
1910.] DISCONTINUOUS f-GROUPS. 363 

and 
day , da> 

are identical. Hence 
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T H E present note completes in an important particular a 
paper * which I presented to the Society some two years ago. 
I there considered the discontinuous groups Tn of linear frac
tional transformations 

on the complex variable £, defined as follows by a rational 
normal curve Cn in a space Sn of n dimensions : The given Cn 

is transformed into itself by a group of oo3 collineations 

n 

(2) < = Z aa«k (» - 0 , 1 , • • -, n) 

in Sn. Each of these collineations subjects the parameter f of 
the points of Cn to a substitution (1), so that the continuous 
three-parameter groups of transformations (1) and (2) are simply 
isomorphic. If now the transformations (2) be restricted to 
those whose coefficients aik are rational integers with determi
nant \dik\ = 1, the resulting subgroup of the three-parameter 
group of transformations (2) will be properly discontinuous. 

* " A. fundamental invariant of the discontinuous Ç-groups defined by the 
normal curves of order n in a space of n dimensions," BULLETIN, vol. 14 
(1908), pp. 363-367. 
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The same is then true of the group of transformations (1) which 
corresponds in the isomorphism already noted to the discontin
uous subgroup just defined. 

In the paper cited above I proved the following theorem : 
In the discontinuous ^-groups deûned as indicated by any nor

mal curve Cn in a space 8n the period a> of any elliptic substitu
tion must satisfy a relation of the form 

, (n + l)?r . 7T 
g ] n — __ j s m _ t 

GO GO 

where J is an integer (positive, negative, or zero)» 
This theorem gives a necessary condition on the positive 

integers to that may be periods of elliptic substitutions in any 
r n . In particular, the numbers n, n + 1, n + 2 are all pos
sible values of co under this condition. I t has not been shown 
hitherto, however, that groups Tn really exist containing sub
stitutions of these periods. In the present note it is shown 
how to construct a C which will define in the manner indicated 

n 

a group Tn containing any given substitution of period n + 1 
or n + 2. The solution co = n is not in general possible when 
n > 2 . 

We recall first the necessary and sufficient condition that a 
collineation in 8n leave invariant a normal C\* We will sup
pose that the collineation produces on the Cp a projectivity with 
two distinct double points, P0 and Pn. The osculating 
^-spaces (k = 1, • • -, n -— 1) at PQ and Pn are then invariant ; 
and the osculating A-space at P0 determines with the osculating 
(n — fe)-space at Pn a double point Pk of the collineation. 

The invariant configuration of the collineation is then a com
plete (n -f l)-point in Sn,f two of whose vertices are on the 
curve and which is completely determined by these two points 
and the curve. An (n + l)-point thus situated with reference 
to a On will be said to osculate the Cn at the two points. If this 
invariant (n + l)-point is taken as the fundamental (n + 1)-
point of the coordinate system, the points (0, 0, • • -, 1) and 
(1, 0, • -, 0) being taken as P0 and Pn respectively, the equa
tions of the O are of the form 

n 
*Gino Loria, "Sulle curve razionali normali in un spazio an n dim en-

sioni," Giornale di Matematiche, vol. 26 (1888), p. 345. 
t It may, of course, happen that more than n -f 1 points are left invariant 

by the collineation. But in any case the invariant configuration must 
include a complete {n + l)-point of the specified kind. 
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(3) *i=»oA"-' ( t ' - 0 , l , - . . , n ) , 

where the c. are any constants. 
I t now follows readily that the roots of the characteristic 

equation of any coUineation leaving the Gn invariant must be pro
portional to the powers nn, /xn_1, •.., /i, 1 of a number fi. But 
this condition with the preceding is at once seen to be also suffi
cient. We have then 

THEOREM 1. The necessary and sufficient condition that a 
coUineation in Sn (with at least two distinct double points *) leave 
a rational normal curve Cn invariant is that its invariant configu
ration contain a complete (n + l)-point and that the roots \ of its 
characteristic equation be proportional to the powers fxn

} /An~"\ 
• • -, fi, 1 of a number p>. A coUineation satisfying this condi
tion leaves every normal curve invariant which is osculated by the 
invariant (n + l)-point at the points \ =pfin and X = p. 

We are now in a position to write down the equations of any 
Cn which is left invariant by a given coUineation, if such Cn'& 
exist. Let TT be any coUineation satisfying the condition of 
Theorem 1. Let 

2T 0_0, ^ = 0, .- . , Zn=0 

be the equations the n + 1 invariant (n —• l)-spaces of the in
variant (n + l)-point of TT. The coUineation may then be 
written 

pZ'^^-% ( t - 0 , 1 , •.., n). 

Any Cn left invariant by TT is then given by the equations 

(4) ^ = c.£-< (i = 0 , l , . . . , n ) . 

To complete the proof of the existence theorem which we 
have in view it is necessary only to show that collineations of 
periods n + 2 and n + 1 with integral coefficients and deter
minant 1 exist in 8n which satisfy the conditions of Theorem 1. 
Representing a coUineation by the matrix of its coefficients we 
find readily that the two collineations 

* It is readily seen that, if the coUineation has two distinct double points, 
it must have at least n -f-1, two of which are on the curve. Collineations 
with only a single double point and leaving a On invariant exist, moreover ; 
a fact which was overlooked by Loria in the paper quoted above. Cf. in this 
connection the latter part of the present paper. 
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are respectively of periods n + 2 and n + 1. Indeed their 
characteristic equations are respectively 

for TTj : Xw+1 + X w + . . . + X + l = 0 ; 

for 7T2 : Xn+1 - 1 = 0 . 

The collineations ir1} 7r2 are then readily seen to satisfy the 
conditions of Theorem 1. This completes the proof of 

THEOREM 2. Rational normal curves Cn exist which define in 
the way indicated discontinuous ^-groups containing elliptic sub
stitutions of period n + 1 or period n -f 2. 

This result is of considerable interest on account of the fact 
that it proves for the first time that the class of f-groups Tn 

(n > 2) is indeed more extensive than the class of groups T2. 
In particular the classes of groups T3 and T4 contain groups with 
elliptic substitutions of period 5 ; no extensive class of such groups 
have as yet been defined arithmetically. The detailed discus
sion of the groups defined by normal curves C3 and C4 is, there
fore, greatly to be desired. This discussion doubtless would 
lead to results of much interest in themselves, and might point 
the way for a more detailed treatment of the general case, which 
at present seems to be of too great complexity for immediate 
treatment. In this connection it may be noted that the curves 
Cn defined by equations (4) will lead to groups in which the 
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elliptic substitutions of periods n+l or n+% have double 
points at f = 0 and f =00 . Their coefficients will therefore be 
imaginary. If, however, the curve Cn is written 

3 = «X? - vf-% - VY (i - 0, 1, • • -, »), 
these double points will be at f = 77, f = rj respectively. I t is, 
therefore, possible to write down at once the equations of a Cn 

for which the corresponding Tn contains any given elliptic sub
stitution of period n + 1 or n + 2 of form (1). 

I t may also be noted that the period œ = n, î Aic/i satisfies 
the necessary condition of the earlier paper, is not in general possi
ble if w > 2. For n = 3, for example, there exist no colline-
ations in $3 of period 3 which satisfy the conditions of Theorem 1. 

Finally we enquire regarding the existence of parabolic sub
stitutions in a !Tn. Supposing the coordinate system so chosen 
as to render the equations of the Cn of the form 

(5) zs = £ * - • (* = 0, 1, . . . , n ) , 

any parabolic substitution may be taken to be 

The corresponding collineation leaving cn invariant is then 
readily calculated from the equations 

< = ( ? + l ) " - ' ( t - 0 , 1, - . . , n ) , 

and substituting from (5). The characteristic equation of this 
collineation is found to be 

(X _ i)»+i = 0. 

This shows first that a collineation in Sn which produces on an 
invariant Cn a parabolic projectivity has only a single double 
point.* 

I t shows, furthermore, that any Cn defining a Tn with para
bolic substitutions must contain a point with integral coordi
nates. This is a generalization of the corresponding fact for the 
case n = 2. Fricke f used this in the case n = 2 to show that 
every T2 with parabolic substitutions must be commensurable 
with the elliptic modular group. His argument, however, does 

* Cf. in this connection the footnote on p. 365. 
f Fricke-Klein, Automorph e Function en, vol. 1, p. 518. 
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not seem to apply when n > 2 . This suggests the important 
question: Can any fundamental circle group (discontinuous 
f-group that is representable with real coefficients) be defined 
arithmetically as a Tn for a sufficiently high value of n ? 

UNIVERSITY OF ILLINOIS, 
December, 1909. 

A N E W A N A L Y T I C A L EXPRESSION FOR T H E 
NUMBER w, AND SOME HISTORICAL 

CONSIDERATIONS. 

BY DR. G. VACCA. 

I N the common exposition of the history of mathematics, 
more attention is given to results than to methods, and it is 
only rarely that old theorems and demonstrations are trans
lated into the modern and living mathematical language. The 
great mathematicians of the eighteenth century (Euler, La
grange, and others) have made important contributions to this dif
ficult work. I t seems to me that even to-day something can be 
done in this direction, and many new results can be obtained by 
a careful reading of the ancient classics of mathematics. The 
following is an example : 

Let f(x) be a function defined by the relation 

f(x) = l(x + |»|) 
and suppose that f\x) means the result of the operation ƒ applied 
n times to the number x. Then we have, if i = | / — 1 , 

This elegant theorem can be easily proved. I t gives a possi
ble analytical definition of the number TT. 

I t is now to be observed that this new formula is only the 
analytical expression (using the geometrical representation of 
complex quantities of Gauss) of a series of points (approaching 
the vertex) of the quadratrix {rerpaycùvl^ovo-a) of Dei nostra tos.* 

We may try to transform the second member of (1) into a real 
expression. This can be done by elementary methods. But 
the result is nothing else than the well-known infinite product 
of complicated quadratic radicals first given by Vieta.f 

* Pappi Coll. Math., lib. IV, prop. 25. 
f Vieta, Opera, ed. Schooten, Lugd. Batav., 1646, p. 400. 


