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A UNIPOTENT CIRCLE ACTION
ON p-ADIC MODULAR FORMS

SEAN HOWE

ABSTRACT. Following a suggestion of Peter Scholze, we construct an action of
@; on the Katz moduli problem, a profinite-étale cover of the ordinary locus of
the p-adic modular curve whose ring of functions is Serre’s space of p-adic mod-
ular functions. This action is a local, p-adic analog of a global, archimedean
action of the circle group S on the lattice-unstable locus of the modular curve
over C. To construct the ([/};-action, we descend a moduli-theoretic action of
a larger group on the (big) ordinary Igusa variety of Caraiani-Scholze. We
compute the action explicitly on local expansions and find it is given by a
simple multiplication of the cuspidal and Serre-Tate coordinates g; along the
way we also prove a natural generalization of Dwork’s equation 7 = logq for
extensions of Qp/Zy by ppoo valid over a non-Artinian base. Finally, we give a
direct argument (without appealing to local expansions) to show that the ac-
tion of @.ﬂ: integrates the differential operator 6 coming from the Gauss-Manin
connection and unit root splitting, and explain an application to Eisenstein
measures and p-adic L-functions.
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1. INTRODUCTION AND ANALOGY

EEEEEEEEkEE]

In this work, following a suggestion of Peter Scholze, we descend the unipotent
quasi-isogeny action on a component Caraiani-Scholze’s [II, Section 4] ordinary (big)

——Z

Igusa formal scheme for GLg to construct an action of the formal p-adic torus G,,
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on the Katz moduli problem over the ordinary locus. Suitably interpreted, this
action is a local, p-adic analog of the global, archimedean phenomena whereby the
horizontal translation action of R on the complex upper half plane H descends to
an action of S on the image of {Im7 > 1} C H in the complex modular curve.

The space of functions on the Katz moduli problem that are holomorphic at
the cusps is equal to the completion of classical modular forms for the g-expansion
topology (Serre’s space of p-adic modular function). Thus we may think of our
((/}; -action as a unipotent circle action on p-adic modular functions. The analogy
with the archimedean circle action is stronger than one might first guess, and leads,
e.g., to interesting representation-theoretic consequences.

After constructing the (/};—action, we study its properties and interaction with
other classical notions in the p-adic theory of modular curves and modular forms
such as the unit root splitting, Dwork’s equation 7 = log ¢, the differential operator
0, Gouvea’s twisting measure, and Katz’s Eisenstein measures.

We highlight one application to explain the significance of this construction: via
p-adic Fourier theory, the @;—action is equivalent to the p-adic interpolation of
powers of polynomials in the differential operator 8. This allows us to introduce
a twisting direction into any p-adic family of modular forms. In particular, when
applied to Eisenstein series, it allows the construction of certain two-variable p-adic
L-functions studied by Katz [9] starting from single-variable Eisenstein families.
A key advantage of this method is that we construct the (/};—action and then re-
late it to differential operators obtained from the Gauss-Manin connection without
ever using a cuspidal or Serre-Tate ordinary local expansion. In particular, our
method will generalize to the p-adic interpolation of certain differential operators
constructed by Eischen and Mantovan [4] on the p-ordinary locus of more general
PEL Shimura varieties (where local expansions are unavailable or difficult to work
with) into actions of Lubin-Tate formal groups.

In the present work we have focused on exploring the ramifications of the exis-
tence of a large quasi-isogeny action on the Caraiani-Scholze Igusa formal scheme
for the classical space of Katz/Serre p-adic modular functions. In a sequel [6], we
study the action of the quasi-isogeny group on the space of functions on the big
Igusa formal scheme itself as a natural space of p-adic automorphic forms in the
context of the p-adic Langlands program. Ordinary p-adic modular forms (in the
sense of Hida) play an important role in this study, and in [6] we also explain how
Hida’s finiteness and classicality theorems for ordinary p-adic modular forms can
be understood from this perspective.

1.1. An archimedean circle action. Before stating our results, we explain the
analogous archimedean circle action more carefully; this will help to motivate and
clarify the p-adic constructions that follow. Consider the complex manifold

(1.1.0.1) Yo ora = (é %) \{Tmr > 1}

Hn the body of this text, we reserve the term p-adic modular forms for those p-adic modular
functions with a weight, i.e. that transform via a character under the Z; -action.
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Two important observations about Yo, _orq follow immediately from (LI.0.1):

(1) Modular forms of level I'y(N) (for any N) restrict to ((1) ?) -invariant

functions {Im7 > 1}, and thus induce holomorphic functions on Yo, _orq.
(2) The action of R by horizontal translation on H descends to a (real analytic)
action of the circle group S' on Yso_ora. This action integrates the vector
field %.
We can decompose any holomorphic function f on Y, _oq according to this
Sl-action uniquely as a Fourier series

fl@) = ang", ¢ =€"".
nez
In other words, the space of functions on Y, _oq is a Fréchet completion of the
direct sum of the character spaces for the S'-action, with each character appearing
exactly once.

1.1.1. Fourier coefficients and representation theory. The Fourier coefficients a,, of
classical modular forms play an important role in the global automorphic represen-
tation theory for GLy. In particular, for a Hecke eigenform, the constant coefficient
ag is non-vanishing if and only if the corresponding global automorphic representa-
tion is globally induced (i.e. the modular form is Eisenstein). Suitably interpreted,
the constant term ag is a functional that realizes the induction. The non-constant
coefficients, on the other hand, are Whittaker functionals.

1.1.2. The slope formalism on metrized tori. While the construction of Yo, _o.q
above may at first seem ad hoc, it has a natural moduli interpretation, which we
explain now. The key point is to use the slope formalism for metrized tori, or,
equivalently, lattices, as explained, e.g., in Casselman’s survey [2].

A metrized torus is a finite-dimensional torus (compact real abelian Lie group)
T together with a translation invariant metric, or, equivalently, a positive definite
inner product on LieT = H;(T,R). There is a natural slope formalism on metrized
tori: the rank function is dimension, and the degree function is given by

deg T := logVol(T).

If a two-dimensional metrized torus 7' is unstable (i.e. not semistable), then it
contains a unique circle of shortest length.

If E/C is an elliptic curve, the underlying real manifold of E(C) is a two-
dimensional metrized torus when equipped with the metric coming from the canon-
ical principal polarization.

Example 1.1.3. Consider the usual fundamental domain
D:={reH,-1/2 <Rer <1/2and |7]| > 1},
for the action of SLo(Z) on H. For 7 € F, let
E,:=C/(1,7).

We compute the values of 7 € D for which E; is semistable: the metric induced
by the principal polarization is identified with 1/Im7 times the metric induced by
the identity

R14+Rr=C



A UNIPOTENT CIRCLE ACTION ON p-ADIC MODULAR FORMS 189

and the standard metric on C. Semistability is preserved by scaling the metric, so
we may eliminate the scaling and consider just the metric induced by the standard
metric on C. The length of a shortest circle in E,(C) is equal to the length of a
shortest vector in Hy (F,Z), which is 1. The area of the entire torus F.(C), on the
other hand, is Im7. Thus, the slope of the full torus is % log Im7, while the smallest
slope of a circle inside is 0. We conclude that for 7 € D, E, is semistable when
Im7 < 1, and otherwise is unstable with shortest circle given by

St =R/Z — C/(1,7).

1.1.4. Moduli of unstable elliptic curves. Using the slope formalism, we may con-
sider the moduli space of unstable elliptic curves E/C equipped with a trivialization
of the shortest circle, S' — E(C). From Example [[T.3] we find that this space is
naturally identified with Y, _o;q. In this moduli interpretation, the space Im7 > 1
is the cover where the trivialization of the shortest circle is extended to an oriented

trivialization S* x S = E(C). From the moduli perspective, the fact that we can
evaluate modular forms to obtain functions on Y,,_or:q comes from two facts:

(1) Given a point of Yo, _orq, there is a unique holomorphic differential wean
whose pullback to S! along the trivialization of the shortest circle integrates
to 1. Thus, the modular sheaf w is canonically trivialized over Yo, _orq, and
modular forms can be evaluated along this trivialization.

(2) Using the polarization, the trivialization of the shortest circle also gives rise
to a trivialization of the quotient torus E(C)/S?, so that E(C) is equipped
with the structure of an extension of real tori

(1.1.4.1) 1—- 8" B(C)—S'—1.

The basis 1/N for the torsion on S' = R/Z then gives rise to a canonical
I’y (N)-level structure on E for any level N.

1.1.5. de Rham cohomology. Consider the extension structure (LITZI]) on the uni-
versal elliptic curve over Y, _orq. The global section dx of the de Rham coho-
mology of S' = R/Z is flat, so we obtain via pullback of dz a canonical flat sec-
tion Ucan € Hig(E(C),R) over Yoo_ora. Moreover, because the image of wean in
H}, (5%, C) under pullback is (by definition) dz, which is flat, we find that V(wean)
is in the span of ugan. Thus, Y% is a holomorphic differential form on Yao_orq.

For the elliptic curve E; as in Example [LT.3] if we denote by e; and e, the
natural basis elements for Hy(F(C),Z) and by e} and e’ the dual basis, we find
that wean = €] + 7€k, and Ucan = €5, so that

Ve _ 40— dlogg.

ucan

In particular, the S'-action integrates the vector field % dual to Vu‘”—“
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1.2. Statement of results. In this section we state our main results.

1.2.1. Dictionary. As we introduce the objects appearing in the local, p-adic theory,
it may be helpful to keep in mind the following dictionary for our analogy with the

global, archimedean story:

Global, archimedean

Local, p-adic

E(C) as a metrized torus

The p-divisible group E[p™]

Unstable two-dimensional
metrized torus

Ordinary height two p-divisible group

The shortest circle in E(C)

The formal group E

Trivialization of the shortest circle
St — E(C)

Trivialization of the formal group
E = Gy,

1—+8 = EC)—=S'—1

1—><(/};—>E[p°°] —Q,/Z, — 1

dT, Wean, Ucan

dT, Wean, Ucan

Canonical I'; (N) level structure

Canonical arithmetic I'; (p™)
level structure

Yoo —ord

The Katz formal scheme Ty,

Imr >1

The (polarized) Igusa formal scheme
of Caraiani-Scholze J¢g

Action of S! on Yo _ord

Action of @; on Jkatz

Action of R on Im7 >1

Action of the universal cover of G,,
~1
on Jeog

Fourier series

Sheaf over Z,

Constant term

Fiber at 0

Eisenstein series

Ordinary p-adic modular form

1.2.2. The Katz moduli problem and p-adic modular forms. For R a p-adically com-

plete ring, let Nilpp be the category of R-algebras in which p is nilpotent. We

consider the Katz moduli problem on Nilp%z classifying, over S € Nilpr, triples
(E7 @7 QOA(fP) )

where E/SpecS is an elliptic curve up to prime-to-p isogeny, @ is a trivialization of
the formal group of F,
8:E G,
and ¢, ;» 1s a trivialization of the adelic prime-to-p Tate module.
By work of Katz [§], the moduli problem is represented by a p-adic formal scheme
Jkatz = SPfVKats

where Viag, is a p-adically complete flat (torsion-free) Z,-algebra. For R a p-
adically complete Z,-algebra, we write

VKatz,R = VKatz ®Zp R
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so that
JKatz,R = IKatz Xspiz, SPIR = SpfVkats, r-
There is a natural moduli action of Z;j x GLo (Agfp )) on Jgats, Where Z;j
= Aut((é;) acts by composition with @, and GLQ(A;”)) acts by composition with
%) AP For a continuous character k of Z; with values in R, the eigenspace Vias, r[K]

is a natural space of p-adic modular forms of weight k.
In particular, classical modular forms of integral weight and prime-to-p level over
Z,, (interpreted using sections of the standard integral model of the modular sheaf

and curve) are embedded GLg (Agcp ))—equivariantly (up to a twist) in this space for

the character z — z*. Concretely, a classical modular form of prime-to-p level KP?
and weight k gives rise to an element of V£, [k] by evaluating on the triple

L (dt
(Euniva Puniv (?) 7L‘Z)A(f”),univ/l(p) ’

Here (Funiv, Puniv, © AP is the universal triple parameterized by the identity
f

,univ)

map on Jgap, and % is an invariant differential form on G,,. In other words, the
modular sheaf w on Jkay, is trivialized by the canonical section

. (dt
Wean *= Puniv ?

which allows us to evaluate classical modular forms after pullback to Jkas-

1.2.3. de Rham cohomology. We write
T Euniv — jKa‘czu

for the universal elliptic curve up-to-prime-to-p-isogeny. We have the relative
de Rham cohomology

Hg (Buniy) = R'm.Q%

univ/IKatz
equipped with Hodge filtration
0= wp — Hig — LieEY =0

and Gauss-Manin connection V.

Note that the moduli problem classified by Jkat, is equivalent to the moduli
problem classifying triples (£, @, ¢5,,) where E and ¢ are as before, and ¢z, is a
trivialization of the prime-to-p Tate module

(Pi(p) : (Z(p))2 l> TZ(P)E = hm E[n}v
(n,p)=1
all considered up to isomorphism of E. Using this equivalence, we obtain a well-
defined Weil pairing on E[p>°], and combining this with the trivialization @, we
obtain the structure of an extension

(1.2.3.1) 1= Gy — Ep™] = Qp/Z, — 1.

This is analogous to the archimedean extension (LIZI]). In particular, we obtain
an extension of Dieudonné crystals

0 = D(Qy/Z;) = D(Euniv[p™]) = D(Gon) = 0,
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which we view as an extension of vector bundles with connection on Jkai,. The
sub-bundle D(Q,,/Z,,) is the unit root filtration, and it has a canonical basis element
Ucan- 1f we identify D(Euniyv[p™]) with (H}g (Funiv), V) via the crystalline-de Rham
comparison, then the/Hodge filtration splits the extension of vector bundles and the
image of wean in D(G,y,) is flat. So, wean and Ucan give a basis for H}g (Eyniv) such
that V is lower nilpotent, and thus determined by a single differential form

% (Wcan) )

Ucan

dr =

By the theory of Kodaira-Spencer, the differential form dr is non-vanishing, and
thus admits a dual vector field % such that (dr, %) =1.

1.2.4. The @; -action. Our main result, Theorem [A] below, shows that the vector

field % can be integrated to an action of ((/}; on Jkatz, and explains how this action
interacts with the action of Z x GLQ(A(fp)). To state it, we will need the unramified

determinant character dety, : GLQ(A;p )) — Zp) defined by

detur((gl)lip) = H |detgl|l'
l#p

Theorem A. There is an action of@; on Jkat, whose derivative is the vector field
% defined above. Moreover, this action combines with the action of Z; x GL2(A§P))
to give an action of

Gm % (Z% x GL2(AP)))

where the semidirect product is formed with the respect to the conjugation action
(2:9) ¢ (2,9) 7" = ¢7 ot 0,

Remark 1.2.5. The ((/};—action of Theorem [A] is uniquely determined by the con-

dition that it integrates %. We note that % acts as the derivation —0 = —qdiq

on cuspidal g-expansions; however, in our proof we construct the action and prove

it integrates % without using cuspidal (or Serre-Tate) g-expansions, which is an

important point for future generalizations.

The key observation in the construction of this @;—action and subsequent com-
putations is that we may work on a very ramified cover, a component of the (big)
Igusa formal scheme of Caraiani-Scholze [Il, Section 4], where the extension struc-
ture (LZ3) extends to a trivialization of the p-divisible group

¢ : E[p™] = Gpm x Qu/Zy.
At the price of the ramification, life is simplified on this cover: for example, com-
putations with the crystalline connection are reduced to computing the crystalline
realization of maps Q,/Z, — ([/}; Most importantly, the obvious action of au-
tomorphisms of (@; x Qp/Zy, on this cover extends to an action of a much larger
group of quasi-isogenies.
This quasi-isogeny group contains a very large unipotent subgroup, the quasi-

isogenies from Q,/Z,, to @; , or, the universal cover ([/}; in the language of Scholze-
Weinstein [16]. The action of this large group of quasi-isogenies is the ultimate
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source of the ((/};—action on JKaty- Indee;d\: JKatz 1s the quotient by the subgroup of
isomorphisms, i.e. the Tate module T,,G,,, and thus picks up a residual action of
G = Gn /TGy

Remark 1.2.6. The action of a larger group of quasi-isogenies on this cover is a
natural characteristic p analog of the prime-to-characteristic phenomenon where,
when full level is added at [ # p, there is an isogeny moduli interpretation that gives
an action of GL2(Q;) extending the action of GLy(Z;) in the isomorphism moduli
interpretation. Rigidifying in characteristic p using isomorphisms to an ordinary
p-divisible group provides both more and less structure than when [ # p: on the
one hand, the isogeny group is solvable, and thus appears more like the subgroup
of upper triangular matrices, but on the other hand the unipotent subgroup has
a much richer structure than any groups that appear when [ # p. If we instead
rigidified using a height two formal group, we would obtain a super-singular Igusa
variety, which has more in common with the [ # p case (the isogeny action is by
the invertible elements of the non-split quaternion algebra over Q,); in [7] we use
this structure to compare p-adic modular forms and continuous p-adic automorphic
forms on the quaternion algebra ramified at p and oco.

Remark 1.2.7. In this remark we explain a connection to perfectoid modular curves.
The generic fiber of the big Igusa formal scheme is a twist of a component of the
perfectoid ordinary locus over C,. This component admits a natural action of the
group of upper triangular matrices

1 Qp
0 1

which is identified over C, with an action of Q,(1) on the generic fiber of the big
Igusa formal scheme.

Using this, the action of the p-power roots of unity Q,(1)/Z,(1), an infinite
discrete set inside of the open ball G (Oc,), on functions on the generic fiber of
jKatz,OCp can be identified with the action of the natural Hecke operators Q,/Z,
on the invariants under

1 2,
0 1

in functions on this component of the perfectoid ordinary locus. Thus, the @;—
action extends the obvious action of Q,/Z, to an action of a much larger group.
We will not use this connection to perfectoid modular curves in the present work,
however, it will play an important role in [6].

1.2.8. Local expansions. An important aspect of our proof of Theorem [Al is that
we make no appeal to local expansions at cusps or ordinary points, so that our
approach is well-suited for generalization to other PEL Igusa varieties. After prov-
ing Theorem [A] however, we also give a direct computation of the action on local
expansions: we find that at ordinary points the action is given by multiplication of
a Serre-Tate coordinate, and at the cusps it is given by multiplication of the inverse
of the standard cuspidal coordinate q.
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1.2.9. Dwork’s equation. While developing some of the machinery used to compute
the local expansions of the @,\n—action, and using the same philosophy of base change
to a very ramified cover, we also give a new proof of Dwork’s equation 7 = log g
on the formal deformation space of @; x Qp/Z, over IF_,, which is valid for a larger
family of Kummer p-divisible groups (which include not only the deformations of
((Eﬂ\1 x Qp/Z, over Artinian Ili‘_p—algebras7 but also, e.g., the p-divisible group of the
Tate curve, and other interesting groups when the base is not Artinian). These
results can be found in Section Bl

1.2.10. Other constructions. This action can be constructed in at least three other
ways, two of which have been discussed previously in the literature:

(1) After preparing an earlier version of this article, we learned that Gouvea
[5l T11.6.2] had already some time ago constructed a twisting measure equiv-
alent to our ((/};—action (interpreted as an algebra action via p-adic Fourier
theory as described in[[L2ZTT below). In[2l we recall Gouvea’s construction
and explain how it can be rephrased as an alternate construction of the @;—
action via the exotic isomorphisms of Katz [9] 5.6]. Gouvea’s construction
has the advantage of using only classical ideas, but is conge\ptually more
opaque. In particular, we note that the interaction of the G,,-action with
the prime-to-p group action (equivalently, Hecke operators away from p) is
considerably clarified by our construction.

(2) While the current version of this article was under review, we learned that
our @,\n—action is also a special case of a result of Liu-Zhang-Zhang [I3]
Proposition 2.3.5], who gave a construction of a Lubin-Tate action on more
general Shimura curves by using the Baer sum of extensions. There are
some issues with the proof as written in loc. cit. because of a mistake in
the statement of Serre-Tate theory [I3l Theorem B.1.1] over rings where p
is nilpotent (where one must allow for unipotent quasi-isogenies as well as
isomorphisms, consider e.g. the base Fp[z]/z?). The connection between
these two constructions will be elaborated further in future work of the
author constructing actions on p-ordinary Igusa varieties.

(3) The simplest and most opaque approach is to build the @;—action alge-
braically starting with the differential operator # and the g-expansion prin-
ciple; we explain this in Remark below.

1.2.11. The algebra action. Via p-adic Fourier theory, the action of ([/}; described
in Theorem [A] is equivalent to an action of Cont(Zyp, Zyp) on Viag,. This action
admits a particularly simple description on cuspidal g-expansions: f € Cont(Z,,Z,)
acts as multiplication by f(n) on the coefficient of ¢™ (cf. Theorem [[IT). As
remarked above, the existence of this algebra action was first established by Gouvea
[5l Corollary III.6.8], who interpreted it as a twisting measure.

From this perspective, the action of the monomial function z* is by the derivation
0% (recall § = qd%), and thus we may view our ((/};—action as interpolating the dif-

ferential operators @ into an algebra action. In Section Bl we adopt this perspective
to reinterpret some results of Katz [9] on two-variable Eisenstein measures.

Remark 1.2.12. In fact, we can construct the @;—action by applying the g-expansion
principle [9, 5.2] to complete the action of polynomials in 6 on Vi,¢, to an action of
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Cont(Z,,Z,). Note that polynomials are not dense Cont(Z,,, Z,), so the g-expansion
principle needed here says not just that the g-expansion map is injective, but also
that the cokernel is flat over Z,.

In order to use this method, one must first show that the operator 6 on ¢-
expansions preserves the space of p-adic modular forms (instead of deducing this
by differentiating the @;-action). One way this can be done is by showing it is the
effect on g-expansions of the differential operator dual to the image of w2, under
the Kodaira-Spencer isomorphism, which can be verified by a computation over C,
as explained by Katz [9, 5.8].

1.2.13. Ordinary p-adic modular forms. The action of Cont(Z,,Z,) interacts natu-
rally with the Z;‘-action on Vkat,, and thus we may view Vi, as a Z; -equivariant
quasi-coherent sheaf on the profinite set Z, (viewed as a formal scheme whose ring
of functions is Cont(Z,,Z,)). As Zj, is the space of characters of Gn, this viewpoint
is analogous to thinking of functions on Y., _.q in the global, archimedean setting
as Fourier series.

A straightforward computation with g-expansions implies that restriction induces
an isomorphism between the fiber at 0 € Z, of the subsheaf Vi, nhot of p-adic
modular functions with g-expansion holomorphic at all cusps and the space of
ordinary p-adic modular forms & la Hida. Note that the fiber at zero is the maximal
trivial quotient for the @;-actiom and ordinary modular forms are those such that
the corresponding p-adic Banach representation of GL2(Q,) admits a map to a
unitary principal series. Thus, our statement is a local, p-adic analog of the global,
archimedean statement that the global automorphic representation attached to a
classical modular form is globally induced if and only if its Fourier expansion has
a non-zero constant term.

We do not discuss this phenomenon further in the present work, but this charac-
terization of ordinary p-adic modular forms will play an important role in our study
of functions on Jcg as a natural space of p-adic automorphic forms in [6]. Moreover,
this perspective also leads to representation-theoretic proofs of Hida’s finiteness and
classicality results for ordinary p-adic modular forms, as will be explained in [6].

1.3. A remark on notation. Over a ring in which p is topologically nilpotent,
the formal group G, is equivalent to the p-divisible group ppe. In the introduction

so far we have only used the notation G,,, because we wanted to emphasize in our
discussion of the action that this is not a torsion group (e.g., the Z,-points are
1+ pZ,). In the remainder of the article, however, it will be convenient to prefer
the notation p,~ when we are speaking about p-divisible groups appearing, e.g.,
in a moduli problem, and to generally reserve the notation @; for when we are
discussing the action on Jkat,. This is especially convenient to avoid the oversized
notation

——

Gm

when discussing universal covers!

1.4. Outline. In Section[lwe collect some results on p-divisible groups that will be
needed in the rest of the paper. In Section Bl we study extensions of Q,/Z,, by fipee;
in particular, we introduce Kummer p-divisible groups (following a construction of
Katz-Mazur [12], 8.7]) and prove our generalization of Dwork’s formula 7 = log .
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In Section M we recall the Katz and Caraiani-Scholze moduli problems over the
ordinary locus, and explain the relation between them.

In Section B we construct the action of @; and prove Theorem[Al In Section[@we
compute the action on local expansions, and show that there is no global Serre-Tate
coordinate on Jkat, (dispelling some myths in the literature).

In Section [flwe explain how to obtain the algebra action of Cont(Z,, Z,) using p-
adic Fourier theory, and compare our construction to Gouvea’s original construction
of this algebra action. Finally, in Section [§] we explain an application to Eisenstein
measures and p-adic L-functions.

2. PRELIMINARIES ON p-DIVISIBLE GROUPS

In this section we collect some results on p-divisible groups that will be useful in
our construction. Our principal references are [15] and [I6]; we also provide some
complements.

For the proof Theorem [A] the most important result in this section is Lemma
25Tl It computes, for I a nilpotent divided powers ideal in a ring R where p is
nilpotent, the action of

Hom(Qp/ZMR/Ivﬂp‘x‘ |R/1)
on the Messing crystals evaluated on R.

2.1. p-divisible groups. Let R be a ring. A p-divisible group G of height h over
R is, following Tate [I8] 2.1], an inductive system

(Gi7 Li)ai Z 07

of finite and locally free group schemes G; of order p** over R equipped with closed
immersions ¢; : G; — G,y identifying G; with the kernel of multiplication by p’
on Gi+1.

Example 2.1.1.

(1) We write pipe for the inductive system (fi,i)i>0, where pi,n is the kernel of
multiplication by p™ on G,,, and the inclusion maps are the obvious ones;
it is a p-divisible group of height 1. When p is topologically nilpotent on R
we also write piyeo = ((/};, notation that will be explained below.

(2) We write Q,/Z, for the inductive system (1/p"Z,/Z,) with the obvious
inclusions; it is a p-divisible group of height 1.

Given a p-divisible group, each of the G; defines a presheaf in abelian groups on
Alg?, and we will also denote by G the presheaf colimG; so that

(2.1.1.1) G(S) = colimG;(S)

for S an R-algebra. With this notation, we have a canonical identification G;
=Gp']-

Remark 2.1.2. Note that the maps are injective as maps of presheaves, so that in
any faithful topology where the objects of Alg}’ are all quasi-compact (e.g. fppf),
@111 is also the colimit as sheaves by [I7, Lemma 7.17.5]. In particular, one
could instead define a p-divisible group as, e.g., an fppf sheaf satisfying certain
properties, as is often done in the literature. We prefer the given definition because
we will have occasion later on to consider finer topologies.
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Remark 2.1.3. We will usually consider p-divisible groups over a ring R where p is
nilpotent, or over an affine formal scheme SpfR where p is topologically nilpotent
in R. In the latter case, there are two natural ways one might try to define G(S) for
S a topological R-algebra: one could first algebraize to obtain a p-divisible group
over SpecR, then apply the definition above, or one could take the limit of G(S/1I)
where I runs over the ideals defining the topology on R. The latter is the correct
definition for our purpose. For example, if R = O¢, with the p-adic topology and
G= ((/};(: Kpes ), then, the second, correct, definition gives @;(R) =1+ m where
m is the maximal ideal in O¢, while the first, incorrect, definition gives only the
p-power roots of unity.

2.2. Formal neighborhoods and Lie algebras. For G a presheaf in abelian
groups on Alg?’, we define the formal neighborhood of the identity G by

G(S) = ker G(S) = G(5™9)
and the Lie algebra LieG by
LieG(S) = ker G(S[e]/€*) — G(S).

Note that, by definition LieG(S) = Lie@(S). We have the following important
structural result.

Theorem 2.2.1 ([I5, Theorems 3.3.13 and 3.3.18]). If G is a p-divisible group

over a ring R where p is nilpotent, then G is a formal Lie group and G is formally
smooth.

For a p-divisible group G, we will sometimes write G° (the connected component
of the identity in G) instead of G to lighten notation.

2.3. Universal covers. For any presheaf in abelian groups GG, we define
G:=lmGLG& ...
and its subfunctor
T,G =lim1 & Gp| & GpY ..

For A € Nilp} we will write an element of G( ) as a sequence (go,g1,...) such
that p(g;4+1) = g; for all i > 0; the elements of T},G are those such that go = 1. In
particular, we have an exact sequence of presheaves

1—>TpG—>(~?—>G
where the map G— Gis (90,915 --) — go-

When G is a p-divisible group, we call G the universal cover, following [16]. In
this case, we have the following lemma.
Lemma 2.3.1. If G is a p-divisible group,
(2.3.1.1) 1-T,6G—=G—1

is an exact sequence of sheaves in the fpgc topology.

Proof. We must verify that G — G is surjective as a map of fpqc sheaves. Note
that if G; = SpecR;, then G xa G[p"] is represented by Spec colimz>nRz, and the
inclusion R,, — colimR; is an fpqc cover. Given an S-point f : SpecS — G which
factors through G[p"] for some n, we find S = f*G is an fpqc cover of SpecS such
that f is in the image of G(S). O
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Remark 2.3.2. Exactness at the right in ([Z3.1.1]) typically fails in the fppf topol-
ogy. For example, if G = p,~ and R is finitely generated of characteristic p, then
fp=(R) = 1. Any fppf cover of such an R is by finitely generated rings of char-
acteristic p, thus fip is the trivial sheaf on the small fppf site of SpecR. On the
other hand, if R contains any nilpotents (e.g. R = k[e]/€?), then p,=(R) # 1, and
thus the map fi,o — ppeo is not surjective in the fppf topology.

2.3.3. Crystalline nature of the universal cover. Suppose Gy is a p-divisible group
over a ring R in which p is nilpotent, R’ — R is a nilpotent thickening, and G is a
lift of Gy to R'. Then, the reduction map

G(R') — Go(R)

is an isomorphism: the inverse sends (go, g1, - - -) to (g4, g}, - - .) where g/ is defined to
be p™(§;+n) for n sufficiently large and any lift §; 1, € G(S) of g;4n. These lifts exist
by the formal smoothness of Theorem 2.2.1] and the p™th multiple is independent
of this choice for n sufficiently large by a lemma of Drinfeld [11, Lemma 1.1.2].

2.4. The universal vector extension. For R in which p is nilpotent, and G/R
a p-divisible group, we denote by E(G) the universal vector extension of G,

l1—-wev - EG) —-G— 1

There is a natural map s¢ : G — E(G) sending (go,g1,...) € G(S) to p"g), for n
sufficiently large and g/, any lift of g, to E(G)(S); this is well-defined since wgv is
annihilated by the same power of p that annihilates R.

Remark 2.4.1. From the construction of the universal vector extension in [I5],
we find that E(G) is the push-out of the extension (Z3I1]) by the natural map
T,G — wgv sending z to x*% where we think of z as a map from GV to ((/};
Note that the map T,G — wgv factors through G[p™] for n sufficiently large (such
that p™ annihilates R and thus wgv), so that E(G) can be constructed as an fppf
pushout (avoiding issues with fpqc sheafification in showing the pushout exists).
These considerations lead to the following question: is there a natural topology
suitable for constructions such as in the previous remark involving 7,,G' and é, but

avoiding the set-theoretic issues of the fpqc topology?

2.4.2. Crystalline nature. If R’ — R is a nilpotent divided powers thickening, Gg
and H, are p-divisible groups over R, G and H are lifts of Gy and Hy, respectively,
to R, and ¢ : Gy — Hy is a morphism, then we obtain a morphism E(y)(R) :
E(Gy) — E(Hp) by the universality of E(Gy) (using that ¢*E(Hj) is a vector
extension of Gg). Messing [15, Theorem IV.2.2] shows that there is a functorial lift

E(G) 295, 5.
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By [16, Lemma 3.2.2], the following diagram commutes:

@

(2.4.2.1) G(R)) —=— Go(R) Hy(R) H(R')
l E(p)(R) l
sa E(Go)(R) ——=E(H)(R) sH
E(G)(R) B E(H)(R').

Passing to Lie algebras, we obtain a (nilpotent) crystal in locally free Ocpys-
modules D(Gj) whose value on a nilpotent divided powers thickening R’ — R is
LieE(GY) where G is any lift of Gy to R’. This vector bundle is equipped with
an integrable connection Veys, and the assignment Gy — (D(Go)(R'), Vearys) Is a
contravariant functor: given ¢ : Gy — Hp we obtain a map D(Hy) — D(Gy) from
the construction E(p"). A specific choice of a lift G gives rise to a Hodge filtration

0 — wg — LieE(GY) = D(G)(R') — LieGY — 0.

In the remainder of this article we will usually be working with a fixed lift G, thus
we avoid the notation D and prefer to write LieE(G") instead.

2.5. An important example. We now explain how to compute the maps in dia-
gram (Z42T)) when Gy = Q,/Z, and Hy = pipes.

For G = Q,/Z,, G= Qp. Then, E(G) = Q, x G,/Z,, where we have identified
GY with ppye and wgv with G, using the basis %, and Z, is included anti-diagonally,
i.e. by z — (z,—z). Here s¢ is the map a — (a,0).

For H = pip, E(H) = H, and sy is the map

fipee = fpeos (90,915 --) — Go.

A map from Q,/Z, to ppe~ over R is an element (go,g1,...) € Tpp-(R). Be-
cause Ty fipoe (R) C fipoe (R) = fipe (R') and the latter is a Q,-vector space, it induces
a map from Q, to f,~. If we write (g{, g1, ...) for the element of fip (R) lifting
(90s g1, - --) (i.e. the image of 1 € Q,), then the map

E(Q,/Z,)(R) 220, B(p, ) (R)

is induced by the map
Qp X Go(R") = ppee, (z,2) = @(2)0 - exp(z log(gp))-

Here we have written ¢ for the composition of the arrows at the top of the diagram
42T]) and the subscript 0 to denote its zeroth component. The exponential and
logarithm make sense because g(, is congruent to 1 mod the kernel I of R" — R,
which is a nilpotent divided powers ideal. Because exp(zlog(gy)) = (g)? for z € Zy,
we find that the map is zero on the anti-diagonally embedded Z,,. In particular, we
deduce the following lemma, which we will use in our verification of Theorem [Al

Lemma 2.5.1. Suppose (go,g1,--.) is an element of fipe(R) such that go = 1
mod I for a nilpotent divided powers ideal I C R. Then, the induced map

LieE(Q,/Z,) = G, - % — Gq - 10y = LicE(pp~)

is multiplication by log gg.
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2.6. Comparing the Gauss-Manin and crystalline connections. Let S be a
scheme where p is locally nilpotent, let 7 : A — S be an abelian scheme, and write
AV for the dual abelian scheme. We have the relative de Rham cohomology

Vir = R'7. /R
with Hodge filtration
0= ws — Vyg — LiedY — 0.
We also have the universal extension of E(A[p>®]Y) = E(AY [p™)),

1 — wa — E(A[p™]Y) = A[p™]Y — 1,
and the induced Hodge filtration on LieEA[p>]Y,
0 — wa — LieE(A[p>®]Y) — LiedY — 0

(note we have identified wa with w4y and LieAY with LieAY[p>°] = LieA[p>]¥
via the natural maps).

Now, Vgr is equipped with the Gauss-Manin connection Vgy, and LieAY [p®™] is
equipped with a connection V.ys via the crystalline nature of the universal vector
extension. The work of Mazur-Messing [I4] shows the following.

Theorem 2.6.1. There is a functorial isomorphism of filtered vector bundles with
connection

(LieE(A[p™]Y), Verys) = (Var, Vau)
inducing the identity on the associated graded bundles for the Hodge filtrations.
Proof. The identity between LieE(A[p™]") with its Hodge filtration as constructed
above and LieExtrig(A, G,,) follows from the discussion of [I4], 1.2.6]. The stated

isomorphism then follows from the results of [14] I1.1]; in particular, the functori-
ality follows from [I4], I1.1.6]. O

2.6.2. Connections and vector fields. In preparation for our application of Theorem
[2.6.1] we now recall the relation between some different perspectives on connections.
We write D = SpecZle]/€?, the dual numbers.

Given a vector bundle with connection (V, V) over S, and a vector field ¢, viewed
as a map

t:DxS— 85,
we obtain an isomorphism of vector bundles on D x §
Vi :t"Var — 0" Var
where 0 is the zero vector field. It will be useful to make this isomorphism explicit
when S = SpecR and M is the R-module of sections of V' over SpecR. Then the
map t is given by
at : R — RJe]
r 1+ dr(t)e
and the zero section is given by
ag : R — R[e]
T T,
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The isomorphism V; is then given in coordinates by
(2.6.2.1) Vi : R[] ®q, M — Rle] Q4 M,
(2.6.2.2) 1@m—=1@m+e® Vi(m)

where by abuse of notation we have also written V; for the derivation M — M
associated to t by V.

2.7. Serre-Tate lifting theory. For R aring in which p is nilpotent, and Ry=R/I
for I a nilpotent ideal, let
Def(R, RQ)
be the category of triples
(EO> G7 6)
where Ey/Ry is an elliptic curve, G is a p-divisible group, and € : G|g, — Eo[p*°]
is an isomorphism.

We denote by Ell(R) the category of elliptic curves over R. There is a natural
functor from Ell(R) to Def(R, Ry)

(2.7.0.1) E— (Eg,, E[p™],er)
where eg is the canonical isomorphism
E[p=]r, = ERo[p™]-
The following result is due to Serre-Tate; cf. [11, Theorem 1.2.1].
Theorem 2.7.1. The functor 22L0T]) is an equivalence of categories.

3. EXTENSIONS OF Q,/Z, BY pipe

In this section we study extensions of Q,/Z, by pp-. In particular, we recall a
construction from [12] 8.7] of extensions which we call Kummer p-divisible groups,
and prove our generalization of Dwork’s equation 7 = log ¢ (Theorem B3] below).

3.1. The canonical trivialization. Suppose given an extension of p-divisible
groups

Eil = pipe -G —Qp/Zy — 1
over a scheme S where p is locally nilpotent. The inclusion p,~ — G induces an
isomorphism wg = Wy, ., and we denote by wean the image of % in wg. The map
G — Q,/Z, induces an injection

LieE ((Qp/Zp)") = LieE(pp= ) = Liepy — LieE(GY).
The image is the unit root filtration, which splits the Hodge filtration; we write

Ucan for the image of td; € Lieuye in LieE(GY).
We thus obtain a trivialization

(3.1.0.1) LieE(GY) = Gy - wean X Gy - Ucan

where the first term spans the Hodge filtration and the second the unit root filtra-
tion. The elements t0; and % are flat for the connections on LieE ((Q,/Z,)") and
LieE(po ), respectively, and thus we find that in the basis (B.L0I]), Verys is lower
nilpotent, i.e.

vcrys(wcam) € Ucan - Qs, vcrys(tat) =0.
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In particular, the extension £ determines a differential form

vc1rys (wcan)

Ucan

dre = € Ng.

The notation is a slight abuse, as in general there is no function 7¢ in O(S) whose
differential is equal to d7¢; nevertheless, as we will see below, it is natural to think
of this as the differential of Dwork’s divided powers coordinate 7.

3.2. Kummer p-divisible groups. For R a ring and ¢ € R*, we will construct
an extension of p-divisible groups over SpecR,

gl = ppe = Gg = Qp/Z, — 1.

We call the extensions &, arising from this construction Kummer p-divisible groups
(for reasons explained below in Remark B25]). This construction is due to Katz-
Mazur [12, 8.7] (who work in the univeral case over Z[q, ¢~ !]), but because it will
be useful later we give the details and some complements below.

We first consider the fppf sheaf in groups

Roots, C G, x Z[1/p]

consisting of pairs (z,m) such that for k sufficiently large, 2P = qpkm.

Projection to the second component gives a natural map Roots, — Z[1/p]. The
kernel is identified with p,~, and the projection admits a canonical section over Z
by 1+ (g,1). We consider the quotient by the image of this section

G, = Roots, /Z.
Lemma 3.2.1. G, is a p-divisible group, and the maps
tpes — Roots, and Roots, — Z[1/p]
induce the structure of an extension
Eq i1 = ppee = Gy[p™] = Qp/Zy — 1.

Proof. If we let Roots; be the subsheaf of Roots, of elements (x,m) with m €
Z[1/p],0 < m < 1, then the group law induces an isomorphism

Roots;, x Z — Roots,.

Thus, Roots; as a sheaf of sets is isomorphic to Roots,/Z, and for A an R-algebra

with SpecA connected,
Gq(A) = Roots,(A)/(q,1)"

and any element of G,(A) has a unique representative of the form (z, m) € Roots, (A4)
with 0 < m < 1. Such an element is p*-torsion if and only if m € 1/p*Z and
P - qpkm. In particular, we find that Gy = colimG, [p*]. Moreover, multiplica-
tion by p is an epimorphism because taking a pth root of = gives an fppf cover.
Thus, to see that G, is a p-divisible group, it remains only to see that Gy[p] is a
finite flat group scheme. In fact, for any k, our description of elements shows that
G4[p"] is represented by

| | SpecRlz]/(a"" — ¢,

0<a<pk-1
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with multiplication given by “carrying”, i.e. for x; a root of ¢** and x5 a root of
q®2, in the group structure

1T as a root of ¢ if a1 4+ as < p*,
Ty X2 = k.
T1T2/q  as aroot of g2 P if a1 + ap > pF.

This is a finite flat group scheme.
Finally, the extension structure is clear from definition. ]

Remark 3.2.2. Let Roots, r, C Roots, be the elements (z,m) such that p*m € Z
and z¢" = ¢?"™ so that Roots, z/Z = G4[p¥]. We have a natural pairing

Rootsy r X Rootsg—1 j — ppk
given by ((g,a), (h,b)) = gP"PhP" e, which induces a perfect pairing
Gylp"] x Gq71[pk] — [k -

It realizes an isomorphism of extensions

EY &,
Note that at the level of groups Gy, = G,-1; the extension structures &; and &,
differ by composition with an inverse on either Q,/Z, or .

Example 3.2.3. The following three examples will be useful later on:

(1) For the Tate curve Tate(q) over Z((q)), Tate(q)[p™] = G4[p>] ([12, 8.8]).
(2) For A an Artin local ring with perfect residue field k of characteristic p, any

lift of the trivial extension ppe x Q,/Z, over k to A is uniquely isomorphic

1 is the Serre-Tate coordinate of the

to &, for a unique ¢ € G (A4), and ¢~
lift (cf. Remark below).
(3) The formation of £, commutes with base change. In particular, there is a

universal Kummer p-divisible group,
gQuniv /Gm,Z = SpG‘CZ[qfnliv}7

so that for any ¢ € R*, &;/SpecR is given via pullback of £
the map SpecR — G, given by ¢ € R* = G,,(R).

through

univ

Remark 3.2.4. Over a general R, not every extension of Q,/Z, by pp- is a Kummer
p-divisible group, and for those which are, there may not be a canonical choice of ¢
as in the Artin local case. In particular, the extension given by the p-divisible group
of the universal trivialized elliptic curve over VKatz F, 18 not a Kummer p-divisible
group, as we explain in below.

Remark 3.2.5. For any k > 0, consider the Kummer sequence

k
P

1= ppr = Gy —— Gy, — 1.
We may take the pull-back by
Z— Gy, 1—gq
to obtain an extension
1 — pir — p¥ — Roots, — Z — 1.
Equivalently, this extension is the image of ¢ under the coboundary map
Gm(R) — Hg, ¢ (SpecR, piyn) = Ext'(Z, p,n).
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There is a natural map
Pk — Roots, — Roots,.

Indeed, an element of p* — Roots, is a pair (z,a) € G,,, x Z such that 2P = q%,

and this is mapped to the pair
(z,a/p*) € Gy x Z[1/p]

which lies in Roots,. This is an isomorphism of pF — Roots, onto its image, which
consists of all (z,m) such that m € %7 and o = qpkm — this is what we denoted
by Rootsy ; in Remark [3.2.21 In particular, the map Roots, — G, induces an
isomorphism

p* — Roots,/(q,p")* = Gy[p¥].
It is for this reason that we refer to £, as a Kummer p-divisible group.

Note that there are also natural maps between the Kummer sequences as k varies
inducing the obvious inclusions as subfunctors of Roots,, and we find

Roots, = colimgp® — Roots,.

To construct Gy we can also take the colimit already at the level of the Kummer
sequences. If we do so, we obtain the (exact) exponential sequence

Eexp © 1= fpee — Gy — colim (Gm 220 Gy 22 ) — 1.

There is a map
a:7— G,

sending 1 to ¢ which extends uniquely to a map

ai/p : Z[1/p] = colim (Gm T2 Gy 22 ) .

Then, essentially by definition, o} /pgexp is the extension
1 — pipee — Roots, — Z[1/p] — 1.
The map a x Id : Z — Gy, x Z[1/p] factors through a7, Eexp and we find
&g = ajjp€exp/a x IA(Z).

Remark 3.2.6. In this remark we explain a third construction of G, and the con-
nection to Serre-Tate coordinates. Consider the extension

(3.2.6.1) 1—-Z—Z[1/p| - Q,/Z, — 1.
We obtain an extension of Q,/Z, by G,,, Aq, as the push-out of B2.6.1) by
(3.2.6.2) Z— G, 1—q L

We claim there is a natural isomorphism G, = A4[p™] respecting the extension
structure. To see this, note that the push-out A, is constructed as the quotient of
Gy X Z[1/p] by the subgroup generated by (g,1). Then, the p>-torsion is just the
image of Roots, in Ay, as desired.

We note that if ¢ € ((/}; (R), then taking the push-out and passing to p™ torsion
is equivalent to just taking the pushout under (B22.6.2) viewed as a map to Gm.
Thus, when restricted to ¢ € ((Eﬂ\1 (R) for Artin local R with perfect residue field,
our construction gives the extension of Q,/Z, by ppe with Serre-Tate coordinate
g~ (cf. [15, Appendix 2.4-2.5]).
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We will need the following result on maps between Kummer p-divisible groups.

Lemma 3.2.7. Isomorphisms £, — &, are identified with the fiber above ¢'/q for
the map

G,, — G,,

sending (zg,x1,...) to xg.

Proof. Let t = ¢'/q. Suppose given a compatible system of roots t'/?" of t. We
obtain an isomorphism between G[p"] and G/ [p"] respecting the extension struc-
ture by sending an element (a, k/p") to (at*/P" k/p™), and these are compatible
for varying n.

Conversely, given an isomorphism 1 : G4[p™] — G [p™] compatible with the
extension structures, if we restrict to ¢, : G4[p"] — G [p"], then for any (a, 1/p") €
G,[p"], ¥(a,1/p™) = (a’,1/p") for a’ such that a’?" = ¢/, and a’/a is the p™th root
of ¢ that is independent of a because two choices of a differ by an element of pi,n;
it thus comes from an element of R*, and the isomorphism at level p™ is as above;
the roots oti_z\f/ chosen by varying the level then must also be compatible, giving an
element of G,, mapping to t. |

3.3. Dwork’s equation 7 = logg. The universal deformation of pp~ x Q,/Z),
over Fp,, Guniv/SpfW (F,)][[t]], is canonically an extension

E 11— ppo = Guniv = Qp/Z, — 1.

Because W (F,)[[t]] is pro-Artin local, & = &,, for a unique ¢ = 1 mod (t,p),
and ¢~! is the Serre-Tate coordinate (cf. Example BZ3H(2) and Remark B.2.6).
The W(F,) point ., with ¢ = 1 parameterizes the unique split lift to W (F,),
the canonical lifting, and we can extend the canonical basis wean|x.., ;s Ucan|z.., Of
E(G)|s.,, at this point to a flat basis over the divided powers envelope of Z¢a, (the
extension of Ucan |z, 1S just Ucan itself, but weapn is not flat so the flat extension of
Wean|zeay 18 DOt equal t0 wean). The position of the Hodge filtration with respect
to this basis then defines a divided powers function 7, and a conjecture of Dwork
proven by Katz [11] states?
r=logq L.
As observed by Katz [§], this is equivalent to computing, in the language of 3]

dre, = dlog gt

We now give a simple proof of this result by using a very ramified base-change to
split £;. The result is valid for any Kummer p-divisible group.

Theorem 3.3.1. For S a scheme on which p is locally nilpotent and
q € GnLh(S)=0(9%,
we have
1 dg

dre, = —dlogq=dlogq™" = ——.
q

2Recall from Remark that the Serre-Tate coordinate of &4 is ¢ 1!
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Proof. By reduction to the universal case, it suffices to prove this for &; over
S =Gy z/pnz = SpecZ/p"Z[g*"].
dq

In this case, Qg is free with basis dlogq = e thus it suffices to show that

Verys,qa, (dTe,) = —1.
The vector field gdq, thought of as a map
t:DxS—S

is given by the map of rings

R — R[e]/€%, ¢ — (1 +¢€)q,
and we can compute the isomorphism

t*LieE(Gg) — O*LieE(G,\;)
induced by Vrys as follows:

First, we observe that t*€; = £14.¢), and 0*°&, = &;, where ¢ is thought of as an
element of R[e], and under these identifications the isomorphism

0*¢, mod e = t*E, mod €
is identified with the canonical isomorphism
(3.3.1.1) & mode=E14e, mode

given by (14 ¢€)g=¢ mod e.
Thus, using the description of 2.6.2] it suffices to show that the induced map

(3.3.1.2) Verys,qd, LieE(G(V1+€)q) — LieE(G;/)
is given in the canonical bases by
1 0
1—¢ 1

(3.3.1.3)

It suffices to verify this after flat base change, so we may adjoin roots ¢*/?” and
(1 +€)'/P™ to obtain a ring Ra./(R[e]/€?).

Over R., the maps 1/p" — ¢*/P" and 1/p® — (1 + €)/P"¢'/?" split &, and
E(1+e)q- In these trivializations, the canonical isomorphism [B.3.1.) is identified
with the map

ppee X Qp/Zp = pipee X Qp/Zy

given by
I (T4+e L (Q+e7Vr,. )
mod e.
0 1
The transpose map
GE/1+6)q - G<\1/
is identified with
1 0
mod e,

L+, A+ 1r,.) 1

and using Theorem [6.2.1] we concluded that over R, in the canonical bases the

map B3T2) is given by B313)), as desired. O
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4. MODULI PROBLEMS FOR ORDINARY ELLIPTIC CURVES

In this section, we discuss various moduli problems for ordinary elliptic curves
over a base S where p is locally nilpotent.

4.1. Level structures.

4.1.1. Prime-to-p level structure. For T a topological space, we write T for the
functor on Sch sending S to Cont(|S|,T), where |S| denotes the topological space
underlying S.

Given an elliptic curve E/S over a scheme S, we define the prime-to-p Tate
module

T, F = lim E|n],
Z(P) (n,p)=1 []

as a functor on Sch/S, where the transition map from E[n'] to E[n] for n|n’ is
multiplication by n’/n. The transition maps are affine, so the prime-to-p Tate
module is representable. We define the adelic prime-to-p Tate module as the sheaf
on SZar

VAECP)E = Ti(P)E ®7 Q.

The prime-to-p Tate module is functorial for quasi-p-isogenies, and the prime-to-p
adelic Tate module is functorial for quasi-isogenies.
An integral prime-to-p infinite level structure on F is a trivialization

N2
Y50 Tgm B — (Z(p)) .

An rational prime-to-p infinite level structure on F is a trivialization
~ (A®)
(pA;p) :VAicp)E — (Af ) .

The degree of a rational prime-to-p infinite level structure is the index
5
[@A;m (T E) (Z P ) ] :

4.1.2. Structures at p. If R is a ring in which p is nilpotent, and E/SpecR is an
elliptic curve, we will consider the following presheaves on Nilp§}:

(1) The p-divisible group
E[p] := colimE[p"].
(2) The formal group E = E[p>°]° (as defined already in ZJ).

(3) The universal cover of E[p*],

—~—

E[p>] := li;nE[poo]

(as defined already in 23]).

The formal group and p-divisible group of E are functorial with respect to quasi-
prime-to-p-isogenies of E, and the universal cover of E[p>°] is functorial with respect
to quasi-isogenies of F.

4.1.3. Katz level structure at p. A Katz level structure on E[p*] is a trivialization

Dp E[p>]° = Hpee -



208 SEAN HOWE

4.1.4. Infinite level structure at p. An integral ordinary infinite level structure on
E[p™>] is a trivialization

op : E[p™] = ppee X Qp/Zy.

A rational ordinary infinite level structure on E[p®] is a trivialization

¢p : Blp>®] = jfip= x Q, (: Hpoe X QP/ZP> .
The degree of a rational ordinary infinite level structure is the degree of the corre-

sponding quasi-isogeny E[p™] — ppee X Qp/Z,,.

4.2. Polarization and the Weil pairing. Our moduli problems will need to
take into account a polarization, so we first recall some notation. For R a ring in
which p is nilpotent and E/SpecR an elliptic curve, the p™-Weil pairing is a perfect
anti-symmetric pairing

et Ep"] x Ep"] = pipn.

It induces an anti-symmetric Q,-bilinear pairing

eg : E[p>™] x E[p>®] = [y

given by
ee((ar), (br)) = (ck)

where

¢k = (et p(ai b))
for i +j =s+t+k and ¢ large enough that a;,b; € E[p'] so that the right-hand
side is defined.

Lemma 4.2.1. If f : E — E’ is an isogeny or quasi-prime-to-p isogeny, then

* _ degf
repn mr =€,
If f is a quasi-isogeny,

~ ~d
f*eE/ = Eegf.

Proof. The first equation for isogenies is a well-known property of the Weil pairing,
and the second equation for isogenies is then immediate from the definition of €.
Once the isogeny statements are established, the quasi-isogeny statements follow as
raising to a prime-to-p integer power is invertible on p,» and raising to any integer
power is invertible on fi,e. O

In particular, we note that the p™ Weil pairings e,» are functorial in degree one
quasi-prime-to-p-isogenies of F, and the universal cover Weil pairing ¢ is functorial
in degree one quasi-isogenies of E.

Below we will also consider the standard pairing

(4.2.1.1) (Vstd © (ftpre X Qp)% = fipme, (1, 22), (Y1, Y2))sta = TY2y; 2.
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4.3. The Igusa moduli problem of Caraiani-Scholze. The Igusa moduli prob-
lem of Caraiani-Scholze [I] classifies, for SpecR € Nilp%i the set of triples

(Ea Pps @A;P))

where E/R is an elliptic curve up to isogeny, ¢, is a rational ordinary infinite level
structure on E[p™], and ¢ ,(» 18 a rational infinite] prime-to-p level structure.
¢

4.3.1. Representability. By work of Caraiani-Scholze [I], this moduli problem is
represented by an affine p-adic formal scheme over Z,,

Jcs = SpfVgs.

The ring Vg is flat over Z,; indeed, it is the Witt vectors of a perfect ring over
F,. For the finite level variant this follows from [I, p.718] (who work over W (F,,)
instead of Zj,, but this is not necessary here). Their argument applies equally well
to the infinite level at p by taking the Witt lift of the perfect ring representing the
corresponding mod p moduli problem, which is just the colimit of the perfect rings
representing the finite level moduli problems (equivalently, one takes the colimit of
the Witt lifts of these and then p-adically completes).

Remark 4.3.2. We will explain the construction of Vog in more detail from a clas-
sical perspective below.

4.3.3. A polarized variant. For our purposes, we will also need the polarized variant
of this moduli problem. To state it, we first observe that for any triple (£, ¢p, ¢, )
f

as above, we can choose a representative for the isogeny class of E' such that ¢,
and ¢, » are both degree one, and that such a representative is determined up to
f

degree one quasi-isogeny. Because the Weil pairing of an elliptic curve is preserved
under degree one quasi-isogeny, we obtain a well-defined Weil pairing €(g . )
A
¥

on E[p>]. The polarized moduli problem then parameterizes triples as above where
we additionally require that

(@;1)*g(E,g0p,LpA(p)) = <7 >std
°f

where (,)stq is the pairing defined in (£2I11). The polarized moduli problem is
represented by a closed formal subscheme J&g = SpfVig C Jcs.

4.3.4. A p-integral version. The corresponding p-integral moduli problem where F
is an elliptic curve up to quasi-prime-to-p-isogeny and ¢, is an integral ordinary
infinite level structure is equivalent to the rational moduli problem via the natural
inclusion, and thus is also represented by Jcg (cf., e.g., [I, Lemma 4.3.10]). Simi-
larly, there is an equivalent p-integral formulation of the polarized moduli problem.

3Caraiani-Scholze work with finite prime-to-p level structure but passing to the infinite level
away from p poses no serious difficulties.
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4.4. The Igusa moduli problem of Katz. The Igusa moduli problem of Katz
classifies for SpecR € Nilpcz’i the set of triples

(B, 8pr 0,0)
where E/R is an elliptic curve up to quasi-prime-to-p-isogeny,
Pp : E[p™]° = ppe (equivalently, @, : EZ> ((/};)
is a Katz level structure, and ¢ AP is a rational infinitd] prime-to-p level structure.
4.4.1. Representability. By work of Katz [8] this moduli problem is represented by
an affine p-adic formal scheme over Z,
JKatz = SPfVKats-

The ring Vka, is flat over Z,,. It is the p-adic completion of the colimit of p-adically
complete rings representing the moduli problem parameterizing arithmetic I'y (p™)
structure at p and finite level structure away from p (over all n and all finite levels).

4.4.2. A polarized lift. Given a triple (E,$p, ¢, ) as above, we may choose a
f
representative for £ such that ¢, ) is of degree one, and such a triple is unique
¥

up to degree one quasi-prime-to-p-isogeny of . Thus we obtain for each n a well-
defined Weil pairing e(g ., (py),m O1 E[p"™], and this induces a pairing

A

¥

(B, )n + EP"° < E[p"]/EP"]" = ppn.
¥
Using this pairing, @, induces an isomorphism
@f;t : E[poo]/E[Poo}o = QP/ZP
uniquely determined by the condition that, for each n,

(@) (0 () (™) T,

(EWA;;J) )n

We can rephrase this by saying that Jka.t, also represents the moduli problem
classifying quadruples

(E> @IM 90;6)2 wA;P>)
where E and ¢ A(p) A€ as above,
i
Pp  E[p™]° = ppe and ¢S 1 E[p™]/E[p™]° = Qp/Zy
are isomorphisms, and the pairing
i X Qp — iy

induced by €., ) @p, and gpfgt is given by
A
f

(a,b) — a®.
Remark 4.4.3. We note that to give the data ¢, and gaff is equivalent to equipping
E[p] with the structure of an extension
(4431) EE[pm]7¢p7¢gt 1= Ppoo —> E[poo] — Qp/Zp — 1.

4Katz works with specific finite prime-to-p level structures, but passing to infinite level away
from p poses no serious difficulties.
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4.5. Group actions.
4.5.1. Automorphism groups at p. We consider the twisted Borel By, the presheaf
on Nilp%i defined by

By(R) := Aut ((frp x Qp) ) -
Because there are no non-zero maps from fi, to Q, and Hom(Q,, fipe) = fpo,
we can write this as the matrix group

Q@ mr
0 Q

We write M, for the diagonal subgroup, and U, = fi,= for the unipotent subgroup.
We write det : B, — Q, for the product of the diagonal entries.

B, =

We also consider the integral variants

7X  Typpes
By = Aut (upee x Qp/Zp) = — pﬂf C By,
Ly
My = Aut(ppo) x Aut(Qy,/Zy,) C My,
Uy = Hom(Qy/Zy, pip=) = Typipes C Up.

4.5.2. Moduli action on Jos and J&g. We write G = GLg(AEfJ)). Composition

with the level structures gives an action of B, x G on Jcg.

We would like to understand the subgroup preserving jlcs: first, it is a straight-
forward computation to check that the Weil pairing constructed above transforms
via the character

detur : By x GP) = Q) (by) x (ge)ezp = |det(by)] - T [det(ge)le-
L#p

On the other hand, the standard pairing (, )sta on iy X Q) transforms via

dety, : B, x G — QX (by) x (ge)ep > det(by).

Thus, writing det = dety, - det,, (whose image is contained in Zy ), we find that the
group T

1 —
(Bp X G(p)) := ker det
is the stabilizer of J¢g.

4.5.3. p-integal moduli action of the unipotent subgroup. It will be useful for com-
putations with the crystalline connection for us to have a more explicit description
of the action of U, on the p-integral moduli problem represented by Jcg. We give
such a description now; the key point is that any unipotent automorphism of the
universal cover lifts a unipotent automorphism of the p-divisible group pip X Q,/Z,,
modulo a nilpotent ideal.

Let u € Up(R) = fip= (R), and = € Jcg(R). Write u = ((x) € fip= (R) and let I
be any nilpotent ideal of R containing (; — 1. Then,

v modI=(1,{ modI,{» modl,...)



212 SEAN HOWE

is an element of U, (R/I). Now, if (E, ¢, @A;p)) is a triple corresponding to x under

the p-integral moduli interpretation then

/ / /
u-xr = (E ,SﬁpaQOA}P)>
where E’ is the Serre-Tate lift from R/I to R of Er,; determined by the isomor-
phism
(u mod I)o(¢p)r/r: Eryrlp™] = (pp= X Qp/Zp) g1,
¢}, is the natural isomorphism
SO; DE P ppee X Qp/Zy
and @j&(m is the unique lift of @A;p)|R/I from Egr,; = Eﬁ%/] to B'.
¢

4.5.4. Moduli action on Jkat,. The first moduli interpretation of Jka¢, leads to an
action of Z x G®), where here Z, = Aut(pp). The second moduli interpretation

leads to an action of
(M;; X G(P))l = ker (T&|Msxg<p).
These two actions are identified through the isomorphism
7Y x G® = (M;)’ X G(p))l
given by the assignment -

a 0
ax (ge)estp — ) < (90)esp-
0 a [y, ldet(ge)ly !

4.5.5. Moduli problems with finite prime-to-p level. If KP C GLg(AEf’)) is a compact
open, then we may choose a lattice £ stabilized by K?, and N such that

K? C Ky = ker GL(L) — GL(L/NL).

We may then consider the moduli problems where the prime-to-p a KP orbit
of trivializations ¢, , or, what is equivalent (and easier to define precisely), a
f

KP /K n-orbit of trivializations

These finite prime-to-p level moduli problems are also representable, and the
infinite prime-to-p level moduli problems are the inverse limit over these. Because
the corresponding covers are finite étale, we find that the Katz (resp. Caraiani-
Scholze, resp. polarized Caraiani-Scholze) moduli problem with finite prime-to-p

level K? is represented by the ring VE,, (resp. VES | resp. (VICS)KP).
Example 4.5.6. If 'y (V) denotes the subgroup of GLs (2@)) congruent to

1 =
0 =

mod N

then we find Spr%a(t]ZV) represents the moduli problem classifying over R the triples

(E,, P) where E is an elliptic curve over R, @ : E ~» G, and P € E[N](R) is
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a point of (fiberwise) exact order N. This is the moduli problem most commonly
considered in the literature on p-adic modular forms.

4.6. First presentation of Jk,i, as a quotient. Recall from above that Jcg has
a p-integral moduli interpretation as parameterizing triples

(E, Pp> @Ay’))

where E is an elliptic curve up to quasi-prime-to-p-isogeny, ¢, is integral ordi-
nary infinite level structure on E[p>], and ¢, () is rational infinite prime-to-p level
f

structure. Then there is a natural projection map to Jkay, given by
(E, Pps ‘PA;JJ)) - (E, @pa SDA;”)
where @, is the isomorphism induced by ¢, after restriction:

—— ¢l

ELPOO] — (M%" X QP/ZP) = Hpoe.
It can be verified that this map is an fpqc torsor for the action of
]. Tp‘Ll,poo
0 Z;j

o
C BS

on Jeg (cf. Lemma BTl below). Thus, Jkat, is an fpqce quotient of Jeg for this
group action, and we obtain a residual action of the quotient of the normalizer of
this group in B, x G? by the group itself. This induces the action of Z; x G®)
given by the first moduli interpretation of Jka,, but nothing further.

The surprising observation that allows us to construct our @;—action on Jgatz 1S
that, if we restrict this projection map to Jés, then the normalizer grows, and we

obtain a non-trivial residual action from the unipotent part [j'p. We describe this
in the next section.

5. THE G,,-ACTION

5.1. Second presentation of Jk,;, as a quotient. If we restrict the projection
to Jlg, then in terms of the second moduli interpretation of Jkat,, it is given by

(E, ¢p, QOA(fP)) = (E, ®p, szé)t’ ‘PA(fP))
where @, is as described above in and <p§t is induced by
o ®
Ep™]/E[p>]° =5 (up= X Qp/Zp) [ pipe = Qp/Zy.

The content of this statement is simply that the pairings used to define TJ};S and
the polarized lifting of L.4.2] are compatible. We then have the following.

Lemma 5.1.1. The projection map w : j%:s — JKatz 1S an fpqc torsor for the action
of Ug on Jég-

Proof. We first show the map is surjective: given
(E7 @pa Soléytv @A(fp)) S jKatz (R)
consider the induced extension

1 = fipe = E[p™] = Q,/Z, — 1.
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We must find an fpqc extension of R where this extension is split. This is given by
the fiber of

T,E — Ty (Qp/Zy) = Zy

over 1 € Z,, where there is a canonical splitting (recall T,E = Hom(Q,,/Z,,, E[p*])).
Indeed, this fiber is the inverse limit of the fibers of E[p"] over 1/p"™ € Q,/Z,, each
of which is finite flat over R (as a clopen subscheme of E[p"] that surjects onto R).
The inverse limit is pro-finite-flat, and thus, in particular, an fpqc cover.

To see that the map is a torsor, we first observe that from the definition of the
action it is clear that U, preserves the projection. Moreover, any two pre-images
correspond to two different splittings, and thus differ by an element of U,,. Finally,
the action of Uy is faithful because the data away from p already rigidifies the
moduli problem. |

5.2. Residual action on the quotient. We write N(U;) for the normalizer of

U, in (Bp X G(p))l. As a consequence of Lemma [B.1.1] which presents Jxai, as a
quotient of J¢g by Uy, we find that N(U;)/U];j acts on Jxaty.

Writing out the matrix presentation, we see that N(Uy) is the subgroup of
elements

a b
g= x g € B, x G
0 c

such that |a|, = |¢|, and &gc(g) = 1. This subgroup is isomorphic to
i % (25 x P x G
via the map

a k u
w ((@,0") < (g0)esp) o | % (90)et-

0 a'p* Hz;ep Idet(gz)|21
Thus,
N(U)/Us =G ¢ (2 x p* % GP))

where here we have used that fipe /Tpipe = fipo = G-

In particular, we obtain an action of the subgroup ((/}; , that is, the titular “unipo-
tent circle action” on Jkat,. Comparing with 5.4l we see that the action of the
subgroup Z; x G agrees with the standard moduli action on Jkat,, and thus

we immediately obtain the compatibility between the ((/};—action and the standard
moduli action described in Theorem [Al

Remark 5.2.1. The subgroup p” acts as powers of the classical diamond operator
at p. Similarly, we obtain the Hecke operator U, and the canonical Frobenius lift
from the Hecke action of diag(p, 1) and diag(1,p).
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5.3. Differentiating the action. We have now constructed the ((/};—action and
proved the desired compatibility with the standard moduli action on Jgkat,. To
complete the proof of Theorem [Al we must prove a claim about the derivative of
the (/};—action. We recall the setup now:

We consider the action map

—

Gm X jKatz — jKatz-

To differentiate it, we compose with the tangent vector t0; at the identity in ((/};
The latter is given by a map D — G,,, which in coordinates is

Lot — Zple] /e, t 1 + e

Thus, the composition of the action map with t0; gives a vector field on Jkas,
described as a map
tu : D x 3Ka»tz — jKatz-
On the other hand, we have the universal extension
Euniv [P°°],Buniv, 0%, 1= pipoe = Euniv[p™] = Qp/Zp — 1
(cf. @Z3I)), and, as explained in B this extension gives rise to a differential
dr € Qjy.,,,- To complete our proof of Theorem [A] we show the following theorem.

Theorem 5.3.1. Notation as above,
dr(ty) = 1.

Proof. Tt suffices to work over Z/p™ for arbitrary n. We abbreviate S = Jxats|z/pn
and R = Vkat,/p™ so that S = SpecR. We write 7 : E — S for the universal elliptic
curve up to prime-to-p-isogeny over S and @, ¢t for the universal trivializations of
E and E[p™|/E.
We recall the definition of dr (mod p™): we have the canonical extension
Eppel,zpet - L= tpo = EpT] = Qp/Z, — 1

and the induced trivialization wean, %can 0f the vector bundle LieE(E[p*]) with
connection Vrys. Then d7 is defined by the equation

Verys(Wean) = UcandT.
As in[26.2] we write Veyys s, for the isomorphism
t*LieE(E[p™]) = 0*LieE(E[p™])
over D x S induced by Vpys. In light of (Z6.2.), it suffices to show that
(5.3.1.1) Verys tu (Wean) = Wean + € - Ucan-

Now, we have that t, = (1 +¢€)-0 via the Gym-action, where we view the tangent
vectors t, and 0 as Rle]-points of S and (1 + €) as an R[e]-point of G,,. Writing

(Eo, §o, ¢ o)
for the quadruple classified by 0 and
(B, s 05 )
for the quadruple classified by t,, we have
(5.3.1.2) (1+€) - (Eo, Po, 0§ @0) = (Bus Pu, 055, ).
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In particular, Vipys ¢, is identified with the Messing isomorphism
LieE (B, [p™]") = LieE(Eo[p™]")
induced by the isomorphism
FE, mode=FE; mode

given by 1 + e =1 mod € and (B312).
To compute this, we pass to the flat cover

Seo = Spec (Vés/p”) [e, (1 + e)l/pw]/GQ.

Over (Vlc s/ p”) [¢] and thus over S., we have a canonical splitting of Eg, e 5,0t
which gives an isomorphism

©o : Eo[poo}Roo —N—> Gm X QP/ZP'
If we let
1 (146 (1+e)r..)
ge = € Up(Soo),
0 1
our description of the unipotent action in[£5.3] then shows that over S, F is the
Serre-Tate lift to S, corresponding to the isomorphism

ge © Yo - EO|Soo/e[poo} — Gm X Qp/Zp~

Thus, the Messing isomorphism in the canonical basis is identified over S, with
the map

LieE(Q,/Z, x Gp,) — LieE(Q,/Zy x G,
induced by gf. If we write this in the canonical basis we get a map

Ga% x Got0y — Ga% x G4t0y,

and, by Lemma [Z.5.1] it is given by
1 0
e 1

By construction, these bases are identified with the bases wean, Ucan, and thus we
obtain equation (B:3.11]), concluding the proof. O

6. LOCAL EXPANSIONS

In this section we compute the @m—action on Serre-Tate ordinary and cuspidal
g-expansions (i.e. on the formal neighborhood of an E—point of Jkat, and on the
punctured formal neighborhood of a cusp). In both cases, the action is given by
a simple multiplication of the canonical coordinate (cf. Corollaries and
below for precise statements).

In fact, both computations are special cases of a more general statement, The-
orem below, which computes the action on a point whenever the associated
p-divisible group is a Kummer p-divisible group (as defined in B.2).

The statement of Theorem begs the question: is the p-divisible group of
the universal elliptic curve over Jgat, (with its extension structure) a Kummer p-
divisible group? Indeed, one can find claims that the local Serre-Tate coordinates
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extend to a function ¢ on Jka,,, which would imply this group was Kummer. How-
ever, these claims are flawed, and indeed the universal extension is not Kummer;
we take a brief detour in to dispel these myths.

6.1. Another moduli interpretation for Jk,,. To state our general compu-
tation cleanly, we introduce a third moduli interpretation for Jka.¢, that puts the
emphasis on p-divisible group and its extension structure (as in Remark [£.4.3]).

Let R be a p-adically complete ring and let m be topologically nilpotent for the
p-adic topology on R. Combining the second moduli interpretation of Jkat, (cf.
M54 and Serre-Tate lifting theory (cf. 7)), we obtain an identification

jKatz(]{) = {(EQ,E, ¥, QOA}P))}/ ~

where Ey is an elliptic curve up to quasi-prime-to-p-isogeny over R/m, £ is an
extension of p-divisible groups over R

E:l = ppo = Gg = Qy/Zy — 1,

¥ Eg[p>®] = Gelr /= is an isomorphism, and ¢, ;) is an infinite prime-to-p level

structure on Ey, all subject to a compatibility with the Weil pairing as in the second
moduli interpretation of Jkat,.

6.2. Computing the action on Kummer extensions. Recall from that
there is a Kummer construction which, given g € G,,(R) produces an extension of
p-divisible groups over R

Eqi 1= ppe = Gg = Qp/Z, — 1.

Using the explicit description of the @;—action in £53] we find the following
theorem.

Theorem 6.2.1. Suppose { € @;(R) and m € R are such that { =1 mod 7, and
T € Jkatz(R) is represented by the quadruple (Eo, &y, Y, 0, ) (in the sense of 6.1])
f

for some q € G, (R). Then
C-x= (Eoyffcflq,w’,%;m)
where 1’ is the composition of 1 with the canonical identification
Eqlrym = Ec—14lRyn
coming from ¢ = ("'q mod 7.

Proof. If we write y for the point represented by (Eg, E¢-14,1, ¢, ) then it suffices
¢

to show that over the extensio~n Ry = R[ql/poo , Ql/pw], therei are lifts = and gy of =
and y to Jlg(Rso) and a lift ¢ of ¢ in gy~ (Rs) such that ¢ - & = §. The desired
lifts are given by the splittings 1/p™ — (¢*/?",1/p"™) and 1/p"™ — (VP "q!/P" of

Eq and &q-1,, respectively, and ¢ = (¢'/?"),. That - & = &, then follows from
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commutativity of the following diagram mod ¢ — 1:

Gq = GC*lq
1/p" (¢ /?" 1/p") 1/ph (¢ g /P 1 /pm)

pipee X Qp/Zyp (1_5)> pipee X Qp/Zyp
01

O

6.3. Action on Serre-Tate coordinates. We now compute the local expansion
in the formal neighborhood of an IFp-point of Jka¢,. So, fix

(E07 @07 @gta QOA;P) ,0) S jKatZ (E)

It follows from the work of Serre-Tate (as described in [I1]) that the formal
neighborhood of this point is SpfR for R a smooth complete 2-dimensional local
ring over W(F,). The data attached to the induced SpfR — Jkats

(Ea @7 L)Oét7 @Ay’))

identifies ¥ with the universal deformation of Ej, and the level structures with
their unique deformations.

Moreover, the Serre-Tate coordinate ¢ € 1 + mg = G,,,(R) of the induced exten-
sion

(C/’E[pacL@)wét,saA(fp) 1= ppe — E[poo] — Qp/ZP —1

gives an isomorphism
q:SpfR = @;

Recall from Remark [3.2.6] that the extension gy, is equal to the Kum-

21,809, (»)
mer extension £;-1. Thus, invoking Theorem [6.2.T} we deduce the following corol-
lary.

Corollary 6.3.1. The (/};—action on Jkats preserves SpfR C Jkatz, and the Serre-
Tate coordinate

q:SpfR = @;
identifies the ((/};—action on Spf R with multiplication on @;

Remark 6.3.2. The choice of a basis x € T,Fy(F,) is equivalent to the choice ¢,
and via the Weil pairing, gives a corresponding choice of @y,

(o,2) : Eg — ppoo.

This is how the data is presented, e.g., in [I1].
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6.4. The universal extension over Jgk,, is not Kummer. There are some
instances in the literature where it is claimed that the local Serre-Tate coordinates
q extend to a functionﬁ on all of Jkat, (or a rigid analytic incarnation). These
claims are based on a misapplication of a theorem of Serre-Tate (cf. Katz [II])

classifying extensions of Q,/Z, by (/}; over Artin local rings to the more general
setting of rings where p is nilpotent, where the classification no longer holds.

In fact, the claim itself is incorrect, as we now explain. Already in characteristic
p the existence of such a global coordinate boils down to the claim that for Fy;,
the universal curve over Jy . 7, the canonical extension

Mp
gEunivv@univv‘PA o L ppe = Ep*™] = Qp/Zy — 1
\(

is a Kummer p-divisible group (as defined in B:2]).

This is not the case: if it were, then &g would be of the form

univ;%ﬂumv#ﬂm;p)
X

Katz,ﬁ7
sufficiently large n — indeed, VKatz,E is the colimit of the rings representing the

&

Guniv

for some qunivy € V and thus would only depend on ¢| B for some

moduli problem where the level structure at p is an isomorphism of E[p”] with

ppn- In particular, guniv and thus the isomorphism class of g, Guniv. () Would
A
f

be preserved under the action of 14 p™ € Z;'.

This gives a contradiction: fix a point in & € Jkat,(Fp) as in the previous section,
and consider its orbit O = Z; - x (which is isomorphic to the profinite set Z, as
a scheme over IF_p since the action is free on Jkat, (E)) Without using quniv, we
find that the Serre-Tate coordinate does exist on a formal neighborhood OV of O
in jKatz,E as a map

(6.4.0.1) 0V = Gy,

sending a point in an Artin local F,-algebra to the Serre-Tate coordinate of the

extension €p,,,, Gunv.e (,, ab that point. A short computation from the definition
A
f

of this extension shows the map (6.4.0.0) is Z-equivariant, where the action of
z € Z, on the right is by the automorphism 22 of G,,. In particular, 1 + p"
acts non-trivially on the right-hand side. On the other hand, since our assumption

that the extension was Kummer implies (as argued above) that the element 1+ p”

preserves the isomorphism class of €, Guniv ¢ () » the action of 14 p™ must also
A
f

preserve the map (6.4.0.0]), a contradiction.

Remark 6.4.1. One can argue similarly using the Tate curve instead of a Serre-Tate
ordinary expansion.

6.5. Action on the Tate curve and ¢-expansions. Let

R = (colimy 1 W (F) ((aV)))

and consider the Tate curve Tate(q) over R. We have the canonical trivialization

—

Qean : Tate(q) = Gy,

5As explained by Chai [3], there is a natural map of étale sheaves that interpolates the local
Serre-Tate coordinates.
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and, if we fix a compatible system of prime-to-p roots of unity (y, we obtain a
basis (Cw)n, (q1/N)n for Ty, Tate(q) over R and thus a trivialization ¢, of the
¥

prime-to-p adelic Tate module.
The cusps of Jkat, are the R-points in the GLQ(Z(p))—orbit of

(Tate(q)a @Cana SOA(fP)) .

For g € Vkai,,4 and a cusp ¢, we call the element c(g) € A®R the g-expansion of
g at c. We find

Corollary 6.5.1. If ¢ is a cusp of Jkat, and g € Viat, 4 has g-expansion at ¢

Z aqua

k€Zp)

then, for ¢ € @;(A),

has g-expansion at c

(6.5.1.1) > et =Y Fard

keZy) k€Z(p)
(where the powers (¥ make sense because k € Ly C Zy).
Proof. The g-expansion in (G.5.1.1]) is the image of ¢(g) under the the map
v¢: ROA — RBA
¢ = (Ca)".

Thus, because the action of G,, commutes with the action of GLQ(Z(I))) (because
the latter is in the kernel of det,,), we may assume our cusp is given by the triple

(Tate(q), Pean» P(cx)w,(a1/ ) ) -
Then, it follows from Theorem that

¢ (Tate(q), Peans Pcn.qirv)) = (Tate(Ca), Beans Pcn /N giim)) -
This is the base change of

(Tate(q), Peans L(ca)w.(a1/¥)x )
through ~,, and thus we conclude. O

Remark 6.5.2. Using Corollary 6.5 Tlover A = Z,[e], we find that if we differentiate

the @;—action along td; in the sense of (3] the induced operator on g-expansions
is —q0, = —0 (we get a minus sign because to get the derivation in 53 we did not
compose with an inverse as we have to obtain the natural left action on functions).

7. FOURIER TRANSFORM AND THE ALGEBRA ACTION

We now explain how the @;—action induces an action of Cont(Z,,Z,) on Viat,
via p-adic Fourier theory. We then explain the relation between our approach and
a classical construction of the algebra action (which is in fact equivalent to the

—

G-action) due to Gouvea [5] in terms of the exotic isomorphisms of Katz [9].
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7.1. The action of Cont(Z,, R). For any p-adically complete ring R, the action
map for the G,,-action is described by a continuous map

a* : Vikate.r — R[[T)|®rVKats r-

The left action of ((/};(R) on Viatz r is by ¢-g = ((71+)*g, and we can express this
via the action map: if we view ¢ € G,,,(R) as the map R[[T]] — R given by T — (,
and write ¢ for the inverse map G,, — G,,, then ( - g is the image of

(¢ x Id)*a*g
under the induced map

CViatoor - R[T)®RVKatz,R — VKatz,R-

More generally, if we identify R[[T]] with the continuous R-linear dual of
Cont(Z,, R) via the Amice transform, we obtain an R-linear map

Cont(Zpu R) X VKatZ,R — VKatZ,R
(fs9) = frg:=(f (L x1d)"a"g).

If we let x¢ be the R-valued character of Z, given by x.(a) = (%, viewed as an
element of Cont(Z,, R), we find

Xc 9=¢-g.

That we have an action of ((/}; to begin with is equivalent to this being an algebra
action of Cont(Z,, R) on Vkais,g-

More generally, we find (using the notation for cusps as in above) the follow-
ing.

Theorem 7.1.1. If g € Vkai, r has g-expansion at a cusp c

clg) = Z arq”,

kGZ(p)

then the q-expansion of f - g is

o(f-9)= > flk)arg".

keZy)
Proof. Because for a general R,
Vkats,k = VKatz,z, ®R and Cont(Z,, R) = Cont(Z,, Z,)®R,

it suffices to verify this for R = Z,. Then, because the base change is injective
on the target ring for g-expansions, it suffices to work over R = Oc,. Moreover
it suffices to verify the identity for the action of locally constant functions on Z,,
which are dense in continuous functions. But for any locally constant function,
some Oc,-multiple can be written as a linear combination of characters, and thus
Corollary [65.1] gives the result for a multiple of each locally constant function.
Since the total g-expansion map (i.e. the product of the g-expansion maps over
all cusps) is injective and the target ring is torsion-free over Oc,, we find that the
result holds for all locally constant functions. O
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7.2. The Frobenius and Gouvea’s construction. As noted in Remark (5.2.T]
the diagonal quasi-isogeny diag(p™,1) C M, C B, acting on the moduli problem
TJ%;S induces a map Jkat, — JKatz Decause it conjugates U; to p”U;. In particular
this map factors as

Tkatz = Up\Jos = p"Up\Jos = Ug\Tos = Tkats

where the first map is the isomorphism induced by diag(p™, 1) and the second map
is the projection.

In fact, this map is the canonical Frobenius lift (sending E to E/pu,» with the
induced level structures), and the isomorphism that factors it is one of Katz’s exotic
isomorphisms (cf. [9, Lemma 5.6.3]). The action of p,n C @; on Jkatz 1S identified
through the exotic isomorphism with the action of py» = Uy / p"U, on p"U, \Jcs.
The latter space has a moduli interpretation relative to Jkat, as parameterizing
splittings of the canonical extension

1— ppn — E[p"] = 1/p"Z,/Z, — 1,

and the action of p,» is just by changing the splitting. In particular, one can
compute the action on g-expansions using this relative moduli interpretation to re-
cover the action of all finite order characters, which, combined with the g-expansion
principle, is enough to produce the full algebra action of Theorem [ZI1.Jl This is
essentially what is done by Gouvea [B, II1.6.2], who first constructed this action
(which he thought of as a twisting measure, much in the spirit of our application
in the next section).

Remark 7.2.1. The moduli problem Jl is the inverse limit of the moduli problems
parameterizing splittings at level p™ over Jkat,, and thus is the inverse limit along
the canonical Frobenius lift of Jkat,. As observed by Caraiani-Scholze [1], this
implies that VICS is isomorphic to the Witt vectors of the perfection of Vi, F, -

8. EISENSTEIN MEASURES

In a series of papers ([8H10]), Katz introduced increasingly general Eisenstein
measures with values in Vik,, interpolating Eisenstein series. These Eisenstein
measures specialize at the cusps and ordinary CM points to p-adic L-functions
interpolating L-values attached to characters of the idele class group of Q or an
imaginary quadratic extension.

The papers [8[10] are concerned with single variable p-adic L-functions, whereas
[9] gives two variable L-functions by interpolating not just holomorphic Eisenstein
series but also certain real analytic Eisenstein series.

In this section, we explain how “half” of the two-variable measure can be pro-
duced by a type of convolution of the single-variable measure with the G,,-action.
To keep the exposition clear, we work at level KP? = GLy (Z@)) away from p.

Remark 8.0.1. The real analytic Eisenstein series are related to the holomorphic
Fisenstein series by iterated application of the differential operator § — thus, we
can summarize the difference between our approach and that of Katz by saying
that instead of applying 6 and then interpolating, we have first interpolated 6 and
then applied this interpolated operator to the holomorphic Eisenstein measure.
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8.1. Measures. For R a p-adically complete Z,-algebra and X a profinite set, an
R-valued measure on X is an element

p € Homgz, (Cont(X,Zy), R).

Note that such a p is automatically continuous for the p-adic topology on
Cont(X,Z,) and R. In fact, the stronger basic congruence property holds: if f = g¢
mod p”, then p(f) = p(g) mod p™ — this observation is at the heart of the appli-
cation of measures to p-adic L-functions.

Remark 8.1.1. An R-valued distribution is an R-valued functional on the space
of locally constant functions on X, C*°(X,Z,). The space C>°(X,Z,) is dense
in Cont(X,Z,), thus when R is p-adically complete a distribution automatically
completes to a measure, and the two notions are equivalent. We use this below.

8.1.2. Measures on products.

Proposition 8.1.3. Let X and Y be profinite sets, and R a p-adically complete
ZLy-algebra. If (, ) is an R-valued Z,-bilinear pairing on Cont(X, Z,) x Cont(Y, Z,),
then there is a unique R-valued measure p on X XY such that for f € Cont(X,Z,)
and g € Cont(Y, Zy,),

(8.1.3.1) u(fg) = (f.9).

Proof. By Remark B1.1] it suffices to construct a functional on C*(X x Y,Z,)
satisfying (BI31]), and then verify that (8T3.1]) holds for any continuous f and g
and the unique extension of that distribution to a measure. So, suppose we have
constructed a measure p such that (8I3T) holds for f and g locally constant.
Then, for any continuous f and g and n € Zsg, pick f, and g, locally constant
such that f = f,, mod p™ and g = g, mod p". Then

f9 = fagn mod p"
and thus

w(f9) = 1(frgn) = (far9n) = (f,g) mod p"

and we conclude u(fg) = (f,9).

Thus it remains to construct the distribution and show that it is unique. The
bilinear pairing ( , ) induces a functional on C*°(X,Z,) ®z, C*(Y,Z,), thus to
conclude, it suffices to show that the product map

C®(X,Zy) @z, C(Y,Zy) — C(X x Y,Z,)

is an isomorphism: for any profinite set W, C*°(W,Z,) is the colimit over finite
coverings U = {U, ..., U, } of W by disjoint compact opens of Ci° (W, Z,), the space
of functions constant on each of the U;. In particular, if Y = {Uy,...,U,} is such a
cover of X and V = {V4,...,V,,} is such a cover of Y then

Z/{XVI:{UZ‘XV}}

is such a cover of X x Y, and the covers of this form are cofinal for covers of X x Y
by disjoint compact opens. Considering the basis of characteristic functions, we
find that the product map induces an isomorphism

Cif (X, Zp) @z, OF (Y, Zp) —= Cgsen (X X Y, Zp)

and passing to the colimit over covers U/ and V), we conclude. (]
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Example 8.1.4. If vx and vy are R-valued measures on X and Y, respectively,
then

(f,9) = vx(f)ry(g)

is a bilinear form and the resulting measure p on X x Y is the product measure.

, . . . . . GL,(Z()
8.2. Katz’s Eisenstein measures. In this section, we write V. = V/ © for
the ring representing the Katz moduli problem with no prime-to-p level structure.

8.2.1. Single variable measures. In [8, XII], Katz introduced the single variable
Eisenstein measures

() Cont(Z,, Z,) -V
characterized by the moments
u® (K1) = (1 - a¥)26,

where 2G}, for k > 2 even is the Eisenstein series with g-expansion

CA—k)y+2) ¢ > da!
n=1 d|n

and 2Gy, = 0 for k£ odd.

Remark 8.2.2. For k > 2 even and f an even locally constant function on Z,, u(®
satisfies the following additional interpolation property [10, Corollary 3.3.8]@

Pl () = (1 - a*)2Ghy

where 2G, ¢ has g-expansion

L=k f)+2Y ¢ d*'f(d).
n=1

d|n
The series for general locally constant f is also described in loc. cit.

8.2.3. Two variable measures. In [9], Katz introduced the two-variable Eisenstein-
Ramanujan measures

p@V : Cont(Z, x Z,,Z,) =V
characterized by the moments
M(a,l)(xkyr) _ (1 _ ak+r+1)q)km
where
2Gk4r+1 ifk=0orr=0,
(I)k r = 0o n k .
23 Y gy dRdTif ke #£ 0.
Equivalently,

0"2Gy 41— ifk>m,
q)k,r = k .
072G, 11— ifr>k.

Remark 8.2.4. The symmetry between k > r and r < k becomes more complicated
as soon as we consider locally constant functions as in Remark [8.2.7]

6In this reference, u(“) = H%! for N = 1, except for a shift from k to k + 1.
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8.2.5. Halving the measure. Our technique will only recover “half” of the measure,
i.e. only the moments for k > r. To make this precise, consider the map

@ Ly X Ly = Ly X Loy
(,9) = (z,zy)

with image the subset of (,y) with |y| < |z|. The measure @, (> is chara cterized
by the moments

(8.2.5.1) otV (%) = ploD (Yt = (1 — a* 202G, 4 1.
8.3. Convolution of the one-variable measure and the action map.
Theorem 8.3.1. There is a V-valued measure v on Z, X Z, with moments
v(aty) = $((1 - a* )26, 41) (1) = (1 - a* 026, 1.
Proof. From the one-variable Eisenstein measure ;(*) and the action map
¥ : V= Meas(Z,, V),

we obtain a bilinear form on Cont(Z,,Z,) x Cont(Z,,Z,)

(f,9) = (' (f))(9)
and thus, by Proposition BI.3] a measure v such that

v(@®y') = (1 - a*)2Ge)(y") = (1 - a*)0'2G 1.
O

Comparing with (82.5.1]), we see that the measure v interpolates the same Eisen-
stein series as o, (%1 although with a different normalizing factor (recall that this
normalizing factor removes the powers of p in the denominator of the constant term
((1—k) of G, when k = —1 mod p—1). We notd] that this is enough to essentially
recover the two-variable p-adic L-function £ of [9, Chapter VII], because the map

@ induces an automorphism of (Z;;)Q and the construction of £ passes through the
restriction from ZZ to (Z;)Q. Concretely, if x is a continuous character of (Z§)2,
x(2,y) = x1(x)x2(y), then

(-5 )= (),
xa(z)

where on the right we have implicitly extended the function OLE (y) on (Z;)2

by zero to obtain a function on Z2.

This type of construction may be useful for studying special values of families of
automorphic forms and their images under differential operators on other Shimura
varieties where explicit computations with ¢g-expansions are not always available.

ACKNOWLEDGMENTS

We thank Ana Caraiani, Ellen Eischen, Matt Emerton, Yifeng Liu, Elena Man-
tovan, Peter Scholze, and Jesse Silliman for helpful conversations. We thank Jared
Weinstein and an anonymous referee for helpful comments and suggestions.

"We thank an anonymous referee for pointing this out!



226 SEAN HOWE

il

2

3

REFERENCES

] Ana Caraiani and Peter Scholze, On the generic part of the cohomology of compact uni-
tary Shimura varieties, Ann. of Math. (2) 186 (2017), no. 3, 649-766, DOI 10.4007/an-
nals.2017.186.3.1. MR3702677

] Bill Casselman, Stability of lattices and the partition of arithmetic quotients, Asian J. Math.
8 (2004), no. 4, 607-637. MR2127941

] Ching-Li Chai, Families of ordinary abelian varieties: canonical coordinates, p-adic mon-
odromy, Tate-linear subvarieties and Hecke orbits, Available: https://www.math.upenn.edu/
~chai/papers_pdf/fam_ord_av.pdf, 2003.

[4] Ellen Eischen and Elena Mantovan, p-adic families of automorphic forms in the p-ordinary

[9
[10
[11
[12
[13

(14

[15

(16

(17
18

setting, To appear in the American Journal of Mathematics, larXiv:1710.01864.

] Fernando Q. Gouvéa, Arithmetic of p-adic modular forms, Lecture Notes in Mathematics,
vol. 1304, Springer-Verlag, Berlin, 1988. MR 1027593

] Sean Howe, A completed Kirillov model for p-adic automorphic forms on GLa, In preparation.

] Sean Howe, The p-adic Jacquet-Langlands correspondence and a question of Serre,
arXiv:1806.06807.

] Nicholas M. Katz, p-adic L-functions via moduli of elliptic curves, Algebraic geometry (Proc.
Sympos. Pure Math., Vol. 29, Humboldt State Univ., Arcata, Calif., 1974), Amer. Math. Soc.,
Providence, R. 1., 1975, pp. 479-506. MR0432649

| Nicholas M. Katz, p-adic interpolation of real analytic Eisenstein series, Ann. of Math. (2)
104 (1976), no. 3, 459-571, DOI 10.2307/1970966. MR506271

| Nicholas M. Katz, The Eisenstein measure and p-adic interpolation, Amer. J. Math. 99
(1977), no. 2, 238-311, DOI 10.2307/2373821. MR485797

| N. Katz, Serre-Tate local moduli, Algebraic surfaces (Orsay, 1976), Lecture Notes in Math.,
vol. 868, Springer, Berlin-New York, 1981, pp. 138-202. MR638600

| Nicholas M. Katz and Barry Mazur, Arithmetic moduli of elliptic curves, Annals of Mathe-
matics Studies, vol. 108, Princeton University Press, Princeton, NJ, 1985. MR772569

| Yifeng Liu, Shouwu Zhang, and Wei Zhang, A p-adic Waldspurger formula, Duke Math. J.
167 (2018), no. 4, 743-833, DOI 10.1215/00127094-2017-0045. MR3769677

] B. Mazur and William Messing, Universal extensions and one dimensional crystalline co-
homology, Lecture Notes in Mathematics, Vol. 370, Springer-Verlag, Berlin-New York, 1974.
MRO0374150

| William Messing, The crystals associated to Barsotti- Tate groups: with applications to abelian
schemes, Lecture Notes in Mathematics, Vol. 264, Springer-Verlag, Berlin-New York, 1972.
MR0347836

| Peter Scholze and Jared Weinstein, Moduli of p-divisible groups, Camb. J. Math. 1 (2013),
no. 2, 145-237, DOI 10.4310/CJM.2013.v1.n2.al. MR3272049

] The Stacks Project Authors, Stacks Project, https://stacks.math.columbia.edu, 2018.

| J. T. Tate, p-divisible groups, Proc. Conf. Local Fields (Driebergen, 1966), Springer, Berlin,
1967, pp. 158-183. MR0231827

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UTAH, SALT LAKE CiTY, UTAH 84112
Email address: sean.howe@utah.edu


https://www.ams.org/mathscinet-getitem?mr=3702677
https://www.ams.org/mathscinet-getitem?mr=2127941
https://www.math.upenn.edu/~chai/papers_pdf/fam_ord_av.pdf
https://www.math.upenn.edu/~chai/papers_pdf/fam_ord_av.pdf
https://arxiv.org/abs/1710.01864
https://www.ams.org/mathscinet-getitem?mr=1027593
https://arxiv.org/abs/1806.06807
https://www.ams.org/mathscinet-getitem?mr=0432649
https://www.ams.org/mathscinet-getitem?mr=506271
https://www.ams.org/mathscinet-getitem?mr=485797
https://www.ams.org/mathscinet-getitem?mr=638600
https://www.ams.org/mathscinet-getitem?mr=772569
https://www.ams.org/mathscinet-getitem?mr=3769677
https://www.ams.org/mathscinet-getitem?mr=0374150
https://www.ams.org/mathscinet-getitem?mr=0347836
https://www.ams.org/mathscinet-getitem?mr=3272049
https://stacks.math.columbia.edu
https://www.ams.org/mathscinet-getitem?mr=0231827

	1. Introduction and analogy
	2. Preliminaries on 𝑝-divisible groups
	3. Extensions of ℚ_{𝕡}/ℤ_{𝕡} by 𝜇_{𝕡^{∞}}
	4. Moduli problems for ordinary elliptic curves
	5. The ̂𝔾_{𝕞}-action
	6. Local expansions
	7. Fourier transform and the algebra action
	8. Eisenstein measures
	Acknowledgments
	References

