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THE LEGENDRE-HARDY INEQUALITY ON

BOUNDED DOMAINS

JAEYOUNG BYEON AND SANGDON JIN

Abstract. There have been numerous studies on Hardy’s inequality on a
bounded domain, which holds for functions vanishing on the boundary. On the
other hand, the classical Legendre differential equation defined in an interval
can be regarded as a Neumann version of the Hardy inequality with subcritical
weight functions. In this paper we study a Neumann version of the Hardy
inequality on a bounded C2-domain in Rn of the following form∫

Ω
dβ(x)|∇u(x)|2dx ≥ C(α, β)

∫
Ω

|u(x)|2
dα(x)

dx with

∫
Ω

u(x)

dα(x)
dx = 0,

where d(x) is the distance from x ∈ Ω to the boundary ∂Ω and α, β ∈ R. We
classify all (α, β) ∈ R2 for which C(α, β) > 0. Then, we study whether an

optimal constant C(α, β) is attained or not. Our study on C(α, β) for general
(α, β) ∈ R2 shows that the (classical) Hardy inequality can be regarded as a
special case of the Neumann version.

1. Introduction and statement of main results

In this paper, we are interested in the following inequality∫
Ω

|u(x)|2
dα(x)

dx ≤ C

∫
Ω

dβ(x)|∇u(x)|2dx with

∫
Ω

u(x)

dα(x)
dx = 0,

where α, β ∈ R, d(x) ≡ dist(x, ∂Ω) and Ω is a bounded C2-domain in Rn. This
study was motivated by the Legendre differential equation. The Legendre differen-
tial equation

−((1− t2)φ′)′ = l(l + 1)φ, l = 0, 1, · · · ,
has the first kind of solution Pl, which is a polynomial of order l, and the second
kind of solution Ql, which is singular at t = ±1. Then we see that for any φ ∈
C1((−1, 1)) ∩ L2((−1, 1)) satisfying

∫ 1

−1
φdt = 0,

(1)

∫ 1

−1

(1− t2)|φ′(t)|2dt ≥ 2

∫ 1

−1

(φ(t))2dt.

Furthermore, the equality holds for P1(x) = x; on the other hand, for l = 0, 1, · · · ,∫ 1

−1

(Ql(t))
2dt <

∫ 1

−1

(1− t2)|Q′
l(t)|2dt = ∞.
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This can be compared with Wirtinger’s inequality, which says that for any φ ∈
C1((−1, 1)) ∩ L2((−1, 1)) satisfying

∫ 1

−1
φdt = 0,

(2)

∫ 1

−1

|φ′(t)|2dt ≥ π2

4

∫ 1

−1

(φ(t))2dt,

where the equality holds for φ(t) = sin πt
2 . On the other hand, a version of Hardy’s

inequality says that for any φ ∈ W 1,2
0 ((−1, 1)),

(3)

∫ 1

−1

|φ′(t)|2dt ≥ 1

4

∫ 1

−1

(φ(t))2

(1− t2)2
dt,

where the equality does not hold for any φ ∈ W 1,2
0 ((−1, 1)) \ {0}.

These inequalities (1), (2), (3) are quite fundamental and there have been nu-
merous studies on higher dimensional versions of (2) and (3). On the other hand,
it seems that there have been no studies for the higher dimensional version of (1).
In this paper, we study the high dimensional version of (1) and find a general form
of inequalities that includes (1), (2), (3). For their generalization on a bounded
domain Ω in RN , we define d(x) = dist(x,RN \ Ω) and

Xα,β(Ω) ≡
{
φ ∈ C1(Ω)

∣∣∣ ∫
Ω

dβ(x)|∇φ(x)|2 + (φ(x))2

dα(x)
dx < ∞

}
, α, β ∈ R.

For u ∈ Xα,β(Ω), we define a norm ‖u‖α,β ≡
( ∫

Ω
dβ(x)|∇u|2 + d−α(x)u2dx

)1/2

and W 1,2
α,β(Ω) the completion of Xα,β(Ω) with respect to the norm ‖ · ‖α,β . Then we

consider a minimization

Lα,β(Ω) ≡ inf
{∫

Ω
dβ(x)|∇u|2dx∫

Ω
|u|2d−α(x)dx

∣∣∣ u ∈ W 1,2
α,β(Ω) \ {0},

∫
Ω

ud−α(x)dx = 0
}
.

In this paper, we characterize (α, β) ∈ R2 for which Lα,β is positive, and find
conditions of (α, β) and domain Ω under which Lα,β > 0 is attained. In fact, we will
see that if (α, β) is in a subcritical region, the attainability of Lα,β is determined
by the comparison of two energy levels Lα,β and Hα,β , where Hα,β is defined in (4).
For (α, β) in the critical region α+β = 2, there exists a critical level of Lα,β , where
we lose a compactness of a minimizing sequence. Then, for some typical domains,
we find conditions of (α, β) in the critical region α+β = 2 under which Lα,β either
is strictly less than the critical level of Lα,β or is equal to a critical level of Lα,β . In
the same direction, there have been many studies (refer to [3],[4],[5],[6],[7],[8], [9],
[10],[12],[13],[14] and references therein) on a generalized Hardy’s inequality, where
they study the following optimal constant

(4) Hα,β(Ω) ≡ inf
{∫

Ω
dβ(x)|∇u|2dx∫

Ω
|u|2d−α(x)dx

∣∣∣ u ∈ W 1,2
0,α,β(Ω) \ {0}

}
.

Here, W 1,2
0,α,β(Ω) is the completion of C∞

0 (Ω) with respect to the norm ‖ · ‖α,β .
For a generalized Hardy’s inequality on general domains, refer to [2], [15], [16] and
references therein. Some general results on the positivity and attainability of Hα,β

will be given in Proposition 2.4, Proposition A.2 and Proposition A.4. We will show
in Proposition 2.2 that for α ≥ 1 and β < 1, W 1,2

α,β(Ω) = W 1,2
0,α,β(Ω). Furthermore,
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we will prove in Appendix, Proposition A.1 that

W 1,2
0,α,β(Ω)

⎧⎪⎨
⎪⎩
� W 1,2

0 (Ω) if (α, β) ∈ {(a, b) | a ≤ 2, b > 0},
= W 1,2

0 (Ω) if (α, β) ∈ {(a, b) | a ≤ 2, b = 0},
� W 1,2

0 (Ω) if (α, β) ∈ {(a, b) | b < 0 or b = 0, a > 2},

and that for (α, β) ∈ {(a, b) | a > 2, b > 0}, W 1,2
0,α,β(Ω) \ W 1,2

0 (Ω) and W 1,2
0 (Ω) \

W 1,2
0,α,β(Ω) are non-empty sets. The property W 1,2

α,β(Ω) = W 1,2
0,α,β(Ω) for α ≥ 1 and

β < 1 implies that there is a natural relation between Lα,β(Ω) and Hα,β(Ω) and
that our study on Lα,β(Ω) could be a natural extension of previous studies on the
Hardy constant Hα,β(Ω).

Now we state our main results in this paper.

Theorem 1.1. For any bounded C2-domain Ω ⊂ RN , Lα,β(Ω) > 0 if and only if
α+ β ≤ 2 and (α, β) �= (1, 1).

Theorem 1.2. Let Ω be a bounded C2-domain in RN . Then it holds that

(1) if (α, β) ∈ {(a, b) | a+b < 2, 2a+b < 3}, Lα,β(Ω) is achieved by an element

uα,β ∈ W 1,2
α,β(Ω), which satisfies

−div(dβ(x)∇uα,β) = Lα,β(Ω)d
−αuα,β in Ω if α < 1,

−div(dβ(x)∇uα,β) = Lα,β(Ω)d
−αuα,β + μd−α in Ω for some μ ∈ R if α ≥ 1;

(2) if (α, β) ∈ {(a, b) | a+b ≤ 2, 2a+b ≥ 3, (a, b) �= (1, 1)}, Lα,β(Ω) = Hα,β(Ω)
and Lα,β(Ω) is not achieved.

Lα,β > 0

and Lα,β is attained

Lα,β = 0

α

α+ β = 2

Lα,β = Hα,β > 0

and Lα,β is not attained

2α+ β = 3

β

Hα,β > 0

and Hα,β is attained

Hα,β = 0

α

β

α+ β = 2

β = 1

The optimal constant Lα,β(Ω) The optimal constant Hα,β(Ω)

(1, 1) (1, 1)

Figure 1

The key features and their relation for Hα,β(Ω) and Lα,β(Ω) described in The-
orem 1.1 and Theorem 1.2 are illustrated in Figure 1. A result in Theorem 1.2
implies that Lα,2−α(Ω) is not attained for α > 1. When α < 1, as in the Hardy
inequality, we lose a compactness at a critical level of Lα,2−α(Ω). In fact, we have
the following result.

Theorem 1.3. Let α < 1 and Ω be a bounded C2-domain in RN . Then Lα,2−α(Ω)

≤ (1−α)2

4 . Furthermore, Lα,2−α(Ω) is achieved if Lα,2−α(Ω) <
(1−α)2

4 .
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As for the optimal constant H2,0(Ω) on W 1,2
0,2,0(Ω) = W 1,2

0 (Ω), it was proved [12]

that H2,0(Ω) is achieved if and only if H2,0(Ω) <
1
4 when Ω is a bounded C2-domain

in RN . Recently, the result was extended in [9] to C1,γ−domains for γ ∈ (0, 1]. In
view of the result in [9], we believe that the result of Theorem 1.3 would be true
for bounded C1,γ domains. On the other hand, it is known that H2,0(Ω) is not

attained by any function u ∈ W 1,2
0 (Ω) if Ω is convex (see [3]), and if Ω is weakly

mean convex (see [10]), that is, the mean curvature of ∂Ω is nonnegative. On the
other hand, as for the optimal constant Lα,2−α(Ω), we have the following results,
highly contrasting with the results for H2,0(Ω).

Theorem 1.4. For a weakly mean convex C2-domain Ω ⊂ RN , there exists α̃ ≡
α̃(N,Ω) < 1 such that Lα,2−α(Ω) is achieved if −∞ < α < α̃.

We will see that the attainability of the optimal constant Lα,2−α(Ω) strongly
depends on a geometry of Ω and the space dimension N . To state the result, we
define

RN
+ ≡ {(x1, · · · , xN ) ∈ RN | xN > 0},

BN (0, 1) ≡
{
(x1, · · · , xN ) ∈ RN

∣∣∣ N∑
i=1

(xi)
2 < 1

}

E(a1, · · · , aN ) ≡
{
(x1, · · · , xN ) ∈ RN

∣∣∣ N∑
j=1

(xj

aj

)2

< 1
}
,

where aj > 0. For the most simple domain Ω = BN (0, 1), we obtain that
Lα,2−α(B

N (0, 1)) is attained only when N > 3−α
1−α .

Theorem 1.5. Let α < 1 and N ≥ 1. Then Lα,2−α(B
N (0, 1)) < (1−α)2

4 and

Lα,2−α(B
N (0, 1)) is achieved if and only if the space dimension N > 3−α

1−α .

When we deform the unit ball BN (0, 1) to an ellipse, we get the following result,
which says that even for N = 3−α

1−α , Lα,2−α(E(a1, · · · , aN )) is attained if the ellipse

E(a1, · · · , aN ) is not a ball.

Theorem 1.6. For α < 1, we assume the space dimension N ≥ 3−α
1−α . Then for

(a1, · · · , aN−1) ∈ (0, 1]N−1 with a1 + · · ·+ aN−1 < N − 1, we have

Lα,2−α(E(a1, a2, · · · , aN−1, 1)) <
(1− α)2

4
;

thus, the optimal constant Lα,2−α(E(a1, a2, · · · , aN−1, 1)) is attained.

In Theorems 1.7–1.9, we state our results for annular domains.

Theorem 1.7. For a > 1 and N ≥ 2, let Ω = BN (0, a) \BN (0, 1). Then, for

α <
1− 2

N+1

(
2− (a+ 1)N+12−N+1(1 + aN+1)−1

)
1− 1

N+1

(
2− (a+ 1)N+12−N+1(1 + aN+1)−1

) ,
Lα,2−α(Ω) <

(1−α)2

4 and Lα,2−α(Ω) is achieved.

Theorem 1.8. For a > 1 and N ≥ 2, let Ω = BN (0, a) \ BN (0, 1). Then there
exists α0 ≡ α0(N,Ω) ∈ (0, 1) such that Lα,2−α(Ω) is not achieved for α ∈ (α0, 1).
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a half ball

a half ball

Figure 2. Ω containing two half balls

We state the attainable property of Lα,2−α([−1, 1]N ) without a proof. In fact,
using the same type of a test function used in the proof of Theorem 1.5, we can

show that Lα,2−α([−1, 1]N ) < (1−α)2

4 for N > 2
3(1−α) + 1.

Above results suggest that for a general bounded domain Ω, if N or −α is large,
there is a high possibility that Lα,2−α(Ω) is attained; on the other hand, if N or
1 − α > 0 is small, a low possibility. We conjecture that for any given bounded
C2-domain in RN , Lα,2−α(Ω) is attained if −α is sufficiently large, and not attained
if 1− α > 0 is sufficiently small.

In the following result, we see that the attainable property of Lα,2−α(Ω) depends
on a local geometry of Ω rather than a global geometry of Ω. For α < 1, we define
a class of domains

Aα ≡
{
bounded C2-domains D ⊂ RN

∣∣∣ Lα,2−α(D) <
(1− α)2

4

}
,

and for D ∈ Aα, a class of functions

Aα(D) ≡
{
u ∈ C1(D)∩W 1,2

α,2−α(D)\{0}
∣∣∣QD(u)<

(1− α)2

4
,

∫
D

d−α(x)u(x)dx = 0
}
,

where

QD(u) ≡
∫
D
d2−α(x)|∇u|2dx∫
D
|u|2d−α(x)dx

.

For each u ∈ Aα(D), we define

Du
+ ≡ {x ∈ D | u(x) > 0}, uD

+(x) ≡ max{u(x), 0},
Du

− ≡ {x ∈ D | u(x) < 0} and uD
− ≡ min{u(x), 0}.

Also, we define ∂Du
+ ≡ ∂Du

+ ∩ ∂D, ∂Du
− ≡ ∂Du

− ∩ ∂D. For each u ∈ Aα(D), it

holds that QD(uD
+) < (1−α)2

4 or QD(uD
−) < (1−α)2

4 . Defining ũ = −u, we see that

ũD
+ = uD

− , ũD
− = uD

+ . Thus, for u ∈ Aα(D), we may assume that QD(uD
+) < (1−α)2

4 .

Theorem 1.9. Let α < 1 and Ω be a bounded C2-domain in RN . We assume that
for each i = 1, 2, there exist a domain Di ∈ Aα, a function ui ∈ Aα(Di), a rotation
Oi ∈ O(N), a translation ti ∈ RN and a scale si > 0 such that for each i = 1, 2,
ti+siOiD

ui
+ ⊂ Ω, ti+siOi∂D

ui
+ ⊂ ∂Ω with (t1+s1O1D

u1
+ )∩(t2+s2O2D

u2
+ ) = ∅ and

dist(ti + siOix,R
N \ Ω) = sidist(x,R

N \Di) for any x ∈ Dui
+ . Then, Lα,2−α(Ω) <

(1−α)2

4 and Lα,2−α(Ω) is achieved.
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In the proofs of Theorems 1.5–1.8 for the estimate Lα,2−α(Ω) <
(1−α)2

4 , we use
a test function of form ds(x)xN . Thus we see from Theorem 1.9 that if Ω has two
disjoint parts coming from translations, scalings and rotations of a half ball or a
half ellipse or a half annulus as in Figure 2, Lα,2−α(Ω) is attained for α satisfying
conditions in the corresponding theorem for ball, ellipse, or annulus.

This paper is organized as follows. Section 2 is devoted to give some preliminary
results for proofs of main results. In Section 3, we prove Theorem 1.1 and Theorem
1.2 by examining the positivity and attainability of Lα,β(Ω) in a subcritical region.
In Section 4, we study the positivity and attainability of Lα,β(Ω) in a critical region
and prove Theorems 1.3 − 1.9. In the last appendix section, we study the inclusion
relation between W 1,2

0 (Ω) and W 1,2
0,α,β(Ω) and prove some general results on the

positivity and attainability of Hα,β(Ω).

2. Some preliminary Lemmas

Assume that Ω ⊂ RN is a bounded C2-domain. Now we follow a scheme in
section 1 of [3]. For δ > 0, we define Ωδ ≡ {x ∈ Ω | d(x) < δ} and Σδ =
{x ∈ Ω | d(x) = δ}. If δ > 0 is small, for every x ∈ Ωδ, there exists a unique
point σ(x) ∈ ∂Ω such that d(x) = |x − σ(x)|. For small δ > 0, we define a map
Hδ : ∂Ω → Σδ defined by Hδ(σ) = σ+ δn(σ), where n(σ) is the inward unit normal
to ∂Ω at σ. We define a mapping Π : Ωδ → (0, δ) × ∂Ω by Π(x) = (d(x), σ(x)).
Then, it is a C1-diffeomorphism and its inverse is given by Π−1(t, σ) = σ + tn(σ)
for t ∈ (0, δ), σ ∈ ∂Ω. It is easy to see that for small δ > 0, there exists c > 0 such
that ∣∣∣|∇Ht(σ)| − 1

∣∣∣ ≤ ct, ∀(t, σ) ∈ (0, δ0)× ∂Ω,

where |∇Ht| is the Jacobin determinant of the Jacobian ∇Ht on ∂Ω.
Then, since for any nonnegative integrable function f in Ωδ,∫

Ωδ

f(x)dx =

∫ δ

0

∫
Σt

fdσtdt =

∫ δ

0

∫
∂Ω

f ◦Π−1(t, σ)|∇Ht(σ)|dσdt,

it follows that for any nonnegative integrable function f in Ωδ,
(5)∫
∂Ω

∫ δ

0

f ◦Π−1(t, σ)(1− ct)dσdt ≤
∫
Ωδ

f(x)dx ≤
∫
∂Ω

∫ δ

0

f ◦Π−1(t, σ)(1+ ct)dσdt.

Lemma 2.1. Let β < 1 and u ∈ C1((0, 1)) with u(0) = 0 and
∫ 1

0
tβ(u′)2dt < ∞.

Then we see that for t ∈ (0, 1),

(i) u(t) ≤ 1

(1−β)
1
2

( ∫ t

0
sβ

(
u′(s)

)2

ds
) 1

2

t
1−β
2 ;

(ii)
∫ t

0
xβu2(x)dx ≤ t2

2(1−β)

∫ t

0
sβ

(
u′(s)

)2

ds.

Proof. Since u(0) = 0 and
∫ 1

0
tβ(u′)2dt < ∞, for x ∈ (0, 1),

u(x) =

∫ x

0

u′(s)ds ≤
(∫ x

0

sβ
(
u′(s)

)2

ds
) 1

2
(∫ x

0

s−βds
) 1

2

=
(∫ x

0

sβ
(
u′(s)

)2

ds
) 1

2
( 1

1− β
x1−β

) 1
2

.
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This proves (i). From the inequality (i), we see that for t ∈ (0, 1),∫ t

0

xβu2(x)dx ≤ 1

1− β

∫ t

0

sβ
(
u′(s)

)2

ds

∫ t

0

xdx =
t2

2(1− β)

∫ t

0

sβ
(
u′(s)

)2

ds;

this proves (ii). �

Proposition 2.2. For α ≥ 1 and β < 1, we have

W 1,2
α,β(Ω) = W 1,2

0,α,β(Ω).

Proof. It is obvious thatW 1,2
α,β(Ω)⊃W 1,2

0,α,β(Ω). To prove thatW
1,2
α,β(Ω) ⊂ W 1,2

0,α,β(Ω),

we note that if α ≥ β, for w ∈ C∞((0, 1)) satisfying
∫ 1

0
tβ(w′)2dt < ∞,

∫ 1

0
t−αw2dt <

∞, we have

w2(y)− w2(x) =

∫ y

x

(
w2(t)

)′
dt ≤ 2

(∫ y

x

w2

tα
dt
) 1

2
(∫ y

x

tα(w′)2dt
) 1

2

≤ 2
(∫ y

x

w2

tα
dt
) 1

2
(∫ y

x

tβ(w′)2dt
) 1

2

,

where 0 < x < y < 1. Then we see that limx→0 w(x) exists. From this and the

assumptions that α ≥ 1 and
∫ 1

0
w2

tα dt < ∞, we deduce that w(0) = 0. This and (5)
imply that if α ≥ β and α ≥ 1, then

(6) u = 0 on ∂Ω for u ∈ Xα,β(Ω).

We find a function ϕ ∈ C1(R) such that ϕ(t) = 0 for t ≤ 1 and ϕ(t) = 1 for
t ≥ 2. For u ∈ Xα,β(Ω), we define un(x) = u(x)ϕ(nd(x)). Then we claim that
‖un − u‖α,β → 0 as n → ∞. To prove the claim, it suffices to show that for a
neighborhood N(x0) of x0 ∈ ∂Ω,

lim
n→∞

∫
Ω∩N(x0)

dβ |∇(u− un)|2 + d−α(u− un)
2dx = 0.

By the dominated convergence theorem, we see that

lim
n→∞

∫
Ω∩N(x0)

d−α(u− un)
2dx = lim

n→∞

∫
Ω∩N(x0)

d−αu2
(
1− ϕ2(nd(x))

)
dx = 0.

To prove limn→∞
∫
Ω∩N(x0)

dβ |∇(u − un)|2dx = 0, we take a small neighborhood

N(x0) of x0 ∈ ∂Ω and a C1 flattening map Φ : (−δ, δ)N ∩ RN
+ → Ω ∩N(x0) for a

small δ > 0 such that d ◦ Φ(x1, · · · , xN ) = xN and

1

2

∫
(−δ,δ)N∩R

N
+

(xN )β|∇(v ◦ Φ)|2dx ≤
∫
Ω∩N(x0)

dβ |∇v|2dx

≤ 2

∫
(−δ,δ)N∩R

N
+

(xN )β|∇(v ◦ Φ)|2dx,

where v ∈ W 1,2
α,β(Ω). Thus it suffices to show that

lim
n→∞

∫
(−δ,δ)N∩R

N
+

(xN )β|∇(u ◦ Φ)−∇(un ◦ Φ)|2dx = 0.
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Since un(Φ(x)) = u(Φ(x))ϕ(nd(Φ(x))) = u(Φ(x))ϕ(nxN), we see from the domi-
nated convergence theorem that

lim
n→∞

∫
(−δ,δ)N∩R

N
+

(xN )β
∣∣∣ ∂

∂xi
u(Φ(x))− ∂

∂xi
un(Φ(x))

∣∣∣2dx = 0, i = 1, · · · , N − 1.

For i = N , we see that∫
(−δ,δ)N∩R

N
+

(xN )β
∣∣∣ ∂

∂xN
u(Φ(x))− ∂

∂xN
un(Φ(x))

∣∣∣2dx
=

∫
(−δ,δ)N∩R

N
+

(xN )β
∣∣∣ ∂

∂xN
u(Φ(x))(1− ϕ(nxN ))

∣∣∣2dx
≤ 2

∫
(−δ,δ)N∩R

N
+

(xN )β
∣∣∣ ∂

∂xN
u(Φ(x))

∣∣∣2(1− ϕ(nxN ))2dx

+ 2

∫
(−δ,δ)N∩R

N
+

n2(xN )β(u(Φ(x)))2(ϕ′(nxN ))2dx.

We see from the dominated convergence theorem that

lim
n→∞

∫
(−δ,δ)N∩R

N
+

(xN )β
∣∣∣ ∂

∂xN
u(Φ(x))

∣∣∣2(1− ϕ(nxN ))2dx = 0.

From (6), β < 1, Lemma 2.1(ii) and the dominated convergence theorem, we see
that for some constant C1 > 0,∫

(−δ,δ)N∩R
N
+

n2(xN )β(u(Φ(x)))2(ϕ′(nxN ))2dx

= n2

∫
[−δ,δ]N−1

∫ 2n−1

0

(xN )β(u(Φ(x)))2(ϕ′(nxN ))2dxNdx′

≤ C1

1− β

∫
[−δ,δ]N−1

∫ 2n−1

0

(xN )β
∣∣∣ ∂

∂xN
u(Φ(x))

∣∣∣2dxNdx′ → 0 as n → ∞.

Thus, ‖un − u‖α,β → 0 as n → ∞. This proves Wα,β(Ω) ⊂ W0,α,β(Ω) for α ≥ 1
and β < 1. �

Lemma 2.3. Let δ ∈ (0, 1) and (α, β) ∈ {(a, b) | a < b, a+ b ≤ 2} ∪ {(a, b) | a ≥
1, a + b ≤ 2, (a, b) �= (1, 1)}. For v ∈ C1((0, δ]) satisfying

∫ δ

0
x−αv2dx < ∞ and∫ δ

0
xβ|v′|2dx < ∞, it holds that

(7)
(β − α)2

16

∫ δ

0

x−αv2dx ≤
∫ δ

0

xβ(v′)2dx+
β − α

4
δ

β−α
2 v2(δ).

Proof. Let v ∈ C1((0, δ]) satisfying
∫ δ

0
x−αv2dx < ∞ and

∫ δ

0
xβ |v′|2dx < ∞. Note

that
(8)∫ δ

0

(
x

β
2 v′ +

β − α

4
x

−α
2 v

)2

dx =

∫ δ

0

xβ(v′)2 +
(β − α)2

16
x−αv2 +

β − α

2
x

β−α
2 vv′dx
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and for any small ε > 0,

(9)

∫ δ

ε

x
β−α

2 vv′dx =
1

2

∫ δ

ε

x
β−α

2 (v2)′dx

= −β − α

4

∫ δ

ε

x
β−α−2

2 v2dx+
1

2

(
δ

β−α
2 v2(δ)− ε

β−α
2 v2(ε)

)
.

First, we assume that (α, β) ∈ {(a, b) | a < b, a+ b ≤ 2}. Then, since δ ∈ (0, 1),
if (α, β) ∈ {(a, b) | a < b, a+ b ≤ 2}, it follows that

(10)

β − α

2

∫ δ

0

x
β−α

2 vv′dx ≤ − (β − α)2

8

∫ δ

0

x
β−α−2

2 v2dx+
β − α

4
δ

β−α
2 v2(δ)

≤ − (β − α)2

8

∫ δ

0

x−αv2dx+
β − α

4
δ

β−α
2 v2(δ).

Then, combining (8) and (10), we get (7).
Next, we assume that (α, β) ∈ {(a, b) | a ≥ 1, a+ b ≤ 2, (a, b) �= (1, 1)}. Since

α ≥ β, we see that for 0 < x < y < 1,

v2(y)− v2(x) =

∫ y

x

(
v2(t)

)′
dt ≤ 2

(∫ y

x

v2

tα
dt
) 1

2
(∫ y

x

tα(v′)2dt
) 1

2

≤ 2
(∫ y

x

v2

tα
dt
) 1

2
(∫ y

x

tβ(v′)2dt
) 1

2

.

Then we see that limx→0 v(x) exists. Since
∫ δ

0
x−αv2dx<∞, we see that limx→0 v(x)

= 0. Then, from this and (9), we see that for δ ∈ (0, 1), α ≥ 1 and α+ β ≤ 2,

(11)

β − α

2

∫ δ

0

x
β−α

2 vv′dx = − (β − α)2

8

∫ δ

0

x
β−α−2

2 v2dx+
β − α

4
δ

β−α
2 v2(δ)

≤ − (β − α)2

8

∫ δ

0

x−αv2dx+
β − α

4
δ

β−α
2 v2(δ).

Combining (8) and (11), we get (7). �

Proposition 2.4. Let Ω be a bounded C2-domain in RN . Then we have

Hα,β(Ω)

{
> 0 if (α, β) ∈ {(a, b) | a+ b ≤ 2, b < 1},
= 0 if (α, β) ∈ R2 \ {(a, b) | a+ b ≤ 2, b < 1}.

Proof. We first prove that Hα,β(Ω) > 0 for (α, β) ∈ {(a, b) | a + b ≤ 2, b < 1}.
We claim that Hα,2−α(Ω) > 0 for α > 1. In fact, by (8) and (11), we see that for
α+ β = 2, β < 1 and v ∈ C1((0, 1)) vanishing in a neighborhood of 0,

(1− α)2

4

∫ δ

0

x−αv2dx ≤
∫ δ

0

x2−α(v′)2dx,

where δ ∈ (0, 1). This and (5) imply that for small δ > 0, there exists a constant
C1 > 0 such that for any u ∈ C∞

0 (Ω),

(12)

∫
Ωδ

d2−α(x)|∇u|2dx ≥ C1

∫
Ωδ

|u(x)|2d−α(x)dx.
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We take ψ ∈ C∞
0 (Ω) such that ψ ∈ [0, 1], ψ(x) = 1 for x ∈ Ω \Ωδ and ψ(x) = 0 for

x ∈ Ωδ/2. By the Poincaré inequality and the fact that

0 < inf
x∈Ω\Ωδ/2

d(x) ≤ sup
x∈Ω\Ωδ/2

d(x) < ∞,

there exists a constant C2 > 0 such that for any w ∈ C∞
0 (Ω \ Ωδ/2),

(13)

∫
Ω

d2−α(x)|∇w|2dx ≥ C2

∫
Ω

|w|2d−α(x)dx.

Thus, we see from (12) and (13) that for any u ∈ C∞
0 (Ω),∫

Ω

|u(x)|2d−α(x)dx

≤ 2

∫
Ω

|ψ(x)u(x)|2d−α(x)dx+ 2

∫
Ωδ

∣∣∣(1− ψ(x)
)
u(x)

∣∣∣2d−α(x)dx

≤ 2

C1

∫
Ωδ

d2−α(x)
∣∣∣∇(

(1− ψ)u
)∣∣∣2dx+

2

C2

∫
Ω

d2−α(x)|∇(ψu)|2dx

≤ 4

C1

∫
Ωδ

d2−α(x)(|∇u|2 + |∇ψ|2u2)dx+
4

C2

∫
Ω

d2−α(x)(|∇u|2 + |∇ψ|2u2)dx

≤ C

∫
Ω

d2−α(x)|∇u|2dx+ C

∫
Ωδ

d−α(x)u2dx,

where C is a positive constant depending only on C1, C2,maxx∈Ω d(x), ‖∇ψ‖L∞ .
Combining the above inequality and (12), we see that for some constant C > 0,∫

Ω

|u(x)|2d−α(x)dx ≤ C

∫
Ω

d2−α(x)|∇u|2dx, u ∈ C∞
0 (Ω).

This shows that Hα,β(Ω) > 0 for α+ β = 2 and β < 1. On the other hand, for any
α, β ∈ R with α+ β < 2 and β < 1, we can find α′ > α such that α′ +β = 2. Since∫

Ω

|u(x)|2d−α(x)dx ≤ max
x∈Ω

dα
′−α(x)

∫
Ω

|u(x)|2d−α′
(x)dx

and Ω is bounded, we see that for some C > 0, Hα,β(Ω) ≥ CHα′,β(Ω) > 0. Thus,
we prove the claim that Hα,β(Ω) > 0 for α+ β ≤ 2 and β < 1.

Next, we claim that Hα,β(Ω) = 0 for (α, β) ∈ R2 \ {(a, b) | a + b ≤ 2, b < 1}.
Then we consider two cases: (i) β ≥ 1, α ≤ 1 and (ii) α + β > 2. In the case
β ≥ 1, α ≤ 1, for σ > 0, we define

w(x) =

{(
d(x)
δ

)σ

if d(x) < δ,

1 if d(x) ≥ δ.

Then we see from (5) that∫
Ω

dβ(x)|∇w|2dx = σ2δ−2σ

∫
Ωδ

dβ+2σ−2(x)dx ≤
{
C1σ

2δβ−1 if β > 1,

C1σ if β = 1,∫
Ω

d−α(x)w2dx ≥ δ−2σ

∫
Ωδ

d−α+2σ(x)dx ≥
{
C2δ

1−α if α < 1,

C2σ
−1 if α = 1,
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where C1, C2 > 0 are constants independent of σ > 0. Thus, there exists C > 0
such that for small σ > 0,

Hα,β(Ω) ≤
∫
Ω
dβ(x)|∇w|2dx∫

Ω
d−α(x)w2dx

≤ Cσ,

which implies that Hα,β(Ω) = 0 if α ≤ 1 and β ≥ 1.
In the case α + β > 2, we define Wn(x) = φ(nd(x)) for a nonnegative φ ∈

C∞
0 ((0, δ))\{0}. Using (5), we see that for some constants C3, C4 > 0, independent

of n, ∫
Ω

dβ(x)|∇Wn|2dx ≤ n2

∫
Ω

dβ(x)
(
φ′(nd(x))

)2

dx

≤ C3n
2

∫ δ

0

tβ
(
φ′(nt)

)2

dt = C3n
1−β

∫ δ

0

tβ
(
φ′(t)

)2

dt

and

∫
Ω

d−α(x)W 2
ndx ≥ C4

∫ δ

0

t−α
(
φ(nt)

)2

dt = C4n
α−1

∫ δ

0

t−α
(
φ(t)

)2

dt.

Then, we see that as n → ∞,

∫
Ω
dβ(x)|∇Wn|2dx∫
Ω
d−α(x)W 2

ndx
≤ C3C

−1
4 n2−α−β

∫ δ

0
tβ(φ′)2dt∫ δ

0
t−α(φ(t))2dt

→ 0.

This proves that Hα,β(Ω) = 0 when α+β > 2, and thus, we complete the proof. �

Proposition 2.5. For α+ β ≤ 2, 2α+ β ≥ 3, (α, β) �= (1, 1), we have Hα,β(Ω) =
Lα,β(Ω).

Proof. Assume that α + β ≤ 2, 2α + β ≥ 3, (α, β) �= (1, 1). In this case, we have
α > 1 and β < 1. Clearly, by Proposition 2.2, Hα,β(Ω) ≤ Lα,β(Ω). To prove the re-
verse inequality Hα,β(Ω) ≥ Lα,β(Ω), we choose a minimizing sequence {um}∞m=1 ⊂
C∞

0 (Ω) ofHα,β(Ω) such that
∫
Ω
d−α(x)u2

mdx=1 and
∫
Ω
dβ(x)|∇um|2dx → Hα,β(Ω)

as m → ∞. We find a function ϕ ∈ C1(R) such that ϕ(t) = 0 for t ≤ 1 and ϕ(t) = 1

for t ≥ 2. Define un,m(x) ≡ um(x)ϕ
(
nd(x)

)
and

wn,m ≡ un,m + cn,mdα−1+n−α+
1−β
2 (x) with cn,m = −

∫
Ω
d−α(x)un,mdx∫

Ω
d−1+n−α+

1−β
2 (x)dx

.

Note that
∫
Ω
d−α(x)wn,mdx = 0, and it is easy to check wn,m ∈ W 1,2

α,β(Ω) since

−1 < α − 2 + 2n−α+ 1−β
2 and −1 < β + 2α − 4 + 2n−α+ 1−β

2 . Then, by the same
argument with the proof of Proposition 2.2, we see that ‖un,m − um‖α,β → 0 as
n → ∞. Moreover, it follows from the boundedness of {

∫
Ω
dβ(x)|∇um|2dx}m that∫

Ω
dβ(x)|∇un,m|2dx ≤ C with C > 0 is a constant independent of m,n. We see
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from Lemma 2.1(i) and (5) that for some C1, C2, independent of m,n,∫
Ω

d−α(x)un,mdx =

∫
Ωδ\Ω1/n

d−α(x)un,mdx+

∫
Ω\Ωδ

d−α(x)un,mdx

≤ C1

(
1 +

∫ δ

n−1

t−α+ 1−β
2 dt

)

≤
{
C2(1 + nα+ β−3

2 ) if 2α+ β − 3 > 0,

C2(1 + log n) if 2α+ β − 3 = 0.

Then, since for some C3, C4, independent of m,n,∫
Ω

d−1+n−α+
1−β
2 (x)dx ≥ C3

∫ δ

0

t−1+n−α+
1−β
2 dt ≥ C4n

α+ β−1
2 ,

it follows that for large n > 0,

|cn,m| ≤ C2C
−1
4 n−1 log n.

Now, we see that

(cn,m)2
∫
Ω

dβ
∣∣∣∣∇(

dα−1+n−α+
1−β
2

)∣∣∣∣
2

dx

= c2n,m

(
α− 1 + n−α+ 1−β

2

)2
∫
Ω

d2α+β−4+2n−α+
1−β
2 dx

≤

⎧⎨
⎩
C5(cn,m)2 = O

(
n−2(log n)2

)
if 2α+ β − 3 > 0,

C5(cn,m)2n = O
(
n−1(logn)2

)
if 2α+ β − 3 = 0.

and

(cn,m)2
∫
Ω

dα−2+2n−α+
1−β
2 ≤ C6(cn,m)2 = O

(
n−2(log n)2

)
,

where C5, C6 are positive constants independent of m,n. Therefore, from these, we
see that

Lα,β(Ω) ≤
∫
Ω
dβ(x)|∇wn|2dx∫
Ω
d−α(x)w2

ndx
=

∫
Ω
dβ(x)|∇un,m|2dx+ o(1)∫
Ω
d−α(x)u2

n,mdx+ o(1)
=

∫
Ω
dβ(x)|∇um|2dx∫
Ω
d−α(x)u2

mdx

as n → ∞. Lastly, letting m → ∞, we get Lα,β(Ω) ≤ Hα,β(Ω). �

Lemma 2.6. There exists a sequence {un}n ⊂ C1
0 (Ω) such that∫

Ω

d−1(x)undx = 0, lim
n→∞

∫
Ω
d(x)|∇un|2dx∫

Ω
d−1(x)u2

ndx
= 0.

Proof. By a scaling, we may assume d(x) < 1. We find a function φ ∈ C1(R) such

that φ(t) =

{
1 if t ≥ 2,

0 if t ≤ 1,
and define

un(x) = φ(nd(x))

(
| ln(d(x))|−1/2 + cn

)
,

where cn = −
∫
Ω
d−1(x)| ln(d(x))|−1/2φ(nd(x))dx∫

Ω
d−1(x)φ(nd(x))dx

.
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Then we have
∫
Ω
d−1(x)undx = 0. Using (5), we see that

∫
Ω

d−1(x)| ln(d(x))|−1/2φ(nd(x))dx

=

∫
Ωδ−Ω1/n

d−1(x)| ln(d(x))|−1/2φ(nd(x))dx+O(1)

≤ C1

∫ δ

n−1

t−1| ln t|−1/2dt+O(1) = 2C1(lnn)
1/2 +O(1)

and∫
Ω

d−1(x)φ(nd(x))dx ≥
∫
Ωδ\Ω2/n

d−1(x)dx ≥ C2

∫ δ0

2n−1

t−1dt ≥ C2 lnn+ O(1).

Then, it follows that

|cn| =
∫
Ω
d−1(x)| ln(d(x))|−1/2φ(nd(x))dx∫

Ω
d−1(x)φ(nd(x))dx

≤ 2C1(lnn)
1/2 +O(1)

C2 lnn+O(1)
≤ C3(lnn)

−1/2,

where C1, C2 and C3 are positive constants, independent of large n > 0. Now, using
(5) again, we see that for some positive constants C4, C5 and C6, independent of
large n > 0,∫

Ω

d(x)|∇un|2dx

≤ 2

∫
Ω

n2d(x)
(
φ′(nd(x))

)2
(
| ln(d(x))|−1/2 + cn

)2

+
1

4
d−1(x)φ2(nd(x))| ln(d(x))|−3dx

≤ C4

[ ∫
Ω2n−1

n2d(x)
(
| ln(d(x))|−1 + c2n

)
dx+

∫
Ω\Ωn−1

| ln(d(x))|−3d−1(x)dx

]

≤ C5

[ ∫ 2n−1

0

n2t
(
| ln t|−1 + c2n

)
dt+

∫ δ

n−1

| ln t|−3t−1dt+O(1)

]
= O(1)

and∫
Ω

d−1(x)(un)
2dx =

∫
Ω

φ2(nd(x))d−1(x)

(
| ln(d(x))|−1 + c2n + 2cn| ln(d(x))|−1/2

)
≥ C6 ln((lnn)) +O(1).

This implies that limn→∞

∫
Ω
d(x)|∇un|2dx∫

Ω
d−1(x)u2

ndx
= 0 and completes the proof. �

Lemma 2.7. Let α + β > 2. Then there exists a sequence {un}n ⊂ C1
0 (Ω) such

that ∫
Ω

d−α(x)undx = 0, lim
n→∞

∫
Ω
dβ(x)|∇un|2dx∫
Ω
d−α(x)u2

ndx
= 0.
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Proof. We find nonnegative functions φ1, φ2 ∈ C∞
0 (R) such that φ1(t) ={

1 if t ∈ [2, 3],

0 if t ∈ R \ [1, 4]
and φ2(t) =

{
1 if t ∈ [5, 6],

0 if t ∈ R \ [4, 7].
Then we define

un(x) ≡ φ1(nd(x)) + cnφ2(nd(x)), where cn = −

∫
Ω
d−α(x)φ1

(
nd(x)

)
dx∫

Ω
d−α(x)φ2

(
nd(x)

)
dx

.

Then we have
∫
Ω
d−α(x)undx = 0. We see from (5) that∫

Ω

d−α(x)φ1

(
nd(x)

)
dx ≤ C1

∫ δ0

0

t−αφ1(nt)dt = C1n
α−1

∫ ∞

0

t−αφ1(t)dt

and ∫
Ω

d−α(x)φ2

(
nd(x)

)
dx ≥ C2

∫ δ0

0

t−αφ2(nt)dt = C2n
α−1

∫ ∞

0

t−αφ2(t)dt.

These estimations imply that

|cn| =

∫
Ω
d−α(x)φ1

(
nd(x)

)
dx∫

Ω
d−α(x)φ2

(
nd(x)

)
dx

≤
C1

∫∞
0

t−αφ1(t)dt

C2

∫∞
0

t−αφ2(t)dt
,

where C1 and C2 are positive constants, independent of n. For large n > 0, using
(5), we see that∫

Ω

dβ(x)|∇un|2dx = n2

∫
Ω

dβ(x)

((
φ′
1(nd(x))

)2

+ c2n

(
φ′
2(nd(x))

)2
)
dx

≤ C3n
2

∫ δ

0

tβ
((

φ′
1(nt)

)2

+
(
φ′
2(nt)

)2
)
dt

= C3n
1−β

∫ ∞

0

tβ
((

φ′
1(t)

)2

+
(
φ′
2(t)

)2
)
dt

and ∫
Ω

d−α(x)u2
ndx =

∫
Ω

d−α(x)
(
φ1(nd(x))

)2

dx ≥ C4

∫ δ

0

t−α
(
φ1(nt)

)2

dt

= C4n
α−1

∫ ∞

0

t−α
(
φ1(t)

)2

dt,

where C3 and C4 are positive constants. Thus, from these estimates and the as-

sumption α+ β > 2, we conclude that limn→∞

∫
Ω
dβ(x)|∇un|2dx∫
Ω
d−α(x)u2

ndx
= 0. �

Lemma 2.8. Let (α, β) ∈ R2 and Ω be a bounded C2-domain. Let {rm}∞m=0 be
a sequence such that rm ↓ 0 as m → ∞ and {x ∈ Ω | d(x) > r0} �= ∅. Then for

a, b ∈ R and a sequence um satisfying um ⇀ 0 in W 1,2
α,β(Ω) as m → ∞, we can find

a sequence {mi}∞i=1 of positive integers such that m1 < m2 < · · · and

(14)

∫
Ω(i)

da(x)|umi
|dx,

∫
Ω(i)

db(x)u2
mi

dx < min{1/2, (ri−1 − ri)
2},

where Ω(i) ≡ {x ∈ Ω | d(x) > ri}.



222 JAEYOUNG BYEON AND SANGDON JIN

Proof. Let a, b ∈ R and um be a sequence satisfying um ⇀ 0 in W 1,2
α,β(Ω) as m → ∞.

Note that ∫
Ω′

u2
m + |∇um|2dx ≤ C1

∫
Ω′

d−αu2
m + dβ |∇um|2dx ≤ C2,

where Ω′ ⊂⊂ Ω and C1, C2 > 0 are constants independent of m. Then, by the
Rellich-Kondrachov theorem, we deduce that um → 0 in L2

loc(Ω) as m → ∞, up to

a subsequence. Since um → 0 in L2(Ω(0)), there is um0
such that∫

Ω(0)

da(x)|um0
|dx,

∫
Ω(0)

db(x)u2
m0

dx < 1/2.

Next, choose um1
such that

∫
Ω(1) d

a(x)|um1
|dx,

∫
Ω(1) d

b(x)u2
m1

dx < min{1/2, (r0 −
r1)

2} and m1 > m0. We repeat this process to define a subsequence {umi
} ⊂ {um}

for i = 1, 2, · · · , which satisfies (14). �
Lemma 2.9. Let (α, β) ∈ R2 and Ω be a bounded C2-domain. Let um be a
minimizing sequence of Lα,β(Ω) satisfying

∫
Ω
d−α(x)u2

mdx = 1 and um ⇀ u in

W 1,2
α,β(Ω) as m → ∞, where u �≡ 0 and

∫
Ω
d−α(x)udx = 0. Then u attains Lα,β(Ω).

Proof. Let vm = um − u. Then vm converges weakly to 0 in W 1,2
α,β(Ω) as m → ∞.

Now we see that
(15)

Lα,β(Ω) + o(1) =

∫
Ω

dβ(x)|∇um|2dx =

∫
Ω

dβ(x)(|∇u|2 + 2∇u · ∇vm + |∇vm|2)dx

=

∫
Ω

dβ(x)|∇u|2dx+

∫
Ω

dβ(x)|∇vm|2dx+ o(1)

and

(16) 1 =

∫
Ω

d−α(x)u2
mdx =

∫
Ω

d−α(x)u2dx+

∫
Ω

d−α(x)v2mdx+ o(1).

Since u �≡ 0, it follows that

(17) lim sup
m→∞

∫
Ω

d−α(x)v2mdx < 1.

Thus, by (15)-(17) and the facts that
∫
Ω
d−α(x)udx =

∫
Ω
d−α(x)vmdx = 0, we

obtain

Lα,β(Ω) ≤
∫
Ω
dβ(x)|∇u|2dx∫

Ω
d−α(x)u2dx

=
Lα,β(Ω)−

∫
Ω
dβ(x)|∇vm|2dx+ o(1)

1−
∫
Ω
d−α(x)v2mdx+ o(1)

≤
Lα,β(Ω)− Lα,β(Ω)

∫
Ω
d−α(x)v2mdx+ o(1)

1−
∫
Ω
d−α(x)v2mdx+ o(1)

= Lα,β(Ω) + o(1).

This implies that u attains Lα,β(Ω). �
Lemma 2.10. Let α < 1, b ∈ [0,∞), N ≥ 2, and f ∈ C1([0, 1)) satisfying∫ 1

0
(1 − r)2−α(f ′)2dr < ∞ and

∫ 1

0
(1 − r)−αf2dr < ∞. For b > 0 and N = 2, we

assume that f(0) = 0. Then, for g(r) = (1− r)
1−α
2 r−bf(r), it holds that∫ 1

0

(1−r)2−αrN−1(f ′)2dr=

∫ 1

0

rN−1(1−r)−αf2

[
(1−α)2

4
−b(N+b−2)r−2(1−r)2

+
(
b− (1− α)

N − 1

2

)
r−1(1− r)

]
+ rN+2b−1(1− r)(g′)2dr.
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Proof. By the arguments in Proposition 2.2 and the assumptions that∫ 1

0
(1−r)2−α(f ′)2dr < ∞ and

∫ 1

0
(1−r)−αf2dr < ∞, we may assume that g(1) = 0.

We note that f(r) = rb(1− r)−
1−α
2 g(r),

(f ′)2 =
(
(rb(1− r)−

1−α
2 )′g + rb(1− r)−

1−α
2 g′

)2

=

[(
brb−1(1− r)−

1−α
2 +

1− α

2
rb(1− r)−

3−α
2

)
g + rb(1− r)−

1−α
2 g′

]2

=
(
brb−1(1− r)−

1−α
2 +

1− α

2
rb(1− r)−

3−α
2

)2

g2 +
(
rb(1− r)−

1−α
2 g′

)2

+ 2
(
brb−1(1− r)−

1−α
2 +

1− α

2
rb(1− r)−

3−α
2

)
rb(1− r)−

1−α
2 gg′

=
(
b2r2(b−1)(1−r)−1+α+

(1−α)2

4
r2b(1−r)−3+α+b(1−α)r2b−1(1−r)−2+α

)
g2

+ r2b(1−r)−1+α(g′)2 +
(
br2b−1(1−r)−1+α +

1− α

2
r2b(1−r)−2+α

)
(g2)′.

Moreover, by the assumption that f(0) = 0 if b > 0 and N = 2, we see that for
b ∈ [0,∞) and N ≥ 2,

(
brN+2b−2(1− r) +

1− α

2
rN+2b−1

)
g2
∣∣∣1
r=0

=
(
brN−2(1− r)2−α +

1− α

2
rN−1(1− r)1−α

)
f2

∣∣∣1
r=0

= 0.

Therefore, we conclude that∫ 1

0

(1− r)2−αrN−1(f ′)2dr

=

∫ 1

0

(
b2rN+2b−3(1− r) +

(1− α)2

4
rN+2b−1(1− r)−1 + b(1− α)rN+2b−2

)
g2

+
(
brN+2b−2(1− r) +

1− α

2
rN+2b−1

)
(g2)′ + rN+2b−1(1− r)(g′)2dr

=

∫ 1

0

[
b2rN+2b−3(1− r) +

(1− α)2

4
rN+2b−1(1− r)−1 + b(1− α)rN+2b−2

− b(N + 2b− 2)rN+2b−3(1− r) + brN+2b−2 − 1− α

2
(N + 2b− 1)rN+2b−2

]
g2

+ rN+2b−1(1− r)(g′)2dr

=

∫ 1

0

rN+2b−1(1− r)−1g2
[ (1− α)2

4
− b(N + b− 2)r−2(1− r)2

+
(
b− (1− α)

N − 1

2

)
r−1(1− r)

]
+ rN+2b−1(1− r)(g′)2dr

=

∫ 1

0

rN−1(1− r)−αf2
[ (1− α)2

4
− b(N + b− 2)r−2(1− r)2

+
(
b− (1− α)

N − 1

2

)
r−1(1− r)

]
+ rN+2b−1(1− r)(g′)2dr. �



224 JAEYOUNG BYEON AND SANGDON JIN

3. Proofs of main results for subcritical cases

3.1. Proof of Theorem 1.1. By Lemma 2.6 and Lemma 2.7, if α, β ∈ {(a, b) | a+
b > 2} ∪ {(1, 1)}, we have Lα,β(Ω) = 0. Thus it suffices to prove that for α+ β ≤ 2
and (α, β) �= (1, 1),

(18) Lα,β(Ω) > 0.

If α < 1, α+β ≤ 2 and α ≥ β, we can take β′ ∈ R satisfying α+β′ ≤ 2, β′ > α ≥ β.
Then, if Lα,β′(Ω) > 0, we see that

Lα,β′(Ω)

∫
Ω

d−α(x)u2dx ≤
∫
Ω

dβ
′
(x)|∇u|2dx ≤ C̄

∫
Ω

dβ(x)|∇u|2dx,

where C̄ ≡ max{dβ′−β(x) | x ∈ Ω} < ∞. This implies that for α < 1, α + β ≤ 2
and α ≥ β, Lα,β > 0 if Lα,β′(Ω) > 0 for α+ β′ ≤ 2, β′ > α ≥ β. Thus it suffices to
show that Lα,β > 0 when

(α, β) ∈ {(a, b) | a+ b ≤ 2, a < b} ∪ {(a, b) | a ≥ 1, a+ b ≤ 2, a = b �= 1}.
First, take any (α, β) ∈ {(a, b) | a ≥ 1, a + b ≤ 2, a = b �= 1} and u ∈ W 1,2

α,β(Ω).

By Proposition 2.2, we may assume that u ∈ C∞
0 (Ω). We see from Lemma 2.3 that

for α ≥ 1, α + β ≤ 2, α = β �= 1 and v ∈ C1((0, 1)) vanishing in a neighborhood of
0,

(β − α)2

16

∫ δ

0

x−αv2dx ≤
∫ δ

0

xβ(v′)2dx.

This and (5) imply that for small δ > 0, there exists a constant C̃1 > 0 such that
for any u ∈ C∞

0 (Ω),

(19)

∫
Ωδ

dβ(x)|∇u|2dx ≥ C̃1

∫
Ωδ

|u(x)|2d−α(x)dx.

We take ψ ∈ C∞
0 (Ω) such that ψ ∈ [0, 1], ψ(x) = 1 for x ∈ Ω \Ωδ and ψ(x) = 0 for

x ∈ Ωδ/2. Since

(20) 0 < inf
x∈Ω\Ωδ/2

d(x) ≤ sup
x∈Ω\Ωδ/2

d(x) < ∞,

there exists a constant C̃2 > 0 such that for any u ∈ C∞
0 (Ω \ Ωδ/2),

(21)

∫
Ω

dβ(x)|∇u|2dx ≥ C̃2

∫
Ω

|u(x)|2d−α(x)dx.

Now, we see from (19) and (21) that for any u ∈ C∞
0 (Ω),∫

Ω

|u(x)|2d−α(x)dx

≤ 2

∫
Ω

|ψ(x)u(x)|2d−α(x)dx+ 2

∫
Ωδ

∣∣∣(1− ψ(x)
)
u(x)

∣∣∣2d−α(x)dx

≤ 2

C̃1

∫
Ωδ

dβ(x)
∣∣∣∇(

(1− ψ)u
)∣∣∣2dx+

2

C̃2

∫
Ω

dβ(x)|∇(ψu)|2dx

≤ 4

C̃1

∫
Ωδ

dβ(x)(|∇u|2 + |∇ψ|2u2)dx+
4

C̃2

∫
Ω

dβ(x)(|∇u|2 + |∇ψ|2u2)dx

≤ Ĉ

∫
Ω

dβ(x)|∇u|2dx+ Ĉ

∫
Ωδ

d−α(x)u2dx,
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where Ĉ is a positive constant depending only on δ, C̃1, C̃2, ‖∇ψ‖L∞ . Combining
the above inequality and (19), we see that for (α, β) ∈ {(a, b) | a ≥ 1, a+ b ≤ 2, a =
b �= 1} . ∫

Ω

|u(x)|2d−α(x)dx ≤ C

∫
Ω

dβ(x)|∇u|2dx, u ∈ C∞
0 (Ω),

where C > 0 is a constant; thus Lα,β > 0.
Next, take any (α, β) ∈ {(a, b) | a + b ≤ 2, a < b}. We note that in this case,

α < 1. Take any function u ∈ C1(Ω) satisfying∫
Ω

dβ(x)|∇u|2dx < ∞,

∫
Ω

d−α(x)u2dx < ∞ and

∫
Ω

d−α(x)udx = 0.

For any small δ ∈ (0, δ0), it follows from the Poincaré-Wirtinger inequality and (20)
that for a constant C, which depends only on N and Ω \ Ωδ,∫

Ω\Ωδ

(
u−

(∫
Ω\Ωδ

d−α(z)dz
)−1

∫
Ω\Ωδ

d−α(z)u(z)dz

)2

d−α(x)dx

≤ C

∫
Ω\Ωδ

|∇u|2dx.

Then we see that

(22)

∫
Ω\Ωδ

d−α(x)u2dx

≤ C1 max{δ−β , 1}
∫
Ω\Ωδ

dβ(x)|∇u|2dx+ C2

(∫
Ω\Ωδ

d−α(x)udx

)2

,

where C1, C2 > 0 are independent of u. Since
∫
Ω
d−α(x)udx = 0, we see that for

some C3, independent of δ > 0 and u,(∫
Ω\Ωδ

d−α(x)udx
)2

=
(
−
∫
Ωδ

d−α(x)udx
)2

≤
∫
Ωδ

d−α(x)u2dx

∫
Ωδ

d−α(x)dx ≤ C3δ
1−α

∫
Ωδ

d−α(x)u2dx.

Then, it follows from this estimate and (22) that∫
Ω\Ωδ

d−α(x)u2dx(23)

≤ C1max{δ−β , 1}
∫
Ω\Ωδ

dβ(x)|∇u|2dx+ C2C3δ
1−α

∫
Ωδ

d−α(x)u2dx.

Thus, we deduce that for small δ > 0,∫
Ω

d−α(x)u2dx =

∫
Ω\Ωδ

d−α(x)u2dx+

∫
Ωδ

d−α(x)u2dx

≤ C1 max{δ−β , 1}
∫
Ω

dβ(x)|∇u|2dx+ 2

∫
Ωδ

d−α(x)u2dx.

Now, for the completion of the proof, it suffices to show that for small δ > 0,

(24)

∫
Ωδ

d−α(x)u2dx ≤ C4

∫
Ω

dβ(x)|∇u|2dx
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for some constant C4 > 0, independent of u. By Lemma 2.3 and (5), we see that
for some C5, C6 > 0 independent of u and δ,

(25)

∫
Ωδ

d−α(x)u2dx =

∫ δ

0

∫
Σt

t−αu2dσtdt ≤ C5

∫ δ

0

∫
∂Ω

t−αu2(t, σ)dσdt

≤
( 4

β − α

)2

C5

[ ∫ δ

0

∫
∂Ω

tβ
(du
dt

(t, σ)
)2

dσdt+
(β − α)δ

β−α
2

4

∫
∂Ω

u2(δ, σ)dσ
]

≤ C6

(∫
Ω

dβ(x)|∇u|2dx+ δ
β−α

2

∫
∂Ω

u2(δ, σ)dσ
)
.

Note that for some C7 > 0, independent of u and small δ > 0,

(26)

∫
∂Ω

u2(δ, σ)dσ ≤ C7

∫
Σδ

u2dσδ,

and by the trace inequality, there exists a constant C̃, independent of small δ > 0
such that for small δ > 0,∫

Σδ

u2dσδ ≤ C̃

∫
Ω\Ωδ

|∇u|2 + u2dx

≤ C̃

(
max{δ−β , (diam(Ω))−β}

∫
Ω\Ωδ

dβ(x)|∇u|2dx

+max{δα, (diam(Ω))α}
∫
Ω\Ωδ

d−α(x)u2dx

)
.

(27)

By (23) and (25)-(27), we see that for small δ > 0,∫
Ωδ

d−α(x)u2dx

≤ C8

((
1 + δ−

α+β
2 max{1, δβ}

) ∫
Ω

dβ(x)|∇u|2dx

+ δ
β−α

2 max{δα, (diam(Ω))α}
∫
Ω\Ωδ

d−α(x)u2dx
)

≤ C9

∫
Ω

dβ(x)|∇u|2dx+
1

2

∫
Ωδ

d−α(x)u2dx,

where C8, C9 ≡ C9(δ) > 0 are independent of u, which implies (24). This completes
the proof.

3.2. Proof of Theorem 1.2. We first prove the second result (2). We assume
that α+β ≤ 2, 2α+β ≥ 3, (α, β) �= (1, 1). By Proposition 2.5, Lα,β(Ω) = Hα,β(Ω)
in this case. Suppose that there exists a minimizer uα,β of Lα,β(Ω) such that∫
Ω
d−α(x)u2

α,βdx = 1. By Proposition 2.5, we deduce that |uα,β | is also a minimizer

of Hα,β(Ω). Then, we see from the strong maximum principle that |uα,β | > 0 in
Ω. This contradicts that

∫
Ω
d−α(x)uα,βdx = 0. Thus, Lα,β(Ω) is not achieved for

(α, β) ∈ {(a, b) | a+ b ≤ 2, 2a+ b ≥ 3, a = b �= 1}.
Next, we prove the first result (1). We assume (α, β) ∈ {(a, b) | a + b < 2,

2a+ b < 3}. Let {um}∞m=1 ⊂ C1(Ω) be a minimizing sequence of Lα,β(Ω) with∫
Ω

d−α(x)umdx=0,

∫
Ω

d−α(x)u2
mdx=1 and lim

m→∞

∫
Ω

dβ(x)|∇um|2dx=Lα,β(Ω).
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Taking a subsequence if it is necessary, we may assume that as m → ∞, um

converges weakly to u in W 1,2
α,β(Ω).

Suppose that u ≡ 0. Let {rm}∞m=0 be a sequence such that r0 is sufficiently small
and rm ↓ 0 as m → ∞. Then, taking a subsequence of {ui} if it is necessary, we
see from Lemma 2.8 that {ui} satisfies

(28)

∫
Ω(i)

d−α(x)|ui|dx < min{1/2, (ri−1 − ri)
2} and

(29)

∫
Ω(i)

dβ(x)u2
i dx,

∫
Ω(i)

d−α(x)u2
i dx < min{1/2, (ri−1 − ri)

2},

where Ω(i) ≡ {x ∈ Ω | d(x) > ri}. For each m ≥ 1, we define φm ∈ C1(Ω) such
that |∇φm| < 2(rm−1 − rm)−1.

φm(x) =

{
1 if x ∈ Ω \ Ω(m),

0 if x ∈ Ω(m−1).

Then, by (28) and the assumption
∫
Ω
d−α(x)umdx = 0, we have

(30)
∣∣∣ ∫

Ω

d−α(x)umφmdx
∣∣∣ = ∣∣∣ ∫

Ω

d−α(x)um

(
1− φm

)
dx

∣∣∣ → 0

as m → ∞. For δ ∈ (0, δ0), define ψ ∈ C1(R) such that ψ(t) =

{
1 if t ≥ δ,

0 if t ≤ δ/2
and

vm = umφm + cmψ(d(x)) with cm ≡ −
∫
Ω
d−α(x)umφmdx∫

Ω
d−α(x)ψ(d(x))dx

.

Note that for large m, supp(umφm)∩ supp(ψ(d(x))) = ∅,
∫
Ω
d−α(x)vmdx = 0, and

from (30), |cm| → 0 as m → ∞. We take a small ι > 0 so that α+β+ ι < 2. Then,
by (29), there exists a constant C > 0, independent of m, such that

(31)

∫
Ω

dβ+ι(x)|∇vm|2dx =

∫
Ω

dβ+ι(x)

(
|∇(umφm)|2 + c2m

(
ψ′(d(x))

)2
)
dx

≤ (rm−1)
ι

∫
Ω

dβ(x)|∇(umφm)|2dx+ c2m

∫
Ωδ\Ωδ/2

dβ+ι(x)
(
ψ′(d(x))

)2

dx

≤ 2(rm−1)
ι

∫
Ω

dβ(x)u2
m|∇φm|2dx+ 2(rm−1)

ι

∫
Ω

dβ(x)|∇um|2φ2
mdx+ o(1)

≤ C(rm−1)
ι + o(1)

as m → ∞. Note that, by (29), for each m ≥ 1,

(32)

∫
Ω

d−α(x)v2mdx ≥
∫
Ω

d−α(x)(umφm)2dx ≥
∫
Ω\Ω(m)

d−α(x)u2
mdx ≥ 1/2.

Thus, by (31), (32) and the property
∫
Ω
d−α(x)vmdx = 0, we see that for large

m ≥ 1,

Lα,β+ι(Ω) ≤
∫
Ω
dβ+ι(x)|∇vm|2dx∫
Ω
d−α(x)v2mdx

≤ 2
(
C(rm−1)

ι + o(1)
)
.

This is a contradiction to the fact that Lα,β+ι(Ω) > 0. Thus we see that u �≡ 0.
Now we claim that

∫
Ω
d−α(x)udx = 0. If α < 1, since um converges weakly to

u in W 1,2
α,β(Ω) as m → ∞ and any constant functions are in W 1,2

α,β(Ω), it follows
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that
∫
Ω
d−α(x)udx = 0. If α ≥ 1 and 2α + β < 3, by Proposition 2.2, we may

assume that um ∈ C∞
0 (Ω). As before, we find a function ψ ∈ C1(R, [0, 1]) such that

ψ(t) =

{
1 if t ≥ δ,

0 if t ≤ δ/2
and write um = um,1+um,2, where um,1 = um

(
1−ψ(d(x))

)
and um,2 = umψ(d(x)). Since ψ ◦ d ∈ W 1,2

α,β(Ω) and um converges weakly to u in

W 1,2
α,β(Ω) as m → ∞, we see that

(33) lim
m→∞

∫
Ω

d−α(x)um,2dx =

∫
Ω

d−α(x)uψ(d(x))dx.

Since β < 1, we see from Lemma 2.1(ii) that∫
Ω

dβ(x)|∇um,1|2dx ≤
∫
Ω

dβ(x)|∇um|2 + dβ(x)u2
m

(
ψ′(d(x))

)2

dx ≤ C1,

where C1 > 0 is a constant independent of m. Now, since

|um,1(t, σ)| ≤
∫ t

0

∣∣∣∣∂um,1(s, σ)

∂s

∣∣∣∣ds
≤

(∫ t

0

sβ |∇um,1(s, σ)|2ds
)1/2(∫ t

0

s−βds
)1/2

, σ ∈ ∂Ω,

we see that for σ ∈ ∂Ω,∫ δ

0

t−α|um,1(t, σ)|dt≤
(∫ δ

0

tβ |∇um,1(t, σ)|2dt
)1/2

2

(1− β)1/2(3− 2α− β)
δ

3−β−2α
2 .

Then, we see from (5) and the Cauchy inequality that for some constants C2, C3 > 0,∣∣∣ ∫ δ

0

∫
Σt

t−α|um,1|dσtdt
∣∣∣

≤ C2

∫ δ

0

∫
∂Ω

t−α|um,1(t, σ)|dσdt

≤ 2C2

(1− β)1/2(3− 2α− β)
δ

3−2α−β
2

∫
∂Ω

(∫ δ

0

tβ |∇um,1(t, σ)|2dt
)1/2

dσ

≤ 2C2

(1− β)1/2(3− 2α− β)
δ

3−2α−β
2 |∂Ω|1/2

(∫
∂Ω

∫ δ

0

tβ |∇um,1(t, σ)|2dtdσ
)1/2

≤ 2C3

(1− β)1/2(3− 2α− β)
δ

3−2α−β
2 |∂Ω|1/2

(∫
Ω

dβ(x)|∇um,1|2dx
)1/2

≤ 2C3(C1)
1/2

(1− β)1/2(3− 2α− β)
δ

3−2α−β
2 |∂Ω|1/2.

This and (33) imply that limm→∞
∫
Ω
d−α(x)umdx =

∫
Ω
d−α(x)udx = 0. Thus, by

Lemma 2.9, we see that u attains Lα,β(Ω). The above estimate implies that for

any u ∈ W 1,2
α,β(Ω),

∫
Ω
d−α(x)u(x)dx is well-defined and a functional u ∈ W 1,2

α,β(Ω) �→∫
Ω
d−α(x)u(x)dx is differentiable.

We denote the minimizer u by uα,β . We may assume that
∫
Ω
d−α(x)(uα,β)

2dx =
1. Then, there are Lagrange multipliers λ, μ ∈ R such that

−div(dβ(x)∇uα,β) = λd−α(x)uα,β + μd−α(x) in Ω.
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Since ∫
Ω

dβ(x)|∇uα,β |2dx = λ

∫
Ω

d−α(x)(uα,β)
2dx+ μ

∫
Ω

d−α(x)uα,βdx

= λ

∫
Ω

d−α(x)(uα,β)
2dx = λ,

it follows that λ = Lα,β(Ω). For α < 1, a constant function 1Ω(x) = 1 on Ω is in

W 1,2
α,β(Ω). This implies that

0 = λ

∫
Ω

d−α(x)uα,βdx+ μ

∫
Ω

d−α(x)dx = μ

∫
Ω

d−α(x)dx.

Then, we get that μ = 0 and λ = Lα,β(Ω) if α < 1. �

4. Proof of main results for critical cases

In this section, we study whether or not there exists a minimizer of

Lα,2−α(Ω) ≡ inf
{∫

Ω
d2−α(x)|∇u|2dx∫
Ω
|u|2d−α(x)dx

∣∣∣ u ∈ W 1,2
α,2−α(Ω) \ {0},

∫
Ω

ud−α(x)dx = 0
}
,

where α < 1. We give some criteria for the (non-)attainability of the optimal
constant Lα,2−α(Ω) when Ω is the unit ball, an ellipse or an annulus. Moreover,
we prove that the attainability of Lα,2−α(Ω) depends on a local geometry of a
domain Ω.

4.1. Proof of Theorem 1.3. We first prove that for α < 1, Lα,2−α(Ω) ≤ (1−α)2

4 .
Assume N ≥ 1. For small δ > 0 and m > 1, we define

u(x) =

{
| log(d(x)/δ)|m if d(x) ≤ δ,

0 if d(x) > δ.

Since |∇u(x)| = m| log(d(x)/δ)|m−1 1
|d(x)| , using a change of variables − log(t/δ) = s

and the fact that
∫∞
0

sae−bsds = b−1−aΓ(1+a) with b > 0 and a > −1, we see that
for some constant c > 0, independent of small δ > 0∫

Ωδ

d2−α(x)|∇u|2dx ≤ m2(1 + cδ)|∂Ω|
∫ δ

0

t−α| log(t/δ)|2m−2dt

= m2δ1−α(1 + cδ)|∂Ω|
∫ ∞

0

s2m−2e−(1−α)sds

= m2δ1−α(1 + cδ)|∂Ω|(1− α)1−2mΓ(2m− 1),

∫
Ωδ

d−α(x)u2dx ≥ (1− cδ)|∂Ω|
∫ δ

0

t−α| log(t/δ)|2mdt

= δ1−α(1− cδ)|∂Ω|
∫ ∞

0

s2me−(1−α)sds

= δ1−α(1− cδ)|∂Ω|(1− α)−1−2mΓ(2m+ 1)
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and

1

|Ω|
(∫

Ωδ

d−α(x)udx
)2

≤ 1

|Ωδ|
(
(1 + cδ)|∂Ω|

∫ δ

0

t−α| log(t/δ)|mdt
)2

=
δ2(1−α)(1 + cδ)2|∂Ω|2

|Ωδ|
(∫ ∞

0

sme−(1−α)sds
)2

≤ δ2(1−α)(1 + cδ)2|∂Ω|2
δ(1− cδ)|∂Ω|

(
(1− α)−1−mΓ(m+ 1)

)2

=
δ1−2α(1 + cδ)2|∂Ω|

(1− cδ)
(1− α)−2−2m

(
Γ(m+ 1)

)2
.

Hence, it follows that

Lα,2−α(Ω) ≤
∫
Ω
d(x)2|∇u|2dx

∫
Ω
d−α(x)u2dx− 1

|Ω| (
∫
Ω
d−α(x)udx)2

≤ m2δ1−α(1+cδ)|∂Ω|(1−α)1−2mΓ(2m−1)

δ1−α(1−cδ)|∂Ω|(1−α)−1−2mΓ(2m+1)− δ1−2α(1+cδ)2|∂Ω|
(1−cδ)

(1−α)−2−2m
(
Γ(m+1)

)2

=
(1− α)2(1 + cδ)

(1− cδ) 2m(2m−1)

m2 − (1−α)−1δ−α(1+cδ)2

(1−cδ)
(Γ(m+1))2

m2Γ(2m−1)

=
(1− α)2

1−cδ
1+cδ

(4− 2
m
)− (1− α)−1δ−α 1+cδ

1−cδ
(Γ(m))2

Γ(2m−1)

.

Since

(Γ(m))2

Γ(2m− 1)
=

(m− 1)(m− 2) · · · (2)1
(2m− 2)(2m− 3) · · · (m+ 1)m

≤ 21−m → 0 as m → ∞,

letting m → ∞ and then δ → 0 in the above inequality, we get the inequality

Lα,2−α(Ω) ≤ (1−α)2

4 .

Next, we prove that if Lα,2−α(Ω) <
(1−α)2

4 , Lα,2−α(Ω) is achieved, where α < 1.

Let {um}∞m=1 ⊂ C1(Ω) be a minimizing sequence of Lα,2−α(Ω) with∫
Ω

d−α(x)u2
mdx = 1,

∫
Ω

d−α(x)umdx = 0

and lim
m→∞

∫
Ω

d2−α(x)|∇um|2dx = Lα,2−α(Ω).

Taking a subsequence if it is necessary, we may assume that as m → ∞, um

converges weakly to some u in W 1,2
α,2−α(Ω).

Suppose that u ≡ 0. Then, by Lemma 2.8, taking a subsequence if it is necessary,
we may assume that ui satisfies∫

Ω(i)

d−α(x)u2
i dx < min{1/2, (ri−1 − ri)

2},

where Ω(i) ≡ {x ∈ Ω | d(x) > ri} and {rm}∞m=0 is a sequence such that rm ↓ 0
as m → ∞. For each m ≥ 1, we define φm ∈ C1(Ω, [0, 1]) such that |∇φm| <
2(rm−1 − rm)−1 and

φm(x) =

{
1 if x ∈ Ω \ Ω(m),

0 if x ∈ Ω(m−1).
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Then we have∫
Ω

d2−α(x)|∇um|2dx =

∫
Ω

d2−α(x)|∇(umφm) + (1− φm)∇um − um∇φm|2dx

=

∫
Ω

d2−α(x)
[
|∇(umφm)|2 + (1− φm)2|∇um|2 + u2

m|∇φm|2

+ 2(1−φm)∇(umφm) · ∇um−2um∇(umφm) · ∇φm−2um(1−φm)∇um · ∇φm

]
dx

≥
∫
Ω

d2−α(x)
[
|∇(umφm)|2 − 2um∇(umφm) · ∇φm

]
dx.

From this, Lemma 2.3 and the fact that∫
Ω

d2−α(x)u2
m|∇φm|2dx ≤ 4r2m−1(rm−1 − rm)−2

∫
Ωm

d−α(x)u2
mdx ≤ 4r2m−1,

we see that for some c > 0,∫
Ω

d2−α(x)|∇um|2dx ≥
∫
Ω

d2−α(x)|∇(umφm)|2dx+ o(1)

=

∫
Ω\Ω(m−1)

d2−α(x)|∇(umφm)|2dx+ o(1)

≥ (1− crm−1)

∫
∂Ω

∫ rm−1

0

t2−α
( d

dt
(umφm)

)2

dtdσ + o(1)

≥ (1− α)2

4
(1− crm−1)

∫
∂Ω

∫ rm−1

0

t−α(umφm)2dtdσ + o(1)

≥ (1− α)2(1− crm−1)

4(1 + crm−1)

∫
Ω\Ω(m−1)

d−α(x)(umφm)2dx+ o(1)

=
(1− α)2(1− crm−1)

4(1 + crm−1)

∫
Ω

d−α(x)(umφm)2dx+ o(1).

Since
∫
Ω
d−α(x)umdx = 0,

∫
Ω
d−α(x)u2

mdx = 1 and
∫
Ω(m) d

−α(x)u2
mdx = o(1), we

deduce that

Lα,2−α(Ω) = lim
m→∞

∫
Ω

d2−α(x)|∇um|2dx ≥ (1− α)2

4
,

which is a contradiction to the assumption Lα,2−α(Ω) <
(1−α)2

4 .
Now, it holds that u �≡ 0. Thus, by Lemma 2.9, we see that u attains Lα,2−α(Ω).

�
To prove Theorem 1.4, we prepare some geometric results of a domain Ω. For a

bounded C2-domain Ω ⊂ RN , let κ(y0) = (κ1(y0), · · · , κN−1(y0)) be the principal
curvatures with respect to the outward unit normal of ∂Ω at y0. Then the mean

curvature of ∂Ω at y0 is given by H(y0) =
1

N−1

∑N−1
i=1 ki(y0). We adopt the con-

vention that a standard unit sphere SN−1 ⊂ RN has mean curvature 1 everywhere.
Let G ⊂ Ω be the largest open subset of Ω such that for every x in G there is a
unique nearest point x′ ∈ ∂Ω with d(x) = |x − x′|. We call G the good set of Ω
and Ω \G a singular set. We denote S = Ω \G. By [10, Lemma 3.8], there exists
a C1-domain Ωε ⊂ Ω such that Ω \ Ωε ⊂ G, ∪ε>0(Ω \ Ωε) = G and νε · ∇d ≥ 0 on
∂Ωε, where νε is the unit inner normal of the boundary of ∂Ωε. [10, Lemma 2.3]
implies that the distance function d is in C2(G) if ∂Ω ∈ C2 and [10, Corollary 3.2]
(see also [11]) implies that the measure of S is 0. Thus, d ∈ W 1,∞(Ω).
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4.2. Proof of Theorem 1.4. We assume that Ω is a weakly mean convex C2-
domain in RN . We note that if Ω is a weakly mean convex C2-domain in RN , it
follows from [10, Theorem 1.7] that Δd ≤ 0 in G. For each α < 1, we take pα ∈ R

such that

pα = −
∫
Ω
d−

α
2 x1dx∫

Ω
d−

α
2 dx

.

Then {|pα|}α is bounded uniformly in α < 1. We define uα = (x1 + pα)d
α
2 and

vα = d
1−α
2 (x)uα = (x1 + pα)d

1
2 . Then we see that∫

Ω

d−α(x)uαdx = 0,

∫
Ω

d−α(x)u2
αdx =

∫
Ω

(x1 + pα)
2dx < ∞,∫

Ω

d2−α(x)|∇uα|2dx =

∫
Ω

α2

4
(x1 + pα)

2 +
(
1− α

2

)
d2(x)dx < ∞.

Thus, uα ∈ W 1,2
α,β(Ω) and

∫
Ω
d−α(x)uαdx = 0. Then, since vα = 0 on ∂Ω, νε ·∇d ≥ 0

on ∂Ωε and

d2−α(x)|∇uα|2

= d2−α(x)
∣∣∣α− 1

2
d

α−1
2 −1(∇d)vα + d

α−1
2 (x)∇vα

∣∣∣2
= d2−α(x)

((1− α)2

4
dα−3(x)|∇d|2v2α + dα−1(x)|∇vα|2

− (1− α)dα−2(x)vα∇d · ∇vα

)
=

(1− α)2

4
d−1(x)|∇d|2v2α + d|∇vα|2 −

1− α

2
∇d · ∇(v2α)

=
(1− α)2

4
d−α(x)u2

α + d|∇vα|2 −
1− α

2
∇d · ∇(v2α) in G,

we see that

(34)

∫
Ω

d2−α(x)|∇uα|2 −
(1− α)2

4
d−α(x)u2

αdx

=

∫
Ω

d|∇vα|2 −
1− α

2
∇d · ∇(v2α)dx

=

∫
Ω

d|∇vα|2dx+
1− α

2

(∫
Ω\Ωε

(Δd)v2αdx−
∫
Ωε

∇d · ∇(v2α)dx
)

− 1− α

2

∫
∂Ωε

∂d

∂νε
v2αdσε

≤
∫
Ω

d|∇vα|2dx+
1− α

2

(∫
Ω\Ωε

(Δd)v2αdx−
∫
Ωε

∇d · ∇(v2α)dx
)
,

where νε is the unit inner normal of the boundary of ∂Ωε. Since {|pα|}α is bounded
uniformly in α < 1 and∫

Ω

d|∇vα|2dx =

∫
Ω

1

4
(x1 + pα)

2 + d2 + (x1 + pα)
1

2

∂

∂x1
(d2)dx

=

∫
Ω

1

4
(x1 + pα)

2 +
1

2
d2dx,
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we see that

(35)
{∫

Ω

d|∇vα|2dx
}
α<1

is bounded.

An estimate [10, Corollary 2.7] says that for any x ∈ G,

(36) −Δd(x) ≥ H(y)

1− d(x)H(y)
,

where y ∈ ∂Ω satisfying d(x) = |x − y|. Since H ≥ 0 on ∂Ω and ∂Ω is compact,
H cannot be identically zero. In fact, a classical result [1] of Alexandroff says
that any compact hypersurface in RN with a constant mean curvature should be a
sphere; thus H is positive in an open subset A of ∂Ω. Then, we see from (36) that
Δd < 0 in an open subset Ω′ of G ⊂ Ω. This implies that for small ε > 0, the set
{
∫
Ω\Ωε

(Δd)(x1+ pα)
2d(x)dx}α<−1 is bounded away from 0. Then, for small ε > 0,

there exists C > 0, independent of large −α > 0, satisfying

(37)

∫
Ω\Ωε

(Δd)v2αdx−
∫
Ωε

∇d · ∇(v2α)dx

=

∫
Ω\Ωε

(Δd)(x1 + pα)
2d(x)dx−

∫
Ωε

(x1 + pα)
2 + 2(x1 + pα)d

∂d

∂x1
dx < −C.

Combining (34)-(37), we see that for large −α > 0,∫
Ω

d2−α(x)|∇uα|2 −
(1− α)2

4
d−α(x)u2

αdx < 0,

which implies that Lα,2−α(Ω) <
(1−α)2

4 . This completes the proof. �

4.3. Proof of Theorem 1.5. We note that Theorem 1.3 says that Lα,2−α(Ω) ≤
(1−α)2

4 for α < 1 and any C2-domain Ω. First, we assume that α < 1 and N = 1.

We denote I = (−1, 1). Then we claim that Lα,2−α(I) =
(1−α)2

4 and Lα,2−α(I) is
not achieved. We see that

Lα,2−α(I) = inf
u∈W 1,2

α,2−α(I)\{0},
∫
I
d−α(t)udt=0

∫
I
d2−α(t)|u′|2dt∫
I
d−α(t)u2dt

= inf
u∈W 1,2

α,2−α(I)\{0}

∫
I
d2−α(t)|u′|2dt∫

I
d−α(t)

(
u− (

∫
I
d−α(t)dt)−1

∫
I
d−α(t)udt

)2
dt
,

where d(t) =

{
1 + t if t ∈ (−1, 0),

1− t if t ∈ [0, 1).
Since the functional

u �→
∫
I
d2−α(t)|u′|2dt∫

I
d−α(t)

(
u− (

∫
I
d−α(t)dt)−1

∫
I
d−α(t)udt

)2
dt

is invariant under the addition of any constant, it suffices to prove that if u ∈
W 1,2

α,2−α(I) and u(0) = 0,

(38)∫
I

d2−α(t)|u′|2dt ≥ (1− α)2

4

∫
I

d−α(t)

(
u−

(∫
I

d−α(t)dt
)−1

∫
I

d−α(t)udt

)2

dt.
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By the density, it is sufficient to prove (38) for any function u ∈ C1(I) satisfying

u(0) = 0,

∫
I

d−α(t)u2dt < ∞ and

∫
I

d2−α(t)|u′|2dt < ∞.

Defining v(t) ≡ d
1−α

2 (t)u(t), we see that

d2−α(t)|u′(t)|2

= d2−α(t)
(
− 1−α

2
d

α−3
2 (t)d′(t)v(t) + d

α−1
2 (t)v′(t)

)2

= d2−α(t)
[(1−α

2

)2

dα−3(t)|v(t)|2−(1−α)dα−2(t)d′(t)v(t)v′(t)+dα−1(t)|v′(t)|2
]

=
(1− α

2

)2

d−α(t)|u(t)|2 − (1− α)d′(t)v(t)v′(t) + d(t)|v′(t)|2.

(39)

Since for −1 < x < y < 1,

|v2(y)− v2(x)| =
∣∣∣ ∫ y

x

(
v2(t)

)′
dt
∣∣∣ = ∣∣∣ ∫ y

x

(
d1−α(t)u2(t)

)′
dt
∣∣∣

≤ (1− α)

∫ y

x

d−α(t)u2(t)dt

+ 2

(∫ y

x

d−α(t)u2(t)dt

)1/2(∫ y

x

d2−α(t)
(
u′(t)

)2

dt

)1/2

,

we see that limt→±1 v(t) exists. If limt→±1 v(t) is not 0, then
∫
I
d−α(t)u2dt = ∞,

which is a contradiction. Thus v(0) = v(1) = v(−1) = 0. Then

2

∫ 1

−1

d′(t)v(t)v′(t)dt =

∫ 1

−1

d′(t)(v2(t))′dt = −
∫ 1

0

(v2(t))′dt+

∫ 0

−1

(v2(t))′dt = 0.

Thus, we see from (39) that
(40)∫

I

d2−α(t)|u′|2dt− (1− α)2

4

∫
I

d−α(t)

(
u−

(∫
I

d−α(t)dt
)−1

∫
I

d−α(t)udt

)2

dt

=

∫
I

d2−α(t)|u′|2dt− (1− α)2

4

∫
I

d−α(t)u2dx

+
(1− α)2

4

(∫
I

d−α(t)dt
)−1(∫

I

d−α(t)udt
)2

=

∫
I

d(t)|v′(t)|2dt+ (1− α)2

4

(∫
I

d−α(t)dt
)−1(∫

I

d−α(t)udt
)2

≥ 0,

which implies that Lα,2−α(I) =
(1−α)2

4 . Moreover, (40) implies that if Lα,2−α(I) is
attained, then u ≡ 0 on (−1, 1).

Next, assume α < 1 and N ≥ 2. We first prove that Lα,2−α(B
N (0, 1)) < (1−α)2

4

and Lα,2−α(B
N (0, 1)) is achieved when the space dimension N > 3−α

1−α . We take
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u(x) = xNd−s(x) with s ∈ (0, 1−α
2 ). Since

(41)

d2−α|∇u|2

= d2−α| − sd−s−1(∇d)xN + (0, 0, · · · , 0, d−s)|2

= d2−α
(
s2d−2s−2|∇d|2x2

N + d−2s − 2sd−2s−1xN
∂d

∂xN

)
= s2d−α−2sx2

N |∇d|2 + d−α−2s+2 − 2s

−α− 2s+ 2
xN

∂

∂xN
(d−α−2s+2),

and ∫ 1

0

ra(1− r)bdr =
Γ(1 + a)Γ(1 + b)

Γ(2 + a+ b)
for a, b > −1,

it follows that∫
BN (0,1)

d2−α(x)|∇u|2∫
BN (0,1)

d−α(x)u2dx

=

∫
BN (0,1)

s2d−α−2sx2
N + d−α−2s+2 − 2s

−α−2s+2xN
∂

∂xN
(d−α−2s+2)dx∫

BN (0,1)
d−α−2sx2

Ndx

= s2 +
(
1 +

2s

−α− 2s+ 2

) ∫
BN (0,1)

d−α−2s+2dx∫
BN (0,1)

d−α−2sx2
Ndx

= s2 +
N(α− 2)

α+ 2s− 2

∫
BN (0,1)

d−α−2s+2dx∫
BN (0,1)

d−α−2s|x|2dx

= s2 +
N(α− 2)

α+ 2s− 2

∫ 1

0
rN−1(1− r)−α−2s+2dr∫ 1

0
rN+1(1− r)−α−2sdr

= s2 +
N(α− 2)

α+ 2s− 2

Γ(N)Γ(−α− 2s+ 3)

Γ(N + 2)Γ(−α− 2s+ 1)

= s2 +
(2− α)(1− α− 2s)

N + 1
≡ g(s).

Then since for N > 3−α
1−α ,

dg(s)

ds

∣∣∣
s= 1−α

2

= 1−α−2(2− α)

N + 1
=

N − 3

N + 1
−N − 1

N + 1
α > 0, g

(1− α

2

)
=

(1− α)2

4
,

g(s) < (1−α)2

4 for s less than and close to 1−α
2 . This implies that Lα,2−α(B

N (0, 1)) <
(1−α)2

4 for N > 3−α
1−α .

Lastly, we prove that for α<1 and the space dimensionN≤ 3−α
1−α , Lα,2−α(BN (0, 1))

= (1−α)2

4 and Lα,2−α(BN (0, 1)) is not achieved. If Lα,2−α(BN (0, 1)) is achieved by

u, we see that u ∈ C2(BN (0, 1)). Moreover, since C2(BN (0, 1))∩W 1,2
α,2−α(B

N (0, 1))

is dense in W 1,2
α,2−α(B

N (0, 1)), it suffices to prove that

(42)

∫
BN (0,1)

d2−α(x)|∇u|2dx∫
BN (0,1)

d−α(x)u2dx
≥ (1− α)2

4

and the equality does not hold for u ∈
(
C2(BN (0, 1)) ∩ W 1,2

α,2−α(B
N (0, 1))

)
\ {0}

with
∫
BN (0,1)

d−α(x)udx = 0. As far as it makes no confusion, we abuse d(x) =
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d(r), where r = |x|. We define ū(x) ≡ u(x) − ψ0(r), where r = |x| and ψ0(r) =
1

|SN−1|
∫
SN−1 u(rθ)dθ. We note that ψ0, ū ∈ C1(BN (0, 1)),

(43)

∫
SN−1

ū(rθ)dθ =

∫
SN−1

u(rθ)dθ − |SN−1|ψ0(r) = 0 for r ∈ [0, 1)

and

0 =

∫
BN ((0,1))

d−α(x)udx =

∫ 1

0

∫
SN−1

rN−1d−α(r)udθdr

= |SN−1|
∫ 1

0

d−αrN−1ψ0(r)dr.

By (43), ∫
SN−1

∂ū

∂r
(rθ)dθ =

∂

∂r

∫
SN−1

ū(rθ)dθ = 0 for r ∈ [0, 1).

Hence, for r ∈ [0, 1),∫
SN−1

(∂u
∂r

)2

dθ = |SN−1|
(
ψ′
0(r)

)2

+

∫
SN−1

(∂ū
∂r

)2

dθ.

Then we deduce that∫ 1

0

∫
SN−1

d2−αrN−1
(∂u
∂r

)2

dθdr

= |SN−1|
∫ 1

0

d2−αrN−1
(
ψ′
0(r)

)2

dr +

∫ 1

0

∫
SN−1

d2−αrN−1
(∂ū
∂r

)2

dθdr.

From this and the fact that ∇SN−1u = ∇SN−1 ū, we have∫
BN ((0,1))

d2−α|∇u|2dx

=

∫ 1

0

∫
SN−1

d2−αrN−1
(∂u
∂r

)2

+ d2−αrN−3|∇SN−1u|2dθdr

= |SN−1|
∫ 1

0

d2−αrN−1
(
ψ′
0(r)

)2

dr

+

∫ 1

0

∫
SN−1

d2−αrN−1
(∂ū
∂r

)2

+ d2−αrN−3|∇SN−1 ū|2dθdr

= |SN−1|
∫ 1

0

d2−αrN−1
(
ψ′
0(r)

)2

dr +

∫
BN ((0,1))

d2−α|∇ū|2dx.

(44)

Similarly, by (43),∫
BN ((0,1))

d−αu2d =

∫ 1

0

∫
SN−1

d−αrN−1u2dx

= |SN−1|
∫ 1

0

d−αrN−1ψ2
0dr +

∫ 1

0

∫
SN−1

d−αrN−1ū2dθdr

= |SN−1|
∫ 1

0

d−αrN−1ψ2
0dr +

∫
BN ((0,1))

d−αū2dx.

(45)
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By (44), (45) and the fact that for r ∈ [0, 1),

∫
SN−1

|∇SN−1 ū|2dθ ≥ (N − 1)

∫
SN−1

ū2dθ,

we get

∫
BN ((0,1))

d2−α|∇u|2dx∫
BN ((0,1))

d−αu2dx

=
|SN−1|

∫ 1

0
d2−αrN−1

(
ψ′
0(r)

)2

dr +
∫
BN ((0,1))

d2−α|∇ū|2dx

|SN−1|
∫ 1

0
d−αrN−1ψ2

0dr +
∫
BN ((0,1))

d−αū2dx

≥

∫
SN−1

∫ 1

0
d2−αrN−1

(
ψ′
0(r)

)2

+ d2−αrN−1
(

∂ū
∂r

)2

+ (N − 1)d2−αrN−3ū2drdθ

|SN−1|
∫ 1

0
d−αrN−1ψ2

0dr +
∫
SN−1

∫ 1

0
d−αrN−1ū2drdθ

(46)

where
∫ 1

0
d−αrN−1ψ0(r)dr = 0 and

∫
SN−1 ū(rθ)dθ = 0 for r ∈ [0, 1). We claim that

for θ ∈ SN−1 and
∫ 1

0
(1− r)−αrN−1ψ0dr = 0,

(47)

∫ 1

0

(1− r)2−αrN−1
(∂ū
∂r

(r, θ)
)2

+ (N − 1)(1− r)2−αrN−3(ū(r, θ))2dr

≥ (1− α)2

4

∫ 1

0

(1− r)−αrN−1(ū(r, θ))2dr,

∫ 1

0

(1− r)2−αrN−1(ψ′
0(r))

2 ≥ (1− α)2

4

∫ 1

0

(1− r)−αrN−1(ψ0(r))
2dr

which implies (42). We first show that for f ∈ C1([0, 1)),

∫ 1

0

(1− r)2−αrN−1(f ′(r))2dr + (N − 1)

∫ 1

0

(1− r)2−αrN−3f2(r)dr

≥ (1− α)2

4

∫ 1

0

f2(r)(1− r)−αrN−1dr

when the integrals involved above are all finite. For N = 2, the second integral in
(48) is not finite if f(0) �= 0. Thus, we may assume that f(0) = 0 for N = 2. Define

g(r) = (1 − r)
1−α
2 r−1f(r). By Lemma 2.10 and the assumption α ≥ N−3

N−1 , we see
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that

(48)

∫ 1

0

(1− r)2−αrN−1(f ′(r))2dr + (N − 1)

∫ 1

0

(1− r)2−αrN−3f2(r)dr

=

∫ 1

0

rN+1(1− r)−1g2
[
(1− α)2

4
− (N − 1)r−2(1− r)2

+
(
1− (1− α)

N − 1

2

)
r−1(1− r)

]

+ rN+1(1− r)(g′)2dr + (N − 1)

∫ 1

0

(1− r)rN−1g2(r)dr

=

∫ 1

0

rN+1(1− r)−1g2
[
(1− α)2

4
+
(
1− (1− α)

N − 1

2

)
r−1(1− r)

]
+ rN+1(1− r)(g′)2dr

≥ (1− α)2

4

∫ 1

0

f2(r)(1− r)−αrN−1dr.

This implies (48). Next, we show that for N ≤ 3−α
1−α and f ∈ C1([0, 1)) satisfying∫ 1

0
rN−1(1− r)−αfdr = 0,

(49)

∫ 1

0

(1− r)2−αrN−1(f ′)2dr ≥ (1− α)2

4

∫ 1

0

(1− r)−αrN−1f2dr

when the integrals involved above are all finite. This is equivalent to show without

the average condition
∫ 1

0
rN−1(1− r)−αfdr = 0 that

∫ 1

0
(1− r)2−αrN−1(f ′)2dr∫ 1

0
(1− r)−αrN−1

(
f − (

∫ 1

0
sN−1(1− s)−αds)−1

∫ 1

0
sN−1(1− s)−αfds

)2
dr

≥ (1− α)2

4
.

Note that for any κ ∈ R,

∫ 1

0
(1− r)2−αrN−1(f ′)2dr∫ 1

0
(1− r)−αrN−1

(
f − (

∫ 1

0
sN−1(1− s)−αds)−1

∫ 1

0
sN−1(1− s)−αfds

)2
dr

=

∫ 1

0
(1−r)2−αrN−1

(
(f+κ)′

)2
dr∫ 1

0
(1−r)−αrN−1

[
f+κ−(

∫ 1

0
sN−1(1−s)−αds)−1

∫ 1

0
sN−1(1−s)−α(f + κ)ds

]2
dr

.

Thus it suffices to prove that for f ∈ C1([0, 1)) \ {0} with f(1 − e1−N ) = 0,∫ 1

0
(1− r)2−α(f ′)2dr < ∞ and

∫ 1

0
(1− r)−αf2dr < ∞,

∫ 1

0
(1− r)2−αrN−1(f ′)2dr∫ 1

0
(1− r)−αrN−1

[
f − (

∫ 1

0
sN−1(1− s)−αds)−1

∫ 1

0
sN−1(1− s)−αfds

]2
dr

≥ (1− α)2

4
.
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Defining g(r) = (1− r)
1−α
2 f(r), we see from Lemma 2.10 that∫ 1

0

(1− r)2−αrN−1(f ′)2dr

=

∫ 1

0

(1−α)2

4
rN−1(1−r)−1g2−(1−α)

N − 1

2
rN−2g2+rN−1(1−r)(g′)2dr.

Then it follows that

(50)

∫ 1

0
(1− r)2−αrN−1(f ′)2dr∫ 1

0
(1− r)−αrN−1

[
f − (

∫ 1

0
sN−1(1− s)−αds)−1

∫ 1

0
sN−1(1− s)−αfds

]2
dr

=

∫ 1

0
(1− r)2−αrN−1(f ′)2dr∫ 1

0
(1− r)−αrN−1f2 − (

∫ 1

0
sN−1(1− s)−αds)−1

( ∫ 1

0
sN−1(1− s)−αfds

)2
≥

∫ 1

0
(1−α)2

4 rN−1(1− r)−1g2 − (1− α)N−1
2 rN−2g2 + rN−1(1− r)(g′)2dr∫ 1

0
rN−1(1− r)−1g2(r)dr

=
(1− α)2

4
+

∫ 1

0
rN−1(1− r)(g′)2 − (1− α)N−1

2 rN−2g2dr∫ 1

0
rN−1(1− r)−1g2(r)dr

.

Denoting aN ≡ 1− e
3
2−N , we see that by integration by parts,

(51)

∫ aN

0

rN−2
(∫ aN

r

1

tN−1(1− t)
dt
)
dr =

1

N − 1

∫ aN

0

1

1− r
dr =

N − 3
2

N − 1
< 1.

Since 1
s (e

(N−1)s − 1) ≤ N − 1 for s < 0, it follows that by a change of variables
ln r = s, ∫ 1

aN

rN−2
(∫ r

aN

1

tN−1(1− t)
dt
)
dr

=
1

N − 1

∫ 1

aN

1− rN−1

rN−1(1− r)
dr =

1

N − 1

N−1∑
i=1

∫ 1

aN

1

ri
dr

≤ 1

N − 1

∫ N

1

∫ 1

aN

1

rm
drdm =

1

N − 1

∫ 1

aN

− 1

rN ln r
+

1

r ln r
dr

=
1

N − 1

∫ 0

ln aN

e(N−1)s − 1

se(N−1)s
ds ≤

∫ 0

ln aN

1

e(N−1)t
dt

=
1

N − 1
(−1 + a

−(N−1)
N ) =

1

N − 1

(
(1− e

3
2−N )−(N−1) − 1

)
.

(52)

Since

ex > 2
√
ex for x ≥ 2 and (1− x)−

1
x ≤ e2 for 0 < x <

1

2
,

we deduce that

(1− e
3
2−N )1−N = (1− e

3
2−N )

− 1

e
3
2
−N

N−1

e
N− 3

2 ≤ e
2 N−1

e
N− 3

2 < e for N ≥ 3.

From this and (52), for N ≥ 3,∫ 1

aN

rN−2
(∫ r

aN

1

tN−1(1− t)
dt
)
dr < 1.
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When N = 2, since e−√
e > 1,∫ 1

aN

rN−2
(∫ r

aN

1

tN−1(1− t)
dt
)
dr =

∫ 1

aN

1

r
dr = − ln(1− e−

1
2 ) < 1.

Thus, we have for N ≥ 2,

(53)

∫ 1

aN

rN−2
(∫ r

aN

1

tN−1(1− t)
dt
)
dr < 1.

Then it follows from (51) and (53) that

∫ 1

0

rN−2g2(r)dr =

∫ aN

0

rN−2
(∫ aN

r

g′(t)dt
)2

dr +

∫ 1

aN

rN−2
(∫ r

aN

g′(t)dt
)2

dr

≤
∫ aN

0

rN−2
(∫ aN

r

tN−1(1−t)(g′(t))2dt
)(∫ aN

r

1

tN−1(1−t)
dt
)
dr

+

∫ 1

aN

rN−2
(∫ r

aN

tN−1(1− t)(g′(t))2dt
)(∫ r

aN

1

tN−1(1− t)
dt
)
dr

≤
∫ aN

0

tN−1(1− t)(g′(t))2dt

∫ aN

0

rN−2
(∫ aN

r

1

tN−1(1− t)
dt
)
dr

+

∫ 1

aN

tN−1(1− t)(g′(t))2dt

∫ 1

aN

rN−2
(∫ r

aN

1

tN−1(1− t)
dt
)
dr

≤
∫ aN

0

tN−1(1− t)(g′(t))2dt+

∫ 1

aN

tN−1(1− t)(g′(t))2dt

=

∫ 1

0

tN−1(1− t)(g′(t))2dt.

(54)

Then, from this, (50) and the assumption α ≥ N−3
N−1 , we see that

(55)

∫ 1

0
(1− r)2−αrN−1(f ′)2dr∫ 1

0
(1− r)−αrN−1

[
f − (

∫ 1

0
sN−1(1− s)−αds)−1

∫ 1

0
sN−1(1− s)−αfds

]2
dr

≥ (1− α)2

4
+

∫ 1

0
rN−1(1− r)(g′)2 − (1− α)N−1

2 rN−2g2dr∫ 1

0
rN−1(1− r)−1g2(r)dr

≥ (1− α)2

4
+

∫ 1

0

(
1− (1− α)N−1

2

)
rN−1(1− r)(g′)2dr∫ 1

0
rN−1(1− r)−1g2(r)dr

≥ (1− α)2

4
,

which implies (49). Thus, combining (46), (48) and (49), we get (42).
We note that if Lα,2−α(BN (0, 1)) is achieved, the equalities in the estimations

(48) and (55) instead of inequalities should hold. In (48), the equality holds only

when g′ ≡ 0. This means that f(r) = cr(1 − r)
α−1
2 for some c ∈ R; in this case,

c = 0 since
∫ 1

0
(1 − r)−αrN−1(r(1 − r)

α−1
2 )2dr = ∞. Next, in (55), the equality

holds only when
∫ 1

0
sN−1(1−s)−αfds = 0 and g′ ≡ 0 because the estimations (51),

(53) and the equality in (54) should hold. Since g′ ≡ 0, f = c1(1− s)
α−1
2 for some

c1 ∈ R; in this case, c1 = 0 since
∫ 1

0
sN−1(1 − s)−αfds = 0. These imply that

Lα,2−α(BN (0, 1)) is not achieved by any element in W 1,2
α,2−α(B

N (0, 1)) \ {0}. �
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4.4. Proof of Theorem 1.6. We assume that α < 1, N ≥ 3−α
1−α and (a1, · · · , aN−1)

∈ (0, 1]N−1 with a1+· · ·+aN−1 < N−1. We define diffeomorphisms Ψ : BN (0, 1) →
E(a1, · · · , aN−1, 1) by

Ψ(y) = (a1y1, a2y2, · · · , aN−1yN−1, yN )

and Φ : E(a1, · · · , aN−1, 1) → BN (0, 1) by

Φ(x) =
(x1

a1
,
x2

a2
, · · · , xN−1

aN−1
, xN

)
.

For r(t) ≡ tΦ(x) + (1− t) Φ(x)
|Φ(x)| and x ∈ Ω = E(a1, · · · , aN−1, 1), we see that

(56) d(x) ≤
∫ 1

0

∣∣∣ d
dt
Ψ(r(t))

∣∣∣dt = |x|
|Φ(x)| (1− |Φ(x)|).

Define u(x) = xNd−s(x), where s ∈ (0, 1−α
2 ) and α + 2s > 0. From (41) and (56),

we see that
(57)∫

Ω
d2−α(x)|∇u|2∫

Ω
d−α(x)u2dx

=

∫
Ω
s2d−α−2sx2

N + d−α−2s+2 − 2s
−α−2s+2xN

∂
∂xN

(d−α−2s+2)dx∫
Ω
d−α−2sx2

Ndx

= s2 +
(
1 +

2s

−α− 2s+ 2

) ∫
Ω
d−α−2s+2dx∫

Ω
d−α−2sx2

Ndx

≤ s2 +
( α− 2

α+ 2s− 2

) ∫
Ω

(
|x|

|Φ(x)| (1− |Φ(x)|)
)−α−2s+2

dx∫
Ω

(
|x|

|Φ(x)| (1− |Φ(x)|)
)−α−2s

x2
Ndx

.

Since |Ψ(y)|
|y| ≤ 1 and

( |Ψ(y)|
|y|

)−α−2s+2

=
(
1 +

(∑N−1
i=1 (a2i − 1)y2i

)
|y|2

)−α−2s+2
2

≤ 1 +
(−α− 2s+ 2

2

)(∑N−1
i=1 (a2i − 1)y2i

)
|y|2 ,

we see by a change of variables x = Ψ(y) that

(58)

∫
Ω

(
|x|

|Φ(x)| (1− |Φ(x)|)
)−α−2s+2

dx∫
Ω

(
|x|

|Φ(x)| (1− |Φ(x)|)
)−α−2s

x2
Ndx

=

∫
BN (0,1)

(
|Ψ(y)|
|y| (1− |y|)

)−α−2s+2

dy∫
BN (0,1)

(
|Ψ(y)|
|y| (1− |y|)

)−α−2s

y2Ndy

≤

∫
BN (0,1)

(1− |y|)−α−2s+2
[
1 +

(
−α−2s+2

2

)(∑N−1
i=1 (a2

i−1)y2
i

)
|y|2

]
dy∫

BN (0,1)
(1− |y|)−α−2sy2Ndy

=

∫
BN (0,1)

(1− |y|)−α−2s+2
[
1 +N−1

(
−α−2s+2

2

)(∑N−1
i=1 (a2i − 1)

)]
dy

N−1
∫
BN (0,1)

(1− |y|)−α−2s|y|2dy

=

[
N +

(−α− 2s+ 2

2

)(N−1∑
i=1

(a2i − 1)
)] ∫

BN (0,1)
(1− |y|)−α−2s+2dy∫

BN (0,1)
(1− |y|)−α−2s|y|2dy .
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Then, by (57) and (58) and the fact that

∫
BN (0,1)

(1− |y|)−α−2s+2dy∫
BN (0,1)

(1− |y|)−α−2s|y|2dy =

∫ 1

0
(1− r)−α−2s+2rN−1dr∫ 1

0
(1− r)−α−2srN+1dr

=
Γ(N)Γ(−α− 2s+ 3)

Γ(N + 2)Γ(−α− 2s+ 1)
=

(−α− 2s+ 2)(−α− 2s+ 1)

N(N + 1)
,

we see that for s ∈
(
max{0,−α

2 },
1−α
2

)
,

∫
Ω
d2−α(x)|∇u|2∫

Ω
d−α(x)u2dx

≤ s2+
( α−2

α+2s−2

)[
N+

(−α−2s+2

2

)(N−1∑
i=1

(a2i −1)
)] (−α− 2s+ 2)(−α−2s+1)

N(N+1)

= s2+
(α− 2)(α+ 2s− 1)

N + 1

[
1 +

(−α− 2s+ 2

2N

)(N−1∑
i=1

(a2i − 1)
)]

≡ h(s).

Note that h
(

1−α
2

)
=

(
1−α
2

)2

and

h′(s) = 2s+
2(α− 2)

N + 1

[
1 +

(−α− 2s+ 2

2N

)(N−1∑
i=1

(a2i − 1)
)]

− (α− 2)(α+ 2s− 1)

(N + 1)N

(N−1∑
i=1

(a2i − 1)
)
.

Thus, for N ≥ 3−α
1−α ,

h′
(1− α

2

)
= 1− α+

2(α− 2)

N + 1

[
1 +

1

2N

(N−1∑
i=1

(a2i − 1)
)]

> 1− α+
2(α− 2)

N + 1
≥ 0.

Taking s strictly less than and sufficiently close to 1−α
2 , we see that Lα,2−α(Ω) <(

1−α
2

)2

when N ≥ 3−α
1−α . This completes the proof. �

4.5. Proof of Theorem 1.7. Define u = xNd−s(x) for s strictly less than and close

to 1−α
2 . Note that d(x) =

{
a− |x| if x ∈ Ω1,

|x| − 1 if x ∈ Ω2,
where Ω1 ≡ {x ∈ Ω | |x| > a+1

2 }
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and Ω2 ≡ {x ∈ Ω | |x| ≤ a+1
2 }. By (41), it follows that

∫
Ω

d2−α|∇u|2dx

=

∫
Ω

s2d−α−2sx2
N |∇d|2 + d−α−2s+2 − 2sd−α−2s+1xN

∂d

∂xN
dx

=

∫
Ω1

s2(a− |x|)−α−2sx2
N + (a− |x|)−α−2s+2 + 2s(a− |x|)−α−2s+1x2

N |x|−1dx

+

∫
Ω2

s2(|x| − 1)−α−2sx2
N + (|x| − 1)−α−2s+2 − 2s(|x| − 1)−α−2s+1x2

N |x|−1dx

= |SN−1|
[ ∫ a

a+1
2

(
s2(a−r)−α−2s r

2

N
+(a−r)−α−2s+2+2s(a−r)−α−2s+1 r

N

)
rN−1dr

+

∫ a+1
2

1

(
s2(r − 1)−α−2s r

2

N
+ (r − 1)−α−2s+2 − 2s(r − 1)−α−2s+1 r

N

)
rN−1dr

]

= |SN−1| 1
N

[ ∫ a

a+1
2

s2rN+1(a−r)−α−2s

+NrN−1(a−r)−α−2s+2+2srN (a−r)−α−2s+1dr

+

∫ a+1
2

1

s2rN+1(r−1)−α−2s+NrN−1(r−1)−α−2s+2−2srN (r−1)−α−2s+1dr
]

(59)

and ∫
Ω

d−α(x)u2dx =

∫
Ω1

(a− |x|)−α−2sx2
Ndx+

∫
Ω2

(|x| − 1)−α−2sx2
Ndx

= |SN−1| 1
N

[ ∫ a

a+1
2

rN+1(a− r)−α−2sdr +

∫ a+1
2

1

rN+1(r − 1)−α−2sdr
]
.

(60)

Since ∫ a

a+1
2

rN (a− r)−α−2s+1dr

=
1

N + 1

[
−
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1

+ (−α− 2s+ 1)

∫ a

a+1
2

rN+1(a− r)−α−2sdr

]

and∫ a

a+1
2

rN−1(a− r)−α−2s+2dr

=
1

N

[
−
(a+ 1

2

)N(a− 1

2

)−α−2s+2

+ (−α− 2s+ 2)

∫ a

a+1
2

rN (a− r)−α−2s+1dr
]

=
1

N

[
−
(a+ 1

2

)N(a− 1

2

)−α−2s+2

+ (−α− 2s+ 2)
1

N + 1

(
−
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1
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+ (−α− 2s+ 1)

∫ a

a+1
2

rN+1(a− r)−α−2sdr
)]

=
1

N(N + 1)

[
− (N + 1)

(a+ 1

2

)N(a− 1

2

)−α−2s+2

− (−α− 2s+ 2)
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1

+ (−α− 2s+ 2)(−α− 2s+ 1)

∫ a

a+1
2

rN+1(a− r)−α−2sdr
]
,

we deduce that
(61)∫ a

a+1
2

s2rN+1(a− r)−α−2s +NrN−1(a− r)−α−2s+2 + 2srN (a− r)−α−2s+1dr

=
1

N + 1

[
− (N + 1)

(a+ 1

2

)N(a− 1

2

)−α−2s+2

− (−α− 2s+ 2)
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1

− 2s
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1
]

+

[
s2 +

1

N + 1
(−α− 2s+ 2)(−α− 2s+ 1)

+
2s

N + 1
(−α− 2s+ 1)

] ∫ a

a+1
2

rN+1(a− r)−α−2sdr

=
1

N + 1

[
− (N + 1)

(a+ 1

2

)N(a− 1

2

)−α−2s+2

+ (α− 2)
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1
]

+

[
s2 +

1

N + 1
(−α+ 2)(−α− 2s+ 1)

] ∫ a

a+1
2

rN+1(a− r)−α−2sdr.

Similarly, since

∫ a+1
2

1

rN (r − 1)−α−2s+1dr

=
1

N + 1

[(a+ 1

2

)N+1(a− 1

2

)−α−2s+1

− (−α− 2s+ 1)

∫ a+1
2

1

rN+1(r − 1)−α−2sdr

]

and∫ a+1
2

1

rN−1(r − 1)−α−2s+2dr

=
1

N

[(a+ 1

2

)N(a− 1

2

)−α−2s+2

− (−α− 2s+ 2)

∫ a+1
2

1

rN (r − 1)−α−2s+1dr
]



THE LEGENDRE-HARDY INEQUALITY ON BOUNDED DOMAINS 245

=
1

N

[(a+ 1

2

)N(a− 1

2

)−α−2s+2

− (−α− 2s+ 2)
1

N + 1

((a+ 1

2

)N+1(a− 1

2

)−α−2s+1

− (−α− 2s+ 1)

∫ a+1
2

1

rN+1(r − 1)−α−2sdr

)]

=
1

N(N + 1)

[
(N + 1)

(a+ 1

2

)N(a− 1

2

)−α−2s+2

− (−α− 2s+ 2)
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1

+ (−α− 2s+ 2)(−α− 2s+ 1)

∫ a+1
2

1

rN+1(r − 1)−α−2sdr

]
,

we see that

∫ a+1
2

1

s2rN+1(r − 1)−α−2s +NrN−1(r − 1)−α−2s+2 − 2srN (r − 1)−α−2s+1dr

=
1

N + 1

[
(N + 1)

(a+ 1

2

)N(a− 1

2

)−α−2s+2

− (−α− 2s+ 2)
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1

− 2s
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1
]

+

[
s2 +

1

N + 1
(−α− 2s+ 2)(−α− 2s+ 1)

+
1

N + 1
2s(−α− 2s+ 1)

] ∫ a+1
2

1

rN+1(r − 1)−α−2sdr

=
1

N + 1

[
(N + 1)

(a+ 1

2

)N(a− 1

2

)−α−2s+2

+ (α− 2)
(a+ 1

2

)N+1(a− 1

2

)−α−2s+1
]

+

[
s2 +

1

N + 1
(−α+ 2)(−α− 2s+ 1)

] ∫ a+1
2

1

rN+1(r − 1)−α−2sdr.

(62)

Then, by (59)-(62) and the identity

∫ 1

0

r−α−2s
[(

r +
2

a− 1

)N+1

+
( 2a

a− 1
− r

)N+1]
dr

= (−α− 2s+ 1)−1
[
2
(a+ 1

a− 1

)N+1

− (N + 1)

∫ 1

0

r−α−2s+1
((

r +
2

a− 1

)N

−
( 2a

a− 1
− r

)N)
dr
]
,
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we obtain that∫
Ω
d2−α|∇u|2dx∫

Ω
d−α(x)u2dx

= s2 +
1

N + 1
(−α+ 2)(−α− 2s+ 1)

+ 2
α−2

N+1

(a+1

2

)N+1(a−1

2

)−α−2s+1
[ ∫ a+1

2

1

rN+1(r − 1)−α−2sdr

+

∫ a

a+1
2

rN+1(a− r)−α−2sdr

]−1

= s2 +
1

N + 1
(−α+ 2)(−α− 2s+ 1)

+ 2
α− 2

N + 1

(a+ 1

a− 1

)N+1
[ ∫ 1

0

r−α−2s
[(

r+
2

a− 1

)N+1

+
( 2a

a− 1
−r

)N+1]
dr

]−1

= s2 +
1

N + 1
(−α+ 2)(−α− 2s+ 1)

+ 2
α− 2

N + 1

(a+ 1

a− 1

)N+1

(−α− 2s+ 1)

×
[
2
(a+ 1

a− 1

)N+1

− (N + 1)

∫ 1

0

r−α−2s+1
((

r +
2

a− 1

)N

−
( 2a

a− 1
− r

)N)
dr
]−1

≡ f(s).

Define h(s) ≡
∫ 1

0
r−α−2s+1

[(
r + 2

a−1

)N

−
(

2a
a−1 − r

)N]
dr. Note that

∣∣∣h′
(1− α

2

)∣∣∣ = 2
∣∣∣ ∫ 1

0

ln r
[(

r +
2

a− 1

)N

−
( 2a

a− 1
− r

)N]
dr
∣∣∣ < Ca

and

2
(a+ 1

a− 1

)N+1

− (N + 1)

∫ 1

0

(
r +

2

a− 1

)N

−
( 2a

a− 1
− r

)N

dr

=
( 2

a− 1

)N+1

(1 + aN+1),

where Ca > 0 is a constant depending on a > 0. Then, since f
(

1−α
2

)
=

(
1−α
2

)2

and

f ′
(1− α

2

)
= 1− α+

1

N + 1
(−α+ 2)(−2)

+ 2
α− 2

N + 1

(a+ 1

a− 1

)N+1

(−2)
(a− 1

2

)N+1

(1 + aN+1)−1

= 1− α+
2

N + 1
(α− 2)− α− 2

N + 1
(a+ 1)N+12−N+1(1 + aN+1)−1 > 0

if α <
1− 2

N+1

(
2−(a+1)N+12−N+1(1+aN+1)−1

)
1− 1

N+1

(
2−(a+1)N+12−N+1(1+aN+1)−1

) . This implies that f(s) < (1−α)2

4 for s

strictly less than and sufficiently close to 1−α
2 . This completes the proof. �
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4.6. Proof of Theorem 1.8.

Lemma 4.1. Let Ω = BN (0, a) \ BN (0, 1), where N ≥ 2 and a > 1. Then there

exists α1 ∈ (0, 1) such that for α ∈ (α1, 1) and u ∈ C1(Ω) ∩ W 1,2
α,β(Ω) satisfying∫

SN−1 u(rθ)dθ = 0 with any r ∈ (1, a),

(63)

∫
Ω

d2−α|∇u|2dx ≥ (1− α)2

4

∫
Ω

d−αu2dx.

Moreover, for α ∈ (α1, 1), the best constant (1−α)2

4 in (63) is not achieved.

Proof. Denote Ω1 = BN (0, a) \ BN (0, 1+a
2 ) and Ω2 = BN (0, 1+a

2 ) \ BN (0, 1). For

u ∈ C1(Ω) ∩W 1,2
α,β(Ω), we define v = d

1−α
2 (x)u. Then, we see that∫

Ω

d−1(x)v2dx =

∫
Ω

d−α(x)u2dx < ∞ and

∫
SN−1

v(rθ)dθ = 0 for r ∈ (1, a).

Then, since

d2−α(x)|∇u|2

= d2−α(x)
∣∣∣α− 1

2
d

α−1
2 −1(∇d)v+d

α−1
2 (x)∇v

∣∣∣2
= d2−α(x)

((1− α)2

4
dα−3(x)|∇d|2v2+dα−1(x)|∇v|2−(1− α)dα−2(x)v∇d · ∇v

)
=

(1− α)2

4
d−1(x)|∇d|2v2 + d|∇v|2 − 1− α

2
∇d · ∇(v2),

it follows that
∫
Ω
d|∇v|2dx < ∞ and

(64)

∫
Ω

d2−α(x)|∇u|2 − (1− α)2

4
d−α(x)u2dx

=

∫
Ω

d|∇v|2 − 1− α

2
∇d · ∇(v2)dx

=

∫
Ω1

d|∇v|2 + 1− α

2
(Δd)v2dx+

∫
Ω2

d|∇v|2

+
1− α

2
(Δd)v2dx− (1− α)

∫
∂Ω1∩∂Ω2

v2dσ

=

∫
Ω1

d|∇v|2 + 1− α

2

1−N

|x| v2dx+

∫
Ω2

d|∇v|2

+
1− α

2

N − 1

|x| v2dx− (1− α)

∫
∂Ω1∩∂Ω2

v2dσ.

By the trace inequality, we see that for some C1 > 0,

(65)

∫
∂Ω1∩∂Ω2

v2dσ ≤ C1

∫
Ω3

|∇v|2 + v2dx,

where Ω3 = BN (0, 3a+1
4 ) \BN (0, 1+a

2 ). For small δ > 0, define ψ ∈ C∞([1, a]) such
that ψ ∈ [0, 1], ψ(r) = 1 if r ∈ [a − δ/2, a] and ψ(r) = 0 if r ∈ [1, a − δ]. Denote
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v = v1 + v2, where v1 = vψ(d(x)) and v2 = v
(
1−ψ(d(x))

)
. Since

∫
SN−1 v(rθ)dθ =

0 for r ∈ (1, a), it holds that

(66)

∫
Ω1

d|∇v|2dx =

∫ a

1+a
2

∫
SN−1

(a− r)rN−1
∣∣∣∂v
∂r

∣∣∣2 + (a− r)rN−3|∇SN−1v|2dσdr

≥
∫ a

1+a
2

∫
SN−1

(a− r)rN−1
∣∣∣∂v
∂r

∣∣∣2 + (N − 1)(a− r)rN−3v2dσdr.

Then, from (66) and the fact that∫
Ω1

|∇v2|2dx ≥
∫ a

1+a
2

∫
SN−1

rN−1
∣∣∣∂v2
∂r

∣∣∣2 + (N − 1)rN−3v22dσdr ≥ C−1
2

∫
Ω1

v22dx,

we have
(67)∫

Ω1

v22dx ≤ C2

∫
Ω1

|∇v2|2dx ≤ 2C2

∫
Ω1

|∇v|2
(
1− ψ(d(x))

)2

+ v2
(
ψ′(d(x))

)2

dx

≤ C3

∫
Ω1

d|∇v|2dx,

where C2, C3 are constants. On the other hand, by (5), (66) and Lemma 2.3,
(68)∫

Ω1

v21dx ≤ 2

∫
∂Ω

∫ a

a−δ

v21(t, σ)dtdσ ≤ 32

∫
∂Ω

∫ a

a−δ

(a− t)
( ∂

∂t
v1(t, σ)

)2

dtdσ

≤ 64

∫
Ω1

d|∇v1|2dx ≤ 128

∫
Ω1

d|∇v|2
(
ψ(d(x))

)2

+ d
(
ψ′(d(x))

)2

v2dx

≤ C4

∫
Ω1

d|∇v|2,

where C4 is a constant. Then, by (67) and (68), we see that∫
Ω1

v2dx ≤ 2

∫
Ω1

v21dx+ 2

∫
Ω1

v22dx ≤ 2(C3 + C4)

∫
Ω1

d|∇v|2dx.

Then, from this and (65), there exists α1 = α1(N,Ω) ∈ (0, 1) such that for α ∈
(α1, 1) ∫

Ω

d2−α(x)|∇u|2 − (1− α)2

4
d−α(x)u2dx

=

∫
Ω1

d|∇v|2 − 1− α

2|x| (N − 1)v2dx

+

∫
Ω2

d|∇v|2 + 1− α

2|x| (N − 1)v2dx− (1− α)

∫
∂Ω1∩∂Ω2

v2dσ

≥
∫
Ω1

d|∇v|2 − 1− α

2|x| (N − 1)v2dx

+

∫
Ω2

d|∇v|2 + 1− α

2|x| (N − 1)v2dx− C1(1− α)

∫
Ω3

|∇v|2 + v2dx

≥ 1

2

∫
Ω1

d|∇v|2dx+

∫
Ω2

d|∇v|2 + 1− α

2|x| (N − 1)v2dx.
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This proves the inequality (63). If the equality in (63) holds, we see from the

estimation above that v(x) = 0 for x ∈ Ω2 and v is constant on Ω1. Since v = d
1−α
2 u,

we conclude that u ≡ 0 in Ω. This completes the proof. �
Lemma 4.2. Let N ≥ 2 and a > 1. Then there exists α2 = α2(N, a) ∈ (0, 1) such
that for α ∈ (α2, 1),

(69)

∫ a

1

(d(r))2−αrN−1
(
f ′(r)

)2

dr ≥ (1− α)2

4

∫ a

1

(d(r))−αrN−1f2dr

for any radially symmetric f(x) = f(r) ∈ C1(Ω) ∩W 1,2
α,β(Ω) satisfying∫ a

1

(d(r))−αrN−1f(r)dr = 0,

where d(r) =

{
r − 1 if r ∈ [1, 1+a

2 ],

a− r if r ∈ [ 1+a
2 , a].

Moreover, for α ∈ (α2, 1), the best constant

(1−α)2

4 in (69) is not achieved.

Proof. We note that for all c ∈ R,

inf

{∫ a

1
d2−αrN−1

(
f ′(r)

)2

dr∫ a

1
d−αrN−1f2dr

∣∣∣ f(r)
∈
(
C1(Ω) ∩W 1,2

α,β(Ω)
)
\ {0},

∫ a

1

d−αrN−1f(r)dr = 0

}

= inf

{ ∫ a

1
d2−αrN−1

(
f ′(r)

)2

dr∫ a

1
d−αrN−1

(
f − (

∫ a

1
d−αrN−1dr)−1

∫ a

1
d−αrN−1fdr

)2

dr

∣∣∣ f(r)
∈
(
C1(Ω) ∩W 1,2

α,β(Ω)
)
\ {0}

}

= inf

{ ∫ a

1
d2−αrN−1

(
(f(r) + c)′

)2

dr∫ a

1
rN−1

dα

(
f + c− (

∫ a

1
rN−1

dα dr)−1
∫ a

1
rN−1

dα (f + c)dr
)2

dr

∣∣∣ f(r)
∈
(
C1(Ω) ∩W 1,2

α,β(Ω)
)
\ {0}

}
.

Then it suffices to prove that for f ∈ C1(Ω) ∩W 1,2
α,β(Ω) and f

(
1+a
2

)
= 0,∫ a

1
d2−αrN−1(f ′)2dr∫ a

1
d−αrN−1f2dr

≥ (1− α)2

4
.

Defining f(r) = d
α−1
2 (r)h(r), we see that

(70)

d2−αrN−1(f ′)2 = d2−αrN−1
(α− 1

2
d

α−3
2 d′h+ d

α−1
2 h′

)2

= d2−αrN−1

[(α− 1

2

)2

dα−3h2 + dα−1(h′)2 + (α− 1)dα−2hd′h′
]

=
(α− 1

2

)2

rN−1d−1h2 + drN−1(h′)2 +
α− 1

2
rN−1d′(h2)′.
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By (70), we obtain that
(71)∫ a

1+a
2

(a− r)2−αrN−1(f ′)2dr

=

∫ a

1+a
2

(α− 1

2

)2

rN−1(a− r)−1h2 + (a− r)rN−1(h′)2 − α− 1

2
rN−1(h2)′dr

≥
∫ a

1+a
2

(α− 1

2

)2

rN−1(a− r)−1h2 + (a− r)rN−1(h′)2 +
α− 1

2
(N − 1)rN−2h2dr.

Since

h(r) =

∫ r

1+a
2

h′(t)dt ≤
(∫ r

1+a
2

tN−1(a− t)(h′(t))2dt
) 1

2
(∫ r

1+a
2

1

tN−1(a− t)
dt
) 1

2

,

we have∫ a

1+a
2

rN−2h2(r)dr ≤
∫ a

1+a
2

rN−1(a− r)(h′)2dr

∫ a

1+a
2

∫ r

1+a
2

rN−2

tN−1(a− t)
dtdr

≤ cN,a

∫ a

1+a
2

rN−1(a− r)(h′)2dr,

where cN,a > 0 is a constant depending only on N and a. Thus, we see that∫ a

1+a
2

(a− r)rN−1(h′)2 +
α− 1

2
(N − 1)rN−2h2dr

≥
( 1

cN,a
− 1− α

2
(N − 1)

)∫ a

1+a
2

rN−2h2dr.

From this and (71), there exists α2 = α2(N, a) ∈ (0, 1) and C4 > 0 such that for
α ∈ (α2, 1),

(72)

∫ a

1+a
2

(1− r)2−αrN−1(f ′)2dr

≥
(α− 1

2

)2
∫ a

1+a
2

rN−1(1− r)−1h2dr + C4

∫ a

1+a
2

rN−2h2dr

=
(α− 1

2

)2
∫ a

1+a
2

rN−1(1− r)−αf2dr + C4

∫ a

1+a
2

rN−2h2dr.

On the other hand, we see from (70) and the fact f( 1+a
2 ) = 0 that

(73)∫ 1+a
2

1

(r − a)2−αrN−1(f ′)2dr

=

∫ 1+a
2

1

(α− 1

2

)2

rN−1(r − a)−1h2 + (r − a)rN−1(h′)2 +
α− 1

2
rN−1(h2)′dr

≥
∫ 1+a

2

1

(α− 1

2

)2

rN−1(r − a)−1h2 + (r − a)rN−1(h′)2 +
1− α

2
(N − 1)rN−2h2dr.

Thus, combining (72) and (73), we get (69). If the equality holds in (69), we see
from (72) and (73) that h ≡ 0; thus f ≡ 0. This completes the proof. �
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Now we are ready to complete the proof of Theorem 1.8. As far as it makes
no confusion, we abuse d(x) = d(r), where r = |x|. Let u ∈ C1(Ω) ∩ W 1,2

α,β(Ω)

such that
∫
Ω
d−α(x)udx = 0. We define ū(x) ≡ u(x) − ψ0(r), where r = |x| and

ψ0(r) =
1

|SN−1|
∫
SN−1 u(rθ)dθ. Then, following the arguments in Theorem 1.5 (see

(46) above), we deduce that

∫
Ω
d2−α|∇u|2dx∫
Ω
d−αu2dx

=
|SN−1|

∫ 1

a
d2−αrN−1

(
ψ′
0(r)

)2

dr +
∫
Ω
d2−α|∇ū|2dx

|SN−1|
∫ 1

a
d−αrN−1ψ2

0dr +
∫
Ω
d−αū2dx

,

where
∫ a

1
d−αrN−1ψ0(r)dr = 0 and

∫
SN−1 ū(rθ)dθ = 0 for r ∈ (1, a). Lastly,

applying Lemma 4.1 and Lemma 4.2, we conclude to the claim. �

4.7. Proof of Theorem 1.9. Define

v(x) =

⎧⎪⎪⎨
⎪⎪⎩
λ1u1

(
1
s1
(O1)

−1(x− t1)
)

if x ∈ t1 + s1O1D
u1
+ ,

−λ2u2

(
1
s2
(O2)

−1(x− t2)
)

if x ∈ t2 + s2O2D
u2
+ ,

0 if x ∈ Ω \ (t1+s1O1D
u1
+ ) ∪ (t2+s2O2D

u2
+ ),

where we take λ1, λ2 > 0 so that
∫
Ω
d−α(x)v(x)dx = 0. Then, we see that v ∈

W 1,2
α,2−α(Ω) \ {0} and

∫
Ω
d−α(x)v(x)dx = 0. Moreover, we see that∫

Ω
d2−α
Ω (x)|∇v|2dx∫

Ω
d−α
Ω (x)v2dx

=
(λ1)

2(s1)
N−α

∫
D1

d2−α
D1

(x)|∇(u1)+|2dx+ (λ2)
2(s2)

N−α
∫
D2

d2−α
D2

(x)|∇(u2)+|2dx
(λ1)2(s1)N−α

∫
D1

d−α
D1

(x)|(u1)+|2dx+ (λ2)2(s2)N−α
∫
D2

d−α
D2

(x)|(u2)+|2dx

<
(1− α)2

4
,

where dD(x) = dist(x,RN \D) for any domain D ⊂ RN . This proves Theorem 1.9.
�

Appendix A

In this last section, we study the relationship between W 1,2
0 (Ω) and W 1,2

0,α,β(Ω)
and whether Hα,β is attained or not.

Proposition A.1. Let (α, β) ∈ R2. Then we have

W 1,2
0,α,β(Ω)

⎧⎪⎨
⎪⎩
� W 1,2

0 (Ω) if (α, β) ∈ {(a, b) | a ≤ 2, b > 0},
= W 1,2

0 (Ω) if (α, β) ∈ {(a, b) | a ≤ 2, b = 0},
� W 1,2

0 (Ω) if (α, β) ∈ {(a, b) | b < 0 or b = 0, a > 2}.

If (α, β) ∈ {(a, b) | a > 2, b > 0}, W 1,2
0,α,β(Ω) \ W 1,2

0 (Ω) and W 1,2
0 (Ω) \ W 1,2

0,α,β(Ω)
are non-empty.

Proof. We note by Hardy’s inequality, for u ∈ W 1,2
0 (Ω) and α ≤ 2,

(74)

∫
Ω

u2d−αdx =

∫
Ω

u2d−2d2−αdx ≤ C1

∫
Ω

|∇u|2dx,

where C1 > 0 is a constant. Denote

A1 = {(a, b) | a ≤ 2, b > 0}, A2 = {(a, b) | a ≤ 2, b = 0}
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and

A3 = {(a, b) | b < 0 or b = 0, a > 2}.
First, assume that (α, β)∈A1. Then we see that for a constant C2>0,

∫
Ω
dβ |∇u|2dx

≤ C2

∫
Ω
|∇u|2dx. From this and (74), it follows that W 1,2

0,α,β(Ω) ⊃ W 1,2
0 (Ω). On the

other hand, if α = 2 and β > 0, d sin(d−
1
2 ) ∈ W 1,2

0,2,β(Ω), but d sin(d
− 1

2 ) /∈ W 1,2
0 (Ω).

If α < 2 and β > 0, for m ∈ (max{α−1
2 , 1−β

2 , 1
4},

1
2 ), dm(x) ∈ W 1,2

0,α,β(Ω), but

dm(x) /∈ W 1,2
0 (Ω). Thus, we deduce that W 1,2

0,α,β(Ω) � W 1,2
0 (Ω).

Assume that (α, β) ∈ A2. Then, by (74), we see that W 1,2
0,α,β(Ω) = W 1,2

0 (Ω).

Assume that (α, β) ∈ A3. Since
∫
Ω
|∇u|2dx ≤ C3

∫
Ω
dβ |∇u|2dx for some con-

stant C3 > 0, we see that W 1,2
0,α,β(Ω) ⊂ W 1,2

0 (Ω). On the other hand, for m ∈
( 12 ,max{α−1

2 , 1−β
2 }), dm ∈ W 1,2

0 (Ω), but dm /∈ W 1,2
0,α,β(Ω), which implies that

W 1,2
0,α,β(Ω) � W 1,2

0 (Ω).

If (α, β) ∈ {(a, b) | a > 2, b > 0}, for m ∈ ( 12 ,
α−1
2 ), dm(x) ∈ W 1,2

0 (Ω),

but dm(x) /∈ W 1,2
0,α,β(Ω). On the other hand, for n > α−1

2 , dn sin(d−n+ 1
2 ) ∈

W 1,2
0,α,β(Ω), but dn sin(d−n+ 1

2 ) /∈ W 1,2
0 (Ω). In fact, note that, since

∫∞
1

cos2(t)
t dt ≥

1
2

∫∞
π

sin2(t)
t dt, we have∫ 1

0

cos2(t−n+ 1
2 )

t
dt =

(
n− 1

2

)−1
∫ ∞

1

cos2(t)

t
dt = ∞.

Then, from this and the facts that β > 0 and n > α−1
2 > 1

2 , we see that∫
Ω

∣∣∣∇(
dn sin(d

1
2−n)

)∣∣∣2dx
=

∫
Ω

∣∣∣ndn−1 sin(d
1
2−n)∇d+

(1
2
− n

)
d−

1
2 cos(d−n+ 1

2 )∇d
∣∣∣2dx

=

∫
Ω

n2d2n−2 sin2(d
1
2−n) +

(1
2
− n

)2

d−1 cos2(d
1
2−n)

+ 2n
(1
2
− n

)
dn−

3
2 sin(d

1
2−n) cos(d

1
2−n)dx

= +∞,

∫
Ω

dβ
∣∣∣∇(

dn sin(d
1
2−n)

)∣∣∣2dx<∞ and

∫
Ω

d2n−α sin2(d
1
2−n)dx≤

∫
Ω

d2n−αdx<∞.

This completes the proof. �

Proposition A.2. Hα,β(Ω) is achieved by an element vα,β ∈ W 1,2
0,α,β(Ω) if (α, β) ∈

{(a, b) | a+ b < 2, b < 1}.

Proof. We assume (α, β) ∈ {(a, b) | a + b < 2, b < 1}. Note that, by Proposition
2.4, Hα,β(Ω) > 0. Let {um}∞m=1 ⊂ C∞

0 (Ω) be a minimizing sequence of Hα,β(Ω)
with ∫

Ω

d−α(x)u2
mdx = 1 and lim

m→∞

∫
Ω

dβ(x)|∇um|2dx = Hα,β(Ω).

Taking a subsequence if it is necessary, we may assume that as m → ∞, um

converges weakly to u in W 1,2
0,α,β(Ω).
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Then, by Lemma 2.8, the same argument in the proof of Theorem 1.2 and the
fact that Hα,β(Ω) > 0 for (α, β) ∈ {(a, b) | a+ b < 2, b < 1}, we deduce that u �≡ 0.

Now, it holds that u �≡ 0. Let wm = um − u. Then wm converges weakly to 0 in
W 1,2

0,α,β(Ω) as m → ∞. Then, we see that

(75)

Hα,β(Ω) + o(1) =

∫
Ω

dβ(x)|∇um|2dx =

∫
Ω

dβ(x)(|∇u|2 + 2∇u · ∇wm + |∇wm|2)dx

=

∫
Ω

dβ(x)|∇u|2dx+

∫
Ω

dβ(x)|∇wm|2dx+ o(1)

and

(76) 1 =

∫
Ω

d−α(x)u2
mdx =

∫
Ω

d−α(x)u2dx+

∫
Ω

d−α(x)w2
mdx+ o(1).

Then, since u �≡ 0, it follows that

(77) lim sup
m→∞

∫
Ω

d−α(x)w2
mdx < 1.

Thus, by (75)-(77) and the fact that wm ∈ W 1,2
0,α,β , we obtain

Hα,β(Ω) ≤
∫
Ω
dβ(x)|∇u|2dx∫

Ω
d−α(x)u2dx

=
Hα,β(Ω)−

∫
Ω
dβ(x)|∇wm|2dx+ o(1)

1−
∫
Ω
d−α(x)w2

mdx+ o(1)

≤
Hα,β(Ω)−Hα,β(Ω)

∫
Ω
d−α(x)w2

mdx+ o(1)

1−
∫
Ω
d−α(x)w2

mdx+ o(1)
= Hα,β(Ω) + o(1)

as m → ∞. This implies that u attains Hα,β(Ω). �

We recall

(78) Hα,2−α(Ω) = inf
u∈W 1,2

0,α,2−α(Ω)\{0}

∫
Ω
d2−α(x)|∇u|2dx∫

Ω
|u(x)|2d−α(x)dx

.

Lemma A.3. Let α ∈ (1, 2]. For small δ > 0, it holds that

(79)

∫
Ωδ

d2−α|∇u|2dx ≥
(α− 1

2

)2
∫
Ωδ

d−αu2dx for all u ∈ W 1,2
0,α,2−α(Ω),

where Ωδ = {x ∈ Ω | d(x) < δ} and d(x) = dist(x,RN \ Ω).

Proof. By the density of C∞
0 (Ω) in W 1,2

0,α,2−α(Ω), it suffices to prove (79) for func-

tions u ∈ C∞
0 (Ω). Since

∫
Ωδ

d2−α|∇u|2dx ≥
∫
∂Ω

∫ δ

0

t2−α
(∂u
∂t

)2

(1− Ct)dtdσ

and ∫
Ωδ

d−αu2dx ≤
∫
∂Ω

∫ δ

0

t−αu2(t)(1 + Ct)dtdσ,
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where C > 0 is a constant, we see that∫
Ωδ

d2−α|∇u|2 −
(α− 1

2

)2

d−αu2dx

≥
∫
∂Ω

∫ δ

0

t2−α
(∂u
∂t

)2

−
(α− 1

2

)2

t−αu2(t)

− Ct

(
t2−α

(∂u
∂t

)2

+
(α− 1

2

)2

t−αu2(t)

)
dtdσ.

Then, by a scaling, it suffices to prove that for v ∈ C∞([0, 1]) such that v vanishes
in a neighborhood of the origin,∫ 1

0

t2−α(v′)2 −
(α− 1

2

)2

t−αv2(t)− t
(
t2−α(v′)2 +

(α− 1

2

)2

t−αv2(t)
)
dt ≥ 0.

Defining v = t
α−1
2 w, we see that v′ = α−1

2 t
α−3
2 w + t

α−1
2 w′,∫ 1

0

t2−α(v′)2 −
(α− 1

2

)2

t−αv2(t)dt

=

∫ 1

0

t2−α

((α− 1

2

)2

tα−3w2 + tα−1(w′)2 + (α− 1)tα−2ww′
)

−
(α− 1

2

)2

t−1w2dt

=

∫ 1

0

t(w′)2 + (α− 1)ww′dt =

∫ 1

0

t(w′)2dt+
α− 1

2
w2(1)

(80)

and ∫ 1

0

t
(
t2−α(v′)2 +

(α− 1

2

)2

t−αv2(t)
)
dt

=

∫ 1

0

t2(w′)2 +
(α− 1)2

2
w2 + (α− 1)tww′dt

=

∫ 1

0

t2(w′)2 +
(α− 1)(α− 2)

2
w2dt+

α− 1

2
w2(1).

(81)

Thus, by (80), (81) and the assumption α ∈ (1, 2], we see that∫ 1

0

t2−α(v′)2 −
(α− 1

2

)2

t−αv(t)− t
(
t2−α(v′)2 +

(α− 1

2

)2

t−αv(t)
)
dt

=

∫ 1

0

t(1− t)(w′)2 − (α− 1)(α− 2)

2
w2dt ≥ 0. �

For the inequality in Lemma A.3 on Ahlfors regular domains, refer to [16].

Proposition A.4. Assume α > 1. Then Hα,2−α(Ω) ≤ (1−α)2

4 , and if Hα,2−α(Ω) <
(1−α)2

4 , then Hα,2−α(Ω) is achieved. Moreover, for α ∈ (1, 2], if Hα,2−α(Ω) is

achieved, then Hα,2−α(Ω) <
(1−α)2

4 .

Proof. We first prove that Hα,2−α(Ω) ≤ (1−α)2

4 . Define

f(t) =

{
(t/δ)m if t ∈ (0, δ),

2− t/δ if t ∈ (δ, 2δ)
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and

u(x) =

{
f(d(x)) if x ∈ Ω2δ,

0 if x ∈ Ω \ Ω2δ,

where m > α−1
2 . Then it holds that u ∈ W 1,2

0,α,2−α(Ω). Moreover, we see that

∇u = f ′(d(x))∇d,∫
Ω

d2−α(x)|∇u|2dx =

∫
Ω2δ

d2−α(x)
(
f ′(d(x))

)2

dx

≤ (1 + Cδ)|∂Ω|
∫ 2δ

0

t2−α
(
f ′(t)

)2

dt

and ∫
Ω

d−α(x)u2dx =

∫
Ω2δ

d−α(x)f2(d(x))dx

≥ (1− Cδ)|∂Ω|
∫ 2δ

0

t−αf2(t)dt,

where C > 0 is a constant independent of δ. Since∫ 2δ

0

t2−α
(
f ′(t)

)2

dt=m2δ−2m

∫ δ

0

t2m−αdt+δ−2

∫ 2δ

δ

t2−αdt=
m2δ−α+1

2m− α+ 1
+C1(δ).∫ 2δ

0

t−αf2(t)dt=δ−2m

∫ δ

0

t2m−αdt+

∫ 2δ

δ

t−α
(
2− t

δ

)2

dt=
δ−α+1

2m− α+ 1
+C2(δ),

where C1(δ), C2(δ) > 0 are constants independent of m, we see that

Hα,2−α(Ω) ≤
∫
Ω
d2−α(x)|∇u|2dx∫
Ω
d−α(x)u2dx

=
(1 + Cδ

1− Cδ

)m2 + (2m− α+ 1)δα−1C1(δ)

1 + (2m− α+ 1)δα−1C2(δ)
→ 1 + Cδ

1− Cδ

(α− 1

2

)2

as m ↓ α−1
2 , which implies that Hα,2−α(Ω) ≤

(
α−1
2

)2

.

Next, by the same arguments in the proof of Theorem 1.3, we can prove that

Hα,2−α(Ω) is achieved if Hα,2−α(Ω) <
(1−α)2

4 (See also [4]). Indeed, let {um}∞m=1 ⊂
C∞

0 (Ω) be a minimizing sequence of Hα,2−α(Ω) with∫
Ω

d−α(x)u2
mdx = 1 and lim

m→∞

∫
Ω

d2−α(x)|∇um|2dx = Hα,2−α(Ω).

Taking a subsequence, if it is necessary, we may assume that as m → ∞, um

converges weakly to some u in W 1,2
0,α,2−α(Ω). If u ≡ 0, by Lemma 2.8, we deduce

that um concentrates near ∂Ω. Then by Lemma 2.3, the argument in Theorem 1.3,

we see that Hα,2−α(Ω) ≥ (1−α)2

4 , which is a contradiction to the assumption that

Hα,2−α(Ω) <
(1−α)2

4 . Now, it follows from u �≡ 0 and the argument in (75) below,
that u attains Hα,2−α(Ω).

Finally, we prove that for α ∈ (1, 2], if Hα,2−α(Ω) is achieved, Hα,2−α(Ω) <
(1−α)2

4 . Suppose that Hα,2−α(Ω) is achieved and Hα,2−α(Ω) =
(1−α)2

4 . Then there

exists a nonnegative function u ∈ W 1,2
0,α,2−α(Ω) such that

−div(d2−α∇u) =
(1− α)2

4
d−αu in Ω.
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By the maximum principle, u > 0 in Ω. Based on the idea of [3], we define

Y (t) = t
α−1
2 Xs(t) and ws(x) = Y (d(x)),

where s > 1
2 and X(t) =

{
(1− ln t)−1 if 0 < t ≤ 1,

1 if 1 < t.
We take sufficiently small

δ ∈ (0, 1) such that d ∈ C2(Ωδ) and the statement of Lemma A.3 holds in Ωδ. Then

we see that ws ∈ W 1,2
0,α,2−α(Ω) for s >

1
2 . Moreover, since

Y ′(t) =
α− 1

2
t
α−3
2 Xs(t)

+ st
α−3
2 Xs+1(t) = t

α−3
2

(α− 1

2
Xs(t) + sXs+1(t)

)
for t ∈ (0, 1)

and for x ∈ Ωδ,

div(d2−α∇ws) = div
(
d2−αY ′(d(x))∇d

)
= div

(
d

−α+1
2 (∇d)

(α− 1

2
Xs(d) + sXs+1(d)

))

= −α−1

2
d

−α−1
2

(α−1

2
Xs(d)+sXs+1(d)

)
+d

−α+1
2 (Δd)

(α−1

2
Xs(d)+sXs+1(d)

)
+ d

−α−1
2

(
s
α− 1

2
Xs+1(d) + s(s+ 1)Xs+2(d)

)
= −

(α− 1

2

)2

d
−α−1

2 Xs(d) + s(s+ 1)d
−α−1

2 Xs+2(d)

+ d
−α+1

2 (Δd)
(α− 1

2
Xs(d) + sXs+1(d)

)
,

it follows that for small d,

− div(d2−α∇ws)−
(α− 1

2

)2

d−αws

= −s(s+ 1)d
−α−1

2 Xs+2(d)− d
−α+1

2 (Δd)
(α− 1

2
Xs(d) + sXs+1(d)

)
= −d

−α−1
2 Xs+2(d)

(
s(s+ 1) + (Δd)dX−2(d)

(α− 1

2
+ sX(d)

))
≤ 0.

Take ε > 0 such that for all s ∈ ( 12 , 1), εws ≤ u on {x ∈ Ω | d(x) = δ} and define

vs ≡ εws − u. Then (vs)+ ∈ W 1,2
0,α,2−α(Ω) and

−div(d2−α∇vs)−
(α− 1

2

)2

d−αvs ≤ 0 in Ωδ,

where u+ = max{u, 0}. Then, multiplying (vs)+ to the above inequality and then
integrating over Ωδ,∫

Ωδ

d2−α|∇(vs)+|2 −
(α− 1

2

)2

d−α((vs)+)
2dx ≤ 0.

On the other hand, by Lemma A.3,∫
Ωδ

d2−α|∇(vs)+|2 −
(α− 1

2

)2

d−α((vs)+)
2dx ≥ 0.
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We deduce that εws ≤ u in Ωδ for every s ∈ ( 12 , 1). Hence, εd
α−1
2 X

1
2 (d) ≤ u in Ωδ,

which is a contradiction to the fact the d−α/2u ∈ L2(Ω). Thus we conclude that if

Hα,2−α(Ω) is achieved, Hα,2−α(Ω) <
(1−α)2

4 . �
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