C®(%)

extends to a bounded linear operator between the spaces ZL’; and H (K NYX) for
any compact set K.

It is explained in Remark [73] below that R* (X, p, s) leads to RE (X, p, s).
We end this subsection with an analog of Lemma B.8 for HDR inequalities. The
proof is direct, i.e., does not use duality.

Lemma 3.10. For any function f € L, such that ¢f|g € HYY), where ¢ €
Cs°(R?), there exists a sequence { fy}n of Schwartz functions such that

1f = fallz, + 16(F = Fadlsll e sy = -

Proof. As usual, we may assume that ¢ and f are supported in a chart neighbor-
hood V of a point £ € ¥. We may also suppose that £ = 0 and @7)), where U
is a neighborhood of the origin in R¢™! and h: R¥! — R is a smooth function
such that h = 0, Vh = 0 (see Subsection [Tl for details). By Proposition [[3] in
the regime o, < 0, the set of Schwartz functions whose Fourier transform vanishes
on Y, is dense in L, and there is nothing to prove. Let us assume o, > 0.
We construct the functions F;, by the rule
Fo(z) = f(x)q/(i),
Ganp

where U is a fixed Schwartz function with ¥(0) = 1 and bounded spectrum, and a,,
is a large number such that | f — F,||z, < 27". The functions F}, approximate f
in L, norm, however, their Fourier transforms may have infinite H*(%) norms.
There is a control on a weaker quantity, namely, Theorem [[4] (in the case k = 0)
says that

(43) I6(f = Ellm-=m) S 27"
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for sufficiently large s.
Let now f,, = D,[F},], where D,, is the Domar operator [89). We need to prove
two limit identities

If = fall, =0 and ||f — fullgees) — 0.
The first identity is simple since
If = fallz, < = Duflle, + 1Dalf = Fulllz, S o(1) +27"

by the properties of the operators D,, (see the proof of Lemma[34]). For the second
identity, we write

lo(f — fn)||H€ ) < |@F[f = Duflllmecs) + ||[¢F [Dnlf — Fal ”|He(2)'

Note that D,, convolves the restriction to 3 of the Fourier transform of the function
with ¢, (see [B9)). Thus, the first summand tends to zero by the approximation

of identity properties (and since f|z € H*), and the second summand is bounded
by O(n‘*527™) by formula ({@3). 0

3.3. Proofs of “if” part in Theorems [I[.4] and Since R¥(%,p, s) leads
to RE (X, p, s), Theorem [[.4] follows from the lemma below.

Lemma 3.11. The statement R*(X,p,0) holds true if p € [1, 724421, For every

) d+3+4k
p €[, ﬁ) there exists s < max(O 2k — 0,] + 1,2k — k) such that RE(Z, p, s)
is true. When p =1 and 01 = 5= € N, the value s = max(O 2k — 951) suffices.

Finally, in odd dimensions R“=" (E 1,s) holds for s > L.

Proof. Consider the case s = 0. It suffices to prove the bound
||¢ +T ||L2 U) N'L/) ‘r|2k||f||2Lk7 77& € OO ( )

By definition of | p, we may assume that f is a Schwartz function. Then, the
function © given by the rule

(44) = Hw )+r) HLZ(U)
is smooth. We need to prove |®( )< r |2k||f\|2

an inequality and several equalities.
The inequality is

Lk and for that, it suffices to show

(15) vre (=68 |22 513
’ or2k ~ Ly>
which follows from Theorem (take @ = 0,8 = 2k,y = 0, £, in the role of X,
and notice that (B0) is satisfied automatically, [32) is equivalent to p € [1, %],
and (BI) follows from (B2]) in this case).
The equalities are

(46) Vje[0.2k—1] =—(0)=0.

Indeed, we use the product rule:

ey e e |

i) O oinif
§c< )7, (O POZ (RO

(47)

L2(U)
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and notice that in each scalar product on the right hand side, one of the functions
is identically zero since either i < k or j —¢ < k.

It remains to combine [{H), [@6), and the Taylor integral remainder formula to
complete the proof in the case s = 0.

When 2k > &, the choice of o = 0, 8 = 2k, and v = 0 is no longer available in
Theorem[L.I6 Suppose p > 1. In order to use the product rule argument above, one
must set 2a+ 5 = 2k, and it is desirable to keep « as small as possible since v > « is
a prominent lower bound for s. We can apply Theorem [[T0l with o = [2k — 0] +1,
B = 2k — 2« (note that § > 0 and o > 0 here), and s = v = max(«, 2k — k), then
follow the above steps for

7 = [0 (o) F 6 + )|

H=*(U)

to conclude that 2 mﬁ L(r) < ||f|\2Lp for all r € (—6,6), and every lower order deriv-
ative vanishes at 7 = 0 because f € L¥. Thus Hw()(%)o‘f(,h() +r)la-—=w) S
\r|5/2||f||EL§. Furthermore, (%)jf(-, h(-)+r) is assumed to vanish at r = 0 for each
0 < j < a < k. The Taylor remainder formula and the Minkowski inequality show
that [|f(-, h(-) +7)| - ) S |r|°‘+ﬁ/2||f|| .15, and we previously set a + 5~k

Whenp=1and k <oy = T € Nj it is also permissible to apply Theorem
with a = 2k dil, B8 =2k —2a, and s = v = 2k — ﬂ_ In the endpoint case
p = 1 k = %= € N, Corollary [T.8 below directly states that ©:1(r)| S IIfI7, for
s> 4 1 and a=k= %. (]
Proof of Theorem [LA. Clearly, EL’;‘H C Ker R* whenever RF is suitably defined
as a map from Lkle into H_ 3(X). To prove the reverse embedding, it suffices to
show that Ker Rk ZL’;“, since by Lemmas 31Tl (with the value of s specified
there) and B8] we have [LE+! = Eﬂ’;“ for these choices of p and s.

We first consider the case s = 0, p € [1, %]. By Definition [3.7, we need to
prove

o(r) =o(|r**), r—0, fecKerRF,

where the function © is defined by (44)). By the Taylor integral remainder formula
and ([6), we simply need to show a slight refinement of ([5):

ane A

Note that (3] holds for all f € L,. By approximating any such f by Schwartz

functions, we see that 8;%( ) is also continuous in r. If f € the computation

Ep’

in @7) with j = 2k shows that 2 8 2°2(0) = C’&H%ﬁ%{”i%w, and for f € KerR* C
d

EL the norm on the right hand side is zero.

The remaining case is essentially the same. This time 68 91 (r) is continuous for

all f € L, the lower order derivatives vanish at r = 0 for f € Lp, and finally

8;%1( 0) = 0if f € Ker R¥. Thus 88 T O1(r) = o(|r|?) and the rest of the integrations

are the same as in Lemma [B.111 O
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3.4. Proof of Corollary .14l Let X be the vector space of functions {f €
L,(R?) | ¢f € H*(X)} equipped with the norm || fllx = || fllz, + [|¢f |l re(s). This
space contains all functions in the Schwartz class, and convergence with respect
to the Schwartz class topology implies convergence in the norm of X. Thus every
bounded linear functional on X belongs to the class of distributions S’(R9).

Lemma [3.10] asserts that the Schwartz class is dense in X. To show completeness
of X, observe that by the k = 0 case of Proposition [Tl (i.e., by [0]), if f,, — f
in L,, then there exists s > max(0, 2k — k) so that ¢fn — of in H=5(X). Every
Cauchy sequence in X has ¢ fn convergent to a limit in the stronger topology of
H!(%), and the limit must be ¢f as well.

We may identify f € X with the ordered pair (f, ¢ f) This gives an isometric
embedding of X into L,(R%) x H*(X). Its image is closed, so the Hahn—Banach
theorem implies that every linear functional p € X’ extends to a functional on
L,(RY) x HY(X). Using Parseval’s identity there exists F, € L, (R?) and g, €
H~%(X) with norms bounded by that of p and which satisfy

p(f) = /R prda:+/Rd(¢gp do) f dx.

The defining property of HDR(X, k, s, ¢, p) expressed in ([I2)) is that the linear

map f +— ¢D°‘f|g is continuous from X to H~*(X). The dual map, taking g —
(ix)*(pg do) therefore is bounded from H*(¥) to X', with elements of X’ described
as above.

Remark 3.12. Due to the use of the Hahn—Banach theorem in this argument, we
do not have a construction for F,, and g, in Corollary [[T4 In fact, it is not proved
here that these two functions can be chosen to depend linearly on g € H*(X).

4. PROOF OF THEOREM [1.16l

4.1. Pointwise estimates of the kernel. The quadratic inequality (29) is equiv-
alent to its bilinear version

(49)

S Iz, lgllz, -

ONB/O°f 9%
‘(5) <a§;§ ’@g >H7v<zr> =0

We denote the bilinear form we estimate by B and its kernel by K:

ONBOf 9
) <_f¢’ fgwh‘z—w(&) r—0

(50) B(f.0) = ( ~ [[ 1@ K @) dzdy.

ar) \oeg
R2d
We also recall the notation
x = (xzg,x4), where xz7=(x1,Z2,...,24-1),

for z € R4,

Proposition 4.1. The kernel K defined in (BU) satisfies the bound

_ a— _d-1 d—1
(51) K (2.9)] S (Ulea)* ™ (1 lya) " (L lza—ya) 775, v e 0,557).
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Remark 4.2. One can track the “numerology” of conditions (30), (BI)), and (32) from
this proposition. The boundedness of B on Li X L; is equivalent to the uniform
boundedness of K. The right hand side of (EIl) is uniformly bounded exactly when
these three conditions hold for p = 1 (they reflect the behavior of the kernel along
the directions xg = yq4, x4 = 1, and x4 = —yq4, respectively).

In the case v = 0, the inequality (GI) follows from the standard Van der Corput
lemma, because in this case

[ N\ 2a a, mi({xg—yg T 2
K(z,y) = (-1) (27”)2 +B33dyd(xd—yd)ﬁ/U‘32 (zg—ya,Q)+(za—ya)h(C W, ‘ d¢,

the angular brackets denote the standard scalar product in R41.
So, we assume vy > 0 in what follows. We start with explicit formulas for the
kernel K:

(52) K(z,y)
:(27rixd)a(—27fiyd)a(%) < =¥, yw>H (S|,

B R -
@ 0 (2miza) (— Qm-yd)a(g) [//62m<<<,xd>—<n,yd+xd<h<<>+r>—yd(h(n)+r))>
.

UxU

(O — " d¢ dn]

r=0
= Cay (=) (2m0)** P 2§ yg (za — ya)”

, // (2i(C2.2) = ug) +2ah()=vah D)y b |C — 274 dC .

UxU

We want to pass to the dyadic version of the Bessel seminorm, namely,

Hf”i]—'v(z
= Cuy Y202 [ [ (¢ (OB e2lc ) e,
k>0 UxU
d—1
v e <O7 T)a
based on the formula
(53) =7 =Y T 2REEGkC — ), (- S 1.
k>0

The function ¢ € C§°(R) is supported outside zero and nonnegative.
We substitute formula (B3)) into (B2)) and split K into a dyadic sum:

K (z,y) = Car(—1)(2m0)** P " Ii(x,y),
k>0

where

Ii(w,y) = 250Gy (2 — ya)”

, / / (2i((Ca) = (n.a) +2ah (O =vah ) i Yab (Vo (28]C — m]) dC .

UxU
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Lemma 4.3. For any x, y and any k > 0,
d—1 d—1
(2, 9)| S 220+ |2a)* 7 (14 |yal)* ™7 |2a — yal®.

Proof. The integral in the formula for I may be thought of as the (2d — 2)-
dimensional Fourier integral:

I(z,y) = 2" 720Gy (w4 — ya)”
Femy(@awa) {ezﬂ(zdh(gydh(”))w(é Y (25¢ — nI)] (24 —Ya).
It suffices to prove the inequality

(54) Fiemiermn [e%“wdh“ ) (o (21 — n|>]

Loo
S (L [ea) ™ (14 [wal) =7

We represent the function we apply to the Fourier transform as a product of two
functions

(C,m) > 2@l Q=vah)yy(C)p(n) and (¢, m) — ©(27|¢ — n)).

By the Van der Corput lemma, the Fourier transform of the first function is uni-
formly (in (xg,y;)) bounded by the right hand side of (54l). It remains to notice
that the Fourier transform of the second function is a complex measure whose total
variation is bounded uniformly in k. This is easiest to see by making a linear change
of variables from (¢,n) to (¢, —n). O

Define the number ky > 0 by the rule

(1+ |za|)(1 + |yal)
1+ |xzq — yal

(55) 2%k0 =

Lemma 4.4. For any x, y and any k > ko,
d—1
[Te(2,y)| S 2727 (L + |2a)* (1 + [yal)* (1 + Jea — yal)* ==
Proof. Let |yq| > |xq|. It suffices to prove the estimate

/ / (2mi(Caa)— naad +2ah(©)~vah () Y () (2 — m]) dC dn‘

UxU

S 27N 4 oy —yal) T

We introduce new variables (0, 7) = (2¥(¢ —n),n) and disregard oscillations in the @
variable:

‘// 2mi((C,xg)—(nyg)+xah({)— ydh(n))w(oqp( ) (2k|C 77|)dCdT}’

UxU

_9—k(d-1)

2mi((n+27"0,22) — (nya) +xah(n+27"0)— vah()ay (n4-27%0)eh(n) (|9|)d9d77‘

R2d—2

< 2 k(d=1) gup / 627r7;(<77717c?*y<i>+1dh(77+2_k9)7ydh("7))17[}(77 +27F0)4(n) dn‘-
oISt
Rd—1
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It remains to prove

‘ / e2ﬂi(<n>wg—yg)+wdh(n+2”‘9)—ydh(n))w(n + Q—kg)qp(n) dn
Rd—1

a1
SO+ ]za—wa) 2, 0|1

The function (- + 27%0) is uniformly (with respect to k and #) bounded in any
Schwartz norm, so its Fourier transform is an L-function whose norm is bounded
independently of k and 6. Thus, it suffices to prove

(56) ‘ / e2m'((n,x(z—y(z>+:cdh(n+2*’°9)—ydh(n))w(n) dn| < (14 |xg — yd|)—%
Rd-1

uniformly in zz,y; This inequality is trivial if |xg — yq| < 1, so we assume the
quantity |xq — yq| is sufficiently large. We represent the nonlinear part of the phase
function as

zah(n+2770) — yah(n) = (24 — Ya)P6,24,y, (1)

where

e (1) = h(n) + ———(h(n +27"0) — h(n)) = h(n) + O(m)
o Ta— Y \xd - yd\

since |0 < 1. Note that

27k‘ajd| < 27k0|$d| @ |zal /1 4+ |za — yal < 1

|za —yal = |za—val  |za —yal/1+ [zl + [val T 1+ [Ta — yal
when |yq| > |zal, |za — ya| is sufficiently large, and k > ko. In particular, the

Hessians of the functions in the family {®¢ 4, y,}0,04,y, take the form 2272(77) +

<1,

(Tklwd\
lea—yal
family {® 2, 4, }0,24,y. are uniformly bounded in any Schwartz norm. The version

of Littman’s lemma from [7] leads to (G6)). O

) and are uniformly invertible. By similar reasons, the functions in the

Proof of Proposition 1l We use Lemmas 3] and 4] (the case v = 0 has already
been considered, so we assume v > 0 here):

K (2,9)] S Can > [Tk(z,y)]

k>0
< 2012 g g T (L4 Jya)® T 2 — yal®
k<ko
d—1
+ 37 27 (1 4 faal) (1 + lyal) (1 + 2 — yal) =T
k>ko

d—1 a—1

S 2R (L ) (U [y g — il
2720 (14 [ag]) (1 + [yal) (1 + [ — yal) 7

< (U f2a) ™ (L ) (L + [ — a5 5
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4.2. Interpolation. To prove the “if” part of Theorem [L.IG] for the case p > 1,
we will have to work with “slices” of the kernel K. For any x4 and y4, define the
kernel K, ,,: R?2 — C by the formula

K:cd,yd (‘Tg? y(i) = K(‘Tay)v T = (:EJ7 :Ed)v Yy = (yJ7 yd)'

Defining the bilinear forms B, ,, accordingly

BId,yd [f7 g] = // f(xof)g(yd)KId,yd (xJ7 yJ) dx g dyg;

R2d—2

here f and g are functions on R4~!. Proposition @I now may be restated as
(57)

_ _ _d—1 d—1
|Beawallpyr, S (1lwal) ™™ (lya)® ™ (L za—yal) =, vy e |0,5=).

Lemma 4.5. For any v € [0, %51),

1Bawwally Loy wr by S+ 12a) 70+ |ya))* 7 (14 |20 — yal)”

d—1+2~ d—1+2~

Proof. Let A, and A, be the Lebesgue measures on the hyperplanes
{weR | wg =14} and {weR? | wy =y}
Then,
By yalf 9] = Blf dAzy, g dXy,]

if we interpret f and ¢ as functions of d variables that do not depend on the last
coordinate. With this formula in hand, we may re-express B, ,,:

(58)

_ (0N oclf©ermimasa] ) 0% [g(E)ePmvate]
BId,yd[fv g] = (E) < 363 ’(/}(5)’ 860‘ w(€)>H—v(27.)

= (2miwg)™ (= 2miya)® (27mi(za — ya))’ (fe 7O, ge>mval Oy o

= (=1)*(2m)** P25 yS (za — ya) / * ez Qdeh(O@b(C)H (2)

r=0

. [g & Fers [e2mydh(<)¢(<)” (2) - |2~ dz.

Therefore, it suffices to prove the bound

\ [ [ Feelem=mOu@)]] ) [gx oo [2minat©@u(Q)] 2) - 21> s

5 (1+|xd‘)_’y(1+|yd|) fy”fHL 2d+2 HgHL 2d—2

d—1+2~
We postulate the inequality
©0) £ P[P Op(0)]| S U+ [2a) NS sy -
d—1F2~

L 24-2
T—1—27°




70 MICHAEL GOLDBERG AND DMITRIY STOLYAROV

The space on the left is the Lorentz space; see [3] for definitions. Inequality (G0)
immediately leads to ([B9):

' / [f « Forr. [62ﬂiwdh(<)w(c)]] (2) - {g 5 Forss [ezmydh(o@b(g)]} (2) - 2|72 d=
Rd—1

< |17 % Feore =@ o))

L 24-2
T—1—27°
Nl Fe ez Ouc] | 3 [ il P
L 24-2 3y >
T—1—27°
1oy _ _
5 (1+|xd|) 7(1+|yd|) ’YHfHL 2d—2 ||g||L 2d—2 *
T—1727 T—1727

We are required to prove ([G0). Let us denote the operator we want to estimate
by C,,:
Coy[f] = f 5 Feroa [ O (Q)].
By the Plancherel theorem,
1CeyllL—r, S 1.
By the Van der Corput lemma,

d—1
1Caullisra S (14 fzal)™
The real interpolation formulas (see [3], §5.3)
L1 L2 2y 2d-2 = L 2a—2 ; LOO L2 2y 2d—2 =L 24-2 2d—2
[ ) Y )

2
d—1’d—1F27 d—1+2~ d—1'd—1F27 d—1—2~’'d—1+2~

lead to the inequality

||de||L 2d—2 =L 242 S ”CﬂcdHL 2d—2 —L_ 24-2 2d-2 /S (1+|$d|)7’ya
a-1727 o137’ a 1727 T-1-2y d-172%

which is exactly (G0). O
Interpolation between (57)) and Lemma leads to the inequality

_d=1 d-1
(61) 1 Bayyallz,xr, S (14 |2al)* (1 + |ya)* (1 + |2a — ya)7H 7 72
for p € [1, d3d1122'y]' Let us restrict our attention to this case for awhile. To fin-
ish the proof of Theorem [[LT6] we invoke a version of the Stein—Weiss inequality

(Theorem [74] in Subsection [.2] below):

IBlf.g]| = ‘ J[ Brassl#) gt 0)] doadus

RxR
©D _d-1d-1
< //(1 +2al)* (A lya)* (1 + g — yal) T T
RxR
NfCza)lle, ey lgCs ya)llL, ®a-1) dza dya
ThITZ

S e, llgliz,

provided ¢ = vy —a and b = =8 — v — ‘12;1 + % satisfy the requirements of
Theorem [[4l The inequality ([B0) leads to a > 0, the requirement (3I)) leads
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toa+b>1—1 (with the same exclusion of the endpoint case if p > 1), and (32)
gives 2a +b > 2 — %. The case b = 1 and p = 2 is impossible (8 + v is negative in
this case). The “if” part of Theorem [[L.I0is proved in the case p € [1, (13({—1227]'

To deal with the remaining case, we start from the estimate

1Buswall 1y, S (U l2aD)™ (1 + Jya)* (1 + |a = yal)?,
which follows from the representation (G8]); we use the trivial inequality
Hf k Forss [27700 ) ()] HL < Hf”Lz||627ri1?dh(<)rl/}(c)||l/2 <.

We interpolate this bound with Lemma

bS]

a—(d-1)(:-1
||BmdvdeL X Lip ~( +‘xd|)

a=(d=1)($-3%) 2d — 2
1+ |ydl (L+|za —ya)’, pe|—+—-.2|.
d—1+2vy

We invoke Theoremlﬂlwith a=(d— 1)(— — 1) —aand b= —p. Since b <0, the
condition a+b > 1— 1s stronger than 2a+0b6 > 2 — ; The condition a+b > 1 — 5
is exactly (BI)). The condltlon a > 0 also follows from it:

d d+1 d—-1 d—-1 1 d—1 d-1
a<a+pf<-— = - 1< —— -
D 2 D 2 D P 2

The “if” part of Theorem [[.16] is now proved.

Remark 4.6. Note that we did not use that « or 8 are integers provided we define
our bilinear form by (52)).

4.3. Strichartz estimates. With the same method as in the previous section, we
can get a collection of sharp (up to the endpoint) Strichartz estimates. For that we
need the mixed norm spaces L,(Ly):

(62)
(/ Rd/l |g:1ct|pdx> dt) , g:RI SR

We also use Theorem here in order to work with the cases r > 2 as well. This
provides some new information even in the case o = 5 = 0 considered in [6]. The
cases r > 2 were excluded in that paper and it is not clear whether the methods
of [6] work in this situation.

)

Theorem 4.7. The inequality

BU.9)| S 1w lolle. e,

holds true if
(1) r€[1,2] and
p<2
vz
a+p< % + % — 4L with equality permitted if r = 1;

2
20+ 68—y < % + % — % with equality also permitted if r < 2 or
v >
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(2) r € (2,00] and
*p<2
R
oa+ﬁ<%+%—%;

e 20+ f—y< 42 4

The proof is a direct application of Theorems [(.4] and Consider the case p €

[1,%]. Seta:*y—oz,b:—ﬂ—”y—%—k%,andp:r (that is, the value of

p in those theorems is replaced by r). We note that the conditions of Theorem [[4]

canbesummarizedasazO,a—|—b>1—%7 and 2a—|—b22—%. When p = 1,

combinations with a + b > 0 are also accepted, and when p = 2 the case a = 0,
b =1 is excluded.

The three conditions stated in the case r € [1,2] are equivalent to a > 0, a+b >
1-—- %, and 2a +b > 2 — 2, respectively. The three conditions stated in the case

T’
r € (2,00] are equivalent to the conditions in Theorem [[.6] namely a > % -1

ro
a+b>1—%,and2a+b>2—%.

Consider the case p € [d%{fmﬂ] and set a = (d — 1)(% -3 —a, b= -8,

and p = r in the same sense as above. Since b < 0, the condition a+b > % is stronger
than 2a+b > 2 — %. The condition a+b > % is equivalent to a+ 8 < % + % — %

with equality permitted if » = 1. In the case r < 2, the requirement a > 0 is
rewritten as a < dp%l — %. It also follows from a + 8 < dp%l + % - %. The
1

condition a > % — < arising in the case r > 2 follows from the same inequality.

5. ROBUST ESTIMATES
5.1. Introduction to “numerology”.

Remark 5.1. We are mostly interested in the case k& > s in (IZ). We claim that
in the “subcritical” case £ < s, the second term on the right hand side of this
inequality is unnecessary. If k < s and HDR(X, k, s, ¢, p) is true, then a simpler
inequality

(63) 16V Fla-e sy S If 1|z, may

also holds true. Indeed, if HDR(3, k, s, ¢, p) is true, then (1) and ([{T) are valid.
However, in this case, these conditions are also sufficient for (G3]) to be true (see
Theorem and Figure [I]).

Remark 5.2. In the “supercritical” case k > s, the condition (&) follows from (I7)
since k, < o0, in this case (see Figure [l as well). Note also that (1) is equivalent
to

14
(64) 5> (1+—)k—£.

Kp
This inequality, in its turn, leads to (I3]) provided x, > 0 (which is true by (7).
Thus, in the case k > s, the conditions in Proposition [[T1] are reduced to (4,

©4)), and ([IT).

In our proof, the parameters k& and s will be varied, however, ¢ and p will be
steady. It appears convenient to draw diagrams of admissible pairs (k, s). We have
already drawn such a diagram for the case k < s (Figure[ll). For our first attempt to
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2k — 3 < Ky,
k<s,
k <oy,

K = (kp, 1)

FIGURE 1. Diagram for the case k < s.

the “numerology”, we neglect the integer nature of k and imagine this parameter
is real positive. We have three inequalities in the subcritical case: k < s, (&),
and (7). The cases of equality correspond to lines on the diagram, and all three
inequalities are satisfied inside the domain bounded by the bold broken line. We
also note that the lines 2k — s = k, and k = s intersect at the point (ky, %,), which
we denote by K.

Now we pass to the “supercritical” case k > s. We need to draw two additional
lines k = s+ 1 and

(65) s:<1+£>k—£,

Kp
which correspond to ([4) and (@), respectively. The structure of the domain of
admissible parameters will depend on the mutual disposition of these two lines and
the line s = 2k — k,. Before we classify the cases of disposition, we note that
the line (65]) passes through K. There is one more nice point lying on it: the
point L = (0, —¢). We will consider the cases x, < 2 and k, > 2 separately.

Case (kp < 2). In this case, the condition (I4)) is unnecessary; it follows from (7))
and s > 0. This case, in its turn, is naturally split into subcases ¢ < k, (see
Figure [2, note that the broken line has a nontrivial angle at K) and ¢ > k, (see
Figure [3]), note that (I8) follows from (I7) when ¢ > k.

Kp
Kp—1

(if this inequality

K”l < 4 < Ky,
and ¢ > k,. In the first case, the condition (I4)) is unnecessary (see Figure ). In
the second case, all the conditions are required (see Figure []). In the third case,
the condition (8] is unnecessary (see Figure [).

Case (kp > 2). In this case, there will be three subcases: £ <

turns into equality, then KL passes through the point (1,0)),

Kp—



74 MICHAEL GOLDBERG AND DMITRIY STOLYAROV

s

h=st1

K = (rp ) 4

FIGURE 2. Diagram for the case { < k, < 2.

5.2. Convexity properties of the function N. It is useful to consider the ex-
pression

k £ 2

Nk, 5) = [0 ) 226 h0)|

Cd
as a function of the parameters k and s. We always assume k is a nonnegative integer
and s is a nonnegative real. Since we will be working with points in the (k, s)-plane,
we will give names to some regions there.

Definition 5.3. Let d,p, ¢, and h be fixed. The domain

H—s

{(lﬂ,s)eR2 ‘ke(O,op),SZO,SZk—1,2k—sSﬁp}

is called the friendly region. The domain where s > k is called the subcritical
region. The set of all points (k, s) such that HDRyoc(h, &, s, £, p) holds true is called
the HDR-domain.

If X is an arbitrary point in the (k,s) plane, kx will usually denote its k-
coordinate, and sx will denote its s-coordinate.

Remark 5.4. The HDR-domain lies inside the friendly domain (by Proposition[T.TT).
Lemma 5.5. For any k and s, there exists a constant C' such that the inequality

N(k,s) <CIfII7, + VN(ki,s1)N(ka, 52), 2k = ki + k2,25 = 51 + 52,

is true provided (k, s) lies in the friendly region and 0 < k; < op for j =1,2.

We will need an “algebraic” lemma that will link the quantities N (k, s), N (k1, s1),
and N (ka, s2) together.
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F e
k
k=0,
k=a
S k=etle S QL=(0-0
FIGURE 3. Diagram for the case k, < 2 and £ > k.
s $>0, ...".k=8+1
s> k( Ly 1) -4, K
i e
82> 2k — Ky, a
0<k<op A
.)::.
f%—s=@
k=0,
k

Kp

FIGURE 4. Diagram for the case x, > 2 and £ <

Kp—1
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Lemma 5.6. For any k,ki,ko € Zy such that 2k = ki + ko, there exist coeffi-
cients c1,Ca, . .+, Ok, —k| Such that

(66)
1k ot f _ ok f ok f
Sl (((0F =8 O R(00 g (- HOWUO T ()
[k—k1|
o3 3k Jf 2
- Z ]37“21 8§k j( h()—i—r)HH_
for any function f and any s.
Proof. First, by the Newton—Leibniz formula,
921 ok~ gf 2 i akf akf
g [#0) g (0 + ) e = PO RO ZE RO,

k—+j—1i k+i—j
+2chj< e ’f (- HO) 80 Jenny,

Thus, it is clear that
o f
ok

9+ f
ot O,

is a linear combination of all the other terms in the identity (GG). The only non-
trivial question is why does the term

(5 2()), 9 ()

R(v()

2

o5 el

have coefficient (— . For this we observe that the binomial coefficients that
appear in (66) once the Newton—Leibniz formula is applied are the same ones that
arise in the trigonometric identity

1)\79—161\

(=D)IF=kl _ cos(2]k — k1 |0) = kil ¢[2cos 0]
=1
The result follows by evaluating the trigonometri]c sum at 6 = 7. O
Proof of Lemma 5.5 Lemma [E.6] says that
Hw(-)%( 20,
< (s G hOn o0 GO,
5 oo, |
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g __-"'k=s+1
k
k=s
o ”_.L
FIGURE 5. Diagram for the case k, > 2 and ,jfl <L < Ky
P
sl 0<k<op

>0,

s2k-1,

82> 2k — Kp.
k

: S k=s+1

SHL
FIGURE 6. Diagram for the case 2 < k), < /.
By the Cauchy—Schwarz inequality, the first summand on the right can be estimated

by \/N(k1,s1)N(kz2,s2). All the remaining terms are bounded by C||f||%p, pro-
vided (29)) holds true with (a, 8,v,p) = (k—34,2J,s,p) forany j =1,2,... |k —kq]|.
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By Theorem [[.16] this holds exactly when
k _J S S,
k+3j<op, i=1,2,...,|k—k|
2k — s < Ky,
The first list of conditions turns into k—1 < s. So, the first and the third conditions
are fulfilled inside the friendly region. The second list is reduced to ki, ke < o). U
Corollary 5.7. For any k and s, there exists a constant C' such that the inequality
k1, 51) + N(kz, 52)
2 )
is true provided (k, s) lies in the friendly region and 0 < k; < op for j =1,2.

N
N(k,s) < Ol I, + Ok — i + ks, 25 — 51+ 85,

Lemma 5.8. Let a: {0} U [M..N] — R be a finite sequence and let 2M < N.

Assume that
Ok+1 + Qx—1

Vke[M+1.N—1] ar <1+ 5 ,

ap <14 20t28 andag <1, ay < 1. Then, ay S 1.

Proof. Consider the sequence {by }1, by, = aj + k2. Its terms satisfy the inequalities
bry1 +bp_1

2
and by, < 2otb2m - In particular, {by}x is convex on [M..N]. We also subtract the

linear function k=% 4 by from it:

N
by — bo

Vke[M+1.N—-1 b, <

ck:bk—(k

The sequence {cg }x is convex on [M..N], equals zero at the endpoints 0 and N, and
also satisfies the inequality 2cpr < cops. Thus, ¢y < 0 (otherwise, copr > 2

>
¢, which contradicts the convexity of ¢ on the interval [M..N]). Therefore, by; <
M(N?41) 0
—_—N

+b0), k€ {0} U [M..N].

%(bN —bp), and finally, apr <
Remark 5.9. In fact, we have proved that a; <1 for any k € [M..N].

Remark 5.10. Using the homogeneity, one can replace the assumptions of Lemma 5.8
by
k41 + ap—1
2 )
apy < CH+ a°+2“2M, and ag < C, ay < C for some positive constant C. Then, ap; <

C.

Vk e [M+1.N—1] ap < C+

Corollary 5.11. The HDR-domain is convez in the sense that if (k,s) is a convex
combination of (k1,s1) and (ka,s2) (we assume k, ki, ko € Zy), and the latter two
points belong to the HDR-domain, then the former point lies in it as well.

Proof. Consider the line passing through our three points. Let Xg, Xo,..., Xy be
all the points with integer first coordinates lying on the segment connecting (k1, s1)
and (k2, s2) (we enumerate the points in such a way that the k-coordinate increases
with the index). Consider also the sequence

(lj:N(ka,SXj), j:O,l,...,N.



HIGHER DERIVATIVES OF THE FOURIER TRANSFORM 79

By Corollary 5.7 this sequence satisfies the inequality

(67) aj < CIfIE, + 2T

By the assumption, ag,an < [|f[7, + [() fC,h(-)][%e. Thus, by Lemma 58
with M/ = 0 (in the light of Remark [5.10)), a; is bounded by C([|f]|7 + ||d)f|\%ﬂ(z)).
In particular, (k, s) belongs to the HDR-~-domain. |

j=1,2,...,N —1.

Corollary 5.12. Let X be a point with natural k-coordinate lying in the intersec-
tion of friendly and subcritical domains. Suppose that the point Y lies on the
segment LX, has natural first coordinate ky, and lies in the friendly domain.
If 2ky < kx, then Y lies belongs to the HDR-domain.

Proof. The proof of this corollary is very much similar to the proof of the previous
one. We consider all the points on the segment LX that have integer first coor-
dinates and lie inside the friendly domain. Suppose the leftmost of them has first
coordinate M; let us call our points Yy, Yari1,. .., Y (s0, Yy = X). We also add
the point Yy = L to our sequence and consider the numbers

a; = N(ky,,sv,), j=0,M,M+1,M+2,...,N.

These numbers satisfy the inequality [@0) for j € [M + 1..N — 1]. Moreover,
Corollary B.17 provides the inequality

ap +a
an < OIIfIIE, + =5

Note that 2M < N since N = kx and ky € [M..N] since Y lies in the friendly
domain and kx > 2ky. At the endpoint M, we have the inequality

N(kx,sx) S IfIZ,

since X lies in the subcritical part of the friendly domain (this inequality is the
case 8 = 0 in Theorem [[LI6). Thus, ay < Hf||2L,, Clearly, ap < ||¢()f(,h())\|iﬂ
So, Lemma 5.8 says all the points Ys, Yasri1,..., Yy belong to the HDR-domain.
In particular, Y does. O

Our general strategy will be to apply Corollary to the points X close to
the point K = (kp, kp). This will enable us to obtain “almost extremal points”
of the HDR region; after that, we will apply Corollary [5.I1] to pass to convex
hulls. Before we pass to the cases, we explain the obstructions that prevent us
from proving the sufficiency of the conditions in Proposition [[LTIl They are of two
types. First, we are able to work with points whose first coordinates are integers
only. However, in the general case, the extremal points of the domain of admissible
parameters need not necessarily have integer first coordinates. So, we cannot prove
(and even formulate) HDR for them. This makes the convex hull we obtain smaller
(we are able to reach only some “integer” points close to the extremal points) than
it should be. The second obstruction is more severe. The problem comes from
the inequality 2ky < kx in Corollary That restricts our “extremal points”
from having too large k-coordinate, roughly speaking, their k-coordinates should
satisfy 2k < o, if we want to apply Corollary[5.12] This will result in a considerable
gap between our results and the conditions listed in Proposition [[LT1] in the case
when ¢ > 2.

Now we pass to the cases.
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P=(2,4-&)

1)

==

/ L
s=(1+—)k—¢
1+ 2)

/ :
FIGURE 7. What we can reach in the case £ <k, < 2.

5.3. Statement of results by cases.

Case (£ < K, < 2). Our reasonings are illustrated by Figure [l Clearly, here we
are interested in the case k = 1 only (because if k¥ > 2 and (k, s) lies in the HDR
domain, then k < s automatically). We consider the point P = (2,4 — k,,) and
assume P lies in the friendly region, that is, 2 < 0,. We draw a segment that
connects P with L (it is the slant punctured segment on Figure []). It crosses the

line k£ = 1 at the point (1,2 — F”"QH). We apply Corollary to the points P as X

and (1,2 — H”;Z) as Y and obtain the theorem below.

Theorem 5.13. Let £ < k, < 2 and let 2 < o,. Then, HDRioe(h, 1, s, ¢, p) holds
true provided

sZmin(1,2— w)

Case (kp < 2, £ > kp). Our reasonings are illustrated by Figure B This case is
simpler than the previous one. We only need 2 < o, here. In this case, if (1,s)
lies on the vertical punctured segment, then it is an average of L and a point
inside the intersection of the friendly domain with the subcritical domain. Thus,
Corollary leads to the theorem below.

Theorem 5.14. Let k, < 2, kp, < £ and let 2 < 0,. Then, HDRyoc(h, 1, 5,4, p)
holds true provided
s> min(l,2 — k).

Case (2 < Kkp and £ < %) Our reasonings are illustrated by Figure @ We

introduce two auxiliary points P and Q:

P = ([rp],2[kp] — 6p); Q= ([Kp], [15p))-
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K = (rp, 1e3)

L=0-9/

FIGURE 8. What we can reach in the case k, < 2 and ¢ > k.

P = (5], 2[1ep] — 1)

Q= (bl /7

/

/

Kp

FIGURE 9. What we can reach in the case 2 < k, and £ < —2

Kp—1"~

We have used two types of the notion “integer part of a number”; see formula ([20]).

We connect the point L to P and . Since the point @ lies in the intersection
of friendly and subcritical regions, Corollary applied to @ in the role of X
says that HDRyoc(h, k, sk, ¢, p) is true for all pairs (k, si) such that (k, si) € LQ; in
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other words
[kp] — K
[Kp]

Clearly, the same assertion is true for larger s when k is fixed. The situation with
the point P is slightly more complicated: it may lie outside the friendly region if
its k-coordinate is too large. If it is not so (i.e., [Kkp] < 0p), then we may apply
Corollary to the point P in the role of X and achieve HDRyoc(h, k, Sk, £, p) is
true for all pairs (k, si) such that (k, si) € LP; in other words

+ k.

Sk:—f

—k k
op = ool kL oy Rk
|—’<”'p-| |—’fp-|
‘We summarize our results.

Theorem 5.15. Let2 < k, and let £ < K:il, If [kp| > op, then HDRioc (R, k, s, ¢, p)
holds true if

[kp] — K
[p]

If [kp] < op, then HDRioo(h, k, 5, ¢, p) holds true if

[kp] — +k,_gw 42k — Kph )’ k< [ky):
[5p] [Kp] [Kp]

Remark 5.16. If k = [k,] and HDRyoc(h, k, s, ¢, p) holds true, then s > k.

s> —/

+k, k<[kp)

(68) szmin(—£

@

B

FIGURE 10. Construction of the points Q;.

Case (2 < Kp, RZL < {). This case will be split into many subcases. We will need

to construct two sequences of points generated by P and Q.
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The points Q;, j =1,2,...,[Kp], are generated by (). Namely,

0, = LON{(j,s)|seR} if this point lies above the line s = k — 1;
’ (4,7 — 1) in the other case.
The point @; may be described as the lowest possible point on the line {(j,s) |

s € R} that lies above the segment L@ and belongs to the friendly domain. See
Figure

Lemma 5.17. For any j < [é_Tlﬁap], we have Q; = (4,5 —1). Forj > [Z_Tlnp], all

points Q; lie on the line LQ).

Proof. The equation of the line LQ is

[kp] — K
[kp]

To prove the first half of the lemma, it suffices to verify the inequality

[Kp] —
[5p]

when j < [%HP} — 1. This may be rewritten as

5 < (€= 1)[kyp).

s=—/ + k.

J—1=>-t +J

Clearly, it suffices to prove this inequality for the largest possible j = [uﬁ;p] — 1.

7
In this case, we arrive at

f[lenp} < (6= 1)k + L.

We estimate the left hand side with (—1)x,, which, in its turn, does not exceed (¢—
1)[kp] + (£ — 1). The first assertion of the lemma is proved.
Similar to the previous reasoning, it suffices to verify the inequality

[Kip) —J

jo1< et
[Kp]

when j > [%np], to prove the second assertion of the lemma. This may be
rewritten as

-1

J Z E [K:P]a
which follows from j > Z_Tlnp, which is weaker than our assumption j > [Z;L,l/qp].
So, we have proved the second half of the lemma. |

The lemma says that, among all the points @;, only those with the indices

[Pk — 1, [52k,), and [“2k,], may be the extremal points of the accessible

domain.
The points P;j, j = 1,2,...,[kp] — 1, are generated by P in a similar manner:

_ JPLN{(j,s)| s € R} if this point lies above the line s = k — 1;
T (4,7 — 1) in the other case.
We also consider the point P, | separately:

_ JPLN{(j,s) | s € R} if this point lies above the line s = 2k — k,;
2 ([kp), 2[kp) — kp) in the other case.
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Remark 5.18. The point P j lies on LP if and only if x;, > £.

Unfortunately, there is no analog of the first assertion of Lemma [E.I7 for the
points P;. Here we can only say that for small j the points P; lie on the line s = k—1
and then at some moment they jump to the line LP. However, this “moment” can
happen much earlier than £ Tﬁp We can only bound it from above.

Lemma 5.19. For j > [£2k,], all points P; lie on the line LP.

Proof. Consider the case ¢ < k,, first. The equation of the line LP is

Ik ko
S v )

So, we need to verify the inequality

j—1< éw—f—

J
[Kp] [Fp]
EDIEAR

[Kp| —kp+ €~

(2[krp] — £p).

This may be rewritten as

So, it suffices to prove

(0 —1)[rp] < V— 1%1
[kpl —kp + £ 4
We will prove a stronger inequality
(€—1)[kp] < E_ln 7
[kp] —mp+€ = € F

which is equivalent to
rp] < “p([’iH —kp+ 6)'
This may be restated as
U([kp| = kp) < Kp([Kp] — Kp),

which is true under our assumption ¢ < k.
In the other case £ > &, we have

(S22 2 T =~ 041 > [s5)

so the statement of the lemma is empty in this case (we consider the points P;
with j < [kp] only). O

Lemma 5.20. If j is a number between 1 and [“F1k,] and 2j < [k,], then Q;
belongs to the HDR-domain. If 2j < [ky,| and P belongs to the friendly region,
then P; belongs to the HDR-domain.

Note that P belongs to the friendly region if and only if [k,] < op.

Proof. We prove the second assertion; the proof of the first one is completely similar.
We consider two cases: P; lies on LP and above LP. In the first case, we may apply
Corollary B.I2with P in the role of X and P; in the role of Y. In the second case, we
may apply the same corollary with P; in the role of Y and the point of intersection
of the lines LP; and {([x,], s) | s € R} in the role of X (the latter point lies above P
since P; lies above the segment LP, and thus belongs to the friendly domain). O
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We finally summarize our results.

Theorem 5.21. Assume 2 < Ky, % < ¢. The HDR-domain contains the convex
P

hull of points specified below. We always include the points (0,0), (1,0), and Q in
our list. The other points are specified in the following table:

|| [kp| < 0op | [kp| > 0p
25,1 < [ Wiz it Aty | Sz Uizt
[“Frrpl ~ (57t hp] Q Fliyl-1
2[5 kp) <[] Qe ) Quezteyl-1) Qe
< 2[5 Ap] <[] Pregts wP[‘-’Tlm Qg1
Q[thlip] S [K/p] < |—Iip-| Q —Hp 7@ —Hp Q[‘{Tﬁp]a
< 2[4 ] Pl Qg1
[n] < 2[5 w] Qezip,)-1 Quioty s
< [rp| <2[F Ky 24—71%] "
- (gly .
k] < 2[5k, Piap, Qg
2

This theorem is a straightforward consequence of Lemma

We note that the cases £ < k, and £ > k), are the same for our result (our answer
in these cases are given by the last row in the table above, at least when x, > 3).
However, the forms of the HDR-domain suggested by Proposition [[I1] differ in
these cases (see Figures [ and [G]).

Proof of Theorem [[12 Since k), is assumed to be a nonnegative integer, we have
K = P = Q. Therefore, all the points ); and P; lie on the lines LK and s = k —1.
Since p > 1, we have mp = [op] < op as well.

When 0 < ¢ < , Theorem immediately implies that for points (k, s)

whose first coordlnate is a positive integer, HDR(X, k, s, £, p) holds whenever con-

ditions (I3]) and (I8) are satisfied; (@8] turns into ([IG).

When ¢ > K:ﬁl it remains to apply Theorem [5.2T] and decode its results.
For the case QV*TIHH < Kp, the points Q[Z—_lﬁ -1 Q[uﬁ P and Q[ﬂn]
£ P 2 P 7 P

straddle the intersection of the lines s = k — 1 and LK. The convex hull of
these three @, together with points K and (1,0) contains every point along s =
max(k — 1,k — e“z;—;’“)) with k = 1,2,...,k,. Thus HDR(S, k, s, £, p) holds pro-
vided ([I4), (I3), and (dG) are all satisfied.

In the case 2[ £k, ] > K, we have 2[ 52k, ] > [k,]. Thus, this case is described
in the intersection of the last row and first column in the table above. We observe

that the points Pyxpj and Qxp; coincide at the location ([%2], [%]—1). Then convex

combinations of P, 521 and (0,1) form a segment of the line k = s+ 1, and convex
- [_f,,] It follows
that HDR(X, k, s, £, p) holds provided ([I4), (IT), and (I9) are satisfied. O

combinations of P[ sp] and K form a segment of the line s > k — .

6. SHARPNESS

In this section, we consider the case where X is the paraboloid {&; = |¢7]%} as a
representative example. We also assume that ¢ € C§°(R9~1) is nonnegative.
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6.1. Surface measure conditions. Let xy be a smooth function of one variable
supported in [1,2] such that x*)(0) = 1. Consider the functions f,, defined as

Fa(©) = 0(€DX (2™ (€a — I€41Y)-

The function f, can be written explicitly:
Ja(@) = 27" Feops 0P| x(27"20);

here dP is the Lebesgue measure on the paraboloid ¥. It is easy to observe two
formulas:

0" fn
o

We will also need the functions

) =2"%(7), €e% |fallz, <27

N

fen =) _(A+n)~r27"k .

n=0

Sharpness of (7). Assume ¢ = 1 on the support of ¢. We plug f<n into [B). The
left hand side is bounded away from zero by

0" f<n
156 s

= ol -+ Z (147n)~! < log(N).
) 0<n<N

As for the L, norm, we note that the functions f, have disjoint supports, so,

enley = ( X 1al,)" = (0 1 myr2mimso)?

n<N n<N

Since the left hand side of () tends to infinity as N — oo, the right hand side cannot
be uniformly bounded. This means (7)) holds true if p > 1. In the case p = 1, we
get k < % instead.

Necessity of p < #ﬁi&k in Theorem 4l Add the requirements ¥/)(0) = 0
for all j < k. Then, f, and f<y belong to ZL’; and the same reasoning gives the
necessity of k < o, in (@) and (I0), which is exactly p < ﬁ. As usual, the

cases k = % are permitted if p = 1.

Necessity of (IT]). We plug exactly the same functions f<u into (I2)). The H -
norm on the left hand side and the L, norm on the right hand side behave in
the same manner as previously. Since we have assumed x(0) = 0, there is no
summand HfHHZ(E) on the right hand side.

Necessity of ([BI). As it was mentioned earlier, the quadratic inequality (29) is
equivalent to its bilinear version ([@3d)). We work with the latter expression here. The
functions f and g will be constructed from the functions f, in a slightly different
manner from before. To define g, we take y that satisfies x(*)(0) = 1 and set g = fo.
For the function f, we require x)(0) = 0 for all j < k = o+ 8 and x(**#)(0) =1,
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and set f = f<n (with k = o + ). We plug these functions f and g into ([@9]) and
use the Newton—Leibniz formula (we assume 1 = 1 on the support of ¢)

dN\B,0°f 0% 9o+Pf 0%
’(5) <8§5 T OEY w>H—v(zr) _’<W+£ ’fg >H7w(2)

r=0

N
1
_ 2 -
= el ) 2o 7, = log V-
n=0
On the right hand side, we have

lolle, <1, |lf<nllz, =< ( S (14n)? an(op—a—ﬁ))

n<N

1
P

So, the necessity of [BI)) is proved.

Necessity of a4+ 3 < % +1- % in Theorem A7l This is proved in the
same manner as in the previous paragraph. One should only replace the formula
for the L, norm of f, with
d=1,1 dt1
1fallp, () = 2" 7750
6.2. Knapp examples. We start with a Schwartz function f with compactly sup-
ported Fourier transform and define the functions f,, by the formula

_d—1 Ty T2 Ld—1 Td

69 () = (—,—,..., —).

(69) fulo) =n = p(22, 22, T
By homogeneity,

e 2

ok Nli-+(z) H(2)

[fallz, =n* £z,
with the caveat that the homogeneous Sobolev norm may already be infinite if

d—1
s> 471,

Necessity of (). This can be obtained by simply plugging f,, into [B) and as-
suming ¢ = 1 in a neighborhood of the origin.

Necessity of the condition 2k —s < r, in Theorem [[L4L We take f € _L and
note that f,, € EL’; as well (recall that ¥ is the paraboloid). It remains to plug f,
into (I0) with the same assumption about ¢.

Necessity of (I7). Here we plug f, generated by f € .L, into (IZ) and note
that || fullge(s) = 0.

Necessity of (BZI) This follows from the formula

nia+28—2y 0” H
r=0 orp

TO

87°/3H 8§d =) 8§d H-=7(%,)

Necessity of 2a+ 3 — v < % + % — d%?’ in Theorem 4.7l One can prove this
in the same manner as in the previous paragraph. One should only replace the

formula for the L, norm of f, with

n(d=li2_d+3
I fulln,r,y < 2°CF Hrm 0,
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6.3. Pure shifts. We start with a Schwartz function f and consider its shifts in
the x4 direction:

(70) fulx) = f(z1,22,. .., Z4—1,2q4 — N).

We also assume

J
0 f =0 onXfor j=1,2,...,k
g
and f =1 on the support of ¢. Then f,, (&) = f(€)e2™ ¢ and
akf k|| 4,2min|-|?
n = (2 Tin|-|
|+ 5 oy~ BT e
. =12 (2 3
> nk (n—(d—l) / b * 6—2771% (z) - (1+ |Z|)_2S dz) 2
Rd—1
z nk (n*(dfl) / (1 + |z|)725 dz>§ z nk—s.
|zI<n

Necessity of (G). This follows from the fact that || f,|/z, does not depend on n.

Necessity of ([3). Note that || f,|| ey does not exceed en’ (this estimate reduces
to the product rule in the case ¢ € Z_ ; the general case follows from the case ¢ € Z
by the Cauchy—Schwarz inequality). Comparing the left and right parts of ([I2]), we

get [@3).

Necessity of ([I4). We consider the functions f,, generated by the rule ([Z0) from
a function f € L, such that = ¢ and ¢ = 1 on the support of ¢, and all higher

order (up to order k) derlvatlves of f vanish on ¥. Then, f,, € L, as well, so, there

is no term || f,|| ¢ on the right hand side of (). However, on left hand side, we
cannot have n*~%, but only have growth n*~5~1 since

" fn
ock
Thus, n*~*~! should be bounded if (IZ) holds, which is exactly (I4).

L&) = (2min)F Lo (g )e2minleal”.

Necessity of [B0). Consider a Schwartz function f of d variables such that for
any j € [0..a + (] we have

P
(71) 8—f:1 on XNV.

¢}
Let f,, be generated by ([0) from f. We plug f, into ([Z9). We first compute the

“Interior” derivative:
o fn o™ [fGQﬂinfd]
/3 3

(©w() = (E)p(€) = 2™ edep(¢) ZCJ €)(2min)> .
3=0

8£d
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Therefore,
(72)
(2) 1%L,
agcl )’I":O
_ (9 min(|eg?+7) a—il|?
(@ st s,
_ (D)) gzmimicat?,, will?
= () jzoc aﬁd Fisoleat + iy o
B a
=S c;;<e2m5d'2w<sd> >l w (€ ) 2rin)o,
k=0 j*O
. 2 « B—k .
ainies m);@ - W Y enled erine )

6 «
@ch<€2m£d|w Zcﬂ (2min)*—, 2minieal® (¢ )Zcé@m.n)aj>
k=0 e

7=0 7=0
A 2
= 28(1 + 2min)?® e2minl-? 1#()“ .

2 2
= 28(1 + 2min)? / ‘ — a5t p2milyy )](z)

2|7 dz

~

> n2o¢—d+1/ ‘z|—2'y dz Z n2o¢—2’y'

|z]<n

Thus, the left hand side of [2J)) grows at least as fast as n?*~27, whereas the right
hand side does not change. This proves the necessity of the condition (B0I).

Necessity of condition v > « in Theorem [4.7l This is obtained by completely
the same method in the case r < 2. For the Case r > 2, we can only prove the

necessity of the nonstrict inequality v — « > s —=. For that we slightly modify the
construction above. We consider the functlon

2n
Fn = E ‘ijAjv
Jj=n

where the functions f; are generated by (70]), A is a sufficiently large number, and ¢;
are randomly chosen signs. Then,

o f 2n o f
=) 13 oo =2 ) 1l

On the other hand, disregarding the choice of the signs ¢,

2

20—2v+1
Zn .

r=0 ) r=0

1
IFnllz, L,y <n"



90 MICHAEL GOLDBERG AND DMITRIY STOLYAROV

provided A is sufficiently large (this number is needed to diminish the influence
of Schwartz tails on this almost orthogonality). It remains to choose ¢; with the
largest possible quantity on the left hand side and compare the two sides.

Necessity of condition p < 2 in Theorem [£.71 This can be obtained by a
construction similar to the one described in the previous paragraph, except with
functions f, shifted in the x; direction instead of the x4 direction.

6.4. Shifted Knapp example. We need to modify the classical Knapp construc-
tion to get the necessity of ([Ifl). We take some sequence {D,}, and modify the
functions f,, generated by (69). Now we also shift them:

f = nd 1f<x1 T2 T xd_Dn).

ey s 5
n n n n

We require D,, > n? and do not require the vanishing f € .L,. The L, norms are
influenced by scaling but do not depend on the size of the shifts:

fallz, = n DG,

Let f(¢,[C[?) be g(¢), here g is a smooth function, let us assume it is compactly
supported and has nonzero integral. Then,
<t (&)f
e ™ n2) -

The latter estimate can be proved via the product rule for the case ¢ € Z, and
reduced to this case with the help of the Cauchy—Schwarz inequality. Similarly,

Dy 1|2

27rzD |2 H (')6271'1

1 allire sy = [|otne)

akfn k 27iD ‘|2 k d—1
~ . i D, |- — Dkp—s— 5
H ok -+ (x) nfj9(n)e H : n't g(-)e s
_e_d=1 (D, -4t g\ 2 _g_d=1 Dy~
2 Db (0 () 2 phee ()
2| < 28
So, if (I2) is true, then
(73) DfL*SnS*% < Dﬁn,g,% 1 @G-

whenever D,, > n?. We recall k — s < ¢ by ([[3) (the necessity of which is already
proved), so, the first term on the right dominates the left hand side when D, is
sufficiently large. We want to make D,, as small as possible in such a way that the
left hand side is still greater than the second summand on the right. Let

rp—s
D, =n%== logn.

Note that such a choice of D,, guarantees D,, > n? by (7)) and the assumption k >
s. Plugging it back to ([[3), we get

_ s)e
n”P_sns_d_i’l(logn)k_sgn = _e__(logn)

which, after a tiny portion of algebra and ([3)), leads to
174 <.
s+l—k "

which is (I6).
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7. ADDITIONAL LEMMAS AND SUPPLEMENTARY MATERIAL

7.1. Localization argument. We need to localize the HDR inequalities and also
replace the gradient with a single directional derivative. Namely, we want to re-
duce HDR(X, k, s, ¢, p) to a collection of statements HDRyoc (R, k, s, ¢, p) defined be-
low. A similar principle works for inequalities of the type ([B)), ([@), (I0) and the
proof is completely identical.

Definition 7.1. Let the numbers k,s,/,p be of the same nature as in Defini-
tion Let U be a neighborhood of the origin in R?~! let h: U — R be a
smooth function such that ~A(0) = 0, VA(0) = 0, and the determinant of the Hes-
sian of h at the origin does not vanish. Further, we assume (26]). We say that the
statement HDRjo.(h, k, s, £, p) holds true if the inequality
oF f
Jvr5g |

holds true for any smooth function ¢ supported in U.

S Il + OF RO ey

Hfs(]Rdfl

Lemma 7.2. The statement HDR(X, k,s,¢,p) is true provided the statement
HDRyoc(h, k, s, ¢,p) is true for any h satisfying the conditions of Definition [[1]

Proof. We need to prove ([I2]) with a fixed compactly supported smooth function ¢.
We find a smooth partition of unity {®,}, on X, each function ®,, supported in a
small ball V,, and each V,, lies in a chart neighborhood of a certain point &, € X.
For each n fixed, we identify &, with the origin of R?, the tangent plane Ty X
with R?~1, and get a graph representation for ¥ N V,:

XNV, = {(Ca hn(()) | C € UN}’

where U, is a neighborhood of the origin in R%~'. If the partition of unity is
sufficiently fine, then the function h,, satisfies (20]). We estimate the left hand side
of (I2)) by the triangle inequality

6V fll -+ (s2) < Z 6@,V fll 1r-s (55)-

Note that the sum on the right is, in fact, finite. We fix n. We are going to
use the following algebraic fact: there exists a finite collection of vectors v,, in R?
such that any homogeneous polynomial of degree k is a linear combination of the
monomials (-, v, )¥; moreover, such vectors v,, may be chosen arbitrarily close to any
fixed vector. Since the determinant of the Hessian of h,, is nonzero, the normals n
to ¥ at the points (¢, h,(¢)) cover a neighborhood of the vector (0,0, ...,1) in §9-*
(the unit sphere in R?). Thus, we may choose finitely many points ¢; in a sufficiently
small neighborhood of the origin such that

0~ oF
(74)  Va € Z% such that |a| =k ge is a linear combination of {TZ}J’
(75) ne, f Tc¥ for any j and any ¢ € U,.

This allows us to write the estimate

~ k f
(76) 6@V Fllzr-+(z) S ZJ: H@"ngfjHHs(m'
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Now we restrict our attention to each point (; individually. We adjust our co-
ordinates to this point: now (; is the origin, we also identify 7t 3 with RA-1,
The summand corresponding to j on the right hand side of the previous inequality
transforms into

v%2].,
agd -s(z)

where ¥ is a certain smooth function supported in V,,. By the assumption (75,
20V = { (G hn ()| ¢ € Uns},

where U, ng is a neighborhood of the origin in R4~!, and h,, ; satisfies ([26)) (with the
constant = 7 instead of o bossibly). Take a smooth nonnegative function ¢ that is

supported in U, ; and i 1s bounded away from zero on the projection of the support
of ¥ to R, Then, clearly,

|5
8§d

We also note that the norms

H—s(RI-1)

.y [0 5 010

||g||H*S(Z) and Hg('a ())HH s(R4—1)

are comparable for functions g supported on £¥NV,,. Thus, by HDRioc(hn 5, &, 5, ¢, p),
we may bound each summand in (Gl by

£z, + IO foC R ey S 1F L, + 19 F )

It remains to note that we have a finite number of summands both over j and n. O
Remark 7.3. Consider Banach spaces X1, Xs, ..., X, of functions on ¥ such that
multiplication operators

o=, @ e X,

are bounded on X,,, whenever ¢ € C§°(X). The inequality

1T Dl -y S (11, + D 12Fx, )

j=1

may be reduced to local form

m
S Ifllz, + > Ifllx,, suppw C U,

H—s(Rd—1) —
J:

and U satisfies the usual assumptions, with the same argument as in the proof
of Lemma In particular, the case X; = {0} allows one to reduce RX (%, p, s)
to RE(X,p, s) (see Definitions 3.5 and 3.9)).
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7.2. A version of the Stein—Weiss inequality.

7.2.1. Case p € [1,2]. Let L,(w) be the weighted Lebesgue space:
feLly(w) < fwel,.

Let also C, be the operator of convolution with the function (1 + |z|)~°. In this
section, we work with functions on R.

Theorem 7.4. Let a > 0 and let p € [1,2]. The operator C, maps the space
L,((1+ |x])®) to its dual space Ly ((1+ |z|)~%) if
(1) b<0 and

ep=1and a+b>0;

° p>1anda+b>1—%;
(2) b€ (0,1) and 2a+b22—%;
(3) b=1 and

o p<2

e p=2and a > 0;
(4) b>1.

Theorem [7.4] is a variation on the classical Stein-Weiss inequality from [23]. In
the classical setting, the convolutional kernel and weights are homogeneous.

Remark 7.5. The conditions listed in Theorem [[.4] are also necessary.
7.2.2. Casep > 2.

Theorem 7.6. Let p € (2,00], and let
(1) a+b>1—%;
2.
(2) 2a+b>2-2;

(3)a>5—5-

Then the operator Cy, maps L,((1+ |x])®) to Ly ((1 + |z|)~%).

Theorems [Z.4] and are proved by directly examining the L, — L, bounded-
ness of integral operators with kernel

Kop(z,y) = A+ [a) @A+ )" QA+ |z —y)) ™

in the cases p = 1, p = 2, and p = oo, then performing complex interpolation of
operators. These are elementary bounds based on || K, ||z, when p = 1, the Schur
test when p = 2, and on || K, ||z, when p = co.

7.3. Some endpoint estimates. To formulate the endpoint version of inequal-

ity (@), we need some Besov spaces (see [3]). Given a function f, we define the
d—1

Besov B, 2 " norm by the formula
_d=1
Il e =sup 27 ¥ Befll,
B, k>0

where the Py, k > 1, are the Littlewood—Paley projectors on the annuli By (0) \
Byi-1(0) and P, is the spectral projector on the unit ball By (0) (the symbol B, (z)
denotes the (d —1)-dimensional Euclidean ball of radius r centered at x). Using the
standard properties of Besov spaces, one may then define Besov spaces on smooth
submanifolds of R? as well as on their reasonable subdomains.



94 MICHAEL GOLDBERG AND DMITRIY STOLYAROV

Proposition 7.7. The mequality

|| - oo

Rd—

o S0 M9l ey 45

is true for any h and 1) satzsfymg the standard requirements.

The norm in the weighted space on the right hand side is given by the formula

_d-1
190, 1oy = [ 19@I+ a5 da
R4

Similarly, f € L,((1 + |zq|) ™) whenever f(x)(1+ |zq4])~% € Ly.

Proof. Since the delta measures are the extremal points of the unit ball in the
space of measures, it suffices to prove the proposition for the case where g is a delta
measure:

He%”«m&»+wﬂﬂd)w()HB*£%L“ <S4+ |za)~ 7
2

By the Van der Corput lemma (for h(-) = |-|?, this is also the Schrédinger dispersive
bound),

[ emtes o] |5+ a2

Thus, we need to prove the inequality

1

2 _
sup<2—k<d-1> [ sl 1>dy) < (14 Jea)
k>0
- B,k (0)\Byr—1(0)

which is obvious. O

Corollary 7.8. Let d be odd. If we apply Proposition [0 with the function g(x) =
(—27Ti$d)%f($), we get the local form of the endpoint case in [B]):

Hﬁ;f(.,h(-)w-)
98,°

Similar to Remark [3], we may pass to the global form:
d—1 ~
<
(V= f)’EHB;LEI'W(E) So 11z, (ray-

d—1 Sﬂﬁ HfHLl
By T @)

d—1
. —&5=,00 _ _
Since B, * — H~* for s > =L we also have

H ¢V f |ZHH 5(2) ~¢ ||f||L1(Rd)
for s > dQ;l.

Now we will show how to derive Proposition [[.T] from the case k = 0 considered
in [6] and Proposition [.71 We consider the inequality

Q(W h())¢() ||H—5(Rd71) STP ||g||Lp((1+\zd|)*’€)7

which, as we have seen, is stronger than ([3)). Note that in such a formulation, k
might be real. We know the inequality holds true in the case k = 0 (from [6]) and
is almost true when k = s = 451, p = 1 (from Proposition [7). We claim that
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any triple (k, s, %) that satisfies the necessary conditions of Proposition [Tl might
be represented as a convex combination of the said cases:

(i d) =00 1) o (B 45 0),

Solving several elementary equations, we see
2k d—1-2k d—1-2k (s—k)(d-1)
07 = — 9 = — = B T —— =
d—1 v T a—1 0 PPTPTT ok FT a1 ok
We leave to the reader the verification of the conditions
0<opy, and —s4 <Ky,

(the easiest way to do this is to sketch the 3D-domain of admissible (k, s, %)) and
explain how we interpolate the inequality. First, we note that a linear operator that
maps g to ¥g|x does not depend on the varying parameters, so we may use the
classical interpolation theory, specifically, the real interpolation method (see [3]).
For the image of our operator, we use the formula

%v"o)

(H™*,B,y o_2=H"

see [3]. For the domain, we need to show that

(Lpo s Li((1+ Jzal) ™5 ))o_ 2 D Ly((1 + |za)) 7).
In fact,
(Lpy s Li((L+ )™ ))o_ 2 = Ly (1 + [aal) "),

where the latter space is the space of all functions f such that f(1+ |z4|)™* € L,
(see [10]). It is clear that L, = L, , < L, 2 since p < 2.
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