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TRANSVERSALS, DUALITY, AND TRRATIONAL ROTATION

ANNA DUWENIG AND HEATH EMERSON

ABSTRACT. An early result of Noncommutative Geometry was Connes’ obser-
vation in the 1980’s that the Dirac-Dolbeault cycle for the 2-torus T2, which
induces a Poincaré self-duality for T2, can be ‘quantized’ to give a spectral
triple and a K-homology class in KKg(Ay ® Ag,C) providing the co-unit for a
Poincaré self-duality for the irrational rotation algebra Ay for any 6 € R\ Q.
Connes’ proof, however, relied on a K-theory computation and does not supply
a representative cycle for the unit of this duality. Since such representatives
are vital in applications of duality, we supply such a cycle in unbounded form
in this article. Our approach is to construct, for any non-zero integer b, a
finitely generated projective module L over Ag ® Ay by using a reduction-to-
a-transversal argument of Muhly, Renault, and Williams, applied to a pair of
Kronecker foliations along lines of slope € and 6 + b, using the fact that these
flows are transverse to each other. We then compute Connes’ dual of [£;] and
prove that we obtain an invertible 7, € KK (Ag, Ag), represented by an equi-
variant bundle of Dirac-Schrodinger operators. An application of equivariant
Bott Periodicity gives a form of higher index theorem describing functoriality
of such ‘b-twists’ and this allows us to describe the unit of Connes’ duality in
terms of a combination of two constructions in KK-theory. This results in an
explicit spectral representative of the unit — a kind of ‘quantized Thom class’
for the diagonal embedding of the noncommutative torus.

1. INTRODUCTION

The (irrational) rotation algebra Ay is the crossed-product C*-algebra C(T) x9Z
associated to a rotation z > ¢*™z of the circle by an (irrational) angle 6. The
complex coordinate V(z) = z on T and the generator U of the group action in the
crossed-product, are a pair of unitaries in Ag which generate it as a C*-algebra and
satisfy the relation

VU = 2™y V.

In particular, when @ = 0 we obtain the commutative C*-algebra C'(T?) of continu-
ous functions on the 2-torus, and accordingly Ay is often called the ‘noncommutative
torus.

Compact spin®-manifolds such as T? exhibit duality in KK. Two C*-algebras A
and B are dual in KK if there exists a pair of classes

AeKKy(A®B,C), AcKKy(C,B® A)
satisfying the zig-zag equations:
(14®A) ®agpea (A®14) =14, (A®1p)®pgaes (13®A)=1g.
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We will refer to the class A as the unit, and A as the co-unit of the duality, with
reference to the theory of adjoint functors. A cup-cap operation using A determines
a map

Au ._.IKKi(Dl,Ag ® Dg) = KKZ(AQ ® Dl,Dg),

for any pair D1, D5 of separable C*-algebras, and it can be checked that A provides
a similar map which inverts it, because of the zig-zag equations.

If X is a compact spin®-manifold, then the diagonal embedding 6: X — X x X
has a normal bundle v with canonical K-orientation and a Thom class £ €e K™ (v).
Using a tubular neighbourhood embedding v ¢ X x X, we can extend the Thom cycle
and class to zero outside the neighbourhood, yielding a K-theory class for X x X
that is equal by definition to A € KK,,, (C,0(X x X)), and which is supported in
an arbitrarily small neighbourhood of the diagonal X c X x X. This construction
determines the unit for a self-duality for X.

The co-unit A €e KK_,,(C(X x X),C) in this duality is represented, analytically,
by the Dirac cycle for X, consisting of the Dirac operator acting on L2-spinors
on X. This gives a cycle for KK_,(C(X),C), and pulling it back by the
*-homomorphism C(X x X) - C(X) of restriction to the diagonal results in a
cycle for KK_,,(C(X x X),C).

In the 80’s, Connes suggested that there might be C*-algebras which behave in
some sense like ‘noncommutative manifolds,” and one possible way in which this
might happen would be if there were examples of C*-algebras arising in geometric
situations which exhibit KK-duality. He pointed out that the Dirac cycle for the 2-
torus can be adapted slightly so as to give a cycle and class Ay € KKy(Ap ® Ag,C)
inducing duality even for the noncommutative Ap’s (see [3] and [2]). There are
now several other examples of C*-algebras with KK-theoretic duality: groupoid
C*-algebras arising from hyperbolic dynamical systems ([I2] and [I3]), crossed-
products by actions of Gromov hyperbolic groups on their boundaries [8], and
orbifold C*-algebras [6]. Duality for Cuntz-Pimsner algebras is studied in [25]; in
the special case of Ay, they recover Connes’ formula for the unit Ay in terms of
known K-theory generators for Ag. In some cases, the Baum-Connes conjecture
boils down to a form of duality between a group C*-algebra and its classifying
space, and some of these special cases are studied in [22].

Connes’ remark about Ay was that the class Ay built from the Dolbeault operator
on T? induces a self-duality for Ay because the induced intersection form

K. (Ag) x K. (Ag) — K. (Ag® Ag) 20 7,

can be computed directly and is non-degenerate. However, Connes’ formula for the
unit Zg has no obvious representative cycle. What is desired in a KK-duality is
a pair of cycles: one for the K-theory and one for the K-homology of Ay ® Ay in
this case. Cycles lead to applications (for example to ‘noncommutative Lefschetz
fixed-point formulas’ [7].)

The purpose of this article is to describe a geometrically defined spectral (that is,
unbounded) cycle for Ko(Ag ® Ag) representing Ay. Our method yields a connec-
tion between Connes’ Dolbeault duality class, and a geometric construction with
noncompact transversals, which goes back to ideas in [21].

Let By and By, denote the transformation groupoids corresponding to Kronecker
flows on T? along lines of slope 6 and @ + b. Since By and By, are transverse, the
restriction of the groupoid By x By, to the diagonal T? in its unit space T? x T? is
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étale. A well-known construction of Muhly, Renault, and Williams [20] provides an
explicit strong Morita equivalence between the restricted groupoid and By x Bg.p,
and hence with (T xg Z) x (T xg4 Z), and then with (T xg Z) x (T xg Z).

We obtain a strong Morita equivalence between the unital C*-algebra of the
restricted groupoid and Ay ® Ayp. Since the former is étale, the strong Morita
equivalence bimodule is finitely generated projective as an Ay ® Ag-module. Let
[£y] e KKo(C, Ag ® Ap) be its class.

We next construct a morphism

7, € KKo(Ag, Ag)

for any b € Z, which we call the ‘b-twist,” and which is represented by applying
descent

KKG(C(T), C(T)) - KKo(C(T) 29 Z, C(T) %9 Z) = KKo(Ag, Ap)

to the class of a Z-equivariant bundle of Dirac-Schrodinger operators % + 7 over
the circle T. The b-twist has the features of acting as multiplication by the matrix
[§%] on Ko(Ap) with the standard identification Ko(A4p) = Z?, and acting as the
identity on Ky (Ay). (In particular, 7, is not represented by any automorphism of
Ay.)

In Section ] using equivariant Bott Periodicity, we prove a kind of index theorem
about b-twists, to the effect that the family of morphisms {73 }pez form a cyclic group
in the invertibles in KKq(Ag, Ag).-

The main result of this article is:

Theorem 1.1. The class Ag of Connes, and Ny = (14, ® 7_3)+([Ls]) for b> 0
are the co-unit and unit of a KK-self-duality for Ag.

The description of Zg given in the theorem leads to an explicit unbounded
representative of Za in the form of a self-adjoint operator on a Hilbert module —
a kind of ‘quantized’ Thom class for the diagonal embedding Tg - Tg X ']I‘f). See
Theorem for the exact statement.

2. PRELIMINARIES

2.1. Irrational rotation on the circle. In this paper, we are mainly interested
in a class of group actions, but we will use groupoid methods prolifically.
Irrational rotation on the circle T is given by the Z-action n ~ «, where
an([z]) = [x+n0], [x] € T := R/Z. The action determines a transformation groupoid
Ag =T %y Z with composition rules
([z], n+m)

([z], n) (ap[z], m)
[x] [z —nb] [(z —nb) —mb] [z] [z - (n+m)b]

Inverses are given by ([z], n)™" = (a_y, [z], —n).
The irrational rotation algebra Ag is the groupoid C*-algebra of this groupoid.
Equivalently, Ag is the crossed-product

Ag = C*(Ag) = C(T) Xg 2.
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As is well-known, the irrational rotation algebra is the universal C*-algebra Ay
generated by two unitaries U, V' subject to the relation VU = e2™UV. Note that

m,nez

(2.1) A = { Z ammeUn | (am,n)m,n € S(Z2)}

is a dense subalgebra, where (@, n)m,q € S(Z2) if and only if for all k € Z*,
sup {(jm]* + K" lan o} < oo.

In the crossed product picture, V' corresponds to the generator of C'(T) and U to
the generator of Z.

As such, Ay is sometimes referred to as the noncommutative torus, since the C*-
algebra C(T?) of continuous functions on the 2-torus is generated by two commuting
unitaries U,V (namely, the coordinate projections).

2.2. Poincaré duality. A KK-theoretic Poincaré duality between two C*—algebras
A and B, determines an isomorphism between the K-theory groups of A and the
K-homology groups of B. An important motivating example comes from smooth
manifold theory: If X is a smooth compact manifold, then it is a result of Kasparov
that C'(X) is Poincaré dual to Co(TX), where TX is the tangent bundle. The
Poincaré duality isomorphism sends the K-theory class defined by the symbol of an
elliptic operator, to the K-homology class of the operator.

If X carries a spin®-structure, i.e. a K-orientation on its tangent bundle, then
Co(TX) is KK-equivalent to C'(X) by the Thom isomorphism, and so C(X) has a
self-duality of a dimension shift of dim X. A basic example is X = T?.

Duality in this sense is an example of an adjunction of functors, and is, like with
adjoint functors in general, determined by two classes, usually called the the unit
and co-unit, here denoted A and A respectively.

Definition 2.1. We say that two (nuclear, separable, unital) C*-algebras A, B are
Poincaré dual (with dimension shift of zero) if there exist A € KKo(A® B,C) and
A e KKy(C, B® A) which satisfy the following so-called zig-zag equations,

A®pAi=(14®A7)®epea (A®14) =14 e KKy(A,4)  and

22) _ N
A®gq A 1=(A® ]-B) R®BA®B (]-B ®A) =1lpe KKo(B,B)

We call (A, A) (Poincaré) duality pair.
The co-unit A € KKq(A® B, C), for example, determines a cup-cap product map
(2.3) Au_:KK,(D1,B® D) > KK,.(A® D1,D2), Auf:=(1a®c f)®aen A.

The unit can be similarly used to define a system of maps dual to the above, and
some manipulations show that the maps are inverse if the zig-zag equations hold.

There are now a number of examples of Poincaré dual pairs of C*-algebras: see
[6], [12], [8], [13]. The first noncommutative example, a Poincaré self-duality for
the irrational rotation algebra Ay, is due to Connes (see [2]) and is the primary
interest of this article.

Although we have not included it in the definition, one hopes to find explicit
cycles for the classes A and A in a Poincaré duality. Connes has defined a cycle ([2],
p. 604) whose class Ay € KKg(Ap ® Ag,C) determines the duality for Ay alluded
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to above, but the formula he gave for the dual class Ay € KKo(C, A4y ® Ap) =
Ko(Ap ® Ap) was of the type A =z ®cy+a' ®cy +..., where z,2’ € K,(A) and
¥,y € K. (B), and ®c refers to the external product in KK; this does not specify
a cycle, but a class. It is this missing cycle, representing Zg, that this article aims
to supply.

Connes’ class Ay € KKg(Ay ® Ay, C) can be defined as follows.

Lemma 2.2. On L?:= L?(T x Z), define
w1, wa: C(T) - B(L?) and u,v: 7 - U(L?)
for feO(T),keZ,&e L*(T),e, € *(Z) by

wi(f) ({®en) = (an(f) ) ®e, and up (®e,) = ®epin
W2(f) (€®en):: (f€)®en Vk (£®en):: (k-f)@’en—k,

where k.£ = £oa_y, for & in the subspace C(T) c L2(T).

Then the pairs (w1,u) and (w2,v) are covariant for (C(T),«,Z) and hence
induce representations of Ag on L?. Moreover, these two representations commute
and thus give a representation © of Ag ® Ag on L?, so we obtain an unbounded
cycle

(L*@ L*,m@7,dp) for KKo(Ap® Ag,C),
where
dn e 0 DZ—iDT]
A7 Dy +iDy 0

with

0
Dz =27M?% and D = —i—,
Y/ T 20
The operator da is, more precisely, the closure of the corresponding essentially
self-adjoint operator with essential domain two copies of the Schwartz space

ie. (Dz+iDr) (2" ®e,)=2n(n+im)-2" ®@e,.

{ > amnz" ®@en € LX(T) @ 1P(Z) | (amn)mn € S(ZQ)}.

m,nez

For the definition of S(Z?), see Equation (21)).

Definition 2.3. We let Ay € KKy(Ap ® Ay, C) be the class of the cycle described
in Lemma

3. PAIRS OF TRANSVERSE KRONECKER FLOWS

The Kronecker flow on the 2-torus T? for angle @ is given by the R-action on
T? = R?/Z? defined by

5::[5] = [léﬁtz?]

The corresponding transformation groupoid By := T2 x4 R is defined as:

([v]) ([541)9) - ([v]e+s)
e~ x>

(2] (4] (O] (2] [5Gy ]
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In particular, ([5], t)_1 = ([z’te] , —t). We denote the momentum maps of By by

y-t
sg and rg. Orbits of the Kronecker flow are lines Z +¢[¢] in the 2-torus T?. If
(3.1) X:={t[§] | teR} cT? = (By)®

denotes the z-axis, then the associated reduction groupoid,
Ro =557 (X)nryt(X) € By,
is isomorphic to Ap: an element ([ ], s) is in Ry if and only if [y] = [0] and s € Z,
and the map
Rog — TxZ
([y],8) — ([z]. 9)

is a groupoid isomorphism between Ry and Ajy.

In particular, since X is closed and meets every orbit, and since the restriction
of By’s range and source maps to sp'(X) and to 7,1 (X) are open maps onto their
image, Example 2.7 in [20] implies that we have an equivalence Xy of groupoids,

Xy: Bgmsgl(X) ~ Ay.
Instead of reducing By to its z-axis, we could have reduced to a line t[ %] of
slope _7” for p, g relatively prime, in which case we would have gotten an equivalence
between By and A,y where

(3.3) M(0) = 28 for M = [ 3] € SLo(Z)

(3.2)

is the Mobius transform of §. An alternative approach is to change the slope on
the foliated torus instead of the rotational angle on the circle, using the following:

Lemma 3.1. For any M = [y 3] in GLa(Z), the transformation groupoids By
and Byrgy are isomorphic via
v's By — B
[y, ) — (M [y], t(pf +q))

Note that @%(0) opp! = )M for N another such matrix and ¢£2 =idg,. Further,
even though M (0) = (-M)(6), we should note that ! # o M.
Definition 3.2. Let XGM be the (BM(9)7 Ap)-equivalence constructed out of Xy via
vy

Given two matrices M, N € GLy(Z), then XQM X XGN is a groupoid equivalence
between By gy x By (g) and Ag x Ag. Moreover, if M(0) # N(0), the diagonal

DM,N = {[xvyaxay] |[z,y] € Tz} cT?xT?= (BM(a) x BN(a))(O)
meets every orbit. Hence, Bys(g) x By (g) is equivalent to the reduction groupoid
D,n = (Bar (o) x BN(9>)SZ§
via rp(D a.nv)s and all in all we have the following chain of equivalences:
Durn ~ 79 (Darn) = Baroy x Bugoy ~ X7 x XY =~ Agx Ay,

Thus, we can construct a Morita equivalence from the C*-algebra of Dy n to
Ap® Ag. It will turn out that D), v is an étale groupoid with compact unit space,
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so its C*-algebra is unital, and the Morita equivalence is actually a right f.g.p.
module over Ay ® Ay, i.e. corresponds to a K-theory class.

While this description of the K-theory class is nice and geometric, we will try to
find an easier one. To this end, consider the following diagram:
(3.4)

M, yN
Xy~ xXy

(Pun)? =Darn € Busgoy x Buy) € Bargoy x Bu(gy s Ag x Ag

T
| T @) 2}34 xpp O
?

c (Bg X BQ)(O) c By x By Wm} Ag x Ay

The right-hand square of the diagram commutes since, by definition, the map
o' x ) turns the equivalence Xy x Xy into the equivalences X x XV. The middle
square commutes since gpé” X gpév is a groupoid isomorphism, ¢.e. it maps unit space
to unit space. We want to fill in the bottom left to make the left-hand square
commute as well. In other words, the question mark represents the preimage of
Dy y under 5" x @3’, which we compute to be

M(6 N (6 - _
35)  (on x N D) Darn) = (M 51,0, N7 [51,0) | [§] e T}
This justifies denoting this subset of (Bg x Bg)(®) by F, for g := N'M. As far as
K-theory is concerned, the f.g.p. Ag ® Ag-module constructed out of the bottom
row of Diagram (B4)),
]:g = ’r;l(Fq) ﬂs;l(Eq) ~ Tgl(Fq) By x By ~ X x Xg =~ Ag x Ag = .A7

is the same as the module constructed from the top row,
Dy =79 (Dar,n) 055" (Dar,n) ~ 75" (Dagn) = Bargoy x Ba(oy ~ X" x XY = A,
by commutativity of the diagram, and since the induced C*-isomorphism between
the C*-algebras of D,  and F, is unital. The clear advantage of considering F,
instead of D), y is that we only have to deal with the matrix g = N ~1 M, and not
with all 8 entries of M and N. The inequality M (6) # N(0) (i.e. g(0) #6), which
we needed to construct Dy n, can be rephrased to
(3.6) 1(g) = (af+b) - (cO+d)§ #0 where g=[25].

We can construct the equivalence between F, and A = Ay x Ay using YV, :=
rg'(F,) and X := Xy x Xy as

Fg 2 VyrpX » A,
c.f. Proposition [B.1] for the details in the case where ¢ is upper triangular. This
equips C.(Y, *5 X') with a C.(F,) - C.(A) pre-imprimitivity bimodule structure,
which can be completed to a C*(F,) - C*(A) Morita equivalence bimodule we
call Z,.
Lemma 3.3. Let X be the z-azis in T? = (By)(") as in Equation 3). If we use
the bijection
551 (X) —— TxR

([y],8) —— ([z-sb], 5)
([#%0], 8) «—— ([=], 5)
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to identify Xy with T x R, then Xy has the following actions by By and Agp:

Bo ~ Xy : ([z*(s*’”)e],r).([x],5):([x],r+s)

s+r
Xo o Ap ([=], 8)-([z], k) = ([x - k0], s+ k)
where we used the map from Equation B2) to identify sy* (X) nry' (X) = Ap.

The proof is straight forward. Let us next describe F: one checks

T;I(Fg) = {([;]7t139[§]’t2)| [.795] ETzatl’tQ GR}
and thus

T T k(cO+d)+1(ab+b
Fo = ()55 0 (3, Mol It e 2}

where p(g) is as in Equation (36). In the following, we will write [5]+¢(9) :=
z+t0
[ y+t ]

Lemma 3.4. The groupoid F, is isomorphic to the transformation groupoid of

the following Z2 action on T?:

Tzt [GLD= (3] 58 ()

In particular, F, is étale with compact unit space and its C*-algebra C*(]—'g) is
therefore unital.

Proof. The map

-1 -1 2 2

57 Fyg=rg (F)ns (F,)) — T xZ

' k+10 k(cO+d)+l(ab+b

([51, 5508, g [], Mot} s ([5],5,0)

is an isomorphism of groupoids, where the right-hand side is the alleged transfor-
mation groupoid. In particular, the unit space of F is T? and hence compact.

Since Z? is discrete, the transformation groupoid is étale, and so its unit space
is clopen. Its characteristic function is hence a continuous, compactly supported
function on F, and serves as unit in C*(Fy). (]

Corollary 3.5. The bimodule Z, is finitely generated projective as a right C*(A)-
module, so L, =1"(Z,) defines a class in KK(C,C*(A)) where 1:C - C*(F,) is

the unique unital map.

Proof. We have seen that C*(F,), which acts by compact operators on the Morita
bimodule Zy, is unital. Therefore, the operator idz, is C*(.A)-compact, which
means Z, is f.g.p. by [10, Proposition 3.9]. |

Definition 3.6. We let
[Lg]:=1"(Z4) e KKo(C,C"(A)) = KK (C, Ag ® Ag)

be the class of the finitely generated projective right C*(A)-module constructed
from any g € SLy(Z) satisfying Equation ([3.6]). For g = [} %] with b € Z ~ {0}, we
write Ly instead of L.

We will use the following lemmas in the arguments to follow.
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Lemma 3.7. If we use the bijection
Yy =1y (F,) — R*xT?
([gyc] atl,g[y]th) — (tlat%[y])
to identify J, =~ R? x T2, then the right action by B := By x By on an element
(t1,t2,[y]) €V, is given by
(troto, [y D-([y] -t (9) . r,g[y] —t2(9) r2) = (L + it + 72, [5 ).

If we further use the bijection in Equation [B.1) to identify F, = T2 % Z2, then

the left action of F, on Y, is given by

(151 555 (0 R D0t 5 = (585 00 M0 w51 458 ).

Elements of Yy*X, where X = XyxXy as before, are given by those (t1, t2, [z, y], [v],
51, [w],s2) in (R% x T?) x (T x R x T x R) which satisfy

sy(t1,t2, [2,y]) = ra([v], 1, [w], s2)

«— [z,y] - t1[0,1] = [v,0] + s1[#,1] and g[x,y] -t2[0,1] = [w,0] + s2[0,1].

In other words,
[51=[81+ G+t (1) =97 ([§]+ (s2+12)(9))-
Now, in the balanced ), g X, we identify the following elements of ), * X
(t17t27 [xay]> [’U], S1, [w]782) ~ (tl + t,17t2 + t,27 [xay]> [’U], S1 — t,1> [w]752 - tl2)

for any t},t, € R. We conclude:
Lemma 3.8. If we let

= {2, [0]) € R x T2 [ ([8]+m1 (9)) = [8]+m2 (D)},

then the followmg are mutually inverse bijections:

Y, #5 X y 2,

[t1,t2, [z,y],[v],s1,[w],s2] = (t1 + s1,t2 +s2,[o])
[r1,72,[v+7r16,7m1][v],0,[w],0] <— (r1,72,[o])

4. THE B-TWIST

Connes’ cycle (Definition 23 and prior discussion) and corresponding class Ay €
KKo(Ag ® Ag,C) is the co-unit of the duality we are going to establish. By the
general mechanics of KK, the class Ag determines a map

Agu:KKo(C, Ag ® Ag) > KKo(Ag, Ag), fr (f®1a,) ®az (Ag®14,),

and the first zig-zag equation asserts that, if f € KKq(C, Ag ® Ay) is the unit for a
duality with co-unit Ag, then Agu f=14,.
We are going to show in this article that

(4.1) Agu[Ly] =T,

where [Lp] = [£4] € KKo(C, Ag® Ap) is the class of the finitely generated projective
Ay ® Ag-module constructed in the last section from the transversals for g = [} 4]
upper triangular and non-trivial, and 7, is a certain invertible in KKg(Aqg, Ag)

which we describe explicitly first.
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Let b € Z be any integer. Equip C.(T x R) with the following structure:

60 e CuTxR): (91]0n)eqn ([2]) = [ G160 ([a],r) dr,
Z~C(TxR):  (Iled)([z],r)=¢([z~16],r-1),
C(T) ~C(TxR):  (fod)([z].r) = f ([x+rd]) o([z],r),
CATxR)~C(T): (0 N)([z].r) = ([, ) f([x]).

Let Hjf be the completion of C.(TxR) with respect to the pre-inner product given
above and set Hy, := Hf @ H;. For A e R*, let d . be the closure of the following
essentially self-adjoint Dirac-Schrodinger operator on L?(R) with essential domain
the Schwartz functions S(R) on R:

dry =AM+ & with adjoint  dy =AM - &,

Here, M is the operator that multiplies by the input of the R-component.

If A and B are Z-C*-algebras, we will denote by WZ(A, B) the Z-equivariant
unbounded cycles for KK%(A, B) in the sense of [24, Definition 2.11]. Our KK-
automorphism 7, of Ag will be obtained by applying Kasparov’s descent map

§:KKG(C(T), C(T)) - KKo(Ag, Ap).

By [24, Proposition 2.12], the descent construction of Kasparov adapts to one at
the level of unbounded cycles, giving a map

U5 (C(T), C(T)) > o (A, Ap),

which, by a slight abuse of notation, we will also denote by j. Utilizing it, we will
obtain an unbounded cycle representing 7, which is easier to compute with.

Theorem 4.1. IfZ acts by rotation on T, and X € R*, then the pair (Hy,idc(Ty ®
d)\) with
0 dx_
dv=[a. ]
is a cycle in WE(C(T),C(T)).

Recall that idg () ® dy denotes the closure of the operator id¢(ry @ dy and that
the latter’s domain contains the dense subspace C'(T) ® S(R). The proof proceeds
through the following two lemmas.

Lemma 4.2. The operator idc(ty ® dy is odd, self-adjoint, reqular, and has com-
pact resolvent.

Note that this in particular implies that idc ¢ty ® d is linear with respect to the
right C(T)-action.
Proof. By construction, idg(ty @ dy is odd and symmetric. We compute
PRIVER A 0
(4.2) d; = oern 5
0 A*M= = 2+ A
Consider the L2-normalized functions

7‘2
Go(r) = MErte ™= and o= (2UN)F - (M- 2.

Note that 1 is a Schwartz function, i.e. in the domain of d) ., and therefore so are
all v;. Moreover, they span a dense subspace of L?(R) (|26, Proposition 9.8]) and
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they are eigenfunctions of A°’M? — ([Zb Lemma 9.6]) with corresponding set of
eigenvalues
{2+ DIN:1=1,2,...}.

We conclude that the operator di +1 has the eigenfuctions ¢; ® 0 and 0 ®1);. Thus,
the orthonormal basis {; ®0,0® v, : [ e Ng} of L?(R) @ L*(R) is in the range of
di + 1, which proves that the range of (idc('ﬂ‘) ] al)\)2 +1 is dense, so idg () ® d
is self-adjoint and regular. Moreover, d3 + 1 is diagonalizable and its eigenvalues
(20 +1)|)| tend to infinity. This shows that d3 + 1 has compact inverse, and that

((ide(ry ®dy)?+1)71 = ide(ry ® (d?\ + 1)_1 is compact as tensor product of compact
operators. Thus, idg () ® dx has compact resolvent. ([l
Lemma 4.3. The operator idg(ry ® dy is almost equivariant, i.e. for any n € Z,
the operator (ide(ry®dy)—Ady, (ide(ry®dy) on Dom(ide(ry®dy) extends to an ad-
jointable operator. Furthermore, the subalgebra {feC(T) : [idC(T)®d)\, f] eE(Hb)}
is dense in C(T).
Proof. For ¢ € C(T) @ S(R) € H*, we have n e g—f = %(no ¢), and

ne (M(-n) e o) ([z],r) = (M(-n).¢) ([x - nb],r —n)

=(r-n)-o([z],r).

Hence we have on the dense subspace (C(T) ® S(R))®? of Hjy,

. . o M 0 AdOM] [0 An
(ldC“T)®dk)‘Ad"(ldC<T>®dk)‘[AM 0]_[Adn(/\M) 0 ]_[/\n o]'

Thus, for any fixed n € Z, the operator (idg(my ® dx) — Ad,, (idg(ry ® dy) extends to
an adjointable operator.
Let f e C°(T). We have M(f o ¢) = f o (M¢), as fe does not change the
R-coordinate. Secondly, define
fb([x]vr) =f ([1[,’ + b?“]) )
so that feo = f,- ¢, and
8(f'¢) —fe 3fb <.

This is a bounded operator of d), i.e.

Hy*2C(T)oSR) >+ (AM= ) (feg)—fo (MM ) () =420

extends to an adjointable operator on H; with adjoint ¢ = + %2 8f .. Thus, the dense
subalgebra C*(T) of C(T) is contained in {f eC(T): [1dC(T) ®dy, f] € E(Hb)}.
(Il

This concludes the proof of Theorem A1}

It follows that j((Hy,ido(ry ® dx)) =t (Hs, Dy) is a cycle in Wo(Ag, Ag), where
j is the descent map on cycles WZ (C(T),C(T)) — ¥o(C(T) xg Z,C(T) xg Z) =
Wo(Ag, Ay). For reference, let us explicitly describe the structure of H;, which can
be constructed using descent and the definition of its lift H, on page

Lemma 4.4. The left A-action on C.(Z xT xR) ¢ Hi is given by
(4.3) (a.Hb@)(n, [x],7) = Z a([z +rb],m)®(n-m,[z—mb],r—m).

mez
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and the right action by
(4.4) (®.gq,a)(n, [x],7) = ZZq)(m, [z],")a([z — m8],n—m).

Its (pre-)inner product is given by:
(45) (‘I>1 |(I)2>Zs ([’LU], ZQ) = Z [Ral(kl, [’LU + ]{716‘], T)q)g(lg + k1, [w + kle], T‘) dr.
k1

Definition 4.5. The b-twist 7, is the element of KKq(Ag, Ag) represented by
the descent (Hp,D1) of the Z-equivariant unbounded cycle (Hp,ide(ry ® di) for

KKG(C(T), O(T)).

Remark 4.6. Note that since we have proved that d) defines an elliptic operator for
any real A # 0, any two of the cycles (Hy,id¢c(ry ® dy) with A of the same sign, are
homotopic to each other as unbounded Kasparov modules from C*(T) to C(T) in
the sense of [Tl Definition 4.4]. In particular, by Theorem 4.1 of the same pre-
print, they represent the same class in KK-theory. (Of course, dy is not homotopic
to d_y, since their nonzero Fredholm indices have opposite signs.)

The duality result we are proving in this article, like all dualities known to
the authors, uses Bott Periodicity (specifically in this case, Z-equivariant Bott
Periodicity) at some point in the proof. In our case, it is embedded in the proof of
the following result.

Theorem 4.7. The twist morphisms {1 }oez, € KKo(Ag, Ag) form a cyclic group
of KK-equivalences under composition. In particular,

T-p = 7'(;1 € KK()(AQ,AQ).

Recall that Kasparov’s bivariant category RKKZ(R;-,-) has objects Z-C*-
algebras and morphisms A — B are the elements of the abelian group

RKKZ(R; 4, B),

which is the quotient of the set of cycles (£, F) for KKZ(Co(R) ® A, Co(R) ® B) for
which the left and right actions of Co(R) on the module £ are equal, by homotopy
(with a similar requirement on the homotopy). See [14, 2.19].

Such a cycle can be considered as a family (&, F})wr of KK, (A, B)-cycles which
is essentially equivariant in the sense that, for all ¢ € R, any integer [ maps & to
& and
(4.6) (<)o Fyyyol-F,
is a compact operator on &;.

Let

pi:KKZ(A, B) > RKKZ(R; A, B)
be Kasparov’s inflation map, which (on cycles) associates to a cycle for KK, (A4, B)
the corresponding constant field of cycles over R. The inflation map converts ana-
lytic problems into topological problems, as we shall see shortly in connection with

our own problems.
The following result follows from the Dirac-dual-Dirac method.

Lemma 4.8 (See [8, Theorem 54]). pg is an isomorphism for all A, B.

We will be setting A = B = C(T) in the following, and apply the inflation map
to the class of the equivariant cycles (Hp,ide(ry ® dy) discussed above.
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Definition 4.9. The topological b-twist 7° € RKK5(R; C(T),C(T)) is the class of
the bundle of *-homomorphisms

7:0(T) > O(T), 7/ (f)([z]) = f([z +bt]),

The family of automorphisms {7} is equivariant if the action by Z on R is by
translation and on C(T) is by irrational rotation, since b is an integer.

Since the Kasparov product of two families of automorphisms in RKK% is simply
given by composition, we see that the product of 7° with 7 s exactly Fhb Clearly,
70 is the identity, and so we conclude that b~ 7% is a group homomorphism from
Z to invertibles in RKK5(R; C(T),C(T)) (under composition).

Theorem 4.10. Let (Hy,ide(ry ® dy) be the Dirac-Schrédinger cycle for
KKZ (C(T),C(T)) of Theorem B, with A >0. Then

Pia([(Hy,ido(ry ® dy)]) =7 € RKK( (R; C(T), C(T)).

Proof. As explained at the beginning of this section, pg([(Hy,ide(my ® dy)]) is
represented by the constant bundle of cycles which consists, for each ¢ € R, of the
Dirac-Schrodinger cycle.

First, we will modify the operator

d)\=|:d3+ d?)'_:l, Cl)\7i:/\|\/|:|:%7

on L?(R) @ L*(R) by changing the implicit reference point ¢ = 0 in the cycle; we
do this to turn our constant family over R, which is essentially Z-equivariant in
the sense of Equation (L), into a Z-equivariant family. We will then apply an
argument of Liick-Rosenberg.

If U; is a left translation unitary with ¢ € R, then

UpodysoUy=AM-t)+ & =di,,

and a similar statement holds for dy _ and hence for d). We thus obtain an equivari-
ant family of operators d} on L?(R) @ L?(R), all unitary conjugates and bounded
perturbations of each other since

d>‘_d§‘:d)‘_UtOd)\ont:[)(\)t)bt];

in particular, they represent the same class in KK-theory by [I1, Proposition 4.7].
We now tensor dj by the identity on C(T) to obtain a family

{(Hy,idc(r) ® dy) 1

of cycles for KK5 (C(T),C(T)), in which only the operator is varying with ¢ € R
while the modules Hj stay constant. This describes a cycle that is a bounded
perturbation of the constant cycle which represents pg [ (Hy,idc(my ® dy)]. In par-
ticular,

4.7) pi ([(Hp,idoery ® dy)]) = [(Hp,idory ® di )eer] € RKKG (R; C(T),C(T)).

and our new bundle of cycles is Z-equivariant on the nose, as a bundle.
We next describe a homotopy, which we will describe as a family of homotopies
parameterized by t € R. Fix t.
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The following is based on arguments of Liick and Rosenberg in [I7]. For A €
[1,+00), the spectrum of the operator

& 0 AM=t) - &

AT AM-t) + 2 0

on L*(R) ® L*(R) is given by
{(:I:\/2l+1)>\:120,1,2,..‘},

and d is orthogonally diagonalizable with eigenspaces all of multiplicity 1. The
kernel of df is spanned by the unit vector ¢f , ® 0 where

" A 3 A2
(45 Bor(r) = (ﬁ) 2

and the Fredholm index of df is 1.
For each ), let prf be projection to the kernel of dy. Since the minimal nonzero
eigenvalue of d} has a distance v/2 to the origin, we obtain Part of the following

Lemma 4.11. With d as above and f(d}) € L(L*(R)®?) the operator obtained
from f € Co(R) by functional calculus, we have
(1) Timaeioo || f(d5) = £(0) - pry| = 0.
(2) If x € Cp(R) is a normalizing function, and €' is the (Borel measurable)
stgn function on R given by

Et(r) = |::§| )

acting as a multiplication operator on L*(R), then
(4.9) Fyi=x(dy) — [3 5(;] for A = +o0

in the strong operator topology.
(3) If f is a smooth, periodic function on R, then

lim [[Fx., f]] =0.
A—+o00

The proof of [(2)]is carried out in [I7, p. 582-583], and of [(3)]in [I7, p. 584-586].
Define a family {Wy}x = {Wy, ® Wy, }ac[1,4+00] Of Hilbert spaces by setting
Wy, = L?(R) for all X e [1,+00], and
L2(R) if 1<\ < oo,
Wy, =

’ L2R)®C  if A=oo.
We let 65 = (0,1) e WS , = L*(R) @ C.

To endow this field with a structure of a continuous field, we only need to be
concerned about the point co: We declare a section &¢ of the field {Wit},\e[h,w]

with value f + 2% at A = +oo, f € L?(R) and z € C, to be continuous at infinity if
(4.10) [€° ) = (f + 200 oy > 0 as A= +oo,

where w(t), )\ € L?(R) is the normalized O-eigenvector of di as defined in Equation

@s).

We now describe a continuous family of self-adjoint, grading-reversing operators
F)\,t: W)\,t - WA,t
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for A€ [1,+00]. For finite \, set

0 AM-t) - &
0 :

. t t
Fy = X(d)\)’ where d) = |:)\(|\/| —t) + %

This odd, self-adjoint operator has the form

I U C
F>\7t_|:G)\’t O]

for suitable G +.
At infinity, we have We, ; = (L?(R)®C)®L?(R) with the first summand L?(R)&C
graded even and the second summand L?(R) graded odd. We let

Goo s L*(R) ® C - L*(R)

be multiplication by the sign function €’ on the summand L?(R), and zero on the
C-summand. Thus, the operator G:o)t:L2 (R) - L?(R) @ C is multiplication by ¢’
on L?(R), followed by the inclusion into L?(R)@C by zero in the second summand.
The operator F ; is the odd, self-adjoint operator on W, + given by the matrix

_| 0 G,
Foo,t = |:Goo7t 0 :| .

This is the correct choice in order to make (Fy:)x a continuous family, i.e. an
adjointable operator on the module of sections, because of (£9)) in Lemma 1]
Note that the operator L?(R) - L?(R) of multiplication by €’ has no kernel. Since,
however, G+ kills the second summand C of L?(R) ® C, the operator G o+ has
a 1-dimensional kernel. The cokernel of G« ; is clearly trivial, and therefore G +
(and Fe ) also has index 1.

The family of operators {F) }xe[1,400] induces an odd, self-adjoint operator Fj
on the sections & of the field {W) :}ae[1,+00]- In other words, we have constructed
a Z/2-graded Hilbert C([1,+00])-module and an odd, self-adjoint operator F}; on
&:. Further, 1 - F? is compact: for finite ),

1= F3 = (1-x*)(d})
is compact by Lemma LTIl By the same lemma,
H(l _F)%,t) - (1-x*)(0) 'pr)\,t” = ”1 _FAz,t _pr)\,t” - 0 for A - oo.

As pri = [pf ) (¥f\| and 1-F2 , = (0@ 1) ®0 = |65) (65| on (L*(R) @ C) ® L*(R),
we see that 1 - Fit is asymptotic to |€) (€], the rank-one operator corresponding to
the continuous section given by &) := 1/)67)\ for A < oo and £(o0) = 6f.

The definitions above supply a homotopy of KKy(C,C)-cycles between the
bounded transform (Wy ;, Fx ;) of (Wy,d5) = (L*(R) ® L*(R),d}) for any finite
A and any t € R, on the one hand, and the sum of the cycle (C @ 0,0) with the
degenerate cycle

((R)e L*(R),[ %5 ])
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on the other hand. Here, both C®0 and L?(R) ® L?(R) are Z/2-graded with their

respective first summand even and second odd, and €’ is the sign function as before.
Further, the homotopy is equivariant for Z if one allows the real parameter t € R

to change with the integer action: translation by n € Z conjugates dj to di'™. This

means that the construction can be carried out in RKKZ(R; -+), as we now show.
Set

Exngi= C(T)® Wixs and Fy,:= idC(T) ® I\ ¢,
endowed with its standard right Hilbert C'(T)-module structure, and carrying the

Z[2-grading inherited from the gradings on Wy ;. On &, ; and for f € C(T) consid-
ered a periodic function on R, we let

vai(f) € L(Exs)

be the operator defined as follows. Set
follz],r) = f([z+r]),

where b is the integer which was fixed in the beginning. For finite A, we let v ,(f)
act on €5, = C(T) ® L?(R) by multiplication by the function f, on T x R. For
A =00, we let v, ,(f) act on €5, = C(T)® (L*(R) ® C) = (C(T) ® L*(R)) ® C(T)
by multiplication by f;, on the first factor C(T) ® L?(R), and on the second factor
C(T) by multiplication by the function f} € C'(T), where

Fo([2]) = £ ([ + bt]).
For t e R and A € (0, o0], let
Yae=Wae, € Fan) and Yai={Yii}, -

These RKK-cycles are Z-equivariant, and (A — Y3) is a homotopy of RKK”-cycles.
For any X € (0, 00), Equation (7)) yields that Y is a compact perturbation of the
constant family {Y) o},.g, because they arise as the bounded transform of {(L*(R)@®
L?(R),d}) }ier resp. pri (L2 (R)® L?*(R), dy) after fibrewise tensoring with the right-
Hilbert C'(T)-bimodule (v,C(T)). Thus, Yy and {Y) o}, determine the same class
in RKK”. By definition of the inflation map, prﬁ'{((Hb,idc(T) ® dA)) = {Yx0},ep for
any finite A, so we have shown that prﬁ((Hb,idC(T) ® d,\)) and Y) determine the
same class.

On the other hand, at A = co, we have that Y, is the sum of the topological

b-twist 7° = {72} ser, see Definition EE0) and the degenerate (t > (Hb, [eot Eot])) In
particular, 7 also determines the same class as Yy in RKK”. This concludes our

proof of Theorem .10 a

Proof of Theorem BTl Since pry is an isomorphism, it follows from Theorem EI0]
that b — [(Hb7 ide(m) ®d,\)] is a group homomorphism from Z to KK5(C(T), C(T)).
Using descent, the map

b Hj[(Hb,idc('ﬂ-) ®d)\):| = [(Hb,DA)] =Tp

is a group homomorphism from Z to KKq(Ag, Ag), as claimed. O
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5. CONNES’ DUALITY AND TRANSVERSALS

Let Ag e KKo(Ag® Ay, C) be Connes’ class of Definition 223 The main technical
result of this paper is the following.

Theorem 5.1. Let g=[} %] for b+ 0 and Ly = L,. Then
(5.1) (La, ® [Ls]) ® 480 (A9 ® 1a,) = [(Ho, 3 Daxv)] € KKo(Ag, Ap).

In particular, if b >0, then this class coincides with 7, € KKo(Ayg, Ag), the b-twist
(Definition [L5).
We proceed to the proof of Theorem B.1

5.1. Computation of the module in the zig-zag product. Our goal is to
compute (14, ® [£L4]) ® yo3 (Ag®14,) € KKo(Ag, Ag) for g upper-triangular, and
prove that it equals the class of the b-twist of Theorem [Z.T1

In fact, some of the calculations we will do for arbitrary g, since it involves little
additional effort and leads to the following observation: only for upper-triangular g,
the Hilbert Ag-bimodule involved in the Kasparov product of the left hand side of
(1) is of the kind one gets from applying descent to an equivariant module (such
as the one appearing in our cycle for the b-twist).

As the module £, and the C*-algebra Ay are ungraded, the module underlying
this class is comprised of two copies of

(Ag® ,Cg) ®A§3 (L2 ® Ag) ,

where L? = L?(T) ® £*(Z) as before (see Lemma [Z2]). We initially focus on describ-
ing this bimodule. Observe first that one is reduced to computing £, ® 4, L?, where
the balancing is over Ay ® 1 acting on the right of £,, and Ay acting on the left of
L? via wo xv. This is because the maps

(A9 ® Ly) ® o3 (L*® Ag) «— L, ®a, L*
defined on elementary tensors by
5o (a®@®)@(feb)— P.., (1®D)® (w1 xu)(a)(f)
(52) led)e(fel)«— o f

are inverse to one another and therefore equip the right-hand side with the structure
of a right-Hilbert Ap-bimodule as follows:

Ag ~(Lyg®a, LP): (@@ f) =08 (w1 nu)(€)(f),

(5.3) ,
(Ly@a, L)~ Ag: (20 [)E=Do, (180 f.

Moreover, £,® 4, L* has Ay ® Ag-valued inner product given on elementary tensors
by

@ fi|Vef) = ((1ed)e(fiol)|(1ow) e (frol)) et e

)

(5.4 (rerl(0snioniss)en)

where - denotes, for the moment, the left-action of AS’?’ on L2 ® Ayg.
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Lemma 5.2. The maps
Ce(Zg) — Cu(Zg) 02U € Ly ®4, L’
(5.5) Pr— 0o (2°®e))
., (VIU*@1)«—®0 (s ®cy)

are mutually inverse. In particular with the help of Formula (&2), a copy of the
space C.(24) is sitting densely inside of (Ag ® Lg) ® 4o5 (L2 ® Ag),

In the above lemma, we write 2l for two things: on the one hand, it denotes the
dense subspace of L? consisting of elements Yonm Gnm?" ®Em. On the other hand,
it denotes the subalgebra of Ag consisting of elements 3, ,, @n,»V"U™. In both
of these cases, (an,m )n,m is assumed to be of Schwartz decay. Recall also that ©
denotes the algebraic tensor product before completion.

Proof. On the right-hand side, the balancing gives us the following equality for
DeC.(2,), feAc L? and any acting element £ € A € Ay:

2@ (w22 0)()(f) =P ((@1)O [
For ¢ = VUM and f = 22 ® ¢4, we have
(w2 2 0)(€) (f) =AM @ey, ),
where A := 2™, So we have for any choice of Iy, ky € Z:
Do (AT e, 1) = (R, (VIUM ©1)) @ (2 ®ey,).
The case ko :=0, I3 := 0 and k; replaced by —k; yields:
D@ (2" ®ey, )= (.., (VU™ 1))@ (" ®c).
It is now easy to see that the two maps are mutually inverse maps, as claimed. [J

Formula (5H) equips the left-hand side with the structure of an 2 — 2-right-
pre-Hilbert module. We let VY be its completion and Ny = N @ N with the
standard even grading. By construction, N is (isomorphic to) the Ag — Ag-right-
Hilbert module underlying (14, ® [£,4]) ® 423 (Ap®1y,). We will now study this
2 — A-right-pre-Hilbert module in terms of the bimodule structure of L.

Lemma 5.3 (The Hilbert bimodule structure of N). The bimodule structure on
Ny is given on its dense subspace C.(Z,) by

A~C(Z,): (VEUMoe)=A"F o, (VU™ 1),
Co(Z)» A (2OVRUR) =0, (10 VPU).

For U another compactly supported function on Z,, the (pre-)inner product
0
(P \I/)Ng with value in C.(Ag) € Ag is given by

(@07 ([2].k) = [ (@9 ([y],0.[]. k).

where (| )5 takes values in Co(A) = Co(Ag x Ag).
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Proof. An element ® € C.(Z,) corresponds to ® ® (2° ® g¢) in £, ®4, L?, see
Formula (5H). By Formula (5.3)), the left action on £, ® 4, L? is given by

Vi, (¢® (2° ®cp)) =P ® (wy x u)(VhU™) (zo ®cp).
We compute
(wy @ u)(VEUR) (zo ®cp) = Aihh g ey
so that
VhUM (2@ (2" ®e)) = N"M 0@ (21 @cy,).
Similarly, the right action on £, ® 4, L? is given by
(2o (:"®cn)). VEUM =0, (10 V2UM) & (2" ® ).

The claim about the bimodule structure now follows from Formula (5.3]).
Next, we turn to the inner product. Because of Equation (5.4) and Formula
(E35), the pre-inner product on N, ;) is given by

)

L2®A9
(5.7) (@ w) - <ZO ®c0 8l ((1 ®®|1 ®\y)§g?‘9) (@c® 1))
o
where - is, as before, the left-action of A:§3 on L? ® Ay. Since

Ap®L, L,

(1®<1>|1®\1/)A§? =18(®| U5, -

let us study Equation (&.7) for (1® ®|1® ¥) replaced by an elementary tensor
lea®b:

)L2®A9 _ <

2
(ZO®€0®1|(1®a®b)'(ZO®€0®1) zo®€0|ngv(a)(zo®50))L -b.

For a =%, 1 GnmV"U™, we have
wy xv(a)(z’ ®ep) = Z nm 2" ® E_m,
n,m
so that
0 0 L?
<z ®eg|wa xv(a)(z ®eo)>
Thus, for any ([z],k) € T x Z:

=3ao,0-

(ecpol|(1®aeb) (*oce 1))2“9 ([z].k) = ag, - b([z], k)

- [(@®)([y].0.[s] k)dy.

We bootstrap from the elementary tensor a®b with a € 2 to a more general element
CeCu(TxZxT xZ) with the result

("®@eo@1](1®¢)  ("®c0® 1))L2®A9

(la).k) = [ <(l).0.[2). k)dy

and so in particular

(@ | 0YV9 ([2], k) = (ZO ®c0®1|(10(®0)). (:*@c® 1)>L2®A6

:[T(<I>|\II)L9([y],O, (2], k)dy,

where the last equation follows from Formula (&71). O
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Our goal is to show that for g upper-triangular, the module N, underlying the
cup-cap product (14, ® [L4]) ® yo3 (Ap®1,4,) is obtained by applying the descent
map to an equivariant module, and to identify this module. Such ‘descended’ mod-
ules are completions of C.(Z,N) for some right-Hilbert C'(T) — C(T)-bimodule N
equipped with a Z-action. As already mentioned, N E? is a completion of continuous

compactly supported functions on the space Z,, which for g = [‘; Z] is given by
_ 2 2 a(v+r10)+br _ 0
oo = {0 (0] e B2 T2 [0 | = ]}

see Lemma [B.8 We therefore need to restrict to those g which make Z, contain a
copy of Z. From the above description, we see that this happens exactly when g
is upper triangular; then the elements of Z, have the restriction [dr1] = [r2], i.e.
r9 = drq + k for some k € Z.

Since g was assumed to be in SLa(Z), ¢ = 0 implies d = a, and u(g) # 0 (Equa-
tion (B6)) becomes b 0. We get

Z[a b] 27 xTxR
0a

(T7T27 [111})]) = (TZ —ar, [U],?").

The below proposition gives the formulas that Z, inherits from ), *g X via the
identification from Equation (5.8)). It also makes use of Lemma [B7 which gave a
nicer description of the left Fy-action on Y, and of Lemma [3.3] which gave a nicer
description of the right A-action on X.

(5.8)

Proposition 5.1. For g=[§L], the (F,, A)-equivalence Z, = Z x T xR is given
by:
]:!J /_NZQ : ([8] + (% +’r)(€)allal2)'(k7 [’U],T) = (k‘+l2,[’l}],# +T)a
Zye~ A (K [v],r).([v], k1, [av +rb+ kO], ko) = (k + ko — aky, [v - k10],7 + k1).

Now, we will finally compute the module structure of £,, but only for matrices g
of the above form. This, in turn, will then allow us to give the formulas for the
Hilbert module structure of N = (Ag ® L) ® 468 (L2 ® Ag).

Let g = [@2]: recall that Z, is the Morita equivalence built as completion of
C.(2,), and by ‘forgetting’ its left-action, we arrived at the right-Ay ® Ag-Hilbert
module £, = ¢t*(Z,). This means that their right Hilbert-module structures coin-
cide, and so according to Theorem 2.8 in [20], the right-C.(.A)-action on the dense
subspace C.(Z,) of L, needs to be defined by

(@, 1)(2) = [ ®(z0)f) v,

sensible
Ve

where v is “sensible” if z.v makes sense. For z = (k, [v],r) € Z,, this is the case
exactly when v = ([v], —k1, [av + rb — kO], —k2) for some k; € Z, in which case

Z.V = (/{i—kg +ak:1, [’U+k?19],’f‘—k‘1).
The inverse of such v in Ay x Ag is v = ([v + k10], k1, [av + b+ (ky — k)6], k2).
All in all this means:

(.2, f)(k, [v],r) = Y ®(k = kg + aky, [v+ k10],7 — k1)
(5.9) k1, kacZ
F([v+ k18], k1, [av +rb+ (ke — k)O], ka).
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In particular, for f = VhUk @ Vizks:

(.2, VIUM @ VUM (K, [v],1) =@(k - ko + aky, [v + k1 0], 7 — k1)

(510) e27ril1(v+k10)e27ril2(av+7‘b+(k:2—k:)0)'

Now that we have concrete formulas for the right-action on £,, we can make the
?trucgure of NV, ;) concrete by using Formula (5.6):
5.11

A~ND: (VEUR @) (k, [v],7) = P(k - aky, [v—-k10],r + kp )&,
./\/;? ~ A (DaVEUR)(E, [v],r) = NeF2R) (k- ky, [v],r)e?mit2(avirb)

We now compare this right-module structure of N; g to the right-module structure it

would have if it came via descent from a suitable (yet to be determined) completion
of Co(T xR): for any ls, ko € Z, (k,[v],r) € Z =Z xR xT, and ® € C.(Z,), we
would need

N2 B2 @ (| - ky, [0], r)e?mil2(@v+r0) 2 (N2 (k) @ — ky) « 212) ([0], 7).

Here, the left-hand side is the right-action by V2U*2 on the function ®, an element
of the dense subspace C.(Z,) of N, g . The right-hand side is the formula for the

right-action by V2U*? as ‘prescribed’ by descent; notice that ®(k — ky) is our
notation for the function

TxR> ([’U],’I") = (I)(k_ kQa [’U],’I”)
in C.(T xR). In other words, if we define for ¢ € C.(T xR) and f € C(T),

(5.12) (@ * f)([v],7) = ¢([v], ) f([av +7b]),

then descent turns this right-action of C'(T) on (a completion of) C.(T x R) into
the right-module structure we have on N ;.

For the left-module structure to be coming from descent, we similarly require for
any Iy, k1 € Z that

O(k - aky, [v - k10],7 + k1 )20 2 (21« (k. ®(k - k1)) ([v],7).

This shows that we need to have a = 1, so that we can define for ¢ € C.(T x R)
the action of k1 € Z and the left-action of f € C'(T) by:

(5.13) (k1-9) ([v],7) = ¢([v=F10],7+k1) and  (f = d) ([v],7) = f([v])d([v], 7).

For g = [} %] with b € Z*, the inner products of both £, = £, and subsequently
of NP := Ng are now easy to compute. First, the Ag ® Ap-valued inner product of
Ly = 1*(Zy) is just the inner product of Z,. Therefore, Theorem 2.8 in [20] gives
us the following formula for the inner product of two functions ®, ¥ e C.(Z,) € L;
evaluated at v e A = Ay x Ay:

@ 0)° ()= [ B(r.2)0(r20)d,

sensible
veFqy

where z € Z; = Z xR x T is any element such that z.r makes sense in Z,, and v is
“sensible” if .z is defined. According to Proposition Bl when v = ([v], 11, [w],l2),
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we can take the element z = (0, [v], “3*) for some choice of representatives v, w of
[v,w]. For sensible 7 € F,;, we have

vz = (kg, [q)], k1+k25+w—v) ,
where ki1, ko € Z are arbitrary, and then
vz = (ko + 1o -1y, [v - 1;0], Frthaliw=y 4 )
All in all:
(5.14)  (@]0) ([0]. 1, [w].l2)

= 3B (ko, [v], B2y @ (kg + 1, — 1y, [0 — 1 0], Bthaliw=e )
k1 ,ko€Z

Now we will use Lemma [B3] to compute a formula for (<I>|\Il)Nb where &, U €

CC(ZQ) ENg :Nb:

N, — . .
(@10 (o= [ ;Z@(kz,[y],%,)m+z,[y],%)dy
1,R2€

f k0+x r) (k 1], k9+bac—r)d,r
Ryez

- [ XF (ko s k0 -r] )W (k+ [z ko -], 5) .
Riez
For this to come from descent, we need
(@ 0) ([2],0) = - L (R(0) Wk + D)t (2 + k0D
This is satisfied if we define
(5.15) (@16)0m, (1) = [ @0) ([2 =71 5) .

In Theorem [5.4 below, we will sum up what we have found so far, namely the
formulas for the lift via descent of the module ./\/Z?.

5.2. Conclusion of the proof.

Theorem 5.4. Suppose b e Z*. We define the structure of an equivariant, right-
pre-Hilbert C(T)-bimodule on C.(T xR) by

bV eCATxR): (6] V)oqn (o) = [ @) ((e-r].5)dr,
Z ~Co(T xR) : (1.9) ([z],7) = &([ —10]r+l),
C(T) ~CoTxR):  (f+6)([a).r) = F([a])d([x].7),

Ce(TxR) =~ C(T) : (@ * N)([x],r) = o([z],r) f([x +rd]).

Let N be the completion of Co(T x R) with respect to this pre-inner product,
and let Ny := N & N, be standard evenly graded. Define the unbounded operator
dNb7+:Nl:— - Ny by

(5.16) Ay = ~12 ¢ 0o,
let dn,,- = dy, , and define

0 dy,.-
(5.17) dn, =y 7]

Then the pair (Ny,dy,) is a cycle in W2 (C(T),C(T)).
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Remark 5.5. To see why we chose this (pre-)Hilbert module structure, see Formula
(EI3), Formula (B12), and Formula (&I5]). To see why we chose this operator, see
the proof of Lemma 5.7

To prove Theorem B4, we will check that (Np,b-dy,) is unitarily equivalent
to the equivariant cycle (Hy,ide(ry ® dy) of Remark for A := 27b € R*. Recall
that we defined Hj as the completion of C.(T xR) with respect to the pre-Hilbert
module structure given on page [263] which is also where the definition of dy can be
found. Note that the domain of id¢(ty ® d) contains, by definition, the subspace
C(T) o S(R).

Proof of Theorem B4l Define w:TxR — T x R by
’LU([J)],’I“) = ([.1? + b?“] ’ _T) )

so that w=w™!, and let

w
Hi 2 C.(T xR) Ce(TxR)c Ny
W—l
-1 ._ . 1 .
Wg:=/lbl-gow Woi= 2= gow

It is quickly checked that this induces the claimed structure on Hf.
Finally, a routine computation shows that

Wlob-dy, oW BV W lo (-2 4 p 2 —2xbM) 0 W
(5.18) =-(b%-L2)+bL +2rbM

=2rbM+ & = dyry

as claimed.
Since we have proved (Hp,dy) to be an unbounded cycle for any A € R* (see
Theorem FT), it follows that (Np,b-dy,) and hence (Ny, dy, ) are cycles also. O

We will next verify that (N, Dy, ) satisfies all properties needed to invoke [15]
Theorem 13], the well-known recipe due to Kucerovsky how to determine that a
given unbounded KK-cycle is the Kasparov product of two other cycles.

Theorem 5.6. For (Ny,dy,) as defined in Theorem [54 and
320G (C(T), C(T)) — o(Ag, Ap)

the descent map, the cycle j(Np,dn,) = (Np, Dy, ) represents the Kasparov product
(1a, ® [Ls]) @ 03 (Ao ®14,).

We have already found that the module N, descends to N, = N @ N} - in
fact, this is where the formulas that we used to define IV, came from, see Formula
(E13), Formula (5:12)), and Formula (5.I5). Furthermore, we have seen that N
can be regarded as (Ag ® Lp) ® 403 (L? ® Ap), two copies of which make up the
module underlying (14, ®[Lp]) ® 403 (Ag®1y,,) via Equations ([B.2) and (). The
identification can be summed up as follows:

(5.19)
(VUM @ @) op ((2"2 ®ep,) @ ViEUF) 2 \nkitha) o (phivlay=(hitka) gylagrka)

e(A9®£b)®A§3(L2®A9) eNE
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We have also already proved that (N, Dy, ) is indeed in W( Ay, Ag). Therefore, we
now only need to prove the following;:

Lemma 5.7. For all z in a dense subset of Ag ® Ly, the operator

(176" asen ] [ 5 ]

extends to a bounded operator.

We note that C2°(Ag) © C°(2,) is dense in Ag ® Ly, by the following:

Lemma 5.8. Suppose @, € C.(Z x T xR) are such that |®,]., — 0 and that,
n—o00

for all n, the support of ®, is contained in some compact set. Then ®, — 0
both in Ly and in H*,.

The proof of Lemma [B.8 employs a “standard trick” that was used in the proof of
Theorem 2.8 in [20]: the inductive limit topology on C.(G) for G a second countable
locally compact Hausdorff étale groupoid is finer than the topology given by the
C*-norm (see [23, Chapter II, Proposition 1.4(i)]).

Corollary 5.9. If coo denotes the space of bi-infinite sequences which are even-
tually zero, then the subspace coo @ span{z"|n € Z} © C(R) is dense in both Ly,
and H*,.

Remark 5.10. The statement in Lemma [B.7] implicitly makes use of the identifica-
tion in Equation (BI9). In other words, our claim (for the creation part) can be
rephrased to saying that the following diagram is commutative up to adjointable
operators, where N := Ag ® [L,] and N? = (L2 @ L?) ® Ay:

T, N1®AS®N2q—>Nb D

(5.20) N2 5 M
dA®1\> A2 - N1 ® 430 N2 Ea EI9)

We observe that only the creation-part in Lemma [5.7] has to be shown.

Lemma 5.11. Let D:Dom(D) - N be a self-adjoint, densely defined unbounded
operator on a right-Hilbert C*-module N over some C*-algebra C. Let T € L(N)
be such that Dom(DT) nDom(D) and Dom(D) n Dom(DT™*) are dense. If the
operator DT +TD (or DT -TD) extends to a bounded operator, then its extension
is adjointable and T*D + DT* (resp. T*D — DT*) also extends to an adjointable
operator.

Proof. Let S := T*D + DT* and R := DT + TD, so that Dom(S) = Dom(D) n
Dom(DT™*) and Dom(R) = Dom(DT) n Dom(D) are dense by assumption. We
claim that R* extends S and that it is an adjointable operator.

We compute for € € Dom(.S) and ¢ € Dom(R)

(RC[€) = (DTC|&) +(T'DC[€) = (TC| DE) + (DC|T7E)
= (CIT"DE) = (C| DT™E) = ([ SE) -
This shows that Dom(S) is a subset of
Dom(R*) = {§ e N[y e N, V¢ e Dom(R) : (RC[ &) = (C|y)}
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Moreover, for any ¢ € Dom(R) and & € Dom(5S),

(C158) = (RC[€) = (C[R7E).
We know that this property uniquely defines R*¢ since Dom(R) is dense, and
hence R*¢ = S on Dom(S). In other words, R* extends S. In particular, R* is
also densely defined.
Let R be the assumed bounded extension of R. Then for ¢ € Dom(R) and
& e Dom(R*), we have

(5.21) (C|R*€) = (R¢|€) = (RC|€), so that [(C|R*€)] < |R|- <] €] -

As Dom(R) is dense, we conclude that the norm inequality in (52I)) holds for all
¢ € N. In particular, choosing ¢ = R*¢ yields |R*(§)|| < ||R|| I€], so the closed
operator R* is bounded by ||R|| on its entire dense domain. This implies that R*
is a bounded operator. Using denseness of Dom(R) once again and Dom(R*) = N,
Equation (5.2I) shows that (R)* = R*, so that R and R* are adjointable operators,
as claimed. |

Corollary 5.12. Let D:Dom(D) - N and D":Dom(D") - N’ be two self-adjoint,
densely defined unbounded operators on right-Hilbert C*-modules N resp. N over
some C*-algebra C. Let T € LIN',N') be such that Dom(DT) n Dom(D’) and
Dom(D)nDom(D'T*) are dense. If the operator DT +TD’ (or DT-TD’) extends
to a bounded operator, then its extension is adjointable and T*D + D'T* (resp.
T*D - D'T*) also extends to an adjointable operator.

Proof. Consider the self—adjom‘c densely defined operator D : [0 D,] and the
adjointable operator 7 :=[$ L] on the right-Hilbert C*-module N"® A”’. Then

Dom(P7) nDom(P) = Dom(D) & (Dom(DT) nDom(D"))

and
Dom(P) n Dom(DT*) = (Dom(D) n Dom(D'T*)) ® Dom(D")

are both dense by assumption. Since DT +7D = [0 DT%TD’] extends to a bounded
operator by assumption, we may use Lemma [E.1T] and the claim follows. |

Proof of Lemma 571 We start by considering an elementary tensor z = ¢ ® ® in
COO(AQ) © C“(Zb)

Let us untangle Diagram (5.20) and be precise: Instead of working with Dy, on
N3, we will work with the corresponding operator D on the actual space N ®A3®N2

(using Equation (5I9) to figure out D). Unfortunately, D is going to be very
unwieldy, which is the reason we instead chose to define D’s lift in Theorem (.4l
The upshot is that DT}, — T.(da ® 1) will turn out to be extended by a creation
operator, which is clearly adjointable.

Note that, since C(Z,) is a subspace of Dom(D) which contains
C(2).£,(C(Ag))??, the map in Equation (5.I9) shows that

(5.22) (C=(Ag) © C=(2,)) @aso (C(Ag) © C=(Ap)) € Dom (D).

Consequently, T}, for z = a ® ® as above maps C(Ag) ® C°(Ag) into Dom(D,).
Note that C°(Ap) © C°(Ag) is also contained in the domain of Dy 4 = da . ®1, s0
in particular, Dom(D, T, )nDom(Ds . ) contains this dense subset of (L?®L?)*® A.
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For a e C2°(Ag) € Ag and f e C(Ag) € (L?*® L*)*, define the function ¢ (a, f) €
C(Ag) € Ap by
'L/)(a’f) ([x]’k) = Z a([x - k@], _n) f([x],n— k)a

nez

then for a = VAU and f = 2'2®¢y,, we recover ¢ (a, f) = N (krke) yhrlagr=(kathz),
This shows that, for ¢ € C°(Ap) and ® € C°(Z), the map in Equation (EI9)
identifies

Nt ® g3 (N2 NG
(5.23) (a®P)® 20 (f®c) = ®.z, (¢(a, f)®c)
To find ﬁi((a(@ D) ® 430 (f®c)), we see from Equation (5:Z3) that we first need

to compute DNb,i(‘I)-ﬁb(w(%f) ® c)) Note that, if £ := ¢(a, f) and U := O.., &,
then Equation (B3]) (the formula for the right action on L) reveals that

%—f - (?;I)) L6 b, (¢(a f)®a@)
%:(gg)ﬁbf+¢’cb(( Ne 0c Wé%f) ) and

MET = (MR®) .o, &+ Do, ((MZ1/;(a,f)) ®c),

where MF resp. M denotes the operator that multiplies by the input of the R- resp.
the Z-component, and % resp. 86—@ refers to differentiation with respect to the R-
resp. T-component.

It follows that, applying the operator D := Dy, on N —built out of dy, (see
Definition E.I6]) via descent— to ¥ yields

D,(V) = [xég g—@—%MR] (®).r,&
+®.p, [’l/)(:tg—@+2ﬂ'|\/|za f)+1/)(a igé +27rMZf,)]®c

This element corresponds via Equation (5.23) to the following element in N ® AZe
(N?)*:
D.((a®®)® 0 (f®0))
19 0

:(a®[—27rMR4:ga—:t—:|(<I>)+|:27TMZ:E—:|(G)®<I>)®A3® (fec)

+(a® D) ® e (I:QWMZA: —](f)@c)
Since Dt = —i,i and Dz = 2r M?Z (defined in Lemma (ZZ)), we get
|:27T|\/|Z:I: —](f)@x (D +iDy)(f) @ c=(da,.®1) (f@c) = Do (f@0).
Thus, if we define for x = a ® ®:

Xi(ac)::a®[ 27TMR¥%51 ;@](¢)+[2ani—](a)®q> € C2(Ag) 0C2(2y),
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then this shows that
Di(Tw(f ® C)) :TXi(z)(f ®c)+ T.Ds . (fe C))

We conclude that D, T, — T D2+ = Tx, (z) extends to an adjointable operator for
x any elementary tensor in C°(Ap) © C°(2,). By linearity, we conclude that
D.T,-T z D32 . is densely defined and extends to an adjointable operator for any
e CZ(Ag) ©CZ(2).

To prove that T D, - D, T extends to an adjointable as well, we want to
invoke Corollary The only thing that remains to check is that Dom(D,) n
Dom(D; .T)) is dense. Solet y € C2°(Ag) ©C:°(2p) be another element like = and
let FeCP(Ag)@C2(Ag) € (L? @ L?*)* ® Ag. We have

Ti(y® (f@c)) = {x|y))s™  F.

A%?
where - denotes the action of A$® on F. One readily sees from Equation (5.14)
(the formula for the Ay ® Ag-valued inner product on L) that (a:|y)Ae®£b

A®3
just a smooth but also a compactly supported function on Ay x Ay e Ay. By
bootstrapping from elementary tensors (similarly to how it was done in the proof
of the inner product formula of Lemma [53]), one finds the following formula for the
A(;®3—action on L? ® Ay that holds for any a € C°(Ag x Ag x Ag) € Ag’?’ acting on
the element F':

(a-F)([a:],ml7 [y],m2) = kzl: a([x+m19],m1 +k-n,[z],k, [y],l)

F([z-kO],n,[y—-10],ma—1).

is not

Using that ¢ and F' are smooth and compactly supported, one sees that a - F is

also smooth and compactly supported. In particular, this holds for a = (x| y)f‘%‘?ﬁb.
- 6

Thus, T¥ maps the dense subset of Dom(D,) from Equation (5:22)) into the dense

subset C°(Agp x Ag) of Dom(Ds ), proving the claim. O

6. CONCLUSION OF THE DUALITY THEOREM

As a result of the previous sections, we have obtained the following, where we
use that 7, ' = 7_, by Theorem A7

Theorem 6.1. Let g=[} %] for b>0 and L = L, (Definition BG). Then
(1ay @ 7)+([Lo]) @405 (Ao ®14,) = 14,,
where 1, € KKo(Ag, Ag) is the b-twist (Definition [LR). In particular, the class
Ngi= (14, ®7)4(Ly)

together with Connes’ class Ay, satisfy the zig-zag equations. The classes Ay, Ay
are the co-unit and unit, respectively, of a self-duality for Ag.

We have proved the first zig-zag equation, and the second follows in exactly the
same way; we omit the details to avoid much duplication. We can now describe a
spectral cycle representative for Ag. First, recall that 7_; can be described as the
descended version of the cycle (H_p,d1), i.e.

7y = j([(H-p,d1)]) = [(H-p, D1)],
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Thus, its module is a completion of C.(ZxTxR), described explicitly in Lemma 4]

and its operator Dy = [ D(l) . D(l)"] is given by

sl
Dl,i:MiE,

where M still denotes multiplication by the input of the R-component. Recall from
Remark that we can replace D; by % - Dy for any A > 0, so for the best final
results, we will choose A\ = 27b > O:

1 [ 0 bM - Li]

= — = 2w Or
(6.1) DH 27T .D27-|-b bM + %% O .

Before we can state the main theorem of this section, we need some notation.

Definition 6.2. For a smooth function F' on Z x T x R, any N € Np, and « an
n-multi-index, define the semi-norm

S, N 0“d R R "
FI ay = sup { (G DIN + 1) 52 (b [0). )] = (k. [0].) e Zx T xR,
where g%a is differentiation with respect to the R-components. If | F ‘(SJ’(W) is finite
for every choice of N and «, then F' is called a Schwartz—Bruhat function. We will

denote the locally convex space consisting of such F' by S,,.

Remark 6.3. While it is possible to define a larger family of semi-norms by including
differentiation in the T-direction, the above seminorms are sufficient for our goals.

Definition 6.4. For functions on ZxTxR", let M® be the operator of multiplication
by the input of the i*® R-component, and 0; differentiation with respect to the 7"
R-component. Let MZ be the operator of multiplication by the input of the Z-
component.

Note that all of these operators map S,, back into itself. We can now state the
theorem:

Theorem 6.5. Let R* be the completion of the right-24 © 2 pre-Hilbert module

R™ := Sy whose structure is defined by:
(Fr(VIU* @ VERUM))(k, [2],7,5)
(6.2) = N\l (ktkn) 2k e27riac(l1+12)e27ri(l2r—kgs)F(k — kg + Ky, [z + ko0], 7, 5)

and
(F| F2>R (11, [v], 12, [w])

= Z feQﬂitl2E(k1,[U—k19],k2+/€19—U+w,t)
(6.3) ky,koeZ 7t

Fg(kl + ZQ - ll, [U - (kl + 12)9], kg + k10 -v+ w,t) dt.
Let R:=R*" @R be standard evenly graded and define

(6.4) dr 1=[ 0 d%“] where dg . :=MF FiM5 with Dom(dg .) = Sa.

AR+

Then (R,dr) is a Kasparov cycle and represents Ag. In particular, Ay does not
depend on the choice of be Z*.
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To prove this, we will make use of the following;:

Theorem 6.6 (Special case of [I6, Theorem 7.4]). Let & = Ly ® 492 (Ag® H_p)
for b>0, and suppose we have
(1) an odd, self-adjoint, regular operator Dg:Dom(Dg) — &, so that
(2) (0,D¢) is a weakly anticommuting pair, and
(3) a dense A © A-submodule X < Ly, for which the algebraic tensor product
X Ogea Dom(14, ® Dy) is a core for Dg such that
(4) for all ® € X, both operators n— Dg ., (P®n) - P ® (14, ® Dy 1) (n) with
domain Dom(14, ® Dy .) extend to adjointable operators Ag @ H*, — & .

Then (&, Dg) is a Kasparov cycle and represents Za.

Note that Item is actually true no matter what self-adjoint regular operator
D¢ is chosen.

The remainder of this section is structured as follows: First, we find a description
of £ as a completion, called P, of C.(Z x T x R?). We will then prove that
&y contains Sy, Schwartz—Bruhat functions on Z x T x R2, and explicitly describe
the module structure of this subspace. Using a unitary operator, we simplify &,
to the module R from Theorem On this easier module, we study the two
unbounded operators dg +: R* - R¥ to then induce them to unbounded operators
Dg o & — &. Finally, we will show that the off-diagonal operator Dg, built

in the usual way out of D¢ ., makes & a representative of Zg. This will prove
Theorem

Proposition 6.1 (The balancing). The module £F = Ly® 42 (Ag@H*,) underlying

Ay has a copy of P® = C*(Z xT xR) ®@ CP(R) as a dense subspace via the
following map:
o P® —— Ly ®A?2 (Ae ® Hfb)

QoY — P (s, ®eo®2' @)

The proof is routine.

Lemma 6.7. The space P = C°(Z x T x R) ® CZ(R) inherits the following
structure of a pre-Hilbert right-module from & via vy (the map in Lemma [6T):
the pre-inner product with values in C°(A) is given for F; € P™ by

(Fy | F2)T (1y, [v], 2, [w])
— ) ; Z\[Rﬁ(klv [’U], k2+klg—v+w —7“,’1")

Fy (ki +1p =1y, [v-10], Ethleete g o) dr
The right action of an element £ €A O A on F € P* is given by:
(Fp€) (k,[v],r,s)= Y, F(k—ko+ki,[v+ki0],7r—ky,s+ks)
(6.6) k1, ka€Z
& (k1 [v+ k18] ko, [0+ b(r +5) + (k2 - k)0]) .

(6.5)

The proof is straightforward.

Remark 6.8. If we let P; be the completion of P* with respect to the above inner
product, then ¢ extends, by construction, to a unitary Pj = &;.
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The next goal is to prove the that &, contains functions of Schwartz decay.

Proposition 6.2. The injective linear map 1o: P* = CF(ZxTxR)0C®(R) - &F
from Lemma B extends to an injective linear map 1:Sy — &;. Moreover, the
image of Sz is a right-2A © A pre-Hilbert submodule of £F. The module structure
on Sy induced by v is given by the same formulas as on P™.

Corollary 6.9. The completion Py of P has Sy as a dense subspace.

The main tool needed for the proof of Proposition (see page 284) is the
following result, proved using some estimates of quadruple series of rapid decay,
and its corollaries.

Lemma 6.10. For any integer N > 6, there exists a finite number u(N) > 0 with
the following property: If Fy, Fy € So, then for all M, N > 6,

s s
IKE T E2) [ < n(M) - | B Ry o) - (V) - 12Ny -

where we define the inner product of two Schwartz—Bruhat functions by the same
formula as Equation (GH).

The interested reader can find a proof of the lemma and of the following in the
first-named author’s PhD thesis (|5, Lemma 7.2.5 ff.]). For a definition of the I-
norm, see [23]. Note that the above, in particular, implies that (F} | Fy) is indeed
a function on A (i.e., that it takes finite values). With this tool, one proves the
following:

Lemma 6.11. If F, € P* = C*(ZxT xR) © CZ(R) converges to F € Sy with
respect to | - H‘(wa 0y, and Gy € P* to G € Sy in |- ||f1f, 0y for some M,N > 6, then
(F, | Gn)T converges to (F|G)S in C*(A). Consequently, the function (F|G)S is
an element of C*(A) = Ag ® Ay.

Using the fact that the I-norm dominates the C*-norm (see [23, Chapter II
Proposition 4.2(ii)]), we conclude:

Corollary 6.12. For any integers M, N > 6 and with u(N) as in Lemma [G.10
we have for all F; in Sy:

i 72

Sy 82
ooy S HOD B Gy - N - 12l o) -

In particular, if F € P, then [wo(F)[g¢, <p(N)- HFH‘(SfVO) .

Using the fact that the C*-norm dominates the uniform-norm (see [23, Chap-
ter II, Proposition 4.1(i)]), we also conclude:

Corollary 6.13. For F in Sa, we have
o4y > sup {/]I-§|F|2 (k,[v],s—r,r)dr:[v]eT,keZ,s ER}.

Lemma 6.14. If F in Sy and £ in A0 A, and if F.5,& is defined by the same
formula as Equation (68), then F.s,& is an element of Sa. Moreover, if F, €
P* = CP(ZxTxR)o C(R) converges to F in Sa, then F,.p& converges to
F.32§ n 82.

[cara
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Proof of Proposition [6.2l1 Take any F' € Sy and let F,, € P® = C*(ZxTxR) o
C2(R) be a sequence which converges to F in Sy; in particular, for any € > 0 and
for n, m sufficiently large,

S. S S
(P _FmH(:,O) <|Fn _F||(42,0) + HF—FmH(iO) <€

By Corollary 612 the sequence (to(Fy)), is therefore Cauchy in & and hence
converges; let «(F') denote the limit in &F. Note that, if lim® F,, = F = 0, then
limé 1(F,) = 0 by the same corollary, so +(F) does not depend on the chosen
sequence in P* and for F' € P, we have «(F) = 1o(F). Using Corollary yet
again, we get for any integer N > 6:

1

2

[ EN|7, = 1) e, = Jim Lio(Fu)le,

. S S
(6.7) < Tim ([Eul8ho) - (V) = [P0y - 1(N).

To check that the extended map ¢ is injective, note first that there exists a constant
K such that for any F € Sy and any N > 2:

2
K- (HF\|'(S§,O)) > sup {fR|F|2 (k,[v],s—r,r)dr : [v]eT,keZ,se R}.
Using Lemma [6.13] this implies

(P2, Zsup{fR|F|2 (k. [0],s—rr) dr : [0] e'ﬂ‘,keZ,seR},

i.e. if [¢(F)|g, =0, then F' =0, so ¢ is injective. Some more estimates with Lemma
61T and Corollary [6.12] show

W(F)-£,6 = ((F.5,€) and (F|G)° = (u(F)[(G))"
where £ € 2 © 2, which concludes our proof. (|

Remark 6.15. One proves mutatis mutandis that the inclusions C°(ZxTxR) € £,
and C°(ZxTxR) ¢ Hi (which are dense by Corollary [5.9) extend to injective linear
maps 81 — L, resp. 81 - Hj, and that the respective right pre-Hilbert module
formulas on C°(Z x T x R) are still valid for elements in S;. Fully analogously to
the map 1o: P*° = C°(ZxTxR)oCZ(R) — & from Lemma 6.1}, we could therefore
have defined the map

o §10S8R) — Ly ®A§2 (Ag@’Hfb) :5bi
POty —— @ (14, ®c0®2°®7),

which clearly also has dense image. By construction, " and ¢ give rise to the same
extension, namely the injective linear map ¢: Sy - &£ from Proposition

Now that we have simplified &,, we would like to show that it is unitarily equiv-
alent to the module R from Theorem

Definition 6.16. Let
X:SQ - 82; X(F)(k, [x],r,s) = /F(k, [x],rvt)eizﬂ-itsdt,
t
and T8y » Ss, T(F)(k,[z],r,s) =F(k,[z—-kO],b(r+s+k),s)
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with inverses given by

OV [elrs) = [ Pk o] a)e ™ dg

q

and T7YF)(k,[z],r,s) =F(k, [z + k0], 7—s—k,s).
And define

=:=Toyx: Sy — Sy
E(F)(k,[z],r,8) = [, F(k,[x - kO],b(r +s+k),t)e 2™ ¢.

with inverse
=NE) (b [x],r,8) = [ F(k, [z + k0], § —q—k,q)e*™?d q.

Theorem 6.17. The map Z extends to a unitary from R*, the completion of
the pre-Hilbert module R™ defined in Theorem 6.3, to Pj, the completion of the
pre-Hilbert module P> defined in Lemma [67.

Proof. A direct computation shows that the linear map Z: R™ — Sy € P; preserves
the pre-inner product and right 2 ® 2l-module structure on So = R® € R*. As = is
a bijection S; - 8o, and as Ss is dense in both R* and P; by definition, = extends
to a unitary R* = Pp. O

Corollary 6.18. The map toZ: R > & = L ® yo2 (Ag ® HE) extends to a
unitary R* = &, where ¢ is the injective linear map from Proposition 6.2

We now turn to the operator.

Lemma 6.19. The closure of the operator dg from Equation ([6.4) is self-adjoint
and regular.

Proof. Because MY and MY are obviously symmetric in view of the inner product
defined on R* (see Equation (6.3])), so is dg. Since the domain of dg is the dense set
Sa, it thus suffices to check that dgr + i has dense range. For any given 11,19 € Ss,
define

o1(k, [x],7,8) = (ris) 0l [i]r’;’ i);i%(k‘, h2)

, and

ba(k, [$],T, 5) = (r—1is) -1 (k, [{E}_,;, i):;zwg(k, [:L‘], T, s)

These functions lie in the domain of our operator dr and satisfy (dr +1)(¢1®¢2) =
11 @ 1, so the range of dgr + i contains 8592 and is hence dense. O

Corollary 6.20 (Using Theorem [617). On Py, the closure of the operator
(6.8) dp:= [d2+ d%”] where dp 4 =2 odg .0 =1 with Dom(dp ) =8 c Py,

is self-adjoint and regular.
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Note that the definition of dp , indeed makes sense since dg . maps its domain
Ss back into itself. A direct computation shows:

Lemma 6.21. We have
EoMfo=" =p (MY +M*+M5)  and 50M§054:§%(@—80,
where Z: Sy —> Sy is the map defined in Definition 616l In particular,
dp s = I:b(M]i{-ﬁ- M%) F %81] + [ng@i %82].

We should remark that we have written dp . in such a way because the Z-
and the first R-component both arose from the copy of £, inside of &, while the
second R-component arose from the copy of H*;; cf. the map ¢y in Lemma 6.1l with
extension ¢ constructed in Proposition

As ¢ is an injective map and as dp . maps its domain Sy back into itself, it makes
sense to define the following operator on &:

(6.9)
D¢ = [DS . DS"] where Dg . i=todp , 0 ¢! with Dom(Dg . ) :=ran(t) € &;.

Note that D¢ is densely defined according to Lemma [6.Il Moreover, its closure is
self-adjoint and regular because the closure of dp is by Corollary

Recall that we chose
10
2w Or
in Equation (G.I]). Its domain can be chosen to be Dom(Dy . ) == S; € H*, thanks
to Remark

Dy, =bM® &

Lemma 6.22. Let
10
D¢ . :=b(M* + M?) ¥ — — with Dom(D,.) =S € Ly
’ 2m Or '
On the image under v of the subspace S ® S(R) of Sz, we have
Dg.=Dp . ®A§2 (1‘49@7{3;) +1gz, ®A§2 (1A9 ® D'H,:l:) .

In the above, we have written ® Ae2 (instead of the more customary ®) to em-
phasize that & = L, ® 422 (Ag ® H*,) is the balanced tensor product (so it is not
obvious a priori that the above operator is well-defined).

Proof. Recall that ¢ is the extension of the map

i CE(ZxTxR)©CZ(R) — Ly ® 00 (g @ HY,) = &

from Lemma to all of S;. In particular, on the subspace §; ® S(R), ¢ is given
by the exact same formula as ¢o, namely

H(POY)=0® (14, ®co® 2" ®).
It is then obvious that D¢ ., defined as todp . o ¢ with
1 1
dpi:P(M$+MZ)¥——84+[bM§i——84
’ 27 27

computed in Lemma [6.21] is indeed as claimed. |
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Lemma 6.23. The operator dp . leaves the subspace S; ® S(R) of Sz invariant.
Moreover, S; © S(R) is a core for dp ..

The invariance is obvious, and the proof regarding the core requires only an ap-
plication of Corollary (in fact, one proves that any subspace of So = Dom(dp )
which is dense with respect to the family of seminorms on Sy, is a core for dp .).
Since Dg 4 :=todp o1 (see Equation (1)), a consequence is that Item [(3) holds
for (gb, Dg):

Corollary 6.24. The dense A 2A-submodule Dom(D,) = 81 € L, makes S1 Oy
Dom(14, ® Dy) a core for Dg.

Item holds as well for (&, D¢):

Lemma 6.25. For all ® e Dom(Dz) =81 € Ly, both operators n+— Dg .(®®n) -
®®(14,9Dy,.)(n) with domain Dom(14, ® Dy .) extend to adjointable operators
Ag ® Hfb - gbi

Proof. For n=a® VU for aeA and ¥ eS; cH*) and $eS; € Ly
De o (P ® 02 1) = P ® go2 (14, ® Dyy,2)(n)
(D2®) ®452 (0 ® W) + B ® 102 (08 Dys (1)) - D 8100 (14, ® Dy ) (1)
= (D£,+®) ®p021=Tp, ,a(n).

We conclude for general 7 that Dg7i(<I>®A§2 17)—(1)®A§2 (14,9D%.2)(n) =Tp, ,a(n),
so we have shown that the operator in question is extended by a creation operator,
which is clearly adjointable. O

Proposition 6.3. The pair (&, Dg) is a Kasparov cycle and represents Ag.

Proof. Recall that Ay was defined as [£;] ® A9 (14, ® z_p). We have checked that
the items in Theorem are all satisfied:

As explained on page 286] the closure of Dg is self-adjoint and regular (i.e.
Itemholds) because Dg is unitarily equivalent to the operator dp, whose closure
is self-adjoint and regular by Corollary [6.201 We explained that (0, Dg) is a weakly
anticommuting pair (i.e. Item holds), and in Lemma [6.24] we have proved that
for the dense submodule X := S of L;, the algebraic tensor product S; ®@Dom (14, ®
D) is a core for Dg (i.e. Ttem holds). Lastly, in Lemma we have shown
that, for ® € X, the operator DgTe — To(1a, ® Dy) has an adjointable extension,
i.e. Item holds as well. |

Proof of Theorem [6.5l We have shown in Corollary [6.I8 that R is unitarily equiv-
alent to &, and we have defined Dg exactly so that the unitary equivalence turns
it into dr. The claim now follows from Proposition a
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