TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY, SERIES B
Volume 11, Pages 727-761 (March 27, 2024)
https://doi.org/10.1090/btran/185

FRACTIONAL ITO CALCULUS

RAMA CONT AND RUHONG JIN

ABSTRACT. We derive Ité—type change of variable formulas for smooth func-
tionals of irregular paths with nonzero pth variation along a sequence of par-
titions, where p > 1 is arbitrary, in terms of fractional derivative operators.
Our results extend the results of the Follmer—It6 calculus to the general case
of paths with ‘fractional’ regularity. In the case where p is not an integer, we
show that the change of variable formula may sometimes contain a nonzero
‘fractional’ It6 remainder term and provide a representation for this remainder
term. These results are then extended to functionals of paths with nonzero
¢-variation and multidimensional paths. Using these results, we derive an
isometry property for the pathwise Follmer integral in terms of ¢-variation.
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Hans Follmer derived [I5] a pathwise formulation of the Ité formula and laid
the grounds for the development of a pathwise approach to Itd calculus, which has
been developed in different directions [112)[EHS] 111 1222]28].

Follmer’s original approach focuses on functions of paths with finite quadratic
variation along a sequence of partitions. In a recent work Cont and Perkowski
[11] extended the Follmer-It6 formula [I5] to function(al)s of paths with variation
of order p € 2N along a sequence of partitions and obtained functional change
of variable formulas, applicable to functionals of fractional Brownian motion and
other fractional processes with arbitrarily low regularity (i.e., any Hurst exponent
H > 0). These results involve pathwise integrals defined as limits of compensated
left Riemann sums, which are in turn related to rough integrals associated with a
“reduced” rough path [11].

As the notion of pth order variation may be defined for any p > 0, an interesting
question is to investigate how the results in [11] extend to ‘fractional’ case p ¢ N. In
particular one may ask whether the change of variable formula contains a fractional
remainder term in this case and whether the definition of the compensated integral
needs to be adjusted.

Received by the editors November 27, 2021, and, in revised form, September 29, 2022, July
21, 2023, and December 27, 2023.
2020 Mathematics Subject Classification. Primary 26A16, 26A30, 26A33, 60199, 60H10.

(©2024 by the author(s) under Creative Commons Attribution 3.0 License (CC BY 3.0)

727


https://www.ams.org/btran/
https://www.ams.org/btran/
https://doi.org/10.1090/btran/185

728 RAMA CONT AND RUHONG JIN

We investigate these questions using the tools of fractional calculus [27]. Given
that fractional derivative operators are (nonlocal) integral operators, one challenge
is to obtain nonanticipative, ‘local’ formulas which have similar properties to those
obtained in the integer case [I1]. We are able to do so using a ‘local’ notion of
fractional derivative and exhibit conditions under which these change of variable
formulas contain (or not) a ‘fractional It6 remainder term’. In most cases there
is no remainder term; we also discuss some cases where a nonzero remainder term
appears and give a representation for this term.

These results are first derived for smooth functions then extended to functionals,
using the concept of vertical derivative [I0]. We extend these results to the case
of paths with finite ¢-variation [19] for a class of functions ¢ and we obtain an
isometry formula for the pathwise integral in terms of ¢-variation, extending the
results of [I,IT] to the fractional case. Finally, we extend these results to the
multidimensional case.

Our change of variable formulas are purely analytical and pathwise in nature,
but applicable to functionals of fractional Brownian motions and other fractional
processes with arbitrary Hurst exponent, leading in this case to nonanticipative ‘It6’
formulas for functionals of such processes. However, as probabilistic assumptions
play no role in the derivation of our results, we have limited the discussion of such
examples.

Zahle [30] defined a pathwise integral using a Young-type condition based on
fractional regularity of the integrand and integrator. In the case of Holder con-
tinuous functions this corresponds to Holder exponents with sum strictly greater
than 1, i.e., a Young—type condition. Our approach extends beyond the domain of
validity of Young integration and we are able to treat borderline cases where the
sum of Holder exponents is one.

Outline. Section[Ilrecalls some results on pathwise calculus for functions of irregu-
lar paths (Section [[T]) and fractional derivative operators and associated fractional
Taylor expansions (Section [[Z). Section [2 contains our main results on change of
variable formulas for function(al)s of paths with fractional regularity. We first give
a change of variable formula without remainder term for time-independent func-
tions (Theorem [2.6]), followed by a discussion of an example where a remainder
term may appear (Example 2.8]). We then provide a formula for computing this
fractional remainder term using an auxiliary space (Theorem [ZIT]). Section
extends these results to the case of path-dependent functionals using the Dupire
derivative, to the case where the pth variation is replaced by the more general
concept of ¢-variation [19]. In Section B] we derive a pathwise isometry formula
extending a result of [I] to the case of ¢-variation. Finally, in Section ] we discuss
extensions to the multidimensional case. These extensions are not immediate, as
the space V() is not a vector space.

1. PRELIMINARIES

1.1. Pathwise calculus for paths with finite pth variation. We define, fol-
lowing [I1L[15], the concept of pth variation along a sequence of partitions m, =
{65, Wyt With £ =0 <+ <} <+ <Ry, ) = T. Define the oscillation
of S € C([0,T],R) along m, as

osc(S,my) :=  max max _|S(s) — S(r)|.
[tjstjr1]€mn €[t ,t541]
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We write [tj,t;41] € m, to indicate that ¢; and t;; are immediate successors in m,
(i.e., tj < t]‘+1 and m, N (tj, tj+1) = @)

Definition 1.1 (pth variation along a sequence of partitions). Let p > 0. A
continuous path S € C([0,T],R) is said to have a pth variation along a sequence of
partitions m = (7, )n>1 if 0sc(S, 7,) — 0 and the sequence of measures

pri= > 8= )IS (i) = S(t)IP

[tjti+1]€mn

converges weakly to a measure p without atoms. In that case we write S € V()
and [S]P(t) := u([0,¢]) for ¢ € [0,T], and we call [S]P the pth variation of S.

Remark 1.2. Functions in V,(m) do not necessarily have finite p-variation in the

usual sense. Recall that the p-variation of a function f € C([0,T],R) is defined as
[13]

1/p

[ llpvar == ( sup ST ) = SEP)

m€HOTD 1, 1)en

where the supremum is taken over the set II([0,7]) of all partitions = of [0,T]. A
typical example is the Brownian motion B, which has quadratic variation [B]?(t) =
t along any refining sequence of partitions almost surely while at the same time
having infinite 2-variation almost surely [13129]:

P ([|Bll2-var = 00) = 1.
If S € V,(m) and ¢ > p, then S € V,(m) with [S]? = 0.

S € C([0,T],R) belongs to V,,(7) if and only if there exists a continuous function
[S]P such that

(1) vt € (0,77, Yo [8(t) = St =TSP ().
[tjtj+1]€mn:
1<t

If this property holds, then the convergence in () is uniform.

Example 1.3. If B is a fractional Brownian motion with Hurst index H € (0,1)
and m, = {kT/n : k € Ng} N [0,T], then B € V}x(r) and [B]Y/H (t) = tE[| B, |'/H],
see [24126].

For p € 2N the following change of variable formula for f € CP(R,R) was shown
in [I1]:

VS eVy(n),  F(S(t) - F(S(0)) = / f’<s<s>>ds<s>+]§ / £ (S(3)d[S]P ().

where the integral

t Pl (k) ,
@ [ reseuse=tm ¥ SO s00 a0 - s a0
[tjtjr1]€Emn k=1 ’

is defined as a (pointwise) limit of compensated Riemann sums.
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Remark 1.4 (Relation with Young integration and rough integration). As
p-variation can be infinite for S € V,(n), the pathwise integral appearing in the for-
mula cannot be defined as a Young integral. Compensated Riemann sums such
as () also appear in the construction of ‘rough integrals’ [I6,[18]. For X €
C*([0,T],R) with a € (0,1),q = || one can define the pathwise integral (@) as a
rough integral with respect to a ‘reduced’ rough path (X;t, Xit, ey th)ogsgth,
where X, = (X (t) — X(s))"/k!.

1.2. Fractional derivatives and fractional Taylor expansions. Several differ-
ent notions of fractional derivatives exist in the literature [21125/27] and it is not
clear which ones are the right tools for a given context. Our goal here is to shed
some light on the advantages of different notions of fractional derivative. Much of
this material may be found in the literature [27]. We have provided proofs for some
useful properties whose proof we have not been able to find in the literature.

Definition 1.5 (Riemann-Liouville fractional integral). Let o > 0. The left
Riemann-Liouville fractional integral of order « is defined by

@) = i [ o= 07 0

for real functions f for which the integral is well-defined for z > a € R. Similarly,
the right Riemann-Liouville fractional integral is given by

b
@) = g [ =2

forzx <beR.

Remark 1.6. The fractional integral is always well-defined for f € L'(a,b) with
I% f € L*(a,b). This allows for blow up at the boundaries a, b.

This may be used to define a (nonlocal) fractional derivative associated with
some base point [2I125].

Definition 1.7 (Riemann-Liouville fractional derivative). Let a < b. Let f €
L'([a,b]) and n < o < n + 1 for some integer n € N. Then left Riemann-Liouville
fractional derivative of order o with base point a on [a, b] is defined by

d n+1
D2, f = (E) e

if nth order derivative of I;Tl_o‘ f exists and is absolutely continuous on la,b].
Similarly, the right Riemann-Liouville fractional derivative of order a with base
point b on [a, b] is given by

d n+1
Dy f = <—%) ey,

Remark 1.8. When « is an integer, the fractional derivative coincides with the
classical derivative, i.e., D7, f = .

The Riemann-Liouville derivative has several shortcomings. Omne of them is
that the fractional derivative of a constant is not zero. To overcome this, one can
consider a modification of Riemann—Liouville fractional derivative which is called
the Caputo derivative.
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Definition 1.9 (Caputo derivative). Suppose f is a real function and n+1 > «a > n.
We define the left and right Caputo fractional derivatives of order a at = € (a,b)
by

") (g
C3 () = D3 [f(t)—zf ! )<t—a>’f] (@)

Cp f() = D [f(t) I t)’“] ®
k=0
if the derivatives exist. Here f(*) denotes the kth derivative of f.

We provide some basic properties of fractional derivatives in the appendix for
the completeness. Associated with the Caputo derivative is a fractional Taylor
expansion.

Proposition 1.10. Let f € C"™([a,b]) and n+1 > a > n. If f admits a Caputo
derivative of order a on [a,b] and C2, f € Ll([a b]), then we have

Zf z=—a) / O F(t)(x — ) Ldt
and

Zf(k / Ce f(H)(t — x)> .

As we were not able to find a proof of this expansion in the literature, we provide
a detailed proof in the appendix.

1.3. Local fractional derivative. The above derivative operators are nonlocal
operators. We now introduce the concept of local fractional derivative.

Definition 1.11 (Local fractional derivative). Suppose f is left fractional differ-
entiable of order « on [a,a + §] for some positive d, then the left local fractional
derivative of order « of function f at point a is given by

)= lim O (y),

y—a,y>a

when the limit exists. We can similarly define the right local fractional derivative
of order « of function f at a point a by

Fe@) = lm_ €2 (y),

y—a,y<la
when the limit exists.

Example 1.12. We give a simple example of Caputo fractional derivative and local
derivative here. Consider f(z) = |z|* and 0 < 8 < a < 1. Then we have

hsto) = 2 (s [ Mol )
= rrryas ([ =0 = )

1 1 1
@ . —B a—B+1|
I [t ot e

= F(ll_ ) <|a|a(x - a)iﬁa ; L +(a—B+ 1)|:E|OLB/% [t]*]1 — t|ﬁdt) )

la|*(z —a) ™"
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So we can see directly that f(#+)(a) = 0 for any a # 0 or 8 < a but f(@H)(0) =
(a4 1). It can be seen further that for all @ > 0, C%, f is continuous on [a, o0
but for a < 0, C%, f has singularity at point 0. In particular, for § = «, we have

C§+f(w)=ﬁ/:g(t)—g(%)dt with g(t)ZIL

[e3

1—-1¢

Remark 1.13. Using integration by parts formula, we actually have

n—1
N B f(k)(a)(x — g)k—a-n (a=n) ()
Da+f('r)_k§:0 F(k+2—06) +Da+ f (I)

Hence C%, f(z) = C(gi_")f(”)(x) so the existence of one side will imply the exis-
tence of the other side. Taking limits yields f(@+)(z) = (f(")(("=)+)(x). This is
important in the proofs below.

Corollary 1.14 (Fractional Taylor formula). Let n+1 > a > n and f € C"([a,b])
admitting a left (resp. right) local fractional derivative of order «a at a. There for
x € [a,b]

" r—a k
B 10 =3 @ D @ - 0 ol al)
k=0
n > — k
@ 1) =3 10O e A= 0+ ol - ).
k=0 )

The proof is given in Appendix A similar mean value theorem holds for the
nonlocal fractional derivative. The following result, which we state for complete-
ness, is a consequence of Proposition [[L.T0l

Corollary 1.15. Let f € C™([a,b]) and n+1 > a > n. Suppose Caputo fractional
derivative of order o of f is continuous on [a,b]. Then for x € [a,b], there exists
¢ € [a, x] such that

- z —a)k
fz) = kz_of(k)(a)( o ) + F(a1—|— 1)Cg+f(§)(a:—a)o‘.

A similar formula holds for the Caputo right derivative.

Proposition 1.16. Let o ¢ N and f € C%([a,b]). If 1) ezists everywhere on
[a,b] then f(®T) =0 almost everywhere on [a,b].

A rather complex proof of this proposition is given in [4, Corollary 3]. We here
give a simple proof of this property using only properties of monotone functions.

Proof. We first consider the case 0 < a < 1. By Corollary [[LT4l we actually have
1

_ = slat)
F(a—i—l)f .

fy) =f@)+g(@)(y—2)*+o(ly—=z’)  with g=

Hence for any sequence y,, — x,y, > x, we have
i F) — 1)
n—oo  (y, —x)®

Now let Et = {z € R: g(z) > 0}. If L(E™") > 0, then there exists a compact set
K € ET with £(K) > 0 where £ denotes the Lebesgue measure on the real line.

=g().
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Consider the open set U,ck(x,z + 0,) in R, where ¢, is the largest number so
that f(y) > f(x),Vy € (z,x + 6;). We can then write Uger (2,2 + 05) = U2 I
for some open interval Ij,. There exists I, such that £L(K N I_r) > 0. In fact, for
each point in K, it is either in the set U2, I} or it is a boundary point of some
interval I. We may augment [ to an interval I including zero or one of both
of its boundary points so that Ik are disjoint and K C UZZ IIk, and such that the
right boundary point is not in I if it belongs to K. Then we find I, such that
L(KNT,) > 0. Hence L(K N1I,) > 0. We may also assume that there are no points
in K isolated from the right, since the set of all such points is of measure zero.

For any z < 5 € K N I,., there exists xo € K N [, 7] such that

xg = argmax {f(x)}.
zeKN(z,7]

If 2o # g, then there exists yo € (xo, o + 0z, ) N K N[Z, 7] since we assume there are
no right-isolated points in K. Then we have f(yo) > f(o), which is a contradiction.
Hencexo—yandwehavef( y) > f(z),Vz <ye KNI,.

Now define f : I, — R such that f = f on KNI, and f is linear outside of K N1,.
In fact, let & € I, 1fx ¢ K, then ¥ € (29,21) with 20,21 € K. Thus f(z1) > f(20),
and we can linearly interpolate to define f(Z) as an increasing function. Hence this
extension f is differentiable almost everywhere on 1.

Now we go back to the function f on set K. f is a.e. differentiable on K and
we can simply suppose here f is differentiable and f = f on K whose Lebesgue
measure is positive. Now choose a point x; € K, either x; is right-isolated in K
which is eliminated from K before or it is a right-accumulation point in K. For the
latter case, we would have
g(z1) = lim ——————= = lim Fyn) = f@1) =0,

n—co  (yn — )P n—co  (yn — @1)?
for any sequence {y,} in K with y, — x1. We then get ¢ = 0 a.e. on K, which is
a contradiction. Hence £(E*) = 0. Similarly, £L(E~) = 0. Hence f®+) =0 a.e. on
R.

If m < a < m+ 1 for some integer m > 0, since we have f(@F) = (f(m))la=m+)
we may conclude again that f(®*)(z) =0 a.e. on R. O

Remark 1.17. For Proposition [[LT6] we actually only need a weaker condition on
the function f, namely that

(M) (/) — (M)
im L) — (@)
Yy—T,y> |y — x|ﬂ

exists for x € R with m = |« and o = m + 8, which may be thought as classical
definition of ath order derivative. We call

1M = @)

r—a,r>a ‘z — a‘ﬁ

the ‘classical’ left fractional derivative of order « if it exists. However, when this
limit exists, it is not guaranteed that f admits a local fractional derivative.
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We can actually state a stronger result.

Proposition 1.18. For f € C%, the Hausdorff dimension of the set

(m) _ f(m)
Ef:{a?ER: liminf W) = @) >0}

Y—=T,Yy>T ‘y — x‘ﬁ

is at most B = a — |«af.

Proof. WLOG, we suppose m = 0 and 0 < a < 1, then 8 = «. For each ¢, 4, we
define the set E?, to be the subset of E such that for all € E?, | we have

fy)> fl@)+e(ly—x)" Ve <y<az+0.

We only need to show the Hausdorff dimension of the set Ef . is at most a. Fur-
thermore, we can restrict the set E2, on the interval [0,4]. Hence we will work on
[0, 6] with E?, .

First of all, suppose the Hausdorff dimension of the set E? ., is larger than . In
this case, we consider partitions {0, %, cee (kjel)é,é} for k € N. In each interval
[%, @], we choose the leftmost and rightmost points of the set F9 . and denote
this interval as I} (if exists). Then U I} covers the set E?, and by the definition
of Hausdorff measure, we know that 3% [I¢|* — 0o as k — co. Now let al, be
the left boundary point of I, and bj, be the right boundary point of I}. Now for
any two points a < b € {a},,b},i =0,--- ,k — 1}, we have

f(b) = f(a) + e(b—a)®

since f is continuous and we can approximate a, b by points in E? . Then we have

k-1

FO) = f(ad) F@L) = flag) + flap) — £ + F(B)) — flaf)

|
(]

1
-1
€)™ = oo,

i

vV
.
El|
I
(e}

which gives a contradiction when k — oo. O

2. FRACTIONAL ITO CALCULUS

We now consider noninteger p > 2 and derive [t6-type change of variable for-
mulas for paths with nonzero pth variation along a sequence of partitions {7, } nen,
first for functions (Section [Z]) then for path-dependent functionals (Section 22)).
In each case the focus is the existence of a ‘fractional’ It6 remainder term: we will
see that the existence of a nonzero It6 term depends on the fine structure of the
function and its fractional derivative.

2.1. Change of variable formula. We first derive an [t6-type change of variable
formula for functions of paths with pth variation along a sequence of partitions

{Wn}neN-
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Let S € V,,(7) be a path which admits pth order variation along some sequence
of partitions {7, }nen. We make the following assumptions.

Assumption 2.1. For any k € R, we have

T
/ Lisw=rd[S]z =0.
0
Let m = |p].

Assumption 2.2. f € C™(R) and admits a left local fractional derivative of order
p everywhere.

Assumption 2.3. The complement of the set
Iy={z€R:3U> x open, (a,b)—(C?, f)(b) is continuous on {(a,b)€UxU: a < b}}
is locally finite, i.e., for any compact set K € R, the set I'; N K has only finite
number of points.

We first give a simple lemma regarding the set I';.
Lemma 2.4. The left local fractional derivative of order p of f is equal to zero on
Ly: Vo eTy, fH(2)=0.

Proof. Let © € I'y. There exists « € U open such that (a,b) — C¥, f(b) is contin-
uous on {(a,b) € U x U : a < b}. Hence fT) is continuous on U. Since f®*) is
zero a.e., fPH)(z) = 0. O

Assumption 1] will be satisfied if the weighted occupation measure g defined
by

T
7s(A4) = / 1gsweaydISIE (1)

is atomless. Assumption 2.I]is satisfied in particular if v has a Lebesgue density
[T7], which corresponds to a local time of order p [I1I]. However, as the following
example shows, Assumption [Z] may fail to be satisfied even if the path has a
nonzero pth order variation.

Example 2.5 (A counterexample). We now give an example of path failing to
satisfy Assumption 2] in the spirit of [12, Example 3.6]
Let p > 2 and define the intervals

1 2 12 78 P i—
(5) I%:<§’§>7 121:(555)’ 122:<§7§)5a1]15.7:1)a21 17

and let C' = [0,1]\ U2, U?:ll I%, which is the Cantor ternary set [3]. Let ¢ : [0,1] —
R, be the associated Cantor function, which is defined by
c(z) = { Yot 7 r=3" 23?77 €C, an,€{0,1}
SUD, <4 yeC c(y), ze€[0,1]\C.

We can see it is a nondecreasing function increasing only on the Cantor set C.

1[12] Example 3.6] aims to construct a path which admits quadratic variation but does not
possess local time along some sequence of partitions. There seems to be an issue with the con-
struction in [12] but the underlying idea is still useful for our construction. In fact, the third

_ _ntl
equality of equation (3.12) in [12] should be 7 ; (e,)" = 6"1 ‘5 0not 1.

—€n
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Consider the function
S(t) — |210g3(2»minugc [t—ul) ‘ % )

We are going to construct a sequence of partitions such that the pth variation of S
along this sequence will be the Cantor function c. In this case, we will see

/ 1is-oydIS)? = / Licode(t) = e(1) — ¢(0) = 1,
0 0

which shows Assumption 2.1 is not satisfied.
We begin with the partition {7} ,}, which denotes the nth partition in the in-

terval I and let m,, = U, U; 7 . Define t;% = inf I} and

t;}’:jl —inflt> t;’fl :S(t) € L supS(t) | Z ;,
’ ’ kn, tell

then t’ 2kn = sup I; k., is an integer to be determined. We then do the calculation
2k —1 2k, —1 P
k+1 ik — 4 1—ig.1—
Z ‘S( l )_S(t;,nﬂp: Z k_2 P =2 an p,
k=0 k=0 T

Then the sum over the nth partition will be

n 2071

SN 2R =n kP

i=1 j=1
Choosing k,, = Lnr)%lj we obtain
nk: ™ >n. (nﬁ)l_p =1
and
nki P <n- (nﬁ e (1 - nﬁ>17p B
Hence we see

[S]2(1) = 1.

T

Furthermore, since
—1 —p N—00
ol -ipl=p 20,

we see that [S]? will not change on the interval I J’ and by symmetry, we finally can
show that [S]P = ¢, the Cantor function.

Theorem extends the result of [I1] to the case of functions with fractional
regularity.

Theorem 2.6. Let S € V() satisfy Assumption 21l If f is a continuous function
satisfying Assumptions and 23] for m = |p], then

we0T],  F(S() = F(S(0) + / £(S (1)) dS (u),

where the last term is a limit of compensated Riemann sums of order m = |p|:

[ istwnasto = im 3 > A (500 p 4 - st

ti€myn j=1
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Proof. By classical Taylor’s formula with integral remainder of integer order m, we
have

FSW) = f(SO) = > f(SEAti1)) = F(S(EAL))

(titiy1]€mn
= Y (FSenti) - F(SEAL) -
[titit1]€mn
(m) )
- W(S(t ANtiy1) — S(EA tl))")
m - r(4) ) _
+ Z ZM(S(t/\ti+l)_S(t/\ti))J
[tistig1]€mn J=1 J:
S(tAt;41)
= Z ﬁ /S(t/\ti)‘*' (f(m) (T)—f(m)(s(t A tl)))(S(t A ti+1)—7‘)M71d7’+Ln7

[tistiy1]€mn

where L™ =371 e, > W(S(t Atit1) — St At;))?. Our aim is to

estimate the limit of the quantity

1 S(tAtiq1) (m) (m) -1
Ri= ) o /S (FU () = FO(SEA L)) (S(EAtiga) =) dr,

[tititr1]Emn F(m) (tNt;)

and show this quantity converges to 0 so our result holds. In order to obtain an
estimate, we divided the partitions into three parts: C? = {[t;,ti+1] € mpn 1 |S(E A
tl) — ]C| < ¢ for some k € P?}, C{L,e = {[ti,ti+1] € Ty \ C? : S(t/\tl) < S(t/\tl+1)}
and CF . = {[ti, tiy1] € T \CF : S(t Atiy1) < S(t At;)} for arbitrary e > 0.

(1) On C?: Denote

S(tAtis1)
HEEDY L/5 (f () = FUSENED)(S(EAtigr) =)™ L

[titiy1]€ECT F(m) (tAt;)

By Holder continuity of f and continuity of .S, there exists a constant M > 0

such that
RPI< > MIS(tAtigr) = S(EAL)P
[titi41]€CT
< Y Mg(SEAL))IS(EAtigr) — S(EAL)P.
[titig1]€mn

For example M = W. Here g. is a continuous function taking

value 1 on [k—e€, k+¢] for each k € I'} and value 0 outside of Ugere [k—2¢, k+
2¢] with ||ge|loo < 1. When € is small enough, we may assume [k — 2¢, k + 2¢]

are disjoint. Then by definition of the pth order variation, we see that

fmsup [R2] < [ Mg (S)SP().

n— oo

Letting € — 0, we obtain from Assumption 2.]] that

t
lim lim sup | RY| < > / M1s()=gyd[S]P(r) = 0.
n—o0 kEF; 0
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(2) Outside C?: Since S € VP(x), there exists N € N such that for all n > N,
we have for all [t;,t;41] € 7,

|S(tiv1) — S(ti)] <

NN e

Thus for [t t;11] ¢ CF, we have (S(tit1) — k)(S(t;) —k) > 0 for all k € '
and S(t;), S(ti+1) is away from I'¢ with at least § distance, which means
we have the following estimate

(6) (Cor f(01) = CF, f(b2)] < we(v/ (a1 — az)? + (b1 — b2)?)

for some modulus of continuity we, a1,as,b1,ba € [S(t;),S(tiy1)] or
[S(ti+1),S(t;)] and a1 < by, as < by by Assumptions [Z2] and 23]
(3) We now consider the set CT'.. Let o = p —m and denote

S(tAtiy1)
RS D / (fO (1) = FUSEAE))) (S (EALi 1) —7)™  dr

[titiy1]€CT . I'(m) S(tAt;)

We have by Proposition [L10

N 1 S(tAtit1) | r Cg(t/\ti)'*'f(s)
l,e — Z Tm) /S (S(t AN ti+1) - ’f’) I‘(a) /St/\t/ (r — S)l—a de’l"

[titiy1]€CT (#nts)

1 S(tAtip1)  pStat; iy me1 Cg(t/\ti)+ f(S)
" oD T gy )

[titiy1]€CT (tnti)

N Z 1 S(tAti41) Siint, i )
) L'(p) (8¢ i+1) =) S(t/\ti)Jrf(s) s.
[tistit1]€CT S(tAt;)

As S(t;) € Ty by Lemma 24 we have fP)(S(t;)) = Cg(t,.,>+f(5(ti)) =0.
Then by inequality (@) we have

S(tAtiq1)
/S(t/\t-) (S(t 4 tiﬂ) N 8)p_10§(mti)+f(3)d8

S(tAti41)
</ (S(EA tir1) — 8)P oc(s — S(t A £:))ds
S

— Js@a)
1
< ;We(s(t'ﬂrl) — S(t:))|S(tiv1) — S(ts)]P.
Thus we obtain

my < Y wdlSle) =S g gy

T(p+1) E

[titiq1]€Emn

Since osc(S, ) — 0 as n — oo, we have lim, , |R} | = 0.
(4) On the set C3'.: Denote

S(tAtis1)
b= X wg LGOS St )

[tistiv1]eCy . I'(m) (tALs)
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By Proposition [LI0, Ry, can be expressed as
1 St /S -1 Cr f(s)
_ St Nt; —r)" T —_drds.
o TG Frmn Ja S 800 =" =
Again by inequality (@), we will have
CLef(9)] S we(V/(r = S(E A tig))? + (s — S(EALi41))?)
< we(V2|S(t Atiyr) — S(EAL)]).

Hence, we can obtain the estimate

Stat;

s Cr f(s)
(S(EAtigr) =)™ o =
S(tAtipr) /S(tAti+1) i (S(tAt) —s)t=e

< / (S(tAtit1) —T)m_lwé(ﬁwg/\tiﬂ) _f(t/\timdrds
S(tAtita) JS(EALi1) (S(EANt;) —s)t—@
1

< %we(\/iLS’(t/\ tiv1) = SEAE)NS(tiv1) — SE)[P-

drds

Sint;

Thus we obtain that lim, . [R5 | = 0.
Thus, we have R" = R + R} . + Ry . and

lim |R"| < lim limsup |R}| + |RY | + |R2,en| = 0.
n— o0 e—=0 n oo ’

Hence we see lim,,_,», L™ exists and we denote it as fg (f(S(u)))dS(u), which gives
the result. O

Remark 2.7. We cannot expect the Itd6 formula in the fractional case to have the
same form as in the integer case, i.e., there might be no It6 term in the fractional
case even if Assumption [2.I] does not hold. For Example 2.5 we can show that for
2 <p<3and f(z) = |z/?, the It6 term still vanishes even though we have

! 1 ! c(1) — ¢(0) 1
eH) (S dISIP(t) = /1 _nde(t) = =
| resosro = wg [ tiso-nae) = S5 = w1
since {S(t) = 0} = C is the support of the function c. In this case, we will show
that

0=/f(5(1) = f(5(0)) = /O f'(S(u))dS (w).

In fact, we will need to calculate

lim Y F(S())(S(tir) = S(t:) + %f”(S(ti))(S(tm) - S(t))*,

n—oo
[titiv1]€Emn

which is in fact the ‘rough integral’ of f’ along the reduced order-p It6 rough path
associated with S [I1]. Splitting the terms across each IJZ: we have

ol ) 2k, —1
> PSP e = 3 pS )y
k=0 n Pl n
. 1 . 2_%
= — ijn pfl_ -5 . -i p—1 .
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Thus

n 2071
Do F(SE))(S (i) ~ = ;jj’
1 n

[tistiv1]€mn i=1

<.
Il

Now we consider the term involving the second derivative. On I}, we have

> —f”(S(té’,ﬁ))(S(tﬁ’,’ffl) —S(ty)?
i,k L k+1]€7‘r

.7'77’777

[t

ik i k41 ;
[t5ntim 1€

1 (e 9
=3 — 1)kP~ 2— kP2 ,
(5 - S - ey

k=0

Summing the second-order terms over m, we obtain:
o= 1) 25k, b2 — k-
4 54 '
Adding together the first-order term —

we need to calculate

2k )
np B 22,;1 kp=2 — gp—2 2
oy <(p 2 53 kn |
We thus observe that
. 1
A =D = e =)
Since —== > 1 this implies
. np
A g P =0

Hence it remains to consider
. np kP2 1
hm 5 (p ) Zk 1p I .
n—oo 2 kn, kin

kn

p—1 kn kn+1 p—1 _
kL = / xp72d;13 S ka72 S / Ip72dx — (kn—’_l)—l’
p—1 0 b1 1 p—1

Using the inequality

we obtain first

. np Ek L kP 2 1 . np kﬁ’l 1

lim — —— > lm = ((p-1)—2—— - —)=0
e 2 <(p D= ) 2 (@ )<p—1)k£ n ’
and second

(7). lim % <(p )Z’“ L _i> < lim @((’%Jrl)pl—l—kﬁl).

n—o00 54 kn,
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Noting that lim,, o, nk.™ = 1 and k,, — oo, we see the right-hand side of inequal-
ity () equals to

kPt (kp +1)P71 —
2 Kb

lim p

kyp—00

1—k£1) p .. (z+1)P7t—1—gr!

By L’Ho6pital’s rule, above limit equals to

p(pz_ 1) ((z + 1)p—2 _ xp—2)

-1 1\?? -1 —2
= p—(p2 ) lim zP~2 <<1 + —) — 1) = p—(p2 ) lim 2722 "% _¢
X

r—00 r—00 €T

since p — 2 < 1. Thus in this case we see the remainder term is zero, which
is different from the integer case. Hence we see that the pathwise change of
variable formula in Theorem may hold even if Assumption 2.1] does
not hold.

We now give an example of path with the same pth variation as above but leading
to a nonzero remainder term in the change of variable formula.

Example 2.8. Define the intervals Ij’: as in ([@). Then we define S
on i. Let g(t) = 2min{¢t,1 — ¢t} on [0,1] and 0 otherwise. For a < b, we define

g(t,[a, b)) = (“—‘;)

First for i = 1, we divide the interval I; into r; smaller intervals I;7k, k=1,---,r;

such that |IJ’k| = ‘T—‘ and two of each are nonintersecting. On each interval I; >

we define S(t) = 2_ig(t,Ij’:,k) fork=1,---,r;,7=1,---,2°"! In other words, S
is defined as the limit

I by induction

oo 2071

=SSt

i=1 j=1 k=1

Let m, = (7*) be the dyadic Lebesgue partition associated with .S:
T8 =0, 'y = inf{t > 7", [S(t) = S(7")| > 27"}
Hence, we have the calculation

9i—1 ..
n— 00 4
J

Z 22 x 27N i QN
k=1

1

SI7(1) = Jim 3 2IS(70) = S(PP = Jim 3

= lim g r; 27 P
n— o0

=1
By choosing
= Lg(ifl)(pfl)(prl -1)],
so that

n

1= lim E 727
n—00 4 1
1=
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together with similar to what was discussed in Remark 2.7, we have [S]P(t) = c(?),
the Cantor function. Let f(z) = [#[P,2 < p < 5 and T = 1, we are going to

calculate the It6 remainder term for f(S(1)) — f(S(0)). We calculate the limit

m 3 PSS () - S() + PP (s 2 (s i) - 5(00)?

n—soo 2
[tistiy1]€mn
n 2071 ( 1)
T | —n—i\p—1 p\p— —2n Z
_nlggozzr« prn 2yt 4 E2 2, )
i=1 j=1
where
2n—i]
03122 Z 2—n(p—2)kp—2+2—n(p—2)(2n—i)p—2
k=1

We see directly
2’7l k2
a, < 21*"@*2)/ aP~2dy + 270D (2n T2,
0
Thus,
PP =) gani  po-n—ivti y PO =1 onpr(n-ip-2),
n 2

2
This leads to

n 27 1
1 ,
I R )

=1 j5=1
n—1 ] ]
§ L — p(p ) —2n—ip+21 — — p(p ) —
< 21 1 X 2 n—1ip (3 27l - 2 np 2 np
: Tl( 2 T p —|——

< §2p(2p1 - 1) (@22“”) +2r(ert 1) (—p + ZM)

2
o p—11—(3)"" p—1
=p27Pp-l ) (L~ 47 . 142 -
Let n — oo, we have
n 2071
. | _,9—nio—iyp—1 p(p 1) —2n 7, < p—1 2(p_ 1) _
nlgx;o;;n(m A p27P(2 D(=F5—-1)

Soif 2 <p< 3, then 2270 —1 <0 and

/f S(t) <0,

The equality f(S(1)) — f(S(0)) = 0 shows there should be a nonzero remainder.
However, in this case, we still have

1
/ 1500y dISIE () = 1.
0

So Assumption [Z.1] is not satisfied.
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In fact, we can provide a formula for the It6 remainder term for this path and
function f = |x|P. Take T =1, m = |p] and a« = p — m. Let

1 b

T e (m)(g) — £(m) b— )14

(m —1D)!|b— alp /a (™ (@) = [ (@) (b = x) x

for a # b and take the limit value whenever it exists for a = b. For the function
f(z) = |z|P, we can see ch is defined on R?/{(0,0)} and for k > 0,

G" (ka, kb) = G%(a,b),

G?(av b) =

which suggests to consider Glf’- as a function on the unit circle S*. We define the
projection map P : R?/{(0,0)} — S! by p(x) = a7 and define a sequence of
measures by

where N,, is the number of intervals in the partition 7,,. Furthermore, we define
G%(0) = G%(cos(0),sin(0))
for § € [0,27). Since the distance between two successive points in partition 7, is

27", the remainder term > . en G (Stip1»S1:)1S(tig1) — S(t:)[P for the parti-
tion 7, can be rewritten as

N, -27"P / GP ()i (daz)

i—1 . .
and we have N, = >°"" | 25:1 S 2nmitl = 2on 5™ ;. Hence the remainder
term is

n

A ZTZ—/G?(a:)Dn(dx).

i=1
We have lim,, o, 2"~ "P Z?:l r; = 1. It is easy to see that if we have the weak
convergence of 7, we can obtain the limit expression.

Let us now compute the limit of the sequence 7,,. Since S(t;) = k2~ for some

positive number k and ¢; € m,, the result tan (P(S(t;),S(ti+1))) will be equal to

%, which means the limit 7 will be supported on these points. And

_ e (FYY = i 5 o (FELYY) 1 2r—1 1
v | arctan T —nl_{glol/n arctan T _2(10g2(k+1ﬂp o _1 "

By symmetry, we have

- t k -5 t E+1 _ 1 2?11
v | arctan k——i—l = v | arctan I T 9llogy(k+D)1p 920 — 1

Hence we have a change of variable formula for the path S defined in Example 2.8
and f(x) = |z|P:

Q F(8() = £(50) = [ FSunast)+ [ apptin)

The above calculations show that the remainder term may be
nonstandard when Assumption 2.1] is not satisfied.

We can give in fact a general method for calculating the remainder term for
paths satisfying certain assumptions.
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For a function f and p = m + «, where m = |p|, we consider the map G’; :
{(z,y) € R?, z # y} — R defined by

b
9) G%(a,b) = m/a (fm(z) — O™ (@) (b — )™ tda.

If (™) is continuous, it is easy to see ch is a continuous function on {(z,y) €

R?, z # y}.

In order to compute the remainder term in the fractional It6 formula, we ‘strat-
ify’ the increments across the partition by the values of GI;, to build an auxiliary
quotient space X which is required to have certain properties.

Assumption 2.9 (Auxiliary quotient space). There exist a space X and a map
PPi{(z,y) eR? 2 £y} - X

such that

(i) For allx € X, the map G defined by (@) is constant on (P7)~"(x);
(ii) The sequence of measures on [0,T] x X defined by

vp(dt,dz) = > 1S (ti1) = S(E) [0t (D)0 pr(s(t:),5(ti11)) (%)
[tistit1]Emn

converges weakly to a measure v on [0,T] x X.

Remark 2.10. The measure 7 in Example 228 is actually the measure v([0, 1], dx)
on X defined in Assumption In fact, we have

Uy (dz) =

1

where [ST (1) = X2, 4.0 jemn s <1 [S(tit1) — S(8)[P. Letting n — oo, weak conver-

n
gence implies

v(dzx) = v([0,1],dz) = v([0, 1], dz).

1
P
Hence Assumption 2-9is a reasonable condition which covers Example 2.8

Furthermore, as S € V() is equivalent to the weak convergence of

vp(dt, X) = Z [S(tit1) — S(t:) P64, (1),
[titiv1]Emn

Assumption is in fact stronger than the existence of pth variation along the
sequence {m, }.

One can always choose X = R but this choice may not be the most tractable for
the calculation of the remainder term.

Theorem 2.11. Let S € V,, () such that there exists (X, Pf) satisfying Assumption
29l There exists a unique map G’} : X — R such that G’} o P;’ = G’; and

F(S(5) — F(S(0)) = / F(S(u))dS (u) + / /X G () (ds, dz),

where fot F'(S(u))dS(u) is defined as in Theorem [Z06l
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Proof. The existence of G’? is given by universality of the quotient map construction.
Using a Taylor expansion, we have actually

f(S(t) — £(S(0))
(J) ‘
- > Zf Mt )(S(tAtiﬂ)—S(t/\ti))ﬂ

[tistig1]€mn, ti <t j=1
+ S GRS SEA))SEA i) = SEAL)P.

[tistip1]€mn,ti <t

By definition of v,,, we have

(J) )
Fs@) - fsoy= Yy {PseAt) t“”<S<mz-+1>—s<mi>>ﬂ

[tistiv1]€mn,t; <t j=1

+ /O /X G ()0 (dsd).

Using the weak convergence of v, in Assumption yields the desired result. [J

We can see from Theorem [2.I7] that when the It6 remainder term is nonzero,
the formula is not in the classical form. Hence we will need more information to
describe the It6 remainder term in the fractional case.

Let us go back to zero remainder case. Consider the set (EP)" of all functions
satisfying Assumptions and Then (EP) is a subset of C?(R). Let E? be
the closure of (E?) in CP(R) equipped with the semi-norms

(m) _ f(m) T
Sup{f(k)(f)ik_owmm}—ksup{'f (W) = f <>|}’

zeK z,yeK |y_x‘a

where p = m + « with m < p < m + 1. Then we have the following theorem.

Theorem 2.12. Let S € V,(w) satisfying Assumption 2] and f € EP. Then for
any t € [0,T]

F(5(8) = £(S(0)) + / £(S(u))dS (),

where the integral is a limit of compensated Riemann sums of order m = |p|:

(J .
[ rs@nasi = im 3 3 IPECAD (g0, - sanip.

ti€my j=1

Proof. We prove the result for ¢ = T for convenience. The case ¢ # T can be
obtained by changing all ¢; to t A ¢;. Suppose fx € (EP)" and fr — f in CP. We
have

S(tit1)
HE@NFEON=L"Y, 7 / o, GOSN S ) =)

Let K be a compact set containing the path of S([0,T7]). Since fr — f in CP, we
have for every € > 0, there exists N > 0 and for all &k > N,

qp [ =B = (5 = 57 (@)
z,yeK ly — x|

<e.
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Hence

S(tit1)
> L/S (0 = £ ()= (£ = £ (S (8))) (S (tisr) =)™ dr

[ti:ti+1]€ﬂnr(m) (ti)
1 S(tiy1)
s € Z —/ |T—S(ti)‘a‘5(ti+1)—r|m*1d7~
[ti,tit1]€mn F(m) S(ti)
1
¢ Z m|5(ti+1) — S(t;)P.
[tistiy1]€Emn

Hence we have

) 1 S(tit1) m m —
tmsup| 3 s [ ) — S0 (S ) - 0"
n—00 F(m) S(t;)
[tistiv1]€mn v
. 1 S(tit1) (m) (m) m—1
Stmswp| 3 s [T ) = S S (S(tn) - )"
n—o0 [t tip1]ET F(m) S(t;)
isbi41 n
€
+ E[S]p(t)
for all k > N. Since f, € F, we then have
. 1 S(tit1) (m) (m) N € »
limsup| Tm) () =S (E)) (S Higr) — )™ dr| < —[S]P(2).
n—oo [t tis1]€mn m S(t;) m:

Finally letting e tends to 0, we have

S(tit1)
im |3 g [ U0 = FSES )~ 1] =0,

e [tistivi]€mn F(m) (t:)
Hence L™ converges when n tends to infinity and we have the desired result. O

Remark 2.13. It can be seen in the proof of Theorem that we only need

T
(10) | tisemmdisiz =0

for k € I';. Denote Py the set of paths satisfying (I0) on I'}.
Given a continuous path S € V,(7), then by Fubini’s theorem, we actually have
that

T
| [ 1o disiod=o
RJO

which means (I0) is satisfied by almost all ¥ € R. Hence we can consider the set
(E%)" of all functions f such that 'y contains all points that do not satisfy condition
(I0). We can then construct the closure EY, for a given path S.

Example 2.14 (Examples of functions belonging to EP).

(1) All functions f € C™T1(R).

(2) The function f(z) = |z —k|P for some k € R. It can be seen in Example[[T2]
that C¥, f(x) is continuous on {(a,z) € U x U : a < Z} for any compact
set U contained in (k, 00) or (—o0, k), which means I'y = R\ {k} and hence
is a function in £, C E,.
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el #|x_$n|p

(3) The linear combinations of |z — k|P. For example f(z) =Y
with {z,} an ordered set of rationals in [0, 1].

Remark 2.15. Smooth functions belong to E?. Denote by CP*(R) C E? the com-
pletion of the smooth function under Hélder norm, i.e., the set of functions f € C?
such that on every compact set K:

1 @) = £ ) Lo

lim sup { oy

5—0 z,yeK

lz—y|<é

Then for any ¢ ¢ N > p, we have E¢ C CY C CPT C Eg for any path S €
V() N C(0,T), R).

Example 2.16 (Example for Py with f(x) = |z|P). Let B¥ be a fractional Brown-
ian motion with Hurst index H on some probability space (Q, F,P). Let p = 1/H.
Then

E

T
/ l{BH(t)Zo}dt‘| =0 SO ]P)(BH € P})) =1.
0

Remark 2.17 (Time-dependent case). Along the lines of the proofs of Theorems
and [Z12] we can generalize these formulas to the time-dependent case with a
modified definition of the set I'y. For f € C*P([0,T] x R), define the open set

I'y={(t,z) € [0,T]) x R: 3 open set U > (t,z)
such that C¥, f(s,b) is continuous on UxU}

where UxU = {(s,a,b) : (s,a), (s,b) € U,a < b}. Then under the assumption

T
/0 Liw.syer,ydSIR(t) =0,
we have the change of variable formula
t t
F(6,5(8) — £(0,5(0)) = / 00 (u, S(u))du + / Daf (u, 5())dS (u),
0 0

where m = |p] and

t o r() ) . .
/0Dggf(u,S(U))dS(U)=nli_>ngo > Zf (tAt}’!S(tAm)(S(tAtiH)—S(t/\ti))J.

ticmy, j=1

Remark 2.18. Our argument also applies to the integer case. For example, when
p =2, we have m = |p] = 2. For any function f € C?, I'; = R. Hence we have

T
/0 Lisersyd[STR = 0.

Thus we have the result

F(8(1)) — £(S(0)) = / £(S () dS (u),
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where

n—oo
[tistit1]€Emn

/0 PSS = tim S FS()(S (i) — S(t)

1
+ 1" (S(#:))(S(tisa) = S(t:)*.
However, by changing the definition of fot (S (u))dS(u) to

lim Z J(S(t:)(S(tig1) — S(t)),

n—oo
[tistit1]€mn
we recover the result in [I5]. Similarly, for even integers p, a slight change of
definition of fot f'(S(u))dS(u) recovers the result in [II]. Additionally, we can
also explore the odd integer by our argument. A similar change of definition of
fot f/(S(u))dS(u) gives the remainder term

m YOS (S ) - ()

[tistit1]E€mn

The condition S € V,(7) means that this expression converges absolutely. However,
as indicated in the appendix in [I1], the limit would be typically zero.

2.2. Extension to path-dependent functionals and ¢-variation. The above
results may be extended to path functionals using the Dupire derivative [14] and
the associated nonanticipative functional calculus [6L[7,0,10]. We recall here some
concepts from the nonanticipative functional calculus [6L[7110].

Denote by Si(s) = S(s At) the path stopped at t. We consider the space
D([0,T],R) of cadlag paths from [0,7] to R. Let

Ar ={(t,wy) : (t,w) € [0,T] x D([0,T],R)}
be the space of stopped paths. This is a complete metric space equipped with

doo((t,w), (t',w")) == sup |w(sAt) —w'(sAt)|+ ]t —1t]
s€1[0,T]

We will also need to stop paths ‘right before’ a given time, and set for ¢ > 0

w(s), s <t,
wi—(s) = { lim,q w(r), s>t,

while Wo— = Wop-

Definition 2.19. A nonanticipative functional is a map F': Ay — R. Let F' be a
nonanticipative functional.

o We write F' € (C?’O if for all ¢ € [0,T] the map F(t,-) : D([0,T],R) — R is
continuous and if for all (¢,w) € Ar and all € > 0, there exists § > 0 such
that for all (¢,w’) € Ap with ¢/ < ¢ and doo((t,w), (t',w)) < §, we have
|F(t,w) — F{t',w')| <e.

e We write F' € B(Ar) if for every ¢ty € [0,T) and every K > 0 there ex-
ists Ck 4, > 0 such that for all ¢ € [0,%] and all w € D([0,T],R) with
Sup, g0 10(5)| < K, we have |[F(t, )] < Cic.
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e F'is horizontally differentiable at (t,w) € Ap if its horizontal derivative

F(t+h — F(t
DF(t,w) i= lim LU o) = Pt )
hl0 h

exists. If it exists for all (¢,w) € Ap, then DF is a nonanticipative func-
tional.
e F'is vertically differentiable at (¢,w) € Ap if its vertical derivative

F(t hly 7)) — F(t
VoF(t,w) := lim (t,wr + hlp ) (t,wy)
’ B0 A

exists. If it exists for all (¢,w) € Ap, then V,F is a nonanticipative func-
tional. In particular, we define recursively VAT F := VV¥ F whenever this
is well-defined.

e For p € Ny, we say that F' € (C;’p(AT) if F' is horizontally differentiable and
p times vertically differentiable in every (t,w) € Ar, and if F,DF,VEF €
CYAr)NB(Ar) for k=1, ,p.

There is no straightforward extension of fractional Caputo derivative for nonan-
ticipative functional. We choose an alternative approach to obtain extension of our
change of variable formulas to the path-dependent case.

Definition 2.20 (Vertical Holder continuity). Let 0 < o < 1.
e Fis vertically a—Holder continuous on E C Ay if
. \F(t,wt+h1[t,ﬂ) —F(t,wt)|
L:=1lim sup sup
=0 (1 w)e B |h|<e ||

We call L the vertical Holder coefficient of F' over E, and we denote F' €
CY(E).

o Let E, = {(t,w) € A : d((t,w),(0,0)) < n}. F is locally vertically a—
Holder continuous on E C Ay if F is vertically a—Holder continuous on E,,
for each n. We denote F € CY(E).

loc

e Form<p<m+1,wesay F e COP if V"F € C

loc

say F € COP(E) if V' F € COP~™(E).

0,p—m
loc

. For E C Ap, we

We now give assumptions on the functional F' € (C;’m N (C?(fc’, where m = |p|.

Assumption 2.21. There exists a sequence of continuous functions g, € C(Ar,R)
with support By := supp(gx) such that

(1) Ex41 C Ey, gkley, = Lgr <1 and F € C?{;’;(AT \ Ey) for each k with
vertical Hélder coefficient L = 0.
(2) There exists a bounded function g on At such that g, — g pointwise and

T
| ste.soyisiz =o.
0
Define the piecewise-constant approximation S™ to S along the partition m,:

Sn(t) = Z S(tj_;,_l)l[tj’tjﬂ)(t) + S(T)l{T} (t)

[titit1]E€Emn

Then lim,,_,  [|S™ — S||oc = 0 whenever osc(S, 7,) — 0.
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Theorem 2.22. Let p ¢ N, m = [p] and S € Vp(n). If F € C;" NCYP satisfies
Assumption 2211 then the limit

T m

. : 1 n

/0 V,F(t,S:)d S(t):znlggo[ > :] k§ :Eng(tj,Stj,)(S(thAt)—S(tjAt))k
titir1]mn k=1

exists and we have
t t
F(t, ) = F(0, ) + / DF(s, S.)ds + / Vo F(s, 5,)dS(s).
0 0
Proof. We write

F(t,S7) = F(0,55) = > (Ftjsa At SP aes) = F(t; AL S 02))
[tjtj41]€EMn

+ F(ta S;l) - F(ta SZZ)
= > (Pl ALSE ) = Pt AL SE ) + o).

[tj,tj+1]€mn

We only need to consider j with ¢;41 < ¢ since the remainder is o(1) as n — oo by
left continuity of F. We split the difference into two parts:

Fltyan,S7 ) — F(t;, 57 )

= (F(tj41, 58, ) — F(t5, 58)) + (F(t5, 55) — F(t5,57,2))-

tjt1—

Now since S{; =S

t - on [0,241], we have

F(tj+1, St

tit+1—

tit1 tit1
)= F(t;, 87) = / DF(u, 87 )du = / DF(u, S")du,
t t

j j
since DF is a nonanticipative functional. Hence we have

t
lim (F(th,SZ_H_)—F(tj,SZ)):/0DF(u,Su)du

n— oo
[titi+1]€mn

by continuity. It remains to consider the term

n,St Lt

F(t,5¢) = F(ty, S(,-) = F(t;, Sy, 7) = Fty, 55, ),

where Sy ¢, = S(tj41) — S(t;) and S;%(s) == SP. _(s) + L, 7y(s)x. Now from
Taylor’s formula and definition of vertical derivative, we obtain
n,S¢ ¢ n m VfJF(t]aSZ—)
Fty, 8,279 ) = Flt;, 57 )+ ) g Bt - S(t;)"

k=1

1 Sty m n,u m n m—
+ m =) /0 (VOE(ty,Sp7") = VEE(t, 57 ) (St 04, —w)™ .

From the definition of C%?, we see that there exists M > 0 such that

IVEF(t;,5;%) = VEF(t;, 87, )] < Mlu[”™™,
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for each ¢; when n is large enough. This shows that

1 Stjtin m n,u m n m—
‘m/o (Vw F(tj7Stj7—) - Vw F(tj7Stj—))(St i1 —U) ldu

< M‘S(tj.g.l) - S(tj)|p'

for some constant M. Fix k € N, and divide the partition intervals into two parts.
The first part 7} contains [t;,#;41] such that (¢;, St,_) € Ej and the second part

7y, contains [tj, ¢;41] such that (t;,S7_) ¢ Ey. Then we have

>

1 Stj i+t m n,u m n m—1
(vw F(tjvstj—)_vw F(tj7Stj*))(Stjatj+1 _7-”) du

—1)!
[tj,tjr1]l€mn (m ) 0
< D MIS(t)=SE)P+ Y ML(SE _,05c(S, m))|S(t41) = S(t5)[7,
[tj.tjr1]€my, [tj.tjr1]€n?
where

|VZLF(t, Wt + hl[t T]) - V?F(t,wtﬂ
L(w,€) := sup — .
|h|<e |h[p—m
From the definition of vertical Holder continuity, we have

lim sup L(w,e) =0
=0 ,ep\ By

for each k with F a bounded subset of A7 containing all stopped paths occurring
in this proof. Hence

lim > ML(S} _0sc(S,m))[S(tj11) — S(t;)[P = 0.
[tj,tira]€my

As for the first part, we have

fi, 3 S-SR i, S Mo SIS S0P
[tjtjr1]em) jitit1]€mn
= [ ottt sops),
by Assumption 2211 Letting k tend to infinity yields the result. a

The notion of pth order variation can be extended to the more general concept
of ¢-variation [I9] for more general functions ¢ : R — R:

Definition 2.23 (¢-variation along a partition sequence). Let ¢ : R — R be an
even function. A continuous path S € C([0,T],R) is said to have a ¢-variation
along a sequence of partitions 7 = (), if 0sc(S,m,) — 0 and the sequence of

Z |o(S(tig1) — S(t))0(- — ts)

t;€mp
converges weakly to a measure p without atoms. In this case we write S € V()
and [S]?(t) = u([0,t]) for ¢t € [0,T], and we call [S]? the ¢-variation of S.

Remark 2.24. If we consider an expansion of f of the form

> W= a)" 4 g(@)ely — 1) + o(o(y — ),
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then following the steps in the proof of Proposition [LI6] we can show that g = 0
almost everywhere. Hence a regular remainder should not appear in this case.

Under the following condition on the function f we can obtain an extension of
Theorem [2.22] to the case of paths with finite ¢-variation.

Assumption 2.25. There exists a sequence of open sets U; such that U1 C U;
L : F @)= (@)
fori=1,2,--+ andlims_. SUP|y—y| <60 yeK ~[oimi(y—a)| 0 for all compact sets

K € R\ U; and, denoting C = N°U;, we have

T
/0 1gsmecy dISI2 () = 0.

We state the following result without proof, the proof being similar to that of
Theorem [2.22]

Theorem 2.26. Let m € N and ¢ € C™(RT,R") such that

lim M =0, lim ¢(z) = 0

z—0 ™ z—0 gm+1

If f € C™(R) is such that Assumption 228 is satisfied, we have

F(S(8) — F(S(0)) = / F(S(u))dS (u),

where the integral is defined as a (pointwise) limit of compensated Riemann sums:

t (k) .
| rswasw = im0 S T s 00 - s n0)-
[tjtjt1)€mn k=1 ’

3. AN ISOMETRY FORMULA FOR THE PATHWISE INTEGRAL

Ananova and Cont [I] proved a pathwise analogue of the It6 isometry for the
Follmer integral with respect to paths with finite quadratic variation. This relation
was extended to p > 1 in [II]. In the same flavor we derive here an isometry relation
for the pathwise integral in terms of the ¢-variation, where ¢ : R — R is an even
function satisfying the following assumptions.

Assumption 3.1.

(1) ¢ is strictly increasing, continuous and ¢(0) = 0.

(2) ¢ is convex on [0,00) and x — log@(x) is a convex function of logz on
(0, 00).

(3) For x>0, the limit

_ p(zy)
p(x) := lim
() = Jimy o(y)
exists and the convergence is uniform on bounded sets.

(4) o0 > p(¢) = sup {p s lim, g % = 0} > 0.

We first introduce a generalized version of Minkowski’s inequality here [23].

Lemma 3.2. If ¢ satisfies first two conditions in Assumption B, then for any
positive sequences {a,} and {b,} we have

o (bt +)) <07 (X lan) + 07 (X 00n)) -
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Theorem 3.3. Let ¢ be an even function satisfying Assumption Bl and m, a
sequence of partitions of [0,T] with vanishing mesh. Let S € Vg(m) N C*([0,T],R)

,/1+ﬁ—1

for some a > ——5——. Let F' € (C;’2 (A1) be Lipschitz-continuous with respect to
doo with Vo, F € Cp (A7), Then F(-,8) € Vy(r) and

t
FSIE0 = [ (VP S))AISAG).
Proof. We have the same
Rp(s,8):=F(t,S¢)— F(s,5:) — Vo F(s,S:)(S(t) — S(s)), |Re(s,t)] < C|t — s[>+,

Let yr(s,t) :== Vo, F(s,S5)(S(t) — S(s)), we have from Lemma [32] that
(11)

¢! > S(F (41, S,,,) — F(t;, )

[tj:tj+1]Emn
tj+1<t

<o | D G(Re(tit)) [+ DD dllvetyti)l)

[tj,tj+1]€mn [tj,tj+1]€mn
tjp1<t tjp1<t

<2¢7" E d(IRF(t),tj+1)])
[tj tj+1]€mn
tjy1<t

+o7 > O(IF(tj1,Sh,,) — F(ts, 8:)))

[tjti+1]€Emn
tjp1<t

and since Rp(s,t) < C|t — s|*°+°, we have

o Y G(Re(tuti) | <ot DD o(Clty — 10t

[tjtj+1]€mn [ty tj+1]€mn
tj4+1<t tit+1<t

1A
Furthermore due to a > %, we know a + a2 > ﬁ. Hence there exists
€ > 0 such that

1
(Cltjer = 1;1") < @(Cltjun — 1] 797).
Then by the definition of p(¢), we see that

(p)—€/2
S(Cltj1 — t5]70=7) < w(ltjpr — t;])CPO /2|40 — 1] soe |
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where w is continuous on R and w(0) = 0. Combine all above, we get

nler;o¢_1 Z O(|Rr(tj tj1)]) [ =0
[titjs1]E€mn
tjr1<t

and we also have

¢
ot | S st | =0 ([ v sasee).
[tjti+1]€mn 0
tjy1<t
In fact, since V, F(t,S;) € B(Ar), there exists M > 0 such that |V, F(u, S,)| < M.
For each € > 0, there exists § > 0 such that

ETR R

for all |z] < M, |y| < 6. Then we have for n large enough (i.e., osc(S,m,) < 9)

> IV F(ts, 5e;)(S(tj41) — S(t5))])

[tj,tjp1]€mn tj 1<t

< > IV F(ts, Se,))o(IS (1) — S(E5)]) + €p(|S(Es41) — S(E5)])-

[tj,tj+1]l€mn,tj 1<t

Then let n tend to infinity and € tend to 0, we obtain

im ST G(VLF (.5, (S () — S()

n—oo
[ty tj41]€mn,tj11<t

t
= [ etvapts 8IS ).
Then taking limit in (II), we obtain the result. O

In particular, if we set ¢(z) = |z|? for p > 0, we have (x) = lim,_,o % = |x|P.

Hence, we have the corollary.

1

Corollary 3.4. Let p € RY, and o > ((1 + %)5 —1)/2, let 7, be a sequence of

partitions with vanishing mesh, and let S € V,(m)NC*([0,T],R). Let F € (C;’2(AT)
such that V F € (C;’l(AT)). Assume furthermore that F is Lipschitz-continuous
with respect to doy. Then F(-,5) € V() and

F(,S)P(t) = / Vo F(s, S)PAIS]P(s).

N e |
Remark 3.5. Notice that there always exists a > % such that VyN
C*([0,T],R) is not empty.
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Example 3.6. We can see ¢(z) = \/%gm satisfies Assumption Bl In fact, it is

strictly increasing and continuous and ¢(0) = 0. Furthermore,

, 1 1
¢'() V—Tlogw * 2(v/—Togz)? - an

/! — 1 3
¢"(x) = 2r(v—Togz)? | da(v-Toga)

Hence ¢ is convex. And we have

> 0.

log ¢(x) = logx — @.

It is easy to check that z — =z — w is convex. And

o) “logy
P@) =1 D o Togz—togy ~ 1@

Hence we have

F(, S)(t) = / IV F (s, S,)|dISI(s).

4. MULTIDIMENSIONAL EXTENSIONS

The extension of the above results to the multidimensional case is not entirely
straightforward, as the space V,,(7) is not a vector space [2§].

In the case of integer p, some definitions may be extended to the vector case by
considering symmetric tensor-valued measures as in [I1] but this is not convenient
for the fractional case. Our definition below is equivalent to the definition in [I1]
when p is an integer.

Definition 4.1. Let p > 1 and S = (S%,---,5%) € C([0,T],R?) be a continuous
path. Let {m,} be a sequence of partition of [0,7]. We say that S has a pth
order variation along m = {m,} if osc(S,m,) — 0 and for any linear combination

Sq = Zle a;S%, we have S, € V,(r). Furthermore, we denote u15, to be the weak
limit of measures

WS, = Z 6(- = tj)[Sa(tjs1) — Salty)|".
[tjstj11)€mn
We denote S € V, () if S satisfies this property.

Remark 4.2. Tt can be easily seen [I3] that multidimensional fractional Brownian
motion satisfies this property along sequences of partitions with fine enough mesh.

Theorem 4.3. Let p=m + a with m = |p| and S € V,,(n). Assume f:RY — R
satisfies

(1) V™ f(x) € Cp;

@ (Sym.,(RY)) and there exists a sequence of open sets Uy
such that Ugy1 C Uy and

L IV () = V@)

yoe ly — 2/

207

locally uniformly on Uf.



756 RAMA CONT AND RUHONG JIN
(2) Setting C = NxUy, for all a = (ay,--- ,aq) € R we have

T
/ 1is(t)ecydps, =0,
0

where pg, is defined as in Definition A1l
Then we have

f5@®) = f(5(0)) = /0 VI(5(u))dS(w),

where

| viseyist = tim 3 S < VRS (). (St 11) - S(5)7F >
[tj tjr1]€Emn k=1

Before we prove the theorem, we give a lemma here.

Lemma 4.4. Let aq,---,aq be positive numbers such that p = E?Zl a; > 1.
Suppose S € V,,(m) in the sense of Definition LIl Then the limit of

> T[S (ta) — S'(ty)

[tj:tj+1]€mn

(627

is bounded by a sum of pth variations of 2¢ different linear combinations of compo-
nents of S.

Proof. For any positive number aq,--- ,aq such that p = Z?Zl a; > 1, Young’s

inequality implies

I S (tj41) — (tjr1) = S'(t5)],

d
DV

o
p
which shows that

I 8" (841) —

Z |Z€z (tj+1) Si(tj)”p-

e;=+1 i=1

By taking the sum over the partition 7, and taking the limit n — oo, we then
obtain the desired result. |

Proof of Theorem 43l The technique for the proof is the same as the previous
theorems. We only consider the situation ¢ = T, the case t < T is similar with an
o(1) additional term. Using a Taylor expansion,

F(S(T)) ~ £(S(0))
= > Z—_<V’”f 1)), (St 1) — S(t,)® >

[tj,tjp1]€my k=1
1 1
bt < TS ) £ AS ) - S(65)) - VRS,
(m—1)!Jo
(S(tjr1) = S(t;)®™ > (1= X" 1dA.
We denote last integral by R(t;,¢;4+1). By Holder continuity of V™ f, there exists
M > 0 such that
IV F(S(E) + AS(E41) — S(E5))) = V™ F(S(E))]

< M.
A S(t41) = S|
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This leads to
‘R(tjat]+1 |< / /\O(HS J+1 (tj)HaH(S(tj+1)—S(tj))®m||(1—)\)m_1d)\_

For k € N, we divide the partition 7, into two components 7} := {[t;,t;41] € Ty, :
S(t;) € Ug} and 72 :=m, \ w}. On 7}, we have

> IRt < D MIIS(ti1) = SE) NS (Ei41) — SE)E™

[tjtj+1]€m], [tjtj+1]l€my,

with M = % fol A%(1 — A\)™~1dX and on 72, for each € > 0, when n is large
enough,

> IR )l < YD ellS(tin) = SENIS E1) — SE)E™-
[tj.tj+1]€m2 [ty tj+1]l€my

In order to give our result, we need to give a bound for

T Y St - SIS ) - S,
[tj,tjr1]€Emn

First we have
d

IS(tj1) = SEN* < CD 18 (tj41) — S*(t;)|

i=1
for some constant C'. By Lemma [£.4] we know that each component of
Tm ST St — S (S(t ) — ()"
[tj,tjt1]€mn

can be bounded by the sum of 2¢ different pth varaitions of linear combinations of
path S. Hence

B Sle) - SENS) -S()°)
titjr1|E€ETH

is bounded by some constant C(S, ) related to S. This measure is dominated by

a sum of measures p, with enough terms r = 1,--- , R. Then we have
Jim > IRt ti))

[tjstjr1]€mn

< lim. > Ma(St)IS (1) = S (S (ti+1) = S(E))™ || + €C(S, )
[tjrtjp1]l€mn

< Z/ gr(S(1))dpr 4+ €C(S, ).

Here g, < 1 is a positive smooth function with support in Ux_; and ggly, = 1.
Letting K — oo and € — 0, from the assumption on f we obtain the result. O

Remark 4.5. This result may be extended to time-dependent functions as discussed
above.
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Remark 4.6. One cannot expect to obtain a multivariate Taylor—type expansion up
to order p ¢ N in general. The simplest function f(z) = |2|* with 0 < a < 1 does
not admit a Taylor—type expansion up to order « at 0 since the limit

[ ]

lim ———————
e=0 a1 [* + - - |zal®

does not exist.

APPENDIX A

A.1. Properties of fractional derivatives. We recall here some basic properties
of fractional derivatives used in our proofs. Proofs may be found in [27].

Proposition A.1. Suppose f is a real function, a, B are two real numbers. We
will also use the convention that IS, = D_ . They are well-defined since there is
always one nonnegative superscript. Then we have
(1) Fractional integration operators {15, ,a > 0} ({1, > 0}) form a semi-
group in LP(a,b) for every p > 1. It is continuous in uniform topology for
a > 0 and strongly continuous for o > 0.
(2) In each of the following cases:
® 320,a+p20,f € L(a,b),
e $<0,a>0,f e L (LY (L, (L),
c a<0a+p<0,f el (L), (L),
we have

P =177, I oIl f=12"F.

B) Ifn <a<n+1and f € L'(a,y) and D% [ exists on (a,y) for some
y > x € [a,b], then we have

n+1 Da+] »
Ia+Da+f Zl" a_j_]_ (x_a)a J'
Similarly,
&= jDa J (b) a—j
IaDaf = Zﬁ(b—x) j.

Here D7, f(a) = limy_q y>q D f(y) for any k € R and similar for the
right Riemann-—Liouville fractional derivative. Blow up at (v — a)* "1
is allowed since it is integrable near a and I3 D¢, f lives in the space

L'([a,y])-

Next, we enumerate below some basic properties of the Caputo derivative.

Proposition A.2. Let f be a real function and o, 8 > 0.
(1) If « = n € N and f is n times differentiable, then C2, f = ) and
Co f= (=1 fm
(2) Let 0 < o < B and f € L'a,b], then we have C’g‘+15+f = Ig_:o‘f and
Co Il f=1)"f
(3) C2 C{’lﬂ = C’O‘Jr” and Cg-Cp- = C*™ for alln € N.
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We provide a proof of Proposition [LI0 here. Let us start with a simple but
useful lemma, which corresponds to Theorem 3.3 in [20] for the case p = 1.

Lemma A.3. Suppose f € C"([a,b]), then for any 0 < o <n and a ¢ N, we have
actually C®, f(a) = Cp- f(b) = 0.
Proof of Proposition [L10l. Define

(k)

Zf _ )k

From Proposition [A.1]l we have

o o _ s, Da+ g( ) a—j
I3 Dy g(e) = g(x) — ; a—j+1) (x—a)™ .

Now we have by linearity of Riemann—Liouville fractional derivative operator and
definition of Caputo fractional derivative that

) *)(a
D g(a) = -y Ppes - wpy.
k=n—j+1
Furthermore, for k > n—j+1> a—j, D%/ ((z —a)¥)(a) = C*7((x — a)*)(a) by

definition. Hence we have

, no g ,
Dega) = 0o @) Y T Wi - 0 ).
k=n—j+1 ’

Now since f € C™ and (- — a)¥ € C>, we see that actually Djfjg(a) = 0 for every
j=1,---,n by Lemma[A3 For the case j = n+ 1 and a < n + 1, we actually
have that

g g(a)] =T (1)

1
li
yay>a F'n+1-a)
1
im
y—a,y>a F(n +1-— a

= 1 ; _ n+l—o _
Py {|g<>|}<y a) e =0,

When j =n+ 1= q, then D" 'g(a) = g(a) = 0. So actually we have
g9(x) = I3+ Dgyg(x) = 152 C% f (@),

hence the result. The derivation of the other formula is similar. O

/ay - Ee?andt‘
| et >}dt'

a—n

IN

A.2. Proof of Corollary .14l We only prove for the left Caputo derivative case.
WLOG, we assume C, f exists on the interval [a, z] since o(|z —a|®) only concerns
with the x close to a.
T O t x (a+) T e t) — flat)
IS (O o ULSLC PN Y L 9\0ES Gl
() Jo (z—t)'= () Jo (=) T(a) J, (z — 1)t
(@) (a) 1L (2O f(t) = [ (a)
( o

(@—t)—o

dt.
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Furthermore,
1 /m ce f(t) —f(a”(a)dt o1 /”” maxe a0 {|Co f(£) —f(a”(a)\}dt
I(a) Jq (=)t (o) Ja (x—t)-e
_ maxega {10850 S @I
I'a+1) )
Hence
1 f{L’ Cz+f(t)—f(a+) (a) dt
. T(@) Ja — (@=t)1=® - maxefe o {IC2 () - FP) (a) [}
lim < lim ’ a =0.
r—a,x>a (:E — CL)O‘ T—a,x>a F(a + 1)
O
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