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A N E W P E O O F O F WEIERSTRASS'S T H E O R E M 
CONCERNING T H E FACTORIZATION 

O F A P O W E R SERIES. 

BY PROFESSOR GILBERT AMES BLISS. 

T H E theorem which is to be proved here may be stated in 
the following form : 

Let f(xv x2, •. -, x , y) be a convergent series in xv x2, • • -, 
xpy y y and such that the series f(0, 0, • • -, 0, y) begins with the 
term of degree n. Then f(xv x2, • • -, xp, y) is factorable in the 

form 

f(xv x2, • •., xp, y) = (a0 + aYy +• a2f + . . . 

+ an-<yn-x + yn)${xv
 xv • • •> X

P> y)y 

where aQ, av • • -, an_1 are convergent jjower series in xv x2J • • -, x 
which vanish for xx = x2 = • • • = xp = 0, and <f> is a power series 
in xv x2, • • -, xpJ y which has a constant term different from zero. 

In the Bulletin de la Société Mathématique de France * Goursat 
has called attention to the fact that the proof which Weierstrass 
gave of this important theorem, as well as the later proofs 
which occur in the literature f make use of the notions of the 
function theory, while the theorem itself is essentially of an 
algebraic character. In the paper referred to he has given an 
elegant and elementary proof of the theorem which is in outline 
as follows : 

By means of the substitution 

yn = - ao - aiV - a
2y

2 an-$n~l 

the series ƒ can be reduced to a polynomial P of degree n — 1 
in yy whose n coefficients are convergent series in a0, av • • -, 
an-v xv x2> ' ' '9 xp* By the usual theorems in implicit function 
theory it is shown that the n equations found by putting these 
coefficients equal to zero have unique solutions for aQ} av • • -, 
<\_i as power series in xv a?2, • • -, xp which vanish with xv x2, 

* " Démonstration élémentaire d 'un théorème de Weierstrass," vol. 36 
(1908), p. 209. 

t Picard, Traité d'Analyse, vol. I I , p. 243 ; Goursat, Cours d'Analyse, 
vol. I I , p. 284. 
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• • -, xp. I f the values so found are substituted in the formula 

yn = - «o - aiV - a2V2 an-iyn~l + P 

and the series ƒ again reduced, a polynomial P1 of degree n — 1 
in y will be found whose coefficients are series in xv xv • • . , xp} p. 
On account of the way in which the functions aQ, av • • •, an_l 

were determined, this polynomial Pt has a factor p and hence ƒ 
has a factor (a0 + aYy + y + an - 1 y11-1 + yn). 

The proof which is given below seems to the writer even 
more direct than that of Goursat, and it furnishes besides con
venient formulas for the determination of the coefficients of the 
series a09 av . . •, an__v 

The series ƒ can evidently be written in the form 

( i ) ƒ = - 1 + ƒ„ + Av + Av2 + ••• +fnf +•••, 

where the coefficients fk are power series in xv x2, • • . , xp, and 
fv f29 " ' >fn

 n a v e n o constant terms. If a convergent series 

6 = 60 + 6l2/ + 622/2 + • • • 

having its constant term different from zero, together with n 
other convergent series /̂ 0, fiv • . . , /x-w_1 in a ,̂ a?2, • • •, x , can 
be determined so that the identity 

(2) 6 ( - y » + / 0 + . ƒ > + • • •) =5 A*o + /W + ' '• + /V-12T-1- 2/n 

is true, then the series <£ of the theorem will be 1 /b and the 
theorem will be proved. By comparison of the coefficients of 
the different powers of y in (2), the equations 

^0 = bo U 

^i = bofi +bifo> 

(3) / V i = bjn_l+ bjn__2 + • • •+ bn_J„ 

K- l = KA + blfn-l +' ' •+ V l / l + KU 

K = 60fn+Jc + blfn+Jc~l+' ' ' + bJc-lfn+l + bJn+ ' ' +K^U 
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are found. These equations determine uniquely the coefficients 
of the series b0, bv • • • ; fiQ, fiv • • -, p>n_x as rational integral 
functions with positive coefficients of the coefficients of the 
series f0, fv f2, • •.. For on account of the fact that f0, fv • • >,fn 

have no constant terms, the terms of order m in bk can be deter
mined from the last equation in the form just described as soon 
as the terms of order m and less in b0, bv . •-, bk_x, and those 
of order m — 1 and less in bk, bk+x, • • -, bk+n, are known. Sup
pose, for example, that the terms of order zero of all the 6's up 
to and including bk+mn have been computed. From them the 
terms of order one of b0, bv • • -, bk+(^m_x)n can be found ; then 
the terms of order two of b0, bv . • -, bk+(m_2)n ; and so on, until 
the terms of order m of 60, bv • -, bk are obtained. Hence 
step by step the terms of the different orders can be deter
mined for all of the series bk, and hence for all the series /JL. I t 
is evident, therefore, that if there exist convergent series b, fi0, 
Pv ' "> Pn-i satisfying identically the relation (2), then those series 
have coefficients which are uniquely determined by the relations (3). 
Furthermore if a function F ofthe form (1) can be found for ivhich 
the coefficients in F0, Fv • •. are positive and greater in numerical 
value, respectively, than those off, and such that the corresponding 
series B, M0, Mv • • -, Mn_x for F are convergent, then the series 
by f*>0, H>v - • -, pn_x for f'will also be convergent. 

A function F of the type desired can readily be found. 
The series ƒ can be supposed without loss of generality to be 
convergent for xx = x2= • • • = x = y = 1. For if it were 
convergent for | x. | ̂ p., \y\^==p, it would only be necessary to 
make the transformation x. = pjc'i9 y == pyf in order to have a 
series with the desired property. I f the values xx = x2 = • • • = 
xp = y = 1 are substituted i n / , the resulting series is the series 
of the coefficients of ƒ and is absolutely convergent. Hence 
each coefficient of ƒ is in absolute value less than a certain posi
tive constant N. For the function F, then, let 

F = 
± 0 

whe 

-F1=... = Fn = N 

Fn+> = NI 

re k = 1, 2, • • -, oo. 

|_(1-*,)(! _ * , ) • . . ( 1 - s J l\> 
1 

O - «0(1 - O •••(!-<>' 
Every coefficient of F is positive and 

greater in absolute value than the corresponding coefficient of/. 
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For the function F the relation (2) after a simple transforma
tion takes the form 

B r n N 

i —2/L r + a ~ ^ ) ( i " - ^ ) - - - ( i ~ ^ ) 

+ (1 + N)y*+l] a Jf0 + Jftf + • • • + i f , - ^ - 1 ~ 2/w-

Series J?, lf0, Mv • • -, Jfn_, of the type desired can be found 
satisfying this identity provided that series C, M09 Mv • • -, Mn_x 

of similar type can be found satisfying the identity 

- y* + FQ + cy^ == (M0 + Mxy + . . . + Mn_xy
n~l - y*)C, 

where c = 1 + N. The latter, however, can be satisfied by a 
linear function C = M — cy. For by comparing the coefficients 
of yn it is found that M = 1 — oMn_v and by comparing the 
coefficients of the lower powers 

- c J f 0 + J ^ =cif 1 i f„_ 1 , 

- c l ^ + Jf2 = eM.2Mn_v 

- oMn_2 + Mn_x = c i f _1Jf„_1. 

From the well known theorems concerning implicit functions it 
follows that these equations have solutions MQ, Mv • •-, Mn_x 

which are power series in xv x2, • • -, xp, vanishing when xx = x2 

= . . . = xp = 0. Hence the theorem is proved. 
I t should be noted that the dominant function F and the 

implicit function theory have been used only in the proof of the 
convergence of the series b and fil9 fi2, • • •, Mn_r The compu
tation of the coefficients of these series is eflPected by means of 
the equations (3). 
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