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Sealing FROM ITERABILITY

GRIGOR SARGSYAN AND NAM TRANG

ABSTRACT. We show that if V has a proper class of Woodin cardinals, a strong
cardinal, and a generically universally Baire iteration strategy (as defined in
the paper) then Sealing holds after collapsing the successor of the least strong
cardinal to be countable. This result is complementary to other work by
the authors where it is shown that Sealing holds in a generic extension of a
certain minimal universe. The current theorem is more general in that no
minimality assumption is needed. A corollary of the main theorem is that
Sealing is consistent relative to the existence of a Woodin cardinal which is a
limit of Woodin cardinals. This improves significantly on the first consistency
of Sealing obtained by W.H. Woodin.

The Largest Suslin Axiom (LSA) is a determinacy axiom isolated by Woodin.
It asserts that the largest Suslin cardinal is inaccessible for ordinal definable
bijections. Let LSA-over-uB be the statement that in all (set) generic exten-
sions there is a model of LSA whose Suslin, co-Suslin sets are the universally
Baire sets. The other main result of the paper shows that assuming V' has a
proper class of inaccessible cardinals which are limit of Woodin cardinals, a
strong cardinal, and a generically universally Baire iteration strategy, in the
universe V[g], where g is V-generic for the collapse of the successor of the least
strong cardinal to be countable, the theory LSA-over-UB fails; this implies that
LSA-over-UB is not equivalent to Sealing (over the base theory of V[g]). This
is interesting and somewhat unexpected, in light of other work by the authors.
Compare this result with Steel’s well-known theorem that “ADL®) holds in
all generic extensions” is equivalent to “the theory of L(R) is sealed” in the
presence of a proper class of measurable cardinals.

We identify elements of the Baire space w“ with reals. Throughout the paper,
by a “set of reals A”, we mean A C w*. A set of reals A is y-universally Baire if
there are trees T, U on w x A for some A such that A = p[T] = R\p[U] and whenever
g is a < q-generic, in Vg], p[T] = R\p[U]. We write A9 for p[T]V19); this is the
canonical interpretation of A in V[g] A is universally Baire if A is y-universally
Baire for all «. Let I'*® be the set of universally Baire sets. Given a generic g, we
let I'5° = (T>°)V19] and R, = RVI9]. The next definition is due to Woodin.

Definition 0.1. Sealing is the conjunction of the following statements.
(1) For every set generic g, L(I'}°, Ry) F AD™ and p(R,) N LT3, Ry) =T'e.
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(2) For every set generic g over V, for every set generic h over V[g|, there is an
elementary embedding

LT, Ry) = LTS, Ryun).

g*h>
such that for every A € T'5°, j(A) = A™.

Sealing is a form of Shoenfield-type generic absoluteness for the theory of uni-
versally Baire sets. In this paper, we will avoid motivational discussion as [ST19]
has a lengthy introduction to the subject. We should say, however, that Sealing is
an important hypothesis in set theory and particularly in inner model theory for
several reasons. If a large cardinal theory ¢ implies Sealing then the Inner Model
Program for building canonical inner models of ¢ cannot succeed (at least with the
criteria for defining “canonical inner models” as is done to date), cf [ST19, Sealing
Dichotomy]. Sealing signifies a place beyond which new methodologies are needed
in order to advance the Core Model Induction techniques. In particular, to obtain
consistency strength beyond Sealing from strong theories such as the Proper Forc-
ing Axiom, one needs to construct canonical subsets of I'>° (third-order objects),
instead of elements of I'° like what has been done before (see [ST19, Section 1]
for a more detailed discussion). The consistency of Sealing was first demonstrated
by Woodin, who showed that if there is a proper class of Woodin cardinals and a
supercompact cardinal x then Sealing holds after collapsing 22° to be countable.
Woodin’s proof can be found in [Lar04].

One of the main corollaries of the Theorem [0.4] is that the set theoretic strength
of Sealing is below a Woodin cardinal that is a limit of Woodin cardinals; this im-
proves significantly the aforementioned result of Woodin. Another proof of this fact
was presented in [ST19], where the authors establish an actual equiconsistency for
Sealing. One advantage of the proof in this paper is that no smallness assumption is
made (unlike [ST19]). Another, perhaps more important, advantage of the current
proof over the one presented in [ST19] is that this proof is more accessible. Our
proof of Sealing is based on iterability and uses recent ideas from descriptive inner
model theory. However, in this paper, our aim is to present the proof of our main
theorem, Theorem [(L4] without using any fine structure theory or heavy machinery
from inner model theory, so that the paper is accessible to the widest possible audi-
ence. We will only assume general knowledge of iterations, iteration strategies and
Woodin’s extender algebra, all of which are topics that can be presented without
any fine structure theory. For instance, the reader can consult [Farll] or [MS94].
The fact that the hypothesis of Theorem is weaker than a Woodin cardinal that
is a limit of Woodin cardinals follows from a very recent work of Steel ([Stel6h])
and the first author ([Sar]) (but also see [Sar20]), and this fact will not be proven
here, as it is well beyond the scope of this paper.

Given a transitive model @ of set theory and a Q-cardinal , we let Q|x = HZ.
We say F is a (k, A)-short extender over @ if there is a ¥j-elementary embedding
j 1 @Q — M such that

(1) M is transitive,

(2) M={j(f)a): f:n<* > Q,f € Q and a € A},

(3) j(k) > A, and

(4) E={(a,A):a e Xx<¥ AC[x]l9l and a € j(A)}.
k is called the critical point of E and A the length of E. We write k = crit(E) and
A =1h(E). M is then called the ultrapower of Q by E and is uniquely determined
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by @ and E. We write M = Ult(Q, E). Given a set X and an extender F, we say
E coheres X it XNV gy = J(xX)n Vin(e)- For more on short extenders, the reader
can consult [MS94] or [Farll].

We can also define the notion of a long extender, though we will not need the
precise definition in this paper. Roughly speaking, given an elementary embedding
j + V. — M with critical point , an ordinal n > k, and letting £ be least such
that j(£) > n, we can define an extender E of length 7 from j. This is a function
F:p(&) — V given by: F(A)=j(A)Nn. If £ > k, then F is a long extender. For
more details on long extenders, see [WoolOb].

Suppose P is a transitive model of set theory. We let ile(P) be the set of
inaccessible-length extenders of P. More precisely ile(P) consists of short exten-

ders E € P such that P F “Ih(FE) is inaccessible and Vi, gy = Vlg(lg)v’E).”
Definition 0.2. We say that P is a pre-iterable structure if P = (P, ile(P)) where
P is a transitive model of ZFC.

When we talk about iterability for P, we mean iterability with respect to ex-
tenders in E” =ges ile(P) (and its images). Thus, the relevant iterations are those
that are built by using extenders in E and its images.

Recall from [MS94] that an iteration 7 is normal if the extenders used in it have
increasing lengths and each extender E used along 7 is applied to the least possible
model, i.e. E is applied to the first model M7 where the ultrapower Ult(M, E)
makes sense. Following Jensen, we will say that T is a smooth iteration (of its base
model) if it can be represented as a stack of normal iterations. More precisely,
T = (T; : i < n) where Tp is a normal iteration of the base model of P and for
i € (0,n), T; is a normal iteration of the last model of 7;_; if ¢ is a successor
ordinal and on the direct limit of (7; : j < i) under the iteration embeddings if i
is limit. We say that a pre-iterable structure P is smoothly iterable if player II has
a wining strategy in the iteration game of arbitrary length that produces smooth
iterations. Recall that in iteration games, player I picks the extenders while player
IT plays branches at limit steps. We say that 3 is an iteration strategy for P if
it is a strategy for P in the iteration game that produces arbitrary length smooth
iterations of P.

Finally we state self-iterability. The Unique Branch Hypothesis (UBH) is the
statement that every normal iteration tree 7 on V has at most one cofinal well-
founded branch. The Generic Unique Branch Hypothesis (gUBH) says that UBH
holds in all set generic extensions. The notion of generically universally Baire (guB)
strategy appears in the next section as Definition

Definition 0.3. We say that self-iterability holds if the following holds in V.
(1) gUBH.
(2) V = (V,ile(V)) is a pre-iterable structure that has a guB-iteration strategy.

Notice that because of clause 1, the iteration strategy in clause 2 is unique.

Theorem 0.4. Assume self-iterability holds, and suppose there is a proper class of
Woodin cardinals and a strong cardinal. Let k be the least strong cardinal of V and
let g C Coll(w, x™) be V-generic. Then V]g] E Sealing.
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As mentioned above, a corollary of Theorem [0.4] via a non-trivial amount of
work in [SteI6b] and [Sar] (but also see [Sar20]) [ is

Corollary 0.5. Con(ZFC + there is a Woodin cardinal which is a limit of Woodin
cardinals) implies Con(Sealing).

The main idea behind the proof of Theorem originates in [ST19]. The most
relevant portion of that paper is [ST19, Theorem 3.1]. We should note that the
hypothesis of Theorem [0.4] cannot be weakened to just gUBH for plus-2 iterations
as this form of UBH holds in a minimal mouse with a strong cardinal, a class of
Woodin cardinals and a stationary class of measurable cardinalsE but this theory
is weaker than Sealing as shown by [ST19, Theorem 3.1].

The Largest Suslin Axiom was introduced by Woodin in [Wool0a, Remark 9.28].
The terminology is due to the first author. Here is the definition. In the following,
we say that a cardinal k is OD-inaccessible if for every a < k there is no surjection
f: p(a) = & that is definable from ordinal parameters.

Definition 0.6. The Largest Suslin Axiom, abbreviated as LSA, is the conjunction
of the following statements:

(1) AD™.

(2) There is a largest Suslin cardinal.

(3) The largest Suslin cardinal is OD-inaccessible.

In the hierarchy of determinacy axioms, which one may appropriately call the
Solovay Hierarchy[% LSA is an anomaly as it belongs to the successor stage of the
Solovay Hierarchy but does not conform to the general norms of the successor stages
of the Solovay Hierarchy. Prior to [ST], LSA was not known to be consistent. [ST]
shows that it is consistent relative to a Woodin cardinal that is a limit of Woodin
cardinals. Nowadays, the axiom plays a key role in many aspects of inner model
theory, and features prominently in Woodin’s Ultimate L framework (see [Wool7,
Definition 7.14] and Axiom I and Axiom II on page 97 of [Wool?})ﬁ

Definition 0.7. Let LSA-over-uB be the statement: For all V-generic g, in Vg],
there is A C R, such that L(A,R,) F LSA and T'}° is the Suslin co-Suslin sets of
L(A,Ry).

[ST19] shows that Sealing is equiconsistent with LSA-over-UB over the theory
ZFC+ “there is a proper class of Woodin cardinals and the class of measurable
cardinals is stationary”. In this paper, we show that in general, one cannot replace
“equiconsistent” with “equivalent”. Recall from [StelGb] the statement of Hod
Pair Capturing (HPC): for any Suslin co-Suslin set A, there is a least-branch (Ibr)
hod pair (P, X) such that A is definable from parameters over (HC, €,%.). No Long

2The existence of an lbr hod premouse P as in [Sar20, Theorem 1.2] follows from the existence
of a Woodin limit of Woodin cardinals by [Sar20, Step 4]. Then letting Ao be as in [Sar20, Theorem
1.2], P|Ao satisfies the hypothesis of Theorem

3This fact is due to Steel, see [Ste03, Theorem 3.3].

4Solovay defined what is now called the Solovay Sequence (see [Wool0a, Definition 9.23]). Tt
is a closed sequence of ordinals with the largest element ©, where © is the least ordinal that is
not a surjective image of the reals. One then obtains a hierarchy of axioms by requiring that
the Solovay Sequence has complex patterns. LSA is an axiom in this hierarchy. The reader may
consult [Sarl3] or [Wool0al Remark 9.28].

5The requirement in these axioms that there is a strong cardinal which is a limit of Woodin
cardinals is only possible if L(A,R) F LSA.
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Extender (NLE) is the statement: there is no countable, wy+1-iterable pure extender
premouse M such that there is a long extender on the M-sequence. The notion of
least-branch hod mice (Ibr hod mice) is defined precisely in [Stel6bl Section 5].

Definition 0.8. gHPC is the statement: suppose V[g] is a set generic extension of
V, suppose in V]g], M = L(T',R) is a model of AD". Then M k HPC.

Theorem 0.9. Suppose self-iterability holds and there is a proper class of inacces-
sible cardinals which are limit of Woodin cardinals. Suppose gHPC and NLE hold.
Then V E LSA-over-UB fails.

Remark 0.10.

(1) The hypotheses of Theorem hold in the universe of Ibr hod mice that
have a proper class of inaccessible cardinals which are limit of Woodin
cardinals (cf. [Stel6b]). So such hod mice satisfy “LSA-over-UB fails.”

(2) Woodin has independently shown that LSA-over-UB can fail. More pre-
cisely, LSA-over-UB fails assuming there is a proper class of Woodin cardi-
nals, a proper class of strong cardinals, and there is an inaccessible cardinal
which is a limit of Woodin cardinals and strong cardinals.

Remark [I.T0(1), Theorem [0.9] and the fact that self-iterability and gHPC hold in
any generic extension of an lbr hod mouse with a proper class of Woodin cardinals
give us the following.

Corollary 0.11. Let V be the universe of an lbr hod mouse with a proper class of
inaccessible cardinals which are limit of Woodin cardinals, and a strong cardinal.
Assume NLE. Let x be the least strong cardinal of V and g C Coll(w,xT) be V-
generic. Then V[g] E Sealing holds and LSA-over-UB fails.

Corollary [0ITlis surprising. For example, generic absoluteness for L(R), namely
that for all successive generics g and h there is an elementary embedding j :
L(Ry) — L(Ryxp), is equivalent to the existence and the universally Bairness of the
next canonical set beyond L(R), namely R# [ While one cannot hope that Sealing
would imply both the existence and the universal Bairness of the next canonical set
of reals beyond FOOE one could still hope that the cause of Sealing is the existence
of some nice set of reals just like the cause of the generic absoluteness of L(R) is
the universally Bairness of R# [ Because the next nice set beyond I'*® cannot be
universally Baire, the best we can hope for is that the next set beyond ' creates
an LSA model over I'*°. In fact, this discussion was the original motivation for
isolating LSA-over-UB. Contrary to our expectations, what causes Sealing may not
be coded into a set of reals as demonstrated by Corollary

Throughout this paper, except in Section [[I we assume the hypothesis of The-
orem [I.4l Throughout this paper, except in Section [Il x will stand for the least
strong cardinal. In this paper, especially in Section [2 we will make heavy use of
Neeman’s “realizable maps are generic” result that appears as [Nee(2, Corollary
4.9.2]. Sections [ and [fl make heavy use of the results of Section 2 to show that for
V-generic g C Coll(w, k™), where & is as in Theorem [0.4] for V' [g] generic h, one can
realize L(I’;j s Rgin) as the derived model of an iterate of a countable substructure

6This fact is due to Steel and Woodin. For example, see genericity iterations in [Stel0].
7As all universally Baire sets are already in I'™°.
80r rather the universal Bairness of the wi-iteration strategy of ./\/lf
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of V,[g * h] for some large v (Lemma [5.T]). This is then used to prove Theorem [0.4]
in Section [6l The last section proves Theorem

1. GENERICALLY UNIVERSALLY BAIRE ITERATION STRATEGIES

In this paper we will need three properties of iteration strategies, namely Skolem-
hull condensation, pullback condensation and generically universal Bairness. We
now define these notions.

We say (P, V) is an iterable pair if P is a pre-iterable structure and ¥ is a
strategy for it. Suppose (P, ) is an iterable pair. If 7 is a smooth iteration of P
according to ¥ with last model Q then we write W7 o for the strategy of Q induced
by . Namely, U1 o(Uf) = U(T"U). When ¥ o is independent of 7 we will drop
it from our notation. Given a P-cardinal £, we write Wp|¢ for the fragment of W
that acts on smooth iterations based on P|¢. Here recall that P|{ = H, g’ .

Continuing with (P, ¥), suppose 7w : N' — P is elementary. Given a smooth
iteration 7 of N/ we can define the copy 77 on P which may or may not have
well-founded models. The construction of 77 was introduced in [MS94] on page
17. Suppose now that 7T is such that 77 is according to ¥ and 7T is of limit length.
Let b= ¥ (nT). It follows from the construction of 77 that b yields a well-founded
branch of T.

We then say A is the m-pullback of ¥ if for any smooth iteration 7 on A that is
according to A, 77 is according to W. It is customary to let A be ¥™.

Definition 1.1. Suppose (P, V) is an iterable pair. We say ¥ has Skolem-hull
condensation if whenever 7 is an iteration according to ¥, £ is such that 7 € V¢
and 7 : M — Vg is elementary such that (P|¢, Upie, T) € rng(n) then 7= 1(T) is
according to \Ilg‘g.

Definition 1.2. Suppose (P, ¥) is an iterable pair. We say ¥ has pullback con-
densation if whenever T is an iteration according to ¥ with last model Q and U
is an iteration of Q according to W7 o with last model R then \Iliiu,n =Vro.

The following theorems are easy consequences of UBH (gUBH), and are probably
not due to the authors.

Theorem 1.3. Assume UBH and suppose A is inaccessible. Then V E UBH.

Theorem 1.4. Assume self-iterability and suppose ¥ is the unique strategy of V.
Then ¥ has Skolem-hull condensation and pullback condensation.

Suppose (P, ) is an iterable pair. Given a strong limit cardinal x and F' C Ord,

set
Wt = (H,, FOk, Pk, ¥py, | Hy, €).

Given a structure @) in a language extending the language of set theory with a
transitive universe, and an X < @, we let My be the transitive collapse of X and
wx : Mx — @ be the inverse of the transitive collapse. In general, the preimages
of objects in X will be denoted by using X as a subscript, e.g. W;(I(P) = Px.
Suppose in addition @ = (R, ...P,®,...) where P is a pre-iterable structure and ®
is an iteration strategy of P. We will then write X < (Q|®) to mean that X < Q
and the strategy of Px that we are interested in is ®™*. We set Ax = ®™x.

Motivated by the definition of universally Baire sets that involves club of gener-
ically correct hulls, we make the following definition.
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Definition 1.5. We say U is a generically universally Baire (guB) strategy
for a pre-iterable P = (P, E) if there is a formula ¢(z) in the language of set theory
augmented by three relation symbols and F C Ord such that for every inaccessible
cardinal x and for every countable

X < (WHFWp,)
whenever

(a) g € V is Mx-generic for a poset of size < kx and
(b) T € Mx|g] is such that for some M x-inaccessible n < kx, 7 is an iteration
of Px|n,
the following conditions hold:

(1) if Ih(T) is a limit ordinal and 7 € dom(Ax) then Ax(7T) € Mx|g],
(2) T is according to Ax if and only if Mx|[g] E ¢[T].

We say that (¢, F) is a generic prescription of V.

In Definition [[L5] we could demand that there is a club of X with the desired
properties. However that would be equivalent to our definition as we can let F'
above code the desired club. In the next section our goal is to prove some basic
facts about guB-strategies.

2. GENERIC INTERPRETABILITY OF GUB STRATEGIES

As we said in the introduction, from this point on we work under the hypothesis
of Theorem However, we will not use the existence of a strong cardinal until
Section B

Let ¥ be the guB-strategy of V = (V,ile(V)) and fix a generic prescription (¢, F')
for ¥ (see Definition [[H)). We will omit ¥, F' from our notation and just write Wy
instead of W¥-'. Given a cardinal a we will write ¥, for the fragment of ¥ that
acts on iterations based on V|a. Often we will treat U, as a strategy for V|a rather
than a strategy for V. Similarly, given an interval («, ) we will write ¥, g for the
fragment of ¥ on iterations based on V|3 above a. To make the notation simpler,
often we will not specify the domain of ¥, that we have in mind (as in Lemma 271]).

Let § be a Woodin cardinal of V. We first prove that ¥s has canonical extensions
in generic extensions of V. As a first step, we prove the following useful capturing
result.

Lemma 2.1. Suppose X is an inaccessible cardinal and let X < (Wx|WUs) be count-
able. Set ® = 7' (Vs). Then Ax | Mx = ®.

Proof. Let U € Mx be such that U € dom(P) Ndom(Ax). Set b = Ax(U). Tt
follows from (2) of Definition that b € Mx. Because Mx F gUBH, it follows
that ®(U) = b. O

Theorem 2.2. Suppose ¢ is a Woodin cardinal and n > § is an inaccessible cardi-
nal. Let g C Coll(w,n) be generic. Then, in V|g|, there is an Ord-strategy | for
V|§ such that the following hold.

(1) \:[15 c E;

(2) Letting A be the wy-fragment of 3, V[g] E “A is universally Baire”.

9Recall that we are assuming self-iterability.
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(3) For all V[g]-generic h, letting A" be the canonical extension of A to V[gxh],
Al Vg C B

Proof. Let A > n be an inaccessible cardinal. Set W = W), P = V| and given
a iteration 7 of P of limit length and a cofinal well-founded branch b of T, set
Y[T,b] = [T ~{b}] AVa < Ih(T)P[T | v+ 1].

Working in V)[g], let ¥ be the strategy given by 1. More precisely, let ¥ be
defined as follows.

(1) T € dom(X) if and only if (A(T) is of limit length and for every limit
a < Ih(T) if b=1[0,a)r then V)[g] E ¥[T,b].
(2) X(T) = b if and only if V)[g] E ¥[T,b].

The following is an immediate consequence of our definitions.

Lemma 2.3. Suppose X < (W|Us) is countable. Let k € V be Mx-generic.
Suppose (U,b) € Mxlk] is such that Mx[k] E ¢[U,b]. Then U € dom(Ax) and
Ax(U) =b.

We now work towards showing that ¥ is a total strategy.

Lemma 2.4. Suppose T € dom(X). Then there is at most one branch b such that
Vgl F [T, b].

Proof. Towards a contradiction assume not. Let X < (W|¥s) be countable and k C
Coll(w,nx) be Mx-generic with k € V. Fix now U, b, c € Mx|[k] such that Mx[k] F
YU, b AU, c]. Tt follows from Lemma 23] that b = Ax(U) = c. Therefore,
b=c O

Lemma 2.5. Suppose T € dom(X). Then there is a branch b such that Vy[g] F
PIT, bl.

Proof. Towards a contradiction assume not. Let X < (W]|Us) be countable and
k C Coll(w,nx) be Mx-generic. It follows that there is an iteration & € Mx [k] of
Px such that

(a) for every a < lh(U), letting by = [0, &)y, Mx[k] E YU | o, by] but

(b) for no well-founded cofinal branch b € Mx[k] of U, Mx k] E ¥[U,b].
It follows from (a) and Lemma 23] that & € dom(Ax). Hence, setting Ax (U) = b,
b e Mxlk] and Mx[k] F ¢[Ud~{b}]. Therefore, Mx[k] E [U,b]. O

Lemma 2.6. Let X < (W|¥s) be countable and let k € V be Mx-generic for
Coll(w,nx). Let © be the strategy of Px defined by ¢ in Mx[k]. Then Ax |
Mx[k] = ®.

Proof. Suppose that T € Mx[k] is according to both Ax and ®. Set b = &(7).
Because ®(7) = b we have that Mx[k] F ¢[T —{b}]. Hence, Ax(T) =b. O

Corollary 2.7. Vy[g] E “X is a total strategy extending ¥s | V).

Proof. Lemma 24 and Lemma 28] imply that 3 is a total strategy. To show that it
extends W | Vi, we reflect. Let X < (W|¥s) be countable and let k C Coll(w, nx)
be Mx-generic such that k € V. Let ® be the strategy of Px defined by 1 over
Mx[k]. Tt follows from Lemma that ® = Ax | (Mx[k]). It follows from
Lemma BTl that Ax | Mx = 75! (¥;). Hence, 75" (¥s) C ®. O
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We now work towards showing that A =4.¢ ¥ [ H CV19! is universally Baire. For
this it is enough to show that 1 is generically correct. More precisely, it is enough
to show that in Vg], for a club of X < (W, ¥s) such that V;, U {n} C X, whenever
k € V]g] is Mx|g]-generic and (T ,b) € Mx|g][k],

Mx[g)[k] £ [T, b] < Vig) & [T, 5] [

Working in V, fix X < H,+ such that W, ¥s € X. It is enough to show that
our claim holds in Mx. Let k € V, k C Coll(w,nx) be Mx-generic. Let ® be
the strategy defined by 1 over Mx[k] and ¥ = 7' (¥s). Let Y < (Wx|¥) be any
countable substructure in Mx[k] such that V,"/x Unx C Y and let h € Mx[k] be
My [k]-generic. Fix (T,b) € My [k][h].

Suppose now that My [k][h] E ¢[T,b]. Because mx[Y] € V we have that T
is according to Ay and Ay (7) = b. But because 7wy [ nx = id, we have that
Ay = Ax. Therefore, T is according to Ax and Ax(7) = b. It follows from
Lemma [2Z6] that ®(7) = b, i.e. Mx[k] E ¢[T,b]. The reader can easily verify that
these implications are reversible, and so if ®(7) = b then My [k][h] E [T, b].

Finally, we need to verify that if h is V|[g]-generic for a poset of size < A then
A" 1 Vy[g] € 3. This again can be verified by first reflecting in V. Indeed, working
in V, fix X < Hy+ be countable such that W, ¥s € X. Let (k, ®, V) be as above.
Let T = & [ HCMxIF, Let h € V be any Mx/[k]-generic. We want to see that
" | Mx[k] € ®. To see this, let T € Mx/[k] be according to both T" and ®.
Let b = I'"(T). It follows that Mx[k][h] E @[T ,b]. Hence, T € dom(Ax) and
Ax(T) =0b. Tt follows from Lemma 26l that ®(7) = b.

Thus far we have shown that Theorem holds in Vy[g] for any inaccessible
A > 1. Let X be the strategy defined above. To finish the proof of Theorem it
is enough to show that if Ay < A1 are two inaccessible cardinals bigger than 7 then
Ea, [ Vaolg] = E»,- This can be verified by a reflection argument similar to the
ones given above.

Indeed, let X < H,+ be countable such that {Wx,, Wi, } € X. Let k C
Coll(w,nx) be Mx-generic such that k € V. Let &g and ®; be the versions of 3,
and Xy, in Mx[k]. It follows from Lemma 26l that fori € 2, &; = Ax | Mxrw,, [k].
Therefore, 9 C ®,. This completes the proof of Theorem |

We record a useful corollary to the proof of Theorem We let ¢ be the
formula used in the proof of Theorem If g,% are as in Theorem and k is
V[g]-generic then we let 3% be the extension of X to V[g][k].

Corollary 2.8. Suppose 6, g,% are as in Theorem 2.2l Suppose X is an inaccessible
cardinal and k is V]g]-generic for a poset in Vy[g]. Then XF | Vi[g][k] is defined
via . More precisely, the following conditions hold.
(1) T € dom(ZF) N Vi[g * k] if and only if for every limit o < Ih(T), setting
by = [0,04)7’, V)\[g * k] F 1/1[7' f aaba}-
(2) For T € dom(X*) N Vi[g = k], Z*(T) = b if and only if Vx[g * k] £ [T, b].

As the definition of ¥ uses only parameters from V', it follows that in all generic
extensions V[h] of V, U has an extension W%. For instance, we can define W (U)
by first selecting some inaccessible n such that h is generic for a poset in V;, and
U € V,[h] then picking a generic g C Coll(w,n) such that V[h] C V[g] and then
finally setting W% (U) = X(U) where ¥ is as in Theorem

10See [Ste09, Lemma 4.1] for a proof of the equivalence.



238 GRIGOR SARGSYAN ET AL.

3. SOME CORRECTNESS RESULTS

Say u = (1,9, \) is a good triple if it is increasing, ¢ is a Woodin cardinal, and \ is
an inaccessible cardinal. The assumption on Woodinness of § will not be necessary
in this section but will be used extensively in subsequent sections. Fix a good triple
and set ® = U5 | Hy. The goal of this section is to show that many Skolem hulls
of ® are computed correctly. Forcing posets in some of the main claims this section
will be in V;,. We start by showing that a stronger form of Lemma 1] holds.

Lemma 3.1. Suppose X < (Wi, u)|®) is countable and k € V is Mx-generic.
Then

ok | (Mx[kK]) = Ax | (Mx[k]) [

Proof. Fix T € dom(®%) N dom(Ax) and set ®% (T) = b. It follows from Corol-
lary 2.8 that M x [k] F ¢[T,b]. Therefore, Ax(T) =b. O

The following is a straightforward corollary of Lemma 3.1l and can be proven by
a reflection like that in the proof of Theorem

Corollary 3.2. Suppose g is generic for a poset in V; and X < ((Wx,u)|®9) is
countable in V[g]. Let k € V[g] be Mx-generic. Then

% | (Mx[k]) = Ax | (Mx[k]).

Corollary 3.3. Suppose g is generic for a poset in V,, and i : V — P is an
iteration embedding via a normal iteration T of length < X that is based on V|6 and
is according to ®. Then i(®) = %, 5 WA

Proof. 1t is enough to prove the claim in some Mz where Z < ((Hy++, Wy, u, ®)|®)
is countable. Let h € V be Mz-generic for a poset in Mz|nz, and let U € Mz|Az[h]
be a normal iteration of Vz based on Vz|dz according to @z with last model Q.
We want to see that 7¥(®z) = (‘I)Z)}élﬂ“(éz) | O.

Let R be the last model of mzUf and o : Q@ — R come from the copying construc-
tion. It follows from [Nee02, Theorem 4.9.1] that o is generic over R and Ro] € V.
It then follows from Corollary that 74 (®y) = (7™2Y(®))°. Tt again follows

from Corollary that ®% = Az | Mz[h], and hence
(®2)dmte(5,) | @ = (A2)gimtt(sy) | Q= (w™2H(@))7 = 7 (®2).
O

Corollary 3.4 (Figure Bl). Suppose g is generic for a poset in V,y and i :V — P
is an iteration embedding via a normal iteration T of length < X that is based on
V|6 and is according to ®. Let X < ((Wx,u)|®9) be countable in V]g] and let
Q € HCVI9 be such that there are embeddings o : Mx — Q and 7 : Q@ — P with
the property that iomwx =T oo. Then for any Q-generic k € Vg|,

(U(fIDX))kQ‘U((;Z) = (7-pullback of @%‘i(é)) I O[k].

HHere <I>]§( is the generic interpretation of ®x in Mx[k] using the definition of ® given in
Theorem 2221
12Recall that Qp|i(5) =det P, p|i(s) is the tail strategy of P|i(d) induced by .
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FIGURE 3.1. Corollary B4

Proof. It is enough to prove the claim assuming g is trivial. The more general claim
then will follow by using the proof of Corollary B3l It follows from [Nee02 Corollary
4.9.2] that 7 is generic over P and that P[r] is a definable class of V; here, to apply
[Nee02, Corollary 4.9.2], we need Q is countable in V[g]. Applying Corollary
and Corollary B3] in P, we get that

(0(®x))So(s,) = (-pullback of %, ) | Q[K].
O

Corollary 3.5. Supposei:V — P is an iteration embedding via a normal iteration
T of length < X that is based on V|§ and is according to ®. Let h € V be P-generic
for a poset in P|\. Then i(®)" = ®p|;s5) | P[h].

Proof. Tt is enough to prove the claim in some My where Z < ((Hy++, Wi, u, ®)|P).
Let U € My be an iteration of length < Az on Mz based on Mz|0z and j : Mz — Q
be the iteration embedding. Let G € Mz be Q-generic for a poset in Q|A\z. We
want to see that j(®2)% = (®z)g|;(s,) | QIG]. Let T = mzU, P the last model of
T,k=n" and 7: Q — P be the copy map.

It follows from Corollary B4 that j(® )% = (7-pullback of ®pj;(5)) | Q[G]. But
because 7 = Az | Mz (see Lemma B.T]),

(7-pullback of ®pi5)) | QIG] = (®z) i, | QIG].
Therefore,

§(®2)% = (®2)qjjs,) | QG
O

Suppose M is a transitive model of set theory and v is its least strong cardinal.
Suppose M F “u = (n,d,\) is a good triple” and suppose 7 is a normal iteration
of M. We say T is a sealed iteration if T = T~ {Ep} is such that

(1) 7o is a normal iteration of M of successor length based on M |6 with last
model N,

(2) To is above v (this implies that 6 > v),

(3) Ey € N is an extender such that crit(Ey) = v, lh(Ey) > 770(d),

(4) N has an inaccessible cardinal in the interval (770(3), lh(Ep)).

Clearly the last model of T is Ult(M, Ep). We say that a normal iteration 7 is a
stack of sealed iterations if for some n < w, T = $;<,7; such that 7; is a sealed
iteration of its first model.
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Corollary 3.6. Suppose u = (1,d,\) is a good triple, g is generic for a poset in
V, and T € Vilg] is a normal iteration of V that is a stack of sealed iterations and
is according to @9 where ® = V5. Set T = @<, T; and let P be the last model of
Tn—1 if n >0 and V otherwise. Let T, = (U, E) and let Q be the last model of U.
Set v = 74 (n®i<nTi(§)). Then & = @gg‘y.
Proof. We prove the claim in some Mz where Z < ((Hy+, Wy, u, ®)|®) is countable.
Let h be Mz-generic for a poset in Mz|nz and let W, R,W,,,S, X, F, &) € Mz[h]
play the role of (T, P, T,, Q,U, E,v).

We will redefine the objects P etc. in the following; this will not cause any
confusion as we have no more use for the original objects. Let P be the last model
of the mz-copy of @;«,W; and let o : R — P be the copy map. We have that o is
generic over P (see [Nee02 Corollary 4.9.2]) and P[o] is a definable class of V. Let
Q be the last model of 0 X and let 79 : S — Q and 71 : Ult(R, F) — Ult(P, 10(F))
come from the copying construction. Notice that

7o [ (S[IA(F)) = 71 [ (S[IR(F)).

We then let 7 be this common embedding. Set 79(F) = E and v = 79(£). We have
that 79 and 71 are generic over Q and Ult(P, E) respectively.
We now want to see that in Mz[h],

Ult(P,E)|v

(‘I)%)Ult(R,F)K = (q)%)S\g-

Notice that it follows from LemmaBdlthat ®% = Az | Mz[h]. Let I'q = (7-pullback
of ®g,) and I'y = (7-pullback of ®yp gy),). It follows that

(0) To | Mz[h] = (‘b%)S\f and I'y [ Mz[h] = (‘I)%)UZt(R,F)Iﬁ-

Let : : V — Q and j: V — Ult(P, E) be the iteration maps. It follows

from Corollary that
(1) @gp, [ @=1i(P)gp and Cyy(p,p)w = J(P)vit(p )0 -
Because Ult(P, E)|Ih(E) = Q|lh(E), Ih(E) > v is an inaccessible cardi-
nal in Q, and Q|lIh(F) F gUBH, we have that
(2) (@) [ (QUA(E)) = j(®)q)u [ (QUIA(E)) =des &
implying by the way of (1) that
(3) @op [ (QIIN(E)) = Qui(p, ey | (LIME)).

Using [Nee02, Corollary 4.9.2] we can find H € V that is O-generic
for a poset in Q|v and is such that 7o € Q[H]. It now follows that 7 €
Ult(P,E)[H]| as 7 € Q|Ih(E)[H]. We now have that

(4) (=H)THPEHEL L (Qlin(E)[H]) = (=H) M) | (Qlin(E)[H]).

Applying Corollary BAl to (4) we get that

(5) ®ap | (QUAE)[H]) = Dunp.yp | (QUA(E)[H]).
It follows from (5) that
(6) ] To | Mz[h] and 'y | Mz[h] are equal.

(@) then implies, by the way of ([{l), that ((IJ’%)U”(R’F)K = ((I)’%)S‘g. |

4. CAPTURING UNIVERSALLY BAIRE SETS

The following is a useful corollary of Theorem We say that a pair of trees
T, S are d-absolutely complementing if for any poset P of size < §, for any generic
g C P, Vgl E “p[T] = R — p[S]”. Similarly, we say that T,S are < §-absolutely



Sealing FROM ITERABILITY 241

complementing if for any poset P of size < §, for any generic ¢ C P, V[g] F “p[T] =
R — p[S]”. Given a limit of Woodin cardinals v and g C Coll(w, < v), let

(1) R; —_ Ua<u RV[gﬁ()oll(Lz.z7<3¢)]7

(2) Ay be the set of reals A € V(R*) such that for some a < v, there is a
pair (T,5) € V]gN Coll(w, «)] such that Vg N Coll(w,a)] E “(T,S) are
< v-complementing trees” and p[T]V®") = A, and

(3) DM(g) = L(Ag, RY).

The following is immediate from results of the previous sections.

Corollary 4.1. Suppose v is a limit of Woodin cardinals. Let § < v be a Woodin
cardinal, and let g C Coll(w, < v) be V-generic. Then ¥§ € DM (g).

We next need a characterization of universally Baire sets via strategies. We show
this in Lemma 4l The lemma is standard.

If v is a Woodin cardinal we let EA, be the w-generator version of the extender
algebra associated with v (see e.g. [Stel0] for a detailed discussion of Woodin’s
extender algebras). We say the triple (M, d, ®) Suslin, co-Suslin capture the set
of reals B if there is a pair (T, S) € M such that M F “(T, S) are §-complementing”
and

(1) M is a countable transitive model of some fragment of ZFC,

(2) @ is an w;-strategy for M,

(3) M E “6 is a Woodin cardinal”,

(4) for x € R, z € B if and only if there is an iteration 7 of M according
to ® with last model N such that = is generic over N for EAfyT(J) and
x € plr” (T)].

The next lemma is standard and originates in [MS94].

Lemma 4.2. Suppose u = (1,0, A) is a good triple and g is V-generic for a poset
in Vy. Suppose X < (Wi[g]|¥} 5) is countable in V[g]. Then whenever T is a
countable iteration of Mx according to Ax with last model N, there is 0 : N —
Wilg] such that 1x =con’.

Proof. Let P = Wilg]. Let U =qc5 mxT be the copy of T, considered as a tree
on Vg]. Let W be the last model of 4. There is then 7 : N — 7Y(P) such
that 7 omx = T o7’ . Tt follows by absoluteness, noting N € W is countable and
7 (P) € W, that thereis m : N — 74(P) with m € W such that 7¥(7x) = mor”.
The existence of o follows from elementarity. ]

The next lemma is also standard, but we do not know its origin. To state it we
need to introduce some notations. Suppose M is a countable transitive model of
set theory and @ is a strategy of M. Let (7, g) be such that g is M-generic for a
poset in M|n. Let ®' be the fragment of ® that acts on iterations that are above
7. Then ®' can be viewed as an iteration strategy of M[g]. This is because if T is
an iteration of M[g] above 7, there is an iteration U of M that is above 1 and such
that

(1) In(T) = Ih(th),

(2) T and U have the same tree structure,

13This notion is probably due to Steel, see [Ste08§].
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(3) for each a < Ih(T), M] = M4[g],
(4) for each v < Ih(T), EI is the extension of EY onto MY[g].

Let ®” be the strategy of M|[g] with the above properties. We then say that ®” is
induced by ®'. We will often confuse ®” with @'.

Corollary 4.3. Suppose (n,d,\) is a good triple, g is generic for a poset of size
<n and h C Coll(w, \) is generic over V such that V[g] C V[h]. Let ¥ be as in
Theorem applied to h and s, and let ® be the fragment of ¥ | V[g| that acts
on iterations that are above n. Then ® induces a strategy ®' for V|d[g], and ' is
projective in o[

We can now state our lemma.

Lemma 4.4. Suppose u = (1,0, A) is a good triple and g is V-generic for a poset
in V. Let A € T5°. Then, in V[g], there is a club of countable X < (WA[gH\I/f])é)
such that (Mx,d8x,A%) Suslin, co-Suslin captures A For each such X, let X' =
X NWy < Wy, and (Mx/,Ax:) be the transitive collapse of X' and its strategy.
Then A is projective in Ax:.. Moreover, these facts remain true in any further
generic extension by a poset in V;[g].

Proof. Let P = Wy[g]. Work in Vi]g]. Let (T,S) be A\-complementing trees such
that A = p[T]. Let X < Wy[g] be countable such that (T,S) € X. We claim that
(Mx,d0x,A%) Suslin co-Suslin captures A. Let § = dx. To see this fix a real z.
Let 7 be any countable normal iteration of Mx such that

(1) T is according to A%,
(2) T has a last model N,
(3) « is generic for EAfTVT((;).

Using Lemma 2 we can find o : N — P such that nx = con’.

Assume first 2 € A. Then x € p[T]. If now = & p[r” (Tx)] then x € p[r” (Sx)]
(this uses the fact that Tx, Sx are Ax-complementing in M) and hence, x € p[S]
(this follows from the fact that o[r7 (Sx)] € S). Thus, = € p[r” (Tx)].

Next suppose € p[r’ (Tx)]. Then because o[’ (Tx)] C T, = € p[T] implying
that x € A.

That A% is projective in Ax/ follows from Corollary E3} hence A is projective
in Ax:,. We leave it to the reader to verify that these facts remain true in a further
generic extension by a poset in V;[g]. |

5. A DERIVED MODEL REPRESENTATION OF I'*®

In this section our goal is to establish a derived model representation of I'**. We
set « = k1 and fix g C Coll(w, ).

We say u = (1, 9,0’, \) is a good quadruple if (n, 6, ) and (n, §’, \) are good triples
with § < ¢’. Suppose u = (1,d,6’,\) is a good quadruple and h is a V[g]-generic
such that g x h is generic for a poset in V,,. Working in Vg * h], let D(h, 7,0, ) be

14This just means in V[h], ® | HC is definable over the structure (HC,€,® | HC) perhaps
with parameters in HC'.

15To conform with the above setup, we tacitly assume Ag( to be the iteration strategy acting
on trees above nx.
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the club of countable
X < ((Walg = hl,u)|[ ¥} 5)

such that HY U {g} C X.

Suppose A € I'7%;,. Then for a club of X € D(h,n,d,), A is Suslin, co-Suslin
captured by (Mx, 5X,A§(*h) and A is projective in Ay, where X' = X N W, (see
Lemma [£4]). Given such an X, we say X captures A.

Let k C Coll(w,I'75),) be generic, and let (4; : i < w), (w; : i < w) be generic
enumerations of I');, and Rg.y, respectively in Vg« h* k]. Let (X; : i < w) €
Vg = h % k] be such that for each i

(i) X; € D(h,n,d,A), and

(ii) X; captures A4;.
In particular, A; is projective in AX;, where X; = X; N Wy. We set M = Mx:,
71'2 = 7'(')(07 Ro = KXO, vy = 5)(0, 7/6 = 63(0’ To : ’I7XD, 50 = (5, Po = V

Next we inductively define sequences (M}, : i,n < w), (7}, : i,n < w), (A; 13 <
w), (T i < w), (vy i < w), (¥, 10 < w), (nn:n<w),(,:z<w)
0; i<w), (T, Bi i <w), (M!:i<w), U, F; i <w), (P;:i<n), (Pl:i<w),
and (o, : ¢ < w) satisfying the following conditions (see Figure [B.1]).

(a) For all i,n < w, 7}, : M\ — P; and rng(r%) C rng(whq).

(b) Tl ME — M};‘H. Let 7, : MO — M" be the composition of 7J7%1’s for
7 <n.

(¢) For all i,n < w, kn = Tn(Ko), M = Tn(M0), Vn = Tn(vo) and v}, = 7, (1).

(d) For all n < w, T, is an iteration of M}|v), above v, that makes w,, generic
and M,’l is its last model.

(e) 0, =7 (V) and E, € EMx is such that [h(E,) > 6, and crit(E,) = k.

(f) for all m,n, M+ = Ult(M},, E,) and 75"+ = 7™,

(g) U, = 7T, P’ is the last model of U,, &, : M/, — P! is the copy map and
F, = O’n(En)@

(h) Ppsr =Ult(P,, F,) and g5t s M2 — Py is given by wit (™ (f)(a))
= 1o (1 () (on(a)).

(i)

A, = (7 -pullback of (" )pnwn(yn))nmyn = (op-pullback of (\I!“j\*h)p“c,n(,,n))nmyn

(see Corollary B.6)).

Let M¥ be the direct limit of (M}* : m < w) under the maps rmmtl - Letting
P., be the direct limit of (P, : n < w) and the compositions of r Pl We have natural
maps 7 @ MY — P,,. Notice that

(1) for each n < w, ky, < wv[g "l and SUPpKn = W Vig=hl

It follows that if 7" : M — M is the direct limit embedding then

(2) () = 571

Next, notice that

(3) for each m, n, p, letting 1, =75, (tx,) =T (¢), My |tn =M} |1y, and ¢, = (ki )Mm,

(4) for each m,n,p, 7, [ (M} |tn) = 7 | (M} |tn)

(5) for each m, n > 1 and p > n, M |0,_1 = MP |0,,_1.

(6) for each m, n > 1 and p with p > n, )}, | (M2|0,-1) = @2, | (MP,]0,,—1).

1630 Di<nTi and @;<,U; are sealed iterations based on .
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FIGURE 5.1. Diagram of the main argument

Because of condition (d) above we can find G C Coll(w, < wY[g*h]

M§ such that RMo[C] = Ry.pn and G € Vg * h * k]. By constructions, w is a
limit of Woodin cardinals in Mg'. It then follows from the results of Section [2] and
Section [ that

Lemma 5.1. DM(G)M5[6 = [(T'%3,,, Ry.p).

) generic over
V]g=h]
1

Proof. Tt follows from Corollary and Lemma 4] that A,, is projective in A,,. It
follows from Corollary B4 that A,, | HCV[9*" ¢ M[G] and it follows from Corol-
lary I that A, [ HCVI9*M € DM(G)M5IC]. Tt follows that I'22, € DM(G)Md1C),

Moreover, it follows from Corollary @4l that any set in DM (G)Mo' [ is projective
in some A,, | HCV19*M and it follows from Theorem 22 that A,, | HCVI9*h Fﬁh.

Thus, DM (G)M5161 C L(T22,, Ryun). 0

We can also show variations of the above lemma for M’ for each n < w.
Lemma [5.1] implies that in order to prove that Sealing holds, it is enough to es-
tablish clause 2 of Sealing as clause 1 immediately follows from Lemma [5.1] and
standard results about derived models (see [SteQ9]).

To continue, it will be easier to introduce some terminology. We say that the
sequence (X; : i <w) is cofinal in I'}7;, as witnessed by (4; : i € w) and (w; : i < w).
We also say that (Mg, An,On,Tnm 1 < m < w) is a I'yg, -genericity iteration
induced by (X; : i < w) where 7, : M§ — MJ" is the composition of Té’H_l for
i€ n,m).

6. A PROOF OF THEOREM [0.4]

We now put together the results of the previous sections to obtain a proof of
Theorem [l Fix h and k' such that h is V[g]-generic and b’ is V[g*h]-generic. We
have shown in Vg], clause (1) of Sealing holds. We now show clause (2) of Sealing
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holds in V[g]. We want to show that there is an embedding
j : L(Fg*iu Rg*h) - L(Fg*h*h’7Rg*h*h/)

such that for A € gy, j(A) = A" . Let (& : 1 < w) be an increasing sequence of
cardinals such that g h = h' is generic for a poset in V¢,. Let u, = (& : i <n). Set
W = L(Fg*h, Rg*h) and W' = L(Fg*h*h’a Rg*h*h’)~

Because (Fg*h)# exists, there is only one possibility for j as above. Namely,
given a term 7, n € w, v € Ry, and A € I'S5,, we must have that

gxh>
FV (un, A, ) =7 (u,, A" | x).
What we must show is that j is elementary. The next lemma finishes the proof.

Lemma 6.1. j is elementary.

Proof. Let u = (1,0,6’,\) be a good quadruple such that sup,.,& < 7. Let
k C Coll(w,I'52;,) be Vg x h]-generic and k' C Coll(w,T'5%;,,,.) be V(g * h* h']-
generic.

We have that I')3,

tures of Wy. More precisely, given A € I'gS;, there is an X < (Wﬂ@f}? ) such
that A is Wadge reducible to Ax. It follows that to show that j is elementary it
is enough to show that given a formula ¢, m € w, X < ((WA,u)\\IIZ*;L) and a real

xr e Rg*ha

is the Wadge closure of strategies of the countable substruc-

W E G[um, Ax, 2] = W' E ¢lum, A%, 2] [T

Fix then a tuple (¢,n, X, x) as above.
Working inside V[g x h * k], let (Y; : i < w) be a cofinal sequence in I'); as

witnessed by some A and 1 such that Ag =0, wy =z and Y§ = X.
Working inside Vg * h* h' x k'], let (Z; : i <w) be a cofinal sequence in I';%,, .,

as witnessed by some B and ¥ such that By = 0, vo == and Z) = X.

Let (Mp,Ap,0n, Ty :n <1 < w) be a 0%, -genericity iteration induced by
(Y; i < w) and (Np, @y, v, 00 :n <l < w) be a I'0% hn/-genericity iteration
induced by (Z; : i < w). It is not hard to see that we can make sure that M, =N
by simply selecting the same extender Fj after To; by our assumptions, My = Ny
and wg = vg.

Let ( =nx and I' = (¥,,5)x. Let M, be the direct limit along (M, : n < w)
and N, the direct limit along (N, : n < w). For n < w, let k,, be the least strong
cardinal of M,, and !, be the least strong cardinal of N,,. Let s”, be the first m
(cardinal) indiscernibles of (M, |x,) and t?, be the first m (cardinal) indiscernibles
of (N,|k,). Notice that (M,|k,)# € M, and (N,|x.,)# € N,. It follows that
Toa(sh) = sk, and o, (t7) = t!, for n <1 < w.

We then have the following sequence of implications. Below we let I'* be the
name for the generic extension of I' in the relevant model and DM be the name for

17The <« is similar as will be evident by the following proof.
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the derived model. The third implication below uses the fact that M; = Nj.
W E ¢lum, Ax, 2] = My[x] F O 1Fcongw,<n,) DM F ¢[s%, T, 2]
= Mi[z] F O o, <ny) DM E ¢[s,, T, 2]
= Ny[a] F 0 Fcouqu,<n ) DM E @[t T, a]
= W' E ¢, A, 2].

7. LSA-over-UB MAY FAIL

In this section, we prove Theorem[0.9] We assume the hypotheses of Theorem [0.9.
Here is the main consequence of the hypotheses that we need (see Lemma [£.4):

(i) letting A be an inaccessible cardinal which is a limit of Woodin cardinals,
and g C Coll(w,< A) be V-generic, then for any set A which is Suslin
co-Suslin in the derived model given by g, DM (g) (see Section M), then
A is Wadge reducible to ¥J | HCV(R;), for some Woodin cardinal § < A.
Furthermore, W% | HOV®) ¢ DM(g); in fact, W | HCV®) = wi |
HCVl eTee.

Suppose for contradiction that LSA-over-UB holds. Let A be an inaccessible
cardinal which is a limit of Woodin cardinals in V. Let h C Coll(w,< \) be V
generic. By our assumption, in V[h], there is some set A such that

e L(AR)ELSA;
e I'¢° is the Suslin co-Suslin sets of L(4, R).
o I't° = Ay, where Ay, is defined at the beginning of Section [l

We note that the last item follows from ().

Recall the notion of lbr hod mice is defined in [Stel6b]. We will not need the
precise definition of these objects. However, we need some notions related to short-
tree strategies. Let P be a premouse (or hod premouse), 7 a cut point cardinal
of P (typically the 7 we consider will be a Woodin cardinal or a limit of Woodin
cardinals of P), and ¥ an iteration strategy of P acting on trees based on P|r.
Suppose T according to X is of successor length £ + 1. Then we say T is short if
either [0, £]7 drops in model or else, letting ¢ be the branch embedding, i(7) > §(T);
otherwise, we say 7T is mazimal. We let £*" be the short part of ¥; so 2" is a
partial strategy. In the following, we may not have a (total) iteration strategy, but
a partial strategy A such that whenever T is according to A, if A(T) is defined,
then either A(7) drops in model or else the branch embedding i¢r)(7) > (7).
We call such a A a short-tree stmtegy We may turn A into a total strategy by
assigning A(7) to be M(T)# whenever a branch of 7 is not defined by A. Short
tree strategies may be defined on stacks of normal trees as usual.

The proof of [Stel6a, Theorem 0.5] gives us a pair (P, X) such that the following
hold in V'[h] (here the hypothesis HPC 4+ NLE is applied in the model L(A,R)):

(1) P is a least-branch hod premouse (Ipm) (cf. [Stel6bl Section 5]);
(2) P has a largest Woodin cardinal § = §7 and letting k* be the least < 6-
strong cardinal in P, then x” is a limit of Woodin cardinals;

18 An example of a short-tree strategy is 5" for some total strategy .
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(3) X is a short-tree strategy of P and ¥ € L(A,R)\I'e®; furthermore, ¥ is
Suslin in L(A,R);

(4) for every A € I'y°, there is an iteration map i : P — Q according to ¥ such
that A <, Xg|.e, where £© is the least §€ = i(7)-strong cardinal in Q;

(5) whenever T is according to ¥ and either 3(7) = b is nondropping with last
model Q or X(7T) is not a branch with @ = 3(T), X7 ¢ satisfies [B]) and

@
(6) there is some v < A such that (P, X [ V[h [ ~]) € V[h | ]9

Lemma 7.1. Fiz a~y asin @). In V[h [ 7], there is a Woodin cardinal § < X\ such
that 6 > -y and there is a tree T according to ¥ such that either X(T) is a branch,
Q = MJ, and the branch embedding i : P — Q eists, or X(T) is not a branch

with @ = X(T), and X7 o satisfies @) and @) and is Wadge reducible to \Ifgbw.

Proof. Let 0 be the least Woodin cardinal > . Let ¥ = \IIZM. Let (Mg, A¢ : £ <9)
be the models and strategies of the fully backgrounded (lbr) hod mouse construction
over Wi¥ (cf. [Stel6b]), where backgrounded extenders used have critical points
> maz(7, |P|). Let T be according to ¥ be the comparison tree of P against the
above construction. By universality, there is £ < ¢ such that

(a) either ¥(7) = b exists and there is an iteration map i : P — M, and
ET,Mg = Agh’

(b) or X(T) does not exist (7 is X-maximal), M¢ = (7), and 37 aq, = A"

In either case, we get that Y7 r, satisfies (@) and (@) above and Y7 a1, = Agh is

Wadge reducible to ¥ in V(RV") ] O

Let §,7,Q be as in Lemma [ZIl Applying ([l) in DM (h), we get that \Ilglr'y [
HCVIM € T9°. Lemma [1] then implies that 7 o € I'%°. This contradicts (3).
This completes the proof of Theorem
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