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established for these cases. On the other hand the theorem
of oscillation for other differential equations which like
Lamé’s involve two parameters* may be established by
reasoning almost identical with that here used, the difference
again coming in only in the four Lemmas. I hope soon to
return to these and other similar questions.
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SOME EXAMPLES OF DIFFERENTIAL
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(Read before the American Mathematical Society at the Meeting of De
cember 29, 1897.)

I~ the following paper certain invariants for projective
transformations are given. The derivation, according to
Lie’s methods, is given in full for the plane, and the method
for the corresponding problem in space of three dimensions
is sketched in, and the results of the solution are given. It
is believed that all the invariants given are new.

For an infinitesimal point transformation of the zy plane
z and y receive the increments

dw=2§(m,y) 0, dy=r7(x,y)%,
respectively, where ¢¢ is an infinitesimal independent of «

and y. This infinitesimal transformation is represented by
the symbol
of

- of
Xf—f(%y)'a’;;‘l"?(w;?/)a/’
The increment of any function ¢ (=, y) is then

>} 2 2
a¢=£ax+%6y= a—;"5+gﬁ;n)6t=x¢-6t.

If, then, ¢ is to be invariant for the transformation Xf, we
have as a necessary and sufficient condition X¢ = 0. Lie

*;For instance Lamé’s generalized equation. See Reihenentwickelungen,
p. 125.
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has further shown that if ¢ (2, y) be invariant for the infini-
tesimal transformation Xf, that it is also invariant for the
finite transformations defined by Xf. This follows at once
from the fact that any one of these finite transformations
changes ¢(z, y) into ¢,, where *

—et o KXot b X(Xe) + L X[X(Xe)] 4

If X¢ = 0 this reduces to ¢, = ¢, so that ¢(z, y) is invari-
ant for the finite transformation. When, therefore, we de-
sire to find the invariants for the infinitesimal transforma-

tion Xf we have simply to solve the partial differential
equation

2] %)
E(my) 5+ 1(@,y) 5= 0

In this case there is only one invariant, all others being
functions of this one.

The transformation Xf transforms not only the points
(z, y), but also every figure in the plane. Thus if we con-
sider a curve, its points, slope, radius of curvature, etc., are
transformed. The manner in which the points are trans-
formed is given by Xf, and knowing how the individual
points are transformed we can compute how

d d
(JTZ =y, gxyz =y",

are transformed. It is easily shown that ¥
v=[-vE]s
= gz, + y’(% - g%)—y Zgy]ﬁt = (2,9, y)%,
oy’ = [ Iy g—z]ét = ,(2, 3,9/, ¥")ot.

The symbol
I‘f_ £ f f + 1 f

* Lie : Differentialgleichungen mit bekannten infinitesimalen Transfor-
mationen, herausgegeben von Scheffers, p. 58, Theorem 4, and p. 62.
T Lie : Differentialgleichungen, p. 272, p. 338.
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shows then how =z, y, and ¢ are transformed, and therefore
how any function of them is transformed. This is known
as the once extended transformation. Just as before the in-
crement of ¢(x, y,y’) is X'¢- 0t. Similarly, the twice ex-
tended transformation is

e £ Of of of of
Xf—5§;+ +%éy+ﬂgw,

and X”¢ - ot is the increment of ¢ (2,9, ¥/, ¥”). To find the
differential invariants of the nth order for the transformation
Xf we must extend Xf n times, and then the solutions of the
partial differential equation X*f = 0 are the desired invari-
ants. In solving this equation z,y,v,y", - ,y™ are to be
treated as independent variables. If the function is to be a
simultaneous invariant for a number of transformations
X.f, X,f, -+, X_f, we have to seek the solutions of the simul-
taneous system of partial differential equations

X0 f=0, X f=0, -, X" f=0.

Of course there may be no common solutions of this system
of differential equations. In particular, if X f, -, X fare
the infinitesimal transformations of a group with r param-
eters, the system of differential equations just mentioned is
complete. The number of variables involved is n + 2, and
therefore in this case there are at least n + 2 — r common
solutions of the r equations. If the equations are linearly
dependent there are more solutions, there being n + 2 —
r + k, when the equations are connected by k linear rela-
tions.

If we consider a configuration involving a number of
points (z,, v,), (=,, ¥,), -, instead of only one point, we must
write instead of Xf the following :

e 2] o) 2
¢ (xl yl) 5{;:1-'_ i (xlyl) é§1+ g (xzyz)a;::_ +7 (xz?/z) ’a“‘:{/;"l' e

To find the differential invariants ¢ (@, y,, 2, ¥, v/ 9.5 9.,
y,”, ) this transformation must be extended just as before,
and the solutions sought of the partial differential equation
obtained by equating this extended transformation to zero.

‘We have now stated the principles required for the solu-
tion of the following problem :

Gliven two curves in the xy plane, with a point on each. The
plane is subjected to the general projective transformation. Re-
quired the differential invariants of the second order.
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It is well known that the general projective group in the
plane has eight parameters, and that the eight independent
infinitesimal transformations may be written in the form *

xf=F xi=gh Xp=sdl Xf=agl, Xf=y

Xi=yZ, Xj=s P tugl, Xf=a by T

‘When we consider the differential invariants of the second
order for two points, we have eight variables, viz.

Ty Yo Yy 95 Ty Yoy Y5 Y
Therefore by extending each of the transformations
Xfy oy Xof

twice we obtain a complete system of eight equations in-
volving eight variables. The transformations are extended
by means of the formule

dy ds
= L gy -
dy = [dx Yy d.’l:] 0t = ,0t,
dn ds
" — 1 /" — .
oy [ e YV i ]8t 7,0t
For example, for X, f we have, & = zy, y = ¢, and

=2y —y(ay +y) =gy —ay’, 7= —3ayy’

The complete system of partial differential equations is thus
found to be :
0= o + of

o, ' ouz,

o, o
=2y, Ty

.o ., of " af of _ ,of n of
0= 22 axl % éy 2y1 // + Ty 5 ax Y a‘%/ 2 2//7
f of . of
‘33/1 Wt oy T ey, oy

O=v

* Lie : Continuierliche Gruppen, herausgegeben von Scheffers, p. 26.
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—_ _a_-_f o af 1oy 11 _?L

O=thg, —W 3y ~3UN 3y
af ’”? af " af

+ Yy a_'x2 - Y ay yz Y, ay "

6 e ? 3 2
0=y1 f+y1 f+ 1”3‘,,/{‘/ Ys yf+y2 ayf"l'yz ag}fn’

2]
+w1ylaf + (3/1 1?/1’)a_f—3x1?/1”afu

1

3f

0=z}

9 e) e)
+ zaf+xayzaf+(y2 zyz/)a:‘yf/_3xy,, f
2

z 2J2 a?/g”,
) ) g 2
=x1yxaf+?/1 a;'{'yl (y,— 1%)8?;{/_3"”1% yl,ay{n
of . .9f , oy of s Of
+xzyza_x2+y2 a—yz'l'yz (yz'—“’zyz)a%/ 3x23/2 Ya W

If these eight equations are independent there are no com-
mon solutions, and consequently no invariant of the second
order. It is found however, that the determinant of the
coefficients vanishes identically, that is :

1 0 0 0 1 0 O 0 =0
0 1 0 0 0 1 0 0

2 0 —y/ —2y,” z, 0 —y/ —Ry,"

0 z 1 0 0 =z 1 0

n 0 —y” =30y g 0 — —3y,y""

0 v n’’ 0y @ Y’

2 -’”1.'/1 h—ry” —3wy””  w? ow ?h Yo—ay," — 8xyy,”/

w1 92 9 (Yr—29’) =32y Ty, Y2 9 (Yo—aYy’) —3u,95'y,"”

Therefore the equations are connected by a linear relation.
Moreover, all the seven rowed determinants do not vanish
identically ; for instance, the upper left hand corner one is
equal to

yl” [:’/2 —Y%h— yll (962 - xl)] [yz —%h— yal (xz - x1)]
[yz -0 y1’ (.’172 - x1) + Yo— Y% — yzl (xz - xl).]

Seven of the equations are therefore linearly independent,
and consequently there is one and only one common solu-
tion of this system of partial differential equations. By
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the method of finding all the solutions of one of the equa-
tions, and substituting them as new independent variables
in the remaining equations, and repeating the process, this
one solution is readily shown to be

f_. yl Yo — yzl (x - xl)
N Yo — yl - yl (m 1)
This is the only irvariant of the second order of two points,

for the general projective transformation of the plane. To
interpret this geometrically, we have:

3
V[yz —%h— yzl (xz - wl)]3= (1 + yzl)g[/‘./z—yl - yzl (w2 —'wz)]
%' ! (1 +yb

=p,- P Q137
where p, is the radius of curvature at (=, v,), or P,, of the
curve through this point, and P, @, is the length of the per-
pendicular let fall from (w,,y,), or P, to the tangent at
(%,9,). Let the tangents at P, and P intersect at M (see
figure), 0, be the angle at P, between the normal to the

"]

0;7/192 Q, M\

curve at that point and the line P, P,, and 0, the corre-
sponding angle at P,, Then the invariant is

@(1_?_1‘(,2_2)3= (PM) _ P08’ 0,
P, Q, r,M pCOST O,

Discussion of the Invariant for a Special Case.

Let us suppose that the two points lie on the same curve,
and that the invariant has a constant value however the
points be chosen. Interchanging the two points the in-
variant takes on the reciprocal value, hence its value must
be =1. Now let the points be taken infinitely near to each
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other. Then, dropping the subscripts for the point (z,, v,),
we have
x, = x + Oz,

—y+y'5x+ 5:c+y 6x+—6x+y8x+
3/2'=?/ +y”31'+y275x2+y—3x3+g—&v*+-~-,
y“_y“'l“?/”’a'”‘f'y 5:” +y 6x+

- YRS

=1 — 7,3 [ gy y// 45y//yu/yiv + 4:03/”/3] +

This shows tha.t the invariant cannot have the constant
value + 1; if it has the constant value — 1 the two points
must lie on the curve whose differential equation is

gyvyl/ —_ 4:5yllyll/yiv + 4:0y1113 — 0’
that is, they must lie on a conic. Conversely, if the two
points do lie on a conic the value of the invariant is easily
shown to be — 1. The case in which the conic degenerates
into a pair of right lines has no interest, as the invariant

then becomes indeterminate. 'We have, therefore :
If two points lie on a curve and the invariant

3
p, cos’ 0,

3
p, cos’ 6,

has a constant value for all positions of the points on the curve,
then this constant value must be — 1, and the curve is an undegen-
erate conic.

That is, we have for a conic

p,cos® 0, + p, cos® 0, = 0.

This latter result may also be deduced as a special case of
a general theorem due to Reiss.* Let an algebraic curve
of the nth degree be cut by any right line in the points
M, M, -, M. Denote the radius of curvature at the point
M by Pv and "the angle between the normal at M, and the
transversal by 6. Then the formula referred to is

i 1
iy 3
wd p, COS" 0;

*Correspondance mathématique et physique de Quetelet, vol IX., p. 152.
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‘When the curve is a conic this evidently reduces to

p, cos® 0, + p, cos’ 0, =0.

. p,co8’d, . . . e .
That, in general, > ——-* is invariant for all projective
p, cos’ 0,
transformations of the plane, whether the two points be on
the same curve or different curves, seems to have been
hitherto unnoticed.

Analogous Invariant for Surfaces.

In space of three dimensions consider two surfaces, and a
point on each. Let the surfaces be subjected to the general
projective transformation, and let us seek the differential
invariants of the second order. The general projective
group in three dimensions has fifteen infinitesimal transfor-
mations. If we write

_az _%_ r—& 8—__—_812 t—%

p= —3;7 q= ay7 - 2%’ - axay7 - ayw
the invariant will be a function of =, y,, 2, p;, ¢, 7 8y £,
andx,, -, t, ; that is, it will involve sixteen variables. Each

of the fifteen infinitesimal transformations must then be
twice extended. If the point transformation be

o) 2 )
Xf=5(x7%z)§‘£+’9 (=, v, z)“aiy",'z(w’y:z)éj;;

the twice extended transformation is

of , of o of of
ne O ~J e i AN
X'f=t5" g, oo e, +¢aq
of of of
tlar T8 T o

where we have,
__of 0% 5 5 o o7
=3, +p8_z— "P(é;*‘?“a—z)'—Q(g;"l-pé—g),
__of =14 5 9%\ _ (97 o
‘/’—a‘—y“'l'Qa_z_p('a?/‘*'q&‘) Q(ay“"Qaz)}

_9¢ Q¢ d¢ Jo
F = tPatr

o g

of 0% 97 Gl
—r(atre )~ (5 +25)
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9% 9
’ 8y + %5, + e ap +taq
CH ¢ I
(5 +15:) —* (55 +130)
__9¢ 3¢ oy o¢
=% tPo T 3p+ 9q

o& 35 =2 2L
—i(mtrs) —tatra)

o¢ o¢ 9¢ o

or

=ay Tl T tiag
0% o5 97 I
(o tre) (5 %)

Using these formulas to extend the group, we obtain a com-
plete system of 15 partial differential equations in 16 vari-
ables. The equations are, however, not independent, there
being one relation between them. They have therefore
16 — 15 4 1 = 2 solutions, and therefore there are two in-
variants of the second order. One of these is at once de-
ducible geometrically. At each of the points draw the two
principal tangents to the surface. Pass a plane through
the line joining the two points, and each of these tangents.
Then, since principal tangents are carried over by a projec-
tive transformation into principal tangents, the anhar-
monic ratio of these four planes must be invariant. This
first invariant, which we shall call I, has no great in-
terest. The second invariant may also be derived geo-
metrically, by making use of the invariant found for plane
curves, but the process is very long. It is much shorter to
actually integrate the system of fifteen differential equations
above mentioned. We find that

Py Tt[_ zl—p2(x2—xl)—q2(yz—yl)]‘
s r,t Zl“‘p1<w2_x1)'—q1(y2—yl)

is the second solution. The geometrical meaning of this is
that

I R R/ cos' 0,
* R,R/ cos*0,

is invariant for a projective transformation, where R, R,
are the principal radii of curvature at (2, 4,, 2,), and 0, is
the angle between the normal at (z,, y,, 2,) and the line join-
ing (=, v, 7,) with (z,, y,, 2,) ; and R,, R', and 0, are the
corresponding quantities at (z,, v,, 2,)-
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If the two points lie on one surface, and the invariant I,
have a constant value however the.points be chosen on this
surface, then I, = + 1. If the surface be a quadric surface
which is not a cone, it is easily shown that I, = 1.

The analytical expression for the first invariant, I, is the
following :

[ (zz_ zx)2 (71t2+-/r2t1_ 28132) ]
+ 2(z2"' zl) (xz_ ml) [(P1+ pz) 8182_p172t1—p2/"1t2
+ (%— %) ("'132_'7'281)]
+ 2(%" zl) (3/2"‘ yl) [(Q1+ 92) 88— 91"'1t2— %rztx
+ (pz_ p1) <8zt1_ 31t2)] + (xz_ "’1)2 [p12T2t1 =+ _p,’?‘lt2
P 2p,p,8,8+2(0,—0) ({1r281_.p27182)2+ (¢, _291)27')2"'1] g
qug-l-pqu— P14y — 4P, )88,

+2@V_%M%'WO[+pﬂmﬂ+pﬂm%

+ (pz - pl) (p281t2 - p182t1)

+ (% - Q1) (q2"'281 - %7'182)

+ (?/r‘ ?/1)2 [9127'1t2 + %zrztl— 2%%8132
L + 2(p2— pl) (ql'gltZ_ %’sztl) + (pz—' pl)2t1t2] J
[zz — %D (xz - xl)_ % (yz - yl)] \/(812 - Irltl)

[zz — %D, (wz—'aﬁ) -4, (:‘/2 - :’/1)]\/('322 - rztz)

This is not the anharmonic ratio of the four planes mentioned
above, but that ratio is
—iL+4

This anharmonic ratio is readily computed when we notice
that the anharmonic ratio of four planes, all passing through
two common points (a,, b, ¢,) and (a,, b,, ¢,), and one plane
through each of the four points (x,, v,,2,), -, (%, 9, 2,) is

P 12 D, 34
1% D 32
where D,=abec1
a,b,¢,1
xi y{ zi 1
xk yk zk 1
If the two points lie on a quadric (not a cone) we find I, = 2,
so that the anharmonie ratio of the four planes is zero. The
two pairs of planes reduce to a single pair for quadric sur-
faces, as is also evident from geometrical considerations.

LErrzic,
December 7, 1897.
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